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Abstract. In this paper, we study indefinite trans-Sasakian manifold M
of quasi-constant curvature with lightlike hypersurfaces M. We provide
several new results on such a manifold M, in which the characteristic 1-
form 6 and the characteristic vector field ¢, defined by (1.1), are identical
with the structure 1-form 6 and the structure vector field ¢ of the indefinite
trans-Sasakian structure (J, ¢, 6) of M, respectively.
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1 Introduction

B.Y. Chen-K. Yano [2] introduced the notion of a semi-Riemannian manifold of quasi-
constant curvature as a semi-Riemannian manifold (M, g) endowed with the curvature
tensor R satisfying the following form:

(1.1) R(X,Y)Z =Mg(Y,2)X —g(X,2)Y}
+ 1{g(Y, 2)0(X)¢ — (X, Z)0(Y)¢
+0(YV)0(2)X — 0(X)0(Z)Y},

for any vector fields X, Y and Z of M, where A and p are smooth functions, ¢ is a
smooth vector field and 6 is a 1-form associated with ¢ by 8(X) = g(X, (). In this
case, ¢ and 6 are called the characteristic vector field and the characteristic 1-form of
M, respectively. It is well known that if the curvature tensor R is of the form (1.1),
then M is conformally flat. If = 0, then M is a space of constant curvature .

J.A. Oubina [9] introduced the notion of a trans-Sasakian manifold of type («, 3).
Sasakian manifold is an important kind of trans-Sasakian manifold such that a = 1
and f = 0. Cosymplectic manifold is another kind of trans-Sasakian manifold such
that « = § = 0. Kenmotsu manifold is also an example with & =0 and 5 = 1.

The theory of lightlike hypersurfaces is an important topic of research in differ-
ential geometry due to its application in mathematical physics. The study of such
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notion was initiated by K.L. Duggal-A. Bejancu [3] and later studied by many authors
[4, 5]. In this paper, we study indefinite trans-Sasakian manifold M of quasi-constant
curvature with lightlike hypersurfaces M such that the 1-form 6 and its associated
vector field ¢, defined by (1.1), are identical with the structure 1-form 6 and the
structure vector field ¢ of the indefinite trans-Sasakian structure (J, ¢, 6) of M.

2 Lightlike hypersurfaces

Let (M, g) be a lightlike hypersurface of a semi-Riemannian manifold (M,g). Then
the normal bundle M+ of M is a vector subbundle of the tangent bundle T'M of
M, of rank 1. Therefore there exists a non-degenerate complementary vector bundle
S(TM) of TM~ in TM, which is called a screen distribution of M, such that

TM = TM* @y, S(TM),

where @, denotes the orthogonal direct sum. We denote such a lightlike hypersur-
face by M = (M, g, S(TM)). Denote by F(M) the algebra of smooth functions on M
and by I'(E) the F(M) module of smooth sections of a vector bundle E. Also denote
by (2.5); the i-th equation of the two equations in (2.5). We use same notations
for any others. It is known [3] that, for any null section & of TM~ on a coordinate
neighborhood U C M, there exists a unique null section N of a unique vector bundle
tr(TM) of rank 1 in S(T M)~ satisfying

g&N)=1, g(N,N)=g(N,X)=0, VXel(S(TM)).
In this case, the tangent bundle TM of M is decomposed as
TM =TM & tr(TM) = {TM* @ tr(TM)} Gopen S(TM).

We call tr(T'M) and N the transversal vector bundle and the null transversal vector
field of M with respect to the screen distribtion S(7'M) respectively.

Let V be the Levi-Civita connection of M and P the projection morphism of 7'M
on S(TM). Then the local Gauss and Weingartan formulas are given by

(2.1) VxY = VxY + B(X,Y)N,
(2.2) VxN = —A X +7(X)N;
(2.3) VxPY = V%PY + C(X,PY)E,

Vx& = —AIX — r(X)E,

for all X, Y € I'(T'M), where V and V* are the liner connections on M and S(TM)
respectively, B and C are the local second fundamental forms on M and S(TM),
respectively, A, and AZ are the shape operators on M and S(T'M) respectively and

7 is a 1-form on TM. Since V is torsion-free, V is also torsion-free and B is symmetric.
The induced connection V of M is not metric and satisfies

