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Abstract. In the present paper, we study some almost paracomplex struc-
tures on the tangent bundle with vertical rescaled Berger deformation
metric and search conditions for these structures to be anti-paraKéahler,
quasi-anti-paraKéahler.
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1 Introduction

The notion of almost paracomplex structure has been studied, since the first papers by
P.K. Rashevskij [13], P. Libermann [9] and E.M. Patterson [12] until now, from several
different points of view. Moreover, the papers related to it have appeared many times
in a rather disperse way, and a survey of further results on paracomplex geometry
(including para-Hermitian and para-Kéhler geometry) can be found for instance in
[3, 4]. Also, other further significant developments are due in some recent problems [1,
17], where certain aspects concerning the geometry of tangent and cotangent bundles
are presented in [8, 11, 14]...

In this paper, we construct almost anti-paraHermitian structures on tangent bun-
dle equipped with the vertical rescaled Berger deformation metric and investigate nec-
essary and sufficient conditions for these structures to become anti-paraKéahler, quasi-
anti-paraKahler. Also we characterize some properties of almost anti-paraHermitian
structures in context of almost product Riemannian manifolds are presented.

2 Preliminaries

Let TM be the tangent bundle over an m-dimensional Riemannian manifold (M™, g)
and the natural projection 7 : TM — M. A local chart (U, z%),_1= on M induces a

i=1m
local chart (7=(U), %, yi)izm on TM. Denote by Ffj the Christoffel symbols of g

and by V the Levi-Civita connection of g. Let C°°(M) be the ring of real-valued C'*°
functions on M and 3§(M) be the module over C°°(M) of C* vector fields on M.
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We have two complementary distributions on T'M, the vertical distribution ¥ and
the horizontal distribution H, defined by :

V(m,u) Ker(dw(x u)) = {a ‘(a: u)>» a' € R},

H(ac,u) = {a2@|(x,u) uJFZa k|(w u)s a' e R}
where (z,u) € TM, such that T, yWTM = Hzu) S Vieu)-

Note that the map X — X is an isomorphism between the vector spaces T, M
and H ;.. Similarly, the map X — X V' is an isomorphism between the vector spaces
T M and V(, .,). Obviously, each tangent vector Z € T\, ) TM can be written in the
form Z = X® + YV, where X,Y € T, M are uniquely determined vectors.

Let X = X? B?ci be a local vector field on M. The vertical and the horizontal lifts
of X are defined by

.0
(2.1) XV = x' =,
oy’
) .0 - 0
2.2 X = X' — =X~ —yTE —}
( ) (51'7’ {axz y 1] ayk}
For consequences, we have (%)H = 52 and (azz)v By” then (M“ 8?8; )ieTm IS a
local adapted frame on TT M.
If U be a local vector field constant on each fiber T, M, i.e., (U = u = u’ 5o ) the

vertical lift UV is called the canonical vertical vector field or Liouville vector field on
TM.

If w=w' (?x‘ + @ 8‘; € T(z,yT'M, then its horizontal and vertical parts are
defined by
.o, 0
h % ’L k
(2.3) w' = w i JF”@ 7 € Hzu)
v — 1,7 6
(2.4) w' = (T +w “JFZ)E)T/C € Vizu)-

Lemma 2.1. [6, 20] Let (M, g) be a Riemannian manifold. The bracket operation of
vertical and horizontal vector fields is given by the formulas

1. [XH7Y ](:L’ u) = (X, Y] (RI(X,Y)U)V

(w,u)

<x )’
3. [XV7YV](M) =0,

for all vector fields X,Y € S§(M) and (x,u) € TM, where V and R denotes respec-
tively the Levi-Civita connection and the curvature tensor of (M, g).

3 Vertical rescaled Berger deformation metric
An almost product structure ¢ on a manifold M is a (1,1) tensor field on M such

that ¢? = idyr, ¢ # Fidyr (idys is the identity tensor field of type (1,1) on M). The
pair (M, ¢) is called an almost product manifold.
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A linear connection V on (M, ¢) such that Vo = 0 is said an almost product
connection. There exists an almost product connection on every almost product
manifold. [5].

