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Abstract. We investigate the geometry of Finsler submanifolds using the
pull-back approach. We define the Finsler normal pull-back bundle and
obtain the induced geometric objects, namely, induced pull-back Finsler
connections, normal pull-back Finsler connections, second fundamental
form and shape operator. Some characteristic theorems on induced and
intrinsic Hashiguchi connections are obtained. Under a certain condition,
we prove that induced and intrinsic Hashiguchi connections coincide on
the pull-back bundle of Finsler submanifolds.
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1 Introduction

Let (M̃, F̃ ) be a Finsler manifold and TM̃0 be its slit tangent bundle. There exist
in the literature, several frameworks for the study of Finsler geometry. For example
an approach through the double tangent bundle TTM̃0 (Grifone’s approach, [5]),

an approach via the vertical subbundle of TTM̃0 (see Bejancu-Farran [3]) and the
pull-back bundle approach (see Bao-Chern-Shen [2]). The latter is for us the most
natural approach, because it facilitates the analogy with the Riemannian geometry.
In [3] Bejancu and Farran described the theory of Finsler submanifold via the vertical
bundle and applied their study to some induced geometric objects as connections
and curvatures. The study was applied for the induced and intrinsic Cartan, Chern
and Berwald connections, but in Finsler geometry there is also another connection,
namely, Hashiguchi connection which also deserves to be studied. The purpose of
this paper is to suggest under the pull-back approach in Finsler submanifolds, a
comparison between the induced and the intrinsic Hashiguchi connections on Finsler
submanifolds.

The paper is organized as follows. In Section 2, we recall some basic definitions
and concepts that are used throughout the paper (see [3], [6] and [7] for more de-
tails). In Section 3, we construct the Finsler normal and tangential pull-back bundle
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and obtain some induced geometric objects, namely, induced and intrinsic Finsler-
Ehresmann connections, pull-back Finsler connections, second fundamental form and
shape operator. Finally, the Section 4 is devoted to the comparison between the
induced and the intrinsic Hashiguchi connections on Finsler submanifolds.

2 Preliminaries

Let π : TM → M be a tangent bundle of a connected smooth Finsler manifold M
of dimension m. We denote by v = (x, y) the point in TM if y ∈ π−1(x) = TxM .
We denote by O(M) the zero section of TM , and by TM0 the slit tangent bundle
TM \ O(M). We introduce a coordinate system on TM as follows. Let U ⊂ M
be an open set with local coordinate (x1, ..., xm). By setting v = yi ∂

∂xi , for every
v ∈ π−1(U), we introduce a local coordinate (x, y) = (x1, ..., xm, y1, ..., ym) on π−1(U).

Definition 2.1. A function F : TM → [0,+∞) is called a Finsler structure or Finsler
metric on M if:

(i) F ∈ C∞(TM0),

(ii) F (x, λy) = λF (x, y), for all λ > 0,

(iii) The m×m Hessian matrix (gij), where

(2.1) gij :=
1

2
(F 2)yiyj ,

is positive-definite at all (x, y) of TM0.

The pair (M,F ) is called Finsler manifold. The pull-back bundle π∗TM is a
vector bundle over the slit tangent bundle TM0 defined by

(2.2) π∗TM := {(x, y, v) ∈ TM0 × TM : v ∈ Tπ(x,y)M}.

By (2.1), the pull-back vector bundle π∗TM admits a natural Riemannian metric

(2.3) g := gijdx
i ⊗ dxj .

This is, in general, called the fundamental tensor (see [2] for more details). Like-
wise, there are some Finslerian tensors which play important roles in the Finslerian
geometry, namely, the distinguished section

(2.4) l =
yi

F

∂

∂xi
,

and the Cartan tensor given by

(2.5) A = Aijkdx
i ⊗ dxj ⊗ dxk,

where

(2.6) Aijk :=
F

2

∂gij
∂yk

.
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Note that, with a slight abuse of notation, ∂
∂xi and dxi are regarded as sections of

π∗TM and π∗T ∗M , respectively.
Now, for the differential π∗ of the submersion π : TM0 → M , the vertical subbun-

dle V of TTM0 is defined by V = kerπ∗, and V is locally spanned by {F ∂
∂y1 , ..., F

∂
∂yn }

on each π−1(U). Then, it induces the exact sequence

(2.7) 0 −→ V i−→ TTM0
π∗−→ π∗TM −→ 0.