(Vxg)(Y, Z) = B(X,Y)n(Z) + B(X, Z) n(Y),
for any X, Y, Z € T'(TM), where 7 is a 1-form such that
W(X) = g(X,N), VX eT(TM).
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From the fact that B(X,Y) = g(VxY, &), we show that B is independent of the
choice of a screen distribution S(T'M) and satisfies

(2.4) B(X,{) =0, VXeI'(TM).
Two local second fundamental forms B and C' are related to their shape operators by

(2.5) B(X.Y) = g(A:X,Y), G(ALX,N) =0,
(2.6) C(X,PY) =g(A,X,PY), G(A,X,N)=0.

From (2.5), the operator A is S(T'M)-valued self-adjoint on T'M such that
Az =0.

From now and in the sequel, let X, Y, Z and W be the vector fields on M, unless
otherwise specified. Denote by R, R and R* the curvature tensors of the Levi-Civita
connection V of M, the induced connection V on M and the induced connection V*
on S(TM) respectively. Using the Gauss-Weingarten formulas for M and S(T'M), we
obtain the Gauss equations for M and S(T'M) such that

(2.7) R(X,Y)Z = R(X,Y)Z + B(X,Z)A,Y — B(Y,Z)A, X
+{(VxB)(Y,Z) - (VyB)(X, 2)
+7(X)B(Y,Z) = 7(Y)B(X, Z)}N,

(2.8) R(X,Y)PZ = R*(X,Y)PZ + C(X,PZ)A{Y — C(Y,PZ)A: X
+{(VxO)(Y,PZ) — (VyC)(X, PZ)
— 7(X)C(Y, PZ) + 7(Y)C(X, PZ)}¢.

In case R =0, we say that M is flat.

3 Indefinite trans-Sasakian manifolds

An odd-dimensional semi-Riemannian manifold (M, g) is called an indefinite almost
contact metric manifold if there exist a (1, 1)-type tensor field J, a vector field ¢
which is called the structure vector field, and a 1-form 6 such that

(3.1) X =-X+0(X)¢, g(JX,JY)=g(X,Y)—e0(X)0(Y), 6 =1,

for any vector fields X and Y on M, where € denotes the signature of ¢, i.e., §({, () = e.
In this case, the set {J, {, 0, g} is called an indefinite almost contact metric structure
of M. From (3.1), we see that J( = 0, o J = 0 and 0(X) = €g(X,(). Also, we
see that ¢ is a non-null vector field. In the entire discussion of this article, we shall
assume that ¢ to be unit spacelike, i.e., ¢ = 1, without loss generality.

Definition 3.1. An indefinite almost contact metric manifold (M, g) is said to be an
indefinite trans-Sasakian manifold [7, 8, 9] if, for any vector fields X and Y on M,
there exist two smooth functions a and g such that

(3.2) (VxJ)Y = a{g(X,Y)¢ - 0(Y)X} + B{g(JX,Y)¢ - 0(Y)JX}.
We say that {J,(, 0,3} is an indefinite trans-Sasakian structure of type (a, 3).
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From (3.1) and (3.2), we get
(3.3) Vx(=—aJX + B(X —0(X)(), do(X,Y) = g(X, JY).

In the sequel, let M be a lightlike hypersurface of an indefinite trans-Sasakian
manifold M such that the structure vector field ¢ of M is tangent to M. Calin [1]
proved that if  is tangent to M, then it belongs to S(T'M) which we assume in this
work. It is known [7, 8] that, for any lightlike hypersurface M of an indefinite almost
contact metric manifold M, the distributions J(T M=) and J(tr(T'M)) are vector
subbundles of S(T'M), of rank 1, and J(TM*)NJ(tr(TM)) = {0}. Thus we see that
J(TM*) @ J(tr(TM)) is a vector subbundle of S(T'M) of rank 2. Therefore there
exists two non-degenerate almost complex distributions D, and D with respect to the
structure tensor J, i.e., J(D,) = D, and J(D) = D, such that

S(TM) = J(TM™*) ® J(tr(TM)) @ortn Do,
_D = TMJ_ @orth J(TMJ_) @OT“’L DO'