An almost paracomplex manifold is an almost product manifold (M, ¢), such
that the two eigenbundles TM ™+ and T'M ~ associated to the two eigenvalues +1 and
—1 of ¢, respectively, have the same rank. Note that the dimension of an almost
paracomplex manifold is necessarily even [4].

The integrability of an almost paracomplex structure is equivalent to the vanishing
of the Nijenhuis tensor:

Ny(X,Y) = [pX, Y] = 0[pX, Y] — o[ X, Y] + [X,Y].

A paracomplex structure is an integrable almost paracomplex structure. On the other
hand, in order that an almost paracomplex structure be integrable, it is necessary and
sufficient that we can introduce a torsion free linear connection such that Ve = 0.
(17, 15]

Let (M?™ ) be an almost paracomplex manifold. A Riemannian metric g is said
anti-paraHermitian metric with respect to the paracomplex structure ¢ if

(3.1) 9(pX,9Y) = g(X,Y),
or equivalently (purity condition), (B-metric)[17]
(3.2) 9(pX,Y) = g(X, 9Y)

for all X,Y € S (M).

If (M?™, ) is an almost paracomplex manifold with an anti-paraHermitian met-
ric g, then the triple (M?™, ¢, g) is said almost anti-paraHermitian manifold (an
almost B-manifold)[17]. Moreover, (M?™,¢,g) becomes anti-paraKihler manifold
(B-manifold)[17] if ¢ is parallel with respect to the Levi-Civita connection V of g,
ie., (Vo =0).

A Tachibana operator ¢, applied to the anti-paraHermitian metric (pure metric)
g is given by

(33)  (9e9)(X,Y,2) = ¢X(9(Y,2)) - X(9(¢Y.2Z)) + 9((Ly )X, Z)
+9((Lzp)X,Y),

for all X,Y, Z € 3¢ (M) [19].

In an almost anti-paraHermitian manifold, an anti-paraHermitian metric ¢ is called

paraholomorphic if

(3.4) (9o9)(X,Y,Z) = 0,

for all X,Y,Z € S§(M)[17].

Since the anti-paraKéhler condition (Ve = 0) is equivalent to paraholomorphicity
condition of the anti-paraHermitian metric g, we have (¢,g) = 0 [17, 15].

The purity conditions for a tensor field w € I (M) with respect to the paracomplex
structure ¢ are given by

w(@XlaX27"' 7Xq) :w(X17SOX2a"' 7Xq) = :w(leXQa"' 7<)0Xq)a
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for all X1, Xo,---, X, € SH(M) [17].
It is well known that if (M?™, ¢, g) is a anti-paraKihler manifold, the Riemannian
curvature tensor is pure [17], and

(3.5)

R(¢Y,Z) = R(Y,pZ) = R(Y, Z)p = ¢R(Y, Z),
{ R(¢Y,9Z) = R(Y,Z),

for all Y, Z € S§(M).
Let (M?™,¢,g) be a non-integrable almost anti-paraHermitian manifold. If

g 9(Vxe)Y.2) =0,

IR

for all X, Y, Z € 3}(M), where o is the cyclic sum by three arguments, then the triple
(M?™ ¢, g) is a quasi-anti-para-Kéhler manifold [7, 10]. We know that

(3.6) X’%Zg((sza)Yv Z)=0« ng,z(%g)(X, Y,Z)=0,

which was proven in [16].

Definition 3.1. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold and f :
M —]0,400[ be a strictly positive smooth function on M. We define the fiber-wise
vertical rescaled Berger deformation metric de noted by g on TM, by

g(XHaYH)(x,u) = gw(X7 Y)v
g(XHa YV)(z,u) = 0,
IXY Y ey = @) (92(X,Y) 4+ 6%92(X, 0u)ga (Y, pu)),

for all X,Y € 3(M) and (x,u) € TM, where § is some constant [2, 18]. Then f is
called twisting function.

2

In the following, we consider A = 1 + §%7? and r? = g(u,u) = ||ul|?, where | . ||

denotes the norm with respect to g.

Let UV be the canonical vertical vector field. Then §(XV,oU") = Afg(X, pu).