The horizontal subbundle H is defined by a subbundle H ⊂ TTM0, which is comple-
mentary to V. These subbundles give a smooth splitting

(2.8) TTM0 = H⊕ V.

Although the vertical subbundle V is uniquely determined, the horizontal subbundle is
not canonically determined. An Ehresmann connection of the submersion π : TM0 →
M depends on a choice of horizontal subbundles.

In this paper, we shall consider the choice of Ehresmann connection which arises
from the Finsler structure F , constructed as follows. Recall that [9] every Finslerian
structure F induces a spray

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

in which the spray coefficients Gi are defined by

(2.9) Gi(x, y) :=
1

4
gil

[
2
∂gjl
∂xk

(x, y)− ∂gjk
∂xl

(x, y)

]
yjyk,

where the matrix (gij) means the inverse of (gij).
Define a π∗TM -valued smooth form on TM0 by

(2.10) θ =
∂

∂xi
⊗ 1

F
(dyi +N i

jdx
j),

where functions N i
j(x, y) are given by

N i
j(x, y) :=

∂Gi

∂yj
(x, y).

This π∗TM -valued smooth form θ is globally well defined on TM0 [4].
From the form θ defined in (2.10) which is called Finsler-Ehresmann form, we

define the Finsler-Ehresmann connection as follows.

Definition 2.2. A Finsler-Ehresmann connection of the submersion π : TM0 → M
is the subbundle H of TTM0 given by H = ker θ, where θ : TTM0 → π∗TM is
the bundle morphism defined in (2.10), and which is complementary to the vertical
subbundle V.

It is well known that, π∗TM can be naturally identified with the horizontal sub-
bundle H and the vertical one V [1]. Thus, any section X of π∗TM is considered as
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a section of H or a section of V. We denote by X
H

and X
V
, respectively, the section

of H and the section of V corresponding to X ∈ Γ(π∗TM):

(2.11) X =
∂

∂xi
⊗X

i ∈ π∗TM ⇐⇒ X
H

=
δ

δxi
⊗X

i ∈ Γ(H),

and

(2.12) X =
∂

∂xi
⊗X

i ∈ π∗TM ⇐⇒ X
V
= F

∂

∂yi
⊗X

i ∈ Γ(V),

where

{F ∂

∂yi
:= (

∂

∂xi
)V }i=1,...,m and { δ

δxi
:=

∂

∂xi
−N i

j

∂

∂yi
= (

∂

∂xi
)H}i=1,...,m,

are the vertical and horizontal lifts of natural local frame field { ∂
∂x1 , ...,

∂
∂xm } with

respect to the Finsler-Ehresmann connection H, respectively.

Let {dx1, ..., dxm} be the basis of the dual space H∗, and { δyi

F := 1
F (dyi +

N i
jdx

j)}i=1,...,m the basis of V∗. For two bundle morphisms π∗ and θ from TTM0

onto π∗TM , we have the following.

Proposition 2.1. [1] The bundle morphism π∗ and θ satisfy

π∗(X
H
) = X, π∗(X

V
) = 0, θ(X

H
) = 0, θ(X

V
) = X,

for every X ∈ Γ(π∗TM).

The Proposition 2.1 means that HTM0, as well as VTM0, can be naturally iden-
tified with the bundle π∗TM , that is,

(2.13) HTM0
∼= π∗TM and VTM0

∼= π∗TM.

3 Pulled-back bundle Finsler connections

Now, by the Finsler-Ehresmann connection and any linear connection on the pull-back
bundle π∗TM , we introduce the concept of Pulled-back bundle Finsler connection.