Using these distributions, T'M is decomposed as follow:
TM =D& J(tr(TM)).
Consider the local lightlike vector fields U and V such that
(3.4) U=-JN, V=-J¢
Denote by S the projection morphism of 7'M on D. Using this operator,
X =SX +u(X)U, VX eI(TM),
where v and v are 1-forms locally defined on M by
(3.5) uW(X) = g(X,V),  o(X) = g(X, ).
Using (3.4), the action JX of any vector field X on M by J is expressed as
(3.6) JX =FX +u(X)N,

where [ is a tensor field of type (1,1) globally defined on M by F'=Jo S.
Applying Vx to (3.4) ~(3.6) and using (2.1) ~(2.4) and (3.4) ~ (3.6), we have
3.7) B(X,U)=C(X,V),
3.8) VxU=FA,X)+7(X)U — {an(X) + pv(X)}(,
3.9) VxV = F(A{X) — 7(X)V — Bu(X)¢,
3.10) (VxF)(Y) = w(Y)A X — B(X,Y)U

+ ofg(X, V)¢ - 0(Y) X} + B{g(JX,Y)( - 0(Y)FX},
(3.11) (Vxu)(Y) = —uw(Y)7(X) — 86(Y)u(X) — B(X,FY),
(3.12) (Vx)(Y) = 0(Y)7(X) = 0(Y){an(X) + fo(X)} — g(Ay X, FY).

Applying Vx to g(¢, £) = 0 and g(¢, N) = 0 and using (3.3), we have
(3.13) B(X,() = — au(X), C(X,¢) = —av(X) + Bn(X).
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Substituting (3.6) into (3.3), we see that
(3.14) Vx(=—-aFX+ (X - 0(X)().
Applying J to (3.6) and using (3.1) and (3.4), we have
(3.15) F?X = - X +u(X)U+60(X), FU=0, F¢(=0, u(U)=1.

We say that U is the canonical structure vector field of M.

4 Manifold of quasi-constant curvature

Let M be a lightlike hypersurface of an indefinite trans-Sasakian manifold M of quasi-
constant curvature. Comparing the tangential and transversal components of the two
equations (1.1) and (2.7), we obtain

(4.1) R(X,Y)Z = Mg(Y,Z2)X —g(X, Z)Y'}
+1{a(Y, 2)0(X)¢ — 9(X, Z)0(Y )¢ +0(Y)0(Z) X
—0(X)0(2)Y} + B(Y,Z)A X — B(X,Z)A,Y,

(4.2) (VxB)(Y,Z) = (VyB)(X, Z) + 7(X)B(Y, Z) — 7(Y)B(X, Z) = 0,
respectively. Taking the scalar product with N to (2.8), we have

§(R(X,Y)PZ, N) = (VxC)(Y, PZ) — (VyC)(X, PZ)
— 1(X)C(Y, PZ) + 7(Y)C(X, PZ).

Substituting (4.1) into the last equation, we see that

4.3)  (VxO)Y,PZ) — (VyC)(X,PZ) — 7(X)C(Y, PZ) + 7(Y)C(X, PZ)
= Mo(Y, PZ)n(X) — g(X, PZ)n(Y)}
+ p{0(Y)n(X) = 0(X)n(Y)}0(PZ).

Theorem 4.1. Let M be a lightlike hypersurface of an indefinite trans-Sasakian man-
ifold M of quasi-constant curvature. Then « is a constant, and

B =0, \=a?, w=0.
Proof. Applying Vy to (3.7) and using (3.1), (3.6) ~ (3.9) and (3.13), we have

(VxB)(Y,U) = (VxCO)(Y,V) = 27(X)C(Y, V)
— *u(Y)n(X) = B2u(X)n(Y) + af{u(X)v(Y) — u(Y)v(X)}
— 9(AgX, F(ALY)) — g(AY, F(A X)).

Substituting this equation and (3.7) into (4.2) such that Z = U, we get

(VxO)Y, V) = (VyO)(X, V) = 7(X)C(Y, V) + 7(Y)C(X, V)
= (o = B){u(Y)n(X) — w(X)n(Y)} + 208{u(Y)o(X) — u(X)u(Y)}.
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Comparing this equation and (4.3) such that PZ =V, we obtain

(A — o + B3 {u(Y)n(X) — uw(X)n(Y)}
— 20B{u(Y)o(X) — u(X)(Y)}.