Lemma 3.1. Let (M?*™,p,g) be an anti-paraKdhler manifold, we have:

(1) xHg(y", z%) = Xg(v,2),

(2) XVg(y", zm) 0,

(3) X"gyV,z") = %X(f)ﬁ(YV»ZV)+§((VXY)V72V)+§(YV7(VXZ)V),
4) XVayV,zV) = f[9(X,0Y)9(Z, pu) + g(Y, pu)g(X, pZ)],

for all X,Y,Z € S{(M).

Theorem 3.2. Let (M?*™,¢,g) be an anti-paraKdihler manifold and (T M, §) its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric. Then the
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corresponding Levi-Civita connection v satisfies the following:

1

1L.VxaYH? = (VxY)¥ — 5 (BX, YVu)Y,

2.VxaYV = (VxY)V + %X(f)YV + g(R(u, Y)X)H,
5.V YH = %Y(f)XV + g(R(u,X)Y)H,

LTy = 1YY grad )7+ LX) 0

for all vector fields X,Y € S§(M), where V and R respectively denote the Levi-Civita
connection and the curvature tensor of (M?™, p,g).

Proof. The proof of Theorem 3.2 follows directly from the Koszul formula and Lemma
3.1. d

4 Some almost paracomplex anti-paraHermitian
structures

I. Let (M?™, ¢, g) be an anti-paraKihler manifold. We consider the almost paracom-
plex structure P on T'M defined by
{ pPXH =XxH

(4'1) PXV — 7XV

for all X € S§(M) [4].

Lemma 4.1. Let (M>™,¢,g) be an anti-paraKdhler manifold, (TM,§) its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
paracomplex structure P defined by (4.1). Then the triple (TM, P, §) is an almost
anti-paraHermitian manifold.

Proof. From Definition 3.1 and (4.1), it is easy to see that the vertical rescaled Berger
deformation metric g is anti-paraHermitian metric (pure metric) with respect to the
almost paracomplex structure P. O

Proposition 4.2. Let (M?™,p,g) be an anti-paraKdihler manifold, (T M, §) its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure P defined by (4.1). Then we infer:

1. (¢pg)(XH.YH, Z%) =0,
2. (opg)(XV,YH, Z%) =0,
3. (ppg) (X7, YV, Z1) = 2fg(R(X, Z)u.Y),
4. (epg) (XY, 2V) = 2fg(R(X,Y)u, Z),
5. (opg)(XV. YV, Z2H) =0,
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6. (ppg)(XV, Y™, ZV) =0,
7. (opy)(XTYV,ZV) =2X(f)g(Y",Z"),
8. (opg)(XV,YV,ZV) =0,

for all X,Y, 7 € S§(M).

Proof. We calculate the Tachibana operator ¢p applied to the anti-paraHermitian
metric g. This operator is characterized by (3.3), and from Lemma 3.1 we have
1(¢P§)(XH7YH7ZH) = (PXH)g(YHvzH)_XHg(PYHvzH)

+3((Lyn P)XH, Z") + (Y (Lyu P)X™)
+§(Lyn PX" — P(Lyn X™), Z")
+§(YH", Lyn PX™ — P(Lyu X))
+g(YH, (217, x 1) - P[z", X ™))

= g([YHaXHLZH)_g(P[YH?XHLZH)
+§(YH7 [ZHaXH]) - g(YHa P[ZHaXH])

= 0.

2.(opg) (XYY", ZH) = (Px")g(Y", z") - XVg(PY™, Z™))
+3((Lyn P)XY,Z") + (Y7, (Lzu P)X")
= —XVg(y", z") - xVa(y", z")
+g(— YY", XV] - PYH, XV, z")
+g(YH, —[z%, XV - Pz, XV])
= 0.

3.(opa)(XT YV, ZH) = (PX™)g(Y"V,z") - xHg(PYV, Zz")

+3((LyvP) X", Z7) + §(YV, (Lyzu P)XH)

= g(yV,x" - pyV,x",z")
+g(YV,[z", X" - Plz", X"])

= YV, —2(R(Z,X)u)")

= 25((R(X, 2)w)V,Y")

= 2f(9(R(X, Z)u,Y) + 8°g(R(X, Z)u, pu)g(Y, pu))

= 2fg(R(X,Z)u,Y).