Definition 3.1. Let (M,F ) be a Finsler manifold and π∗TM the pull-back bundle
over TM0. Suppose that there exist a linear connection ∇ on π∗TM and Finsler-
Ehresmann form θ on TM0. Then the pull-back bundle Finsler connection on π∗TM
is the pair (ker θ,∇).

Note that all outstanding connections of the Finsler geometry, namely [6]: Car-
tan, Berwald, Chern and Hashiguchi connections on π∗TM are the pull-back bundle
Finsler connections.
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3.1 Normal and tangential Finsler Pulled-Back Bundles

Let (M̃, F̃ ) be a real (m + n)- dimensional Finsler manifold. By (2.3), there exist

a Riemannian metric g̃ on the pull-back bundle π∗TM̃ , whose local components are
given by

(3.1) g̃ij(x, y) =
1

2

∂2F̃ 2

∂yi∂yj
.

The local coordinates on TM̃0 will be (xi, yi), i ∈ {1, · · · ,m+ n}, where (xi) are the

local coordinates on M̃ .
In the following, we use the ranges for indices: i, j, k, · · · ∈ {1, · · · ,m + n};

α, β, γ, · · · ∈ {1, · · · ,m}; a, b, c · · · ∈ {m+ 1, · · · ,m+ n}.
Suppose thatM is a realm-dimensional submanifold of M̃ defined by the equations

(3.2) xi = xi(u1, · · · , um); rank[Bi
α] = m; Bi

α =
∂xi

∂uα
.

Denote by ι the immersion of M in M̃ and consider the tangent map ι∗ of TM0 in
TM̃0. Locally, a point of TM0 with coordinates (uα, vα) is carried by ι∗ into a point

of TM̃0 with coordinates (xi(u), yi(u, v)), where xi are function in (3.2) and

(3.3) yi(u, v) = Bi
αv

α.

Recall that the sections ∂
∂xi and dxi of TM̃ and his dual T ∗M̃ give rise to sections

of the pull-back bundles [2]. In order to keep the notation simple, we also use the

symbols ∂
∂xi and dxi to denote the basis sections of π∗TM̃ and π∗T ∗M̃ .

Note that, the pull-back bundle π∗TM is a vector subbundle of π∗TM̃ |TM0 . In fact

for all (u, v) ∈ TM0, π
∗TM |(u,v) is a vector subspace of π∗TM̃ |(u,v). Furthermore,

the relation

(3.4)
∂

∂uα
= Bi

α

∂

∂xi
,

between the basis of TuM and that of TuM̃ induces by natural lift, a similar relation
between the basis sections ∂

∂uα and ∂
∂xi of π∗TM and π∗TM̃ |TM0 , respectively. Hence

the Riemannian metric g̃ induces a Riemannian metric g on π∗TM . More precisely,
g is locally defined by

(3.5) gαβ(u, v) = Bi
αB

j
β g̃ij(x(u), y(u, v)).

On the other hand, the Finsler structure F̃ of M̃ induces on TM0 the function F
locally given by

F (u, v) = F̃ (x(u), y(u, v)).

Then by straightforward calculations it follows that (M,F ) is a Finsler manifold and
the fundamental tensor of F is given by

(3.6) gαβ =
1

2

∂2F 2

∂vα∂vβ
.
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Let denote by π∗TM⊥ the orthogonal complementary pull-back bundle of π∗TM in
π∗TM̃ |TM0 with respect to g̃. The bundle π∗TM⊥ is called normal pull-back bundle

of Finsler submanifold (M,F ) in (M̃, F̃ ). So we have the orthogonal decomposition

(3.7) π∗TM̃ |TM0 = π∗TM ⊕ π∗TM⊥.

Now, we consider local sections of orthonormal basis {Na = Ni
a

∂
∂xi } of π∗TM⊥ with

respect to g̃, where Ni
a are the functions on TM0, satisfying the following relations:

(3.8) g̃ijB
i
αN

j
a = 0; ∀α ∈ {1, · · · ,m}, a ∈ {m+ 1, · · · ,m+ n},

and

(3.9) g̃ijN
i
aN

j
b = δab; ∀a, b ∈ {m+ 1, · · · ,m+ n}.