Taking X = ¢ and Y = U, and then, X =V and Y = U to this, we have
(4.4) A =a? - 32 af = 0.
Applying Vx to B(Y,() = —au(Y) and using (3.11) and (3.14), we have

(VxB)(Y, () = =(Xa)u(Y) = BB(X,Y)
+ a{u(Y)r(X) + B(X,FY) + B(Y, FX)},

due to a8 = 0. Substituting this equation into (4.2) such that Z = {, we have
(Xa)u(Y) = (Ya)u(X).
Replacing Y by U to this equation, we obtain
(4.5) Xo= Ua)u(X).
Applying Vx to n(Y) = g(Y, N) and using (2.1) and (2.2) we have
(Vxn)(Y) = —g(Ax X, Y) + 7(X)n(Y).
Applying Vy to (3.13)2 and using (3.12), (3.13) and (3.14), we have

(VxO)(Y,¢) = =(Xa)o(Y) — av(Y)7T(X) + a*0(Y )n(X)
+ (XB)n(Y) + Bn(Y)r(X) + B20(X)n(Y)
+o{g(A X, FY)+g(A,Y,FX)}
= B{g(X, A Y) +g(A X, Y)}

Substituting this equation into (4.3) such that PZ = ¢ and using (4.4)1, we get
[XB+ ub(X)n(Y) — (¥ B+ ub(¥)In(X) = (Xa)o(Y) — (Ya)u(X).

Taking X = ¢ and Y = (, and then, X = U and Y =V to this, we get

(4.6) p=—Cp,

and Ua = 0. From (4.5) and the result Ua = 0, we see that « is a constant.

As a is a constant and af = 0, if a # 0, then we have g = 0.
Assume that o = 0. Then the equation (3.14) is reduced to

Vy (=B —6(Y)().

By straightforward calculations form this equation, we obtain

R(X,Y)C = (XB)Y — (YB)X —{(XB)0(Y) — (YB)0(X)}¢
+ BHOX)Y —0(Y)X} — 2Bd0(X,Y)C.
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Comparing this equation and (4.1) such that Z = {, we obtain

(XB)Y — (YB)X —{(XB)o(Y) — (YB)O(X)}C
+ BHO(X)Y — 0(Y)X} - 28d0(X, Y )¢
= A+ w{0(Y)X —0(X)Y}.

Taking the scalar product with ¢ to this, we get 8d0(X,Y) =0, i.e.,
Bg(X,JY)=0, VX,Y eD(TM),

due to (3.3)2. Taking X = U and Y = £ to this, we have 8 =0. As 8 =0, (4.4) and
(4.6) are reduced to A = a? and u = 0 respectively. O

Corollary 4.2. Let M be an indefinite trans-Sasakian manifold of quasi-constant

curvature, of type (a, B), endowed with a lightlike hypersurface. Then M is an indef-

inite a-Sasakian manifold of constant positive curvature o?.

Definition 4.1. Let V}N = m(VxN) for any X € T'(T M), where 7 is the projection
morphism of TM on tr(TM). Then V' is alinear connection on the transversal vector
bundle tr(TM) of M. We say that V is the transversal connection of M. We define
the curvature tensor R~ of tr(T'M) by

L L L L L L
R (X,)Y)N=VxVyN -V, VyN —VxyN.
The transversal connection V' is called flat if R~ vanishes identically [6].

As V;N = 7(X)N, we show [6] that the transversal connection of M is flat if
and only if the 1-form 7 is closed, i.e., dr = 0, on any U C M.

In the sequel, we shall denote o and p the 1-forms defined by
o(X)=B(X,U)=C(X,V), p(X)=B(X,V).

Theorem 4.3. Let M be an indefinite trans-Sasakian manifold of quasi-constant
curvature with a lightlike hypersurface M. If one of the following three conditions
(1) F is parallel with respect to the induced connection V,
(2) U is parallel with respect to the induced connection V, and
(3) V is parallel with respect to the induced connection V
is satisfied, then M is a flat manifold with indefinite cosymplectic structure and the
transversal connection of M is flat. In case (1), M is also a flat manifold.