Because the Riemann curvature R of an anti-paraKahler manifold is pure, this means

g(R(X, Z)u,pu) = g(R(pX,Z)u,u) =0.
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4 (¢pg) (XY, Z2V) = (PXT)g(Y",2V) - Xx"g(PYH, ZY)
+3((Lya PYX?,ZV) + §(YH, (Lyv P)X™)
= g(Y", x") - pPYyH xH], zV)
+g(YH",1ZzV, x" - P[ZzV, x"))
= =25((R(Y, X))V, Z")
= 25((R(X,Y)u)",Z")
= 2fg(R(X,Y)u, Z).

The other formulas are obtained by a similar calculation. ([l

Theorem 4.3. Let (M>™,¢,g) be an anti-paraKdihler manifold, (T M, §) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure P defined by (4.1),then the triple (TM, P, §) is an anti-
paraKdhler manifold if and only if M is flat and f is constant.

Proof. For all XY, Z € S{(M) and h,k,l € {H,V}

(6pa) (X" YF Zh) =0 < < g(R(

~ R =
f = constant

O

Theorem 4.4. Let (M>™,¢,g) be an anti-paraKdihler manifold, (T M, §) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure P defined by (4.1), then the triple (TM, P, §) is a quasi-
anti-paraKahler manifold if and only if f is constant.

Proof. From (3.6) and Proposition 4.2 we have, for all X,Y,Z € S§(M),
~NyvH yvH HY
1.XH))gH7zH(¢Pg)(X 7Y 7Z ) _Oa

2 g (6pg) (XY YH, ZM) = 29(R(Z,Y)u, X) + 2(R(Y, Z)u, X) = 0,

3 v G pu(@PDXY YV, ZT) =22(N3(XY. YY),

vV vV VY
4. XV,)gV,ZV(¢Pg)(X YV ZV) =0,
then, (T'M, P, §) is a quasi-anti-paraK&hler manifold if and only if f is constant. O
II. Now consider the almost product structure P defined by (4.1). We define a
tensor field S of type (1,2) and linear connection V on TM by,

(42)  S(X.Y)=_[(VpyP)X + P((V3P)X) = P((VP)Y)].

N =
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(4.3) VeV = VgV —5(X,Y).

for all )N(,f/ € S§(TM), where V is the Levi-Civita connection of (TM, g) given by
Theorem 3.2. Then V is an almost product connection on T'M (see [5, p.151] for
more details).

Lemma 4.5. Let (M?™, ¢, g) be an anti-paraKdhler manifold, (T M, §) be its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
product structure P defined by (4.1). Then the tensor field S satisfies

1

(1) ST YT = LRV,

@) YY) = XYY+ LRy 0n,
) SOV = SV (DXY — f(R W),
@) SXVYY) = =g YY) (grad 1)

for all XY € S{(M).
Proof. (1) Using (4.1) and (4.2), we have

S(xH vy [(Vpyn P)XH 4+ P((Vyn P)XT) — P((Vxu P)YH)]

DN | =

% [Vyn X" — P(Vyu X)) + P(Vyr XH)
76yHXH - P(%XHYH) + 6XHYH]

= % [~ P(VxuYH) + VxnYH]

1

= S[- (v - %(R(X,Y)U)V

(2) By a similar calculation to (1), we get

S(XH YY) = %[(ﬁpyvp)xff +P((VyvP)X?) - P(VxuP)Y")]
= %[*6vaH+P(%vaH)+P(%vaH)

Vv X 4 P(VxnYV) + VxnYV]
= %[2P(%YVXH) —2Vyv X7 + P(Vxn YY) + VynYV]
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DN | =

[~ FX(OYY + F(R@.YIX)™ = 2X (1Y

(R Y)X) — (VY)Y = XYY+ L (R, Y)X)"

f

+H(VxY)V + %X(f)YV + 5(R(u, Y)X)"]

1 /
_ —?X(f)YV + 5 (R(u, Y)X)™.

The other formulas are obtained by similar calculations. O

Theorem 4.6. Let (M>™,¢,g) be an anti-paraKdihler manifold, (T M, §) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost product structure P defined by (4.1). Then the almost product connection V
defined by (4.3) is as follows,

(1) VxuY? = (VxY)7,
() V¥V = (Va1) + XYY,
(3) VoY = %(R(u,X)Y)H,
N 2
@) Vv’ = S ev)(en)”,

for all X, Y € S§(M).