Denote by
[
Bi

αN
i
a

]
the transition matrix from { ∂

∂xi } to { ∂
∂uα ,Na} and,

[
B̃α

i Ñ
a
i

]
his

inverse. We have

B̃α
i B

i
β = δαβ ; B̃α

i N
i
a = 0, Ña

iB
i
α = 0, Ña

iN
i
b = δab ,(3.10)

and Bi
αB̃

α
j + Ña

jN
i
a = δij .(3.11)

In the sequel we use the notations: Bij...
αβ... = Bi

αB
j...
β... and Bi

α0 = Bi
αβv

β .

3.2 Induced and Intrinsic Finsler-Ehresmann connection

Recall that the kernel of θ̃ represents the Finsler-Ehresmann connection, and V TM̃0

its complementary distribution in TTM̃0, orthogonal with respect to the Sasaki-type
metric G̃s on TM̃0 given by

(3.12) G̃s = g̃ijdx
i ⊗ dxj + g̃ij

δyi

F̃
⊗ δyj

F̃
.

By G̃s, we obtain the induced Finsler-Ehresmann form θ defined by

θ :=
δvα

F
⊗ ∂

∂uα
,

where δvα

F = 1
F (dvα +Nα

β du
β) and Nα

β is related to Ñ i
j by (see [8], [3]):

(3.13) Nα
β = B̃α

i (B
i
β0 +Bj

βÑ
i
j).

On the other hand, the coefficients Nα
β has an intrinsic analogous N̂α

β , obtained by
the spray coefficients of F on M , and related to Nα

β , by

(3.14) N̂α
β = Nα

β +
Aα

βa

F
Ha

λv
λ,

where the functions Ha
λ and Aα

βa are given, respectively, by

(3.15) Ha
λ = Ña

k

(
Bk

λ0 +Bi
λÑ

k
i

)
and Aα

βa = gαλAλβa.

By (3.14), we obtain the intrinsic Finsler-Ehresmann π∗TM -valued form θ̂ given by

(3.16) θ̂ =
1

F
(dvα + N̂α

β du
β)⊗ ∂

∂uα
.
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Proposition 3.1. Let θ̃ be the Finsler-Ehresmann π∗TM̃ -valued form on TM̃0. Then
the induced Finsler-Ehresmann π∗TM -valued form θ coincides with θ̃ on TM0. More-
over the intrinsic Finsler-Ehresmann form θ̂, and the induced one θ are related by

(3.17) θ̂ = θ +
D

F 2
,

where D is the (0, 1; 1)-tensor called deformation tensor and given by

(3.18) D = Dα
βdu

β ⊗ ∂

∂uα
= Ha

λv
λAα

βadu
β ⊗ ∂

∂uα
.

Proof. We have

δyi

F̃
=

1

F̃
(dyi − Ñ i

jdx
j) =

1

F̃

(
Bi

α0du
α +Bi

αdv
α + Ñ i

jB
j
αdu

α
)

=
1

F̃

(
Bi

βN
β
αdu

α +Bi
βdv

β
)
= Bi

β

δvβ

F
(3.19)

Since ∂
∂xi = B̃α

i
∂

∂uα + Ña
iNa are sections of π∗TM̃ |TM0 and Bi

βÑ
a
i = 0, it follows that

θ̃ = θ on TM0. Also, we have

θ̂ =
1

F
(dvα + N̂α

β du
β)⊗ ∂

∂uα

=
1

F

(
dvα + (Nα

β +
Aα

βa

F
Ha

λv
λ)duβ

)
⊗ ∂

∂uα
= θ +

D

F 2
,(3.20)

which completes the proof. �

Note that the corresponding horizontal section lH of the distinguished section l
defined in (2.4) is given by lH = lα δ

δuα . Therefore, we have the following.

Lemma 3.2. The action of the deformation (0, 1; 1)-tensor D defined in (3.18) on
lH vanishes, that is D(lH) = 0.