Proof. (1) If F is parallel, then, from (3.10) and the fact that 5 = 0, we get
(4.7) w(Y)A X — B(X,Y)U + a{g(X,Y)C — 0(Y)X} = 0.

Taking X = U and Y =V to (4.7), we have o(V)U = a(. Taking the scalar product
with ¢ to this result, we get & = 0. Therefore, A = 0 and M is a flat manifold with
indefinite cosymplectic structure. Replacing Y by U to (4.7), we obtain

(4.8) A X = o(X)U.
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Taking the scalar product with V to (4.7), we get B(X,Y) = u(Y)o(X), i.e.,
GAIX,Y) = g(o(X)V, ).
As A{X and V belong to S(T'M), and S(T'M) is non-degenerate, we get
(4.9) A X = o(X)V.
Substituting (4.8) and (4.9) into (4.1) with A = u = 0, we get
RX,Y)Z ={c(Y)o(X) —o(X)o(Y)}u(Z)U =0,

for all X, Y, Z € T'(T'M). Therefore R =0 and M is also flat.
Substituting (4.8) into (3.8) and using the fact that FU = 0, we get

VXU = T(X)U.

Substituting this into VxVyU — VyVxU — Vix,y)U = 0, we get dr = 0. Thus the
transversal connection of M is flat.

(2) If U is parallel, then, from (3.6), (3.8) and the fact that 8 = 0, we have
JAGX) —u(AyX)N +7(X)U — an(X)¢ = 0.

Taking the scalar product with ¢ to this equation, we get & = 0. Thus A = 0 and M
is a flat manifold with indefinite cosymplectic structure. Taking the scalar product
with V to the last equation, we have 7 = 0. As 7 = 0, we obtain dr = 0 and the
transversal connection of M is flat.

(3) If V is parallel, then, from (3.6), (3.9) and the fact that 8 = 0, we have
(4.10) J(AX) —u(A;X)N — 7(X)V =0.

Taking the scalar product with U to (4.10), we have 7 = 0. Thus d7 = 0 and the
transversal connection of M is flat. Applying J to (4.10) and using (3.13), we have

AfX = —au(X)( + p(X)U.

Taking the scalar product with U to this equation, we obtain B(X,U) = 0 for all
X e T(TM). Replacing X by ( to this result and using (3.13);, we get

a=au(U)=-B(U,(¢) =0.

Thus A = 0 and M is a flat manifold with indefinite cosymplectic structure. |

5 Two types lightlike hypersurfaces

Definition 5.1. The canonical structure vector field U is called principal [7], with
respect to the shape operator A}, if there exists a smooth function f such that

(5.1) AU = fU.

A lightlike hypersurface M of an indefinite almost complex manifold M is said to
be a Hopf lightlike hypersurface [7] if it admits a principal canonical structure vector
field U, with respect to the shape operator Ag.
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Taking the scalar product with X to (5.1) and using (3.7), we get
(5:2) BX,U) = fv(X),  CX,V)=fu(X),  o(X)=fo(X).

Theorem 5.1. Let M be an indefinite trans-Sasakian manifold of quasi-constant
curvature with a Hopf lightlike hypersurface M. Then M is a flat manifold with
indefinite cosymplectic structure.

Proof. Replacing X by U to (3.13)1, we have B(U, () = —a. Also, replacing X by ¢
to (5.2)1, we have B(U,() = fv(¢) = —f0(JN) = 0. Therefore @ = 0. By Theorem
4.1, A =0 and M is a flat manifold with indefinite cosymplectic structure. |

Theorem 5.2. Let M be a Hoph lightlike hypersurfaces of an indefinite trans-Sasakian
manifold M of quasi-constant curvature. If F' is parallel with respect to the induced
connection V of M, then f =0 and S(TM) is totally geodesic in M.

Proof. As M is Hopf lightlike hypersurface, from (4.8) and (5.2)3, we have
(5.3) A X = fo(X)U.
Taking the scalar product with Y to (4.9) and using (5.2)3, we have
B(X,Y) = fo(X)u(Y).
Taking X =V, Y =U and X =U, Y =V to this equation by turns, we obtain
B(V,U) = f, B(U,V) =0.
Thus f = 0. From (5.3), we get A, =0 and S(T'M) is totally geodesic in M. O

Theorem 5.3. Let M be a Hopf lightlike hypersurface of an indefinite trans-Sasakian
manifold M of quasi-constant curvature. If U is parallel with respect to the induced
connection V of M, then S(TM) is an integrable distribution.