Proof. The proof follows from a direct calculations using the fact that the Cartan
tensor A vanishes along the distinguished section l. �

Let us denote by θ̃ the Finsler-Ehresmann form on V TM̃0. It is easy to see that θ̃
is a bundle isomorphism of V TM̃0 onto π∗TM̃ (see [1] for more details). Therefore,
we have the following result.

Lemma 3.3. Let (M,F ) be a Finsler submanifold of (M̃, F̃ ), HTM̃0|TM0 be a
Finsler-Ehresmann connection, and π∗TM⊥ be the normal pull-back bundle on TM0.
Then the induced Finsler-Ehresmann connection HTM0 is a vector subbundle of
HTM̃0|TM0 ⊕ θ̃−1(π∗TM⊥).

Proof. Let θ̃−1 the inverse of θ̃, we have

TTM̃0|TM0 = HTM̃0|TM0 ⊕ V TM̃0|TM0

= HTM̃0|TM0 ⊕ θ̃−1(π∗TM̃ |TM0)

= HTM̃0|TM0
⊕ θ̃−1(π∗TM)⊕ θ̃−1(π∗TM⊥).(3.21)
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Now, using the Proposition 3.1 we have θ̃−1(π∗TM) = θ−1(π∗TM) = V TM0. It fol-

lows that HTM̃0|TM0 ⊕ θ̃−1(π∗TM⊥) is the orthogonal complementary vector bundle

to V TM0, in TTM̃0|TM0 , andHTM0 is orthogonal to V TM0. We deduce that HTM0

is a vector subbundle of HTM̃0|TM0 ⊕ θ̃−1(π∗TM⊥), hence the result. �

Definition 3.2. Let HTM0 be a Finsler-Ehresmann connection on the Finsler man-
ifold (M,F ), and π∗TM the pull-back bundle over the slit tangent bundle TM0. The
pull-back Finsler connection is the pair (HTM0,∇), where ∇ is a linear connection
on π∗TM .

Considering the induced Finsler-Ehresmann connection on M̃ , we proceed with
the study of the geometric objects induced by ∇̃ on π∗TM . Then according to the
orthogonal decomposition (3.7), the Gauss and Weingarten formulas are given by

∇̃Xξ = ∇Xξ + S(ξ,X),(3.22)

∇̃Xη = −AηX +∇⊥
Xη,(3.23)

where, X ∈ Γ(TTM0), ξ ∈ Γ(π∗TM), η ∈ Γ(π∗TM⊥), S(ξ,X) ∈ Γ(π∗TM⊥) and
AηX ∈ Γ(π∗TM). Here Aη represents the shape operator and S the second fun-
damental form of π∗TM , and these are the Finslerian tensors of type (0, 1; 1) and
(1, 1; 1), respectively. It is easy to check that, ∇ and ∇⊥ are respectively the lin-
ear connection on π∗TM and π∗TM⊥. Thus, with the induced Finsler-Ehresmann
connection HTM0 and the linear connection ∇̃, we can define pull-back Finsler con-
nections on π∗TM and π∗TM⊥. The one on π∗TM will be called the induced pull-
back Finsler connection and the another one the induced normal pull-back Finsler
connection.

Now, for any X ∈ Γ(TTM0), we define the differential operator,

∇X : Γ(π∗TM̃ |TM0) −→ Γ(π∗TM̃ |TM0)

ξ̃ 7−→ ∇X ξ̃ := ∇̃X ξ̃.(3.24)

Clearly, ∇ is a linear connection on π∗TM̃ |TM0 . So (HTM0,∇) defines the re-

striction of the pull-back Finsler connection ∇̃ on π∗TM̃ |TM0 .

We now consider the local coefficients of ∇̃, ∇ and ∇⊥ given respectively by

∇̃ δ

δxj

∂

∂xi
= Γ̃k

ij

∂

∂xk
, ∇̃F ∂

∂yj

∂

∂xi
= γ̃k

ij

∂

∂xk
,(3.25)

∇ δ

δuβ

∂

∂uα
= Γλ

αβ

∂

∂uλ
, ∇F ∂

∂vβ

∂

∂uα
= γλ

αβ

∂

∂uλ
,(3.26)

and

(3.27) ∇⊥
δ

δuα
Na = Γb

aαNb, ∇⊥
F ∂

∂vα
Na = γb

aαNb,

where Γ̃k
ij and γ̃k

ij are the “Christoffel symbols” with respect to δ
δxi and F̃ ∂

∂yi , respec-
tively and given by

Γ̃k
ij =

g̃is

2

(
δg̃sj
δxk

− δg̃jk
δxs

+
δg̃ks
δxj

)
,(3.28)

and γ̃k
ij =

F̃

2
g̃ks

∂g̃ij
∂yj

.(3.29)
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We also define locally, the horizontal and vertical part of second fundamental form
respectively by

(3.30) S( δ

δuα
,

∂

∂uβ
) =

h

Sa
αβ Na and S(F ∂

∂uα
,

∂

∂uβ
) =

v

Sa
αβ Na.

Likewise, the horizontal and vertical part of shape operator with respect to the normal
section Na are given, respectively, by

(3.31) A(Na,
δ

δuα
) =

h

Aα
aβ

∂

∂uα
and A(Na, F

∂

∂vα
) =

v

Aα
aβ

∂

∂uα
.

By Lemma 3.3, it is easy to check that the local coefficients of ∇ and ∇̃ are related
by

Γ
i

jα = Bk
αΓ̃

i
jk +Ha

αN
k
aγ̃

i
jk,(3.32)

γi
jα = γ̃i

jkB
k
α,(3.33)

where Ha
α is given by (3.15).

The local coefficients of the induced pull-back Finsler connection ∇ are given in
terms of the local coefficients of ∇̃ by [3]

Γλ
αβ = B̃λ

i

(
Bi

αβ + Γ̃i
jkB

jk
αβ + γ̃i

jkB
j
αH

a
βN

k
a

)
,(3.34)

γλ
αβ = B̃λ

i γ̃
i
jkB

jk
αβ .(3.35)

Likewise, the local coefficients of ∇⊥ are given in function of the local coefficients of
∇̃ by:

Γb
aα =

(
δBk

a

δuα
+Bj

aB
k
αΓ̃

i
jk +Bj

aH
a
αN

k
aγ̃

i
jk

)
Ñb

i ,(3.36)

γb
aα =

(
F
∂Bk

a

∂vα
+Bj

aγ̃
i
jkB

k
α

)
Ñb

i .(3.37)

Furthermore, the local components of the horizontal and vertical part of second fun-
damental form are given respectively by

h

Sa
αβ = Ña

i

(
Bi

αβ + Γ̃i
jkB

jk
αβ + γ̃i

jkB
j
αH

a
βN

k
a

)
,(3.38)

and
v

Sa
αβ = Ña

i γ̃
i
jkB

jk
αβ .(3.39)

Finally the local components of the horizontal and vertical part of shape operator are
given respectively by:

h

Aλ
aα = −

(
δBk

a

δuα
+Bj

aB
k
αΓ̃

i
jk +Bj

aH
a
αN

k
aγ̃

i
jk

)
B̃λ

i ,(3.40)

and
v

Aλ
aα = −

(
F
∂Bk

a

∂vα
+Bj

aγ̃
i
jkB

k
α

)
B̃λ

i .(3.41)
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4 Induced and intrinsic Hashiguchi connection

As an application to the general theory of pull-back Finsler connection developed
in the previous section, we consider in the following the ambient manifold (M̃, F̃ )
endowed with a Hashiguchi connection, and study the induced and intrinsic ones in
(M,F ).

Denote by
H

∇̃ the Hashiguchi connection on the pull-back bundle π∗TM̃ , given
locally by:

(4.1)
H

∇̃ δ
δxi

∂

∂xj
= H̃k

ij

∂

∂xk
and

H

∇̃F ∂
∂yi

∂

∂xj
= h̃kij

∂

∂xk
.