Proof. As M is Hopf lightlike hypersurface, from (4.8) and (5.2)3, we obtain
A X = fo(X)U.
Taking the scalar product with Y to this equation, we see that
9(Ax X, Y) = fo(X)u(Y).

It follow that A, is self-adjoint linear operator with respect to g. Consequently, C' is
symmetric on S(T'M) due to (2.6). By using (2.3) we obtain

n([X,Y]) = C(X,Y) - C(Y,X) =0, VX,Y eTD(S(TM)),

which implies that [X,Y] € T'(S(TM)) for any X, Y € T'(S(T'M)). Therefore, S(T'M)
is an integrable distribution. O

Definition 5.2. The structure tensor field F' on M is said to be recurrent if there
exists a 1-form ¥ on M such that

(VxF)Y =9(X)FY, VX,Y eT(TM).



74 Dae Ho Jin

Theorem 5.4. Let M be a lightlike hypersurface of an indefinite trans-Sasakian man-
ifold M of quasi-constant curvature. If F is recurrent, then M is a flat manifold with
indefinite cosymplectic structure, M is flat and the transversal connection is flat.

Proof. As M is recurrent, from (3.10) and the fact that § = 0, we get
IX)FY = u(Y)A X — B(X,Y)U + a{g(X,Y)¢ — 6(Y)X}.

Replacing Y by £ to this, we get 9(X)V = 0 for all X € T'(T'M). Taking the scalar
product with U to this result, we obtain ¥ = 0. Therefore, F' is parallel with respect
to V. By (1) of Theorem 4.3, we have our assertion. O

Definition 5.3. The structure tensor field F' of M is said to be Lie recurrent [7] if
there exists a 1-form w on M such that

(5.4) (L,F)Y =w(X)FY, VX, Y el(TM),
where £, denotes the Lie derivative on M with respect to X, that is,

(5.5) (L, F)Y = [X,FY] - F[X,Y]
== (VXF)Y - vaX + FVyX

The structure tensor field F is called Lie parallel [7] if £, F = 0. B
A lightlike hypersurface M of an indefinite almost complex manifold M is called
Lie recurrent [7] if it admits a Lie recurrent structure tensor field F.

Theorem 5.5. Let M be a lightlike hypersurface of an indefinite trans-Sasakian man-
ifold M of quasi-constant curvature. If F' is Lie recurrent, then it is Lie parallel, and
M is a flat manifold with indefinite cosymplectic structure.

Proof. As F is Lie recurrent, from (3.10), (5.4) and (5.5) we get

(5.6) W(X)FY = w(Y)A X — B(X,Y)U — Vy X + FVy X
+a{g(X,Y)(—-0(Y)X}.

Replacing Y by £ to (5.6) and using (2.4), (3.5) and F¢ = —V, we have

(5.7) —w(X)V=VyX+FV:X.

Taking the scalar product with V' and ( to this equation by turns, we get

(5.8) u(VyX)=g(Vy X,V) =0, O(VyX)=0.

On the other hand, taking Y =V to (5.6) and using (3.5), we have
w(X)¢=—-B(X,V)U-VX+ FVyX + au(X)C,

due to FV = £ Applying F to this equation and using (3.15), (5.8) and the facts
that FU = 0 and F'¢ = 0, we have

w(X)V =VyX + FV:X.
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Comparing this with (5.7), we obtain w = 0. Therefore, F' is Lie parallel.

Replacing X by U to (5.6) and using (3.4), (3.5), (3.8) and (3.13)2, we get

WY)A U — F(A FY) = 7(FY)U — A, Y + of{v(Y)C — 0(Y)U} = 0.

Taking Y =V to this and using (3.5) and the fact that F'V = ¢, we get

F(AL) + (U + A,V —al =0.

Taking the scalar product with ¢ to this equation, we see that @« = 0. Thus A = 0

and M is a flat manifold with indefinite cosymplectic structure. O
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