Recall that H̃k
ij and h̃kij are given, respectively, by[6]:

(4.2) H̃k
ij = Γ̃k

ij + L̃k
ij and h̃kij = γ̃k

ij ,

where L̃k
ij are the coefficients of Landsberg tensor with respect to g̃ (see[9] for more

details).

Lemma 4.1. Let (M̃, F̃ ) be a Finsler manifold and L̃ be the Landsberg tensor with

respect to the pull-back bundle π∗TM̃ on (M̃, F̃ ). Then the components of the restric-

tion L of L̃ to π∗TM̃ |TM0
are given locally by

Lijα = Bk
αL̃ijk −Ha

αN
k
aγ̃ijk.

Proof. Recall that the coefficients of Landsberg tensor L̃ijk are given by the horizontal

covariant derivatives of g̃ij denoted g̃ij;k, more precisely L̃ijk := −1
2 g̃ij;k (see [9]). By

lemma 3.3 we have δ
δuα ∈ HTM̃0|TM0 ⊕ θ̃−1(π∗TM⊥), and denoting the vertical

correspondent of Na by
V

Na:= θ̃−1(Na), and using (3.13) and (3.11), we obtain

δ

δuα
= Bi

α

δ

δui
+ Ña

i (B
i
α0 +Bj

αÑ
i
j)

V

Na

= Bi
α

δ

δui
+Ha

α

V

Na,

where Ha
α = Ña

i (B
i
α0 +Bj

αÑ
i
j). Hence, one has

Lijα = −1

2
g̃ij;α = −1

2
Bk

αg̃ij;k − 1

2
Nk

aH
a
αγ̃ijk

= Bk
αL̃ijk −Nk

aH
a
αγ̃ijk,

as required. �

Theorem 4.2. Let (M̃, F̃ ) be a (m+ n)-dimensional Finsler manifold endowed with

Hashiguchi connection
H

∇̃ and (M,F ) be a m-dimensional Finsler submanifold of
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(M̃, F̃ ). Then the local coefficients of the induced Hashiguchi connection are given
by the following formulas:

Hλ
αβ =

(
Bk

αβ +Bij
αβH̃

k
ij

)
B̃λ

k ,(4.3)

and hλαβ = Bij
αβ h̃

k
ijB̃

λ
k .(4.4)

Proof. By lemma 4.1 we obtain H
k

iβ = Bj
βH̃

k
ij . Writing (3.34) for the Hashiguchi

connection and replacing H
k

iβ by its value we obtain the relation (4.3). One has (4.4)
in the similar way the relation (3.35). �

Theorem 4.3. Let (M,F ) be a m-dimensional Finsler submanifold of (M̃, F̃ ) en-

dowed with Hashiguchi connection
H

∇̃. Locally, the horizontal part
h

Sa
αβ and vertical

part
v

Sa
αβ of second fundamental form are given by:

(4.5)
h

Sa
αβ=

(
Bk

αβ +Bij
αβH̃

k
ij

)
Ña

k and
v

Sa
αβ= Bij

αβ h̃
k
ijÑ

a
k,

respectively.

Proof. The proof follows from the relations (3.38) and (3.39). �

Now we consider the normal Hashiguchi connection
H

∇⊥ and set

(4.6)
H

∇⊥
δ

δuα
Na = Hb

aαNb and
H

∇⊥
F ∂

∂vα
Na = hbaαNb.

Theorem 4.4. Let (M,F ) be a m-dimensional Finsler submanifold of Finsler man-

ifold (M̃, F̃ ), endowed with Hashiguchi connection. Then the local coefficients of the
normal Hashiguchi connection on (π∗TM)⊥, are given by the following formulas:

Hb
aα =

(
δBk

a

δuα
+Bj

aB
k
αH̃

i
jk

)
Ñb

i ,(4.7)

and hbaα =

(
F
∂Bk

a

∂vα
+Bj

aB
k
αh̃

i
jk

)
Ñb

i .(4.8)

Moreover the local coefficients of the horizontal and vertical part of shape operator are
given respectively by:

h

Aβ
aα = −

(
δBk

a

δuα
+Bj

aB
k
αH̃

i
jk

)
B̃β

i ,(4.9)

and
v

Aβ
aα = −

(
F
∂Bk

a

∂vα
+Bj

aB
k
αh̃

i
jk

)
B̃β

i .(4.10)

Proof. Writing the relations (3.36), (3.37), (3.40) and (3.41) for the Hashiguchi con-

nection and using the relation H
k

iβ = Bj
βH̃

k
ij , the result follows. �
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In the previous paragraph, we constructed the induced Hashiguchi connection,
whose local coefficients are given by (4.3) and (4.4). On the other hand, on Finsler

submanifold lives the intrinsic Hashiguchi connection
H

∇∗. More precisely, the canon-
ical Finsler-Ehresmann connection is locally spanned by the vector fields

(4.11)
δ∗

δ∗uα
=

∂

∂uα
− N̂λ

α

∂

∂vλ
.

Then, using (3.14) and taking into account (4.11), we derive that

(4.12)
δ∗

δ∗uα
=

δ

δuα
−Dλ

α

∂

∂vλ
,

where Dλ
α are the coefficients of deformation tensor D. Moreover, the Hashiguchi

connection is given by [6]

2g(
H

∇X π∗Y, π∗Z) = X.g(π∗Y, π∗Z) + Y.g(π∗Z, π∗X)− Z.g(π∗X,π∗Y )

+ g(π∗[X,Y ], π∗Z)− g(π∗[Y, Z], π∗X) + g(π∗[Z,X], π∗Y )

+ 2A(θ(Z), π∗X,π∗Y )− 2A(θ(Y ), π∗X,π∗Z) + 2L(π∗X,π∗Y, π∗Z).(4.13)

Then, replacing X,Y and Z from (4.13) by δ
δuα ,

δ
δuβ and δ

δuλ respectively, we obtain

(4.14) 2gµλH
µ
αβ =

δ

δuα
gβλ +

δ

δuβ
gαλ − δ

δuλ
gαβ + 2Lαβλ.

Theorem 4.5. Let (M̃, F̃ ) be a (m+ n)-dimensional Finsler manifold endowed with

the Hashiguchi connection
H

∇̃ and (M,F ) be m-dimensional Finsler submanifold of

(M̃, F̃ ). Then the local coefficients of the induced Hashiguchi connection (Hµ
αβ , h

µ
αβ)

are related to the local coefficients of intrinsic Hashiguchi connection (H∗µ
αβ , h

∗µ
αβ), by

the following relations:

Hµ
αβ = H∗µ

αβ +Dτ
αB̃

µ
k h̃

k
ijB

ij
τβ +Dτ

βB̃
µ
k h̃

k
ijB

ij
τα −Dµ

ϵ B
ij
αβ h̃

k
ijB̃

ϵ
k,(4.15)

hµαβ = h∗µαβ = Bij
αβ h̃

k
ijB̃

µ
k .(4.16)

Proof. Contracting (4.14) by gµλ, and using (4.12) and (4.4), the result follows. �

Theorem 4.6. Let (M̃, F̃ ) be a (m + n)-dimensional Finsler manifold endowed

with the Hashiguchi connection
H

∇̃ and (M,F ) be m-dimensional Finsler submani-

fold of (M̃, F̃ ), Then the induced Hashiguchi connection coincides with the intrinsic
Hashiguchi connection on submanifold M if and only if the deformation (0, 1; 1)-tensor
D vanishes on TM0. Moreover, the covariant differentiation in the direction of the
horizontal correspondent of distinguished section lH , is the same for both Hashiguchi
connections on the submanifold.

Proof. If the induced Hashiguchi connection coincides with the intrinsic one, then the
Finsler-Ehresmann form θ̂ = θ and by the Proposition 3.1, the deformation tensor
D = 0. Reciprocally, if the tensor D = 0 then by the relation (4.15), the induced
and intrinsic Hashiguchi connection coincides. The last assertion is obtained by the
Lemma 3.2. �
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