Proof. The proof of Theorem 4.6 follows directly from Theorem 3.2, Lemma 4.5 and
formula (4.3). O

Lemma 4.7. Let (M?™ ¢, g) be an anti-paraKdihler manifold, (T M, §) be its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
product structure P defined by (4.1) and T denote the torsion tensor of V. Then we
have:

(1) T YT = (RO,

@) TXYY) = XYY = Y (Rleu )0,
(3) TV Y1) = v (XY + 5 (Rlpu XYY"
(4) TxV.YY) = o,

for all X,Y € SH(M).

Proof. The proof of Lemma 4.7 follows directly from Lemma 4.5 and formula

for all X,Y € S(T'M). 0



Some almost paracomplex structures on the tangent bundle... 133

From Lemma 4.7 we obtain

Theorem 4.8. Let (M?*™,p,g) be an anti-paraKdihler manifold, (TM,§) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost product structure P defined by (4.1), then V is symmetric if and only if M
is flat and f is constant. In this case, the Levi-Civita connection V and the almost
product connection V coincide with each other.

III. Let (M?™, p,g) be an anti-paraKihler manifold. We Consider the almost
paracomplex structure @) on T'M defined by

H _ 14
(4.4) { gﬁv _ §H
for all X € S§(M)[4].

Theorem 4.9. Let (M?™,p,g) be an anti-paraKdhler manifold, (T M, §) its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
paracomplex structure @ defined by (4.4), then

(i) If f = 1, the vertical rescaled Berger deformation metric is anti-paraHermitian
with respect to @ if and only if 6 = 0, i.e., the triple (TM,Q,§) is an almost anti-
paraHermitian manifold, then g reduces to the Sasaki metric.

(ii) In the case of f # 1 The vertical rescaled Berger deformation metric is never
anti-paraHermitian with respect to Q.

Proof. For the purity condition, we put for all X,Y € S§(M) and k,h € {H,V }:
AXE YT = g(@XF,Y") — g(x*,QY™).

@) AXT YT = gx", vy —g(x",Qv™) =o,
(i) AXT, YY) = (X", YY) —g(x",Qy")
= [l9(X,Y) +6%9(X, pu)g(Y, ou)] — g(X,Y) =0
= (f=1)9(X,Y) + f0%g(X, pu)g(Y,pu) = 0,
(i) AXY, YY) = g@xV,v")—gx",Qv") =0,
From this, if f = 1, then A(X* Y") =0 if and only if § = 0. O

IV. Let (M?™, p,g) be an almost anti-paraK#hler manifold. We define a tensor
field P, € $1(TM) by,

{ P, X" = X" 4 ng(X, pu)(oU)H

(45) PoXV =XV + ug(X, pu)(@U)"

for all X € S§(M), where 1, : R — R are smooth functions.
If n=p =0, then P, is the almost paracomplex structure defined by (4.1).
In the following, we consider 1 £ 0 and p # 0. Note that

Po(@U) = (14 r2)(pU)H
(4.6) {&(ZZU)V ~ (14 el

such that 72 = g(u, u).
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Lemma 4.10. Let (M?™ ¢, g) be an anti-paraKdhler manifold and (TM,§) be its
tangent bundle equipped with the vertical rescaled Berger deformation metric. Then
the endomorphism P, defined by (4.5) is an almost paracomplex structure if and only

2
ifn=—— and p = —, i.e.
ifn g and p=-5, te,

2
wn P XM = XM = 5 g(X, pu)(U)"
: 2
PoXV ==XV 4 Sg(X,pu)(eU)"
for all X € S{(M) and v = g(u,u).
Proof. 1) Let X € S3(M),

Py (Pp(X™))

= P (X" +ng(X, ou)(pU)")

= X" +ng(X, ou)(@U)" +ng(X, pu)(1 +nr*)(U)"
(4.8) = X" 402+ nr?)g(X, pu)(U)".

P2(X™)

PQ(XV) = PsO(PsD(XV))

= Po(—=X"Y + pg(X, ou)(pU)")

= XV — pug(X, ou)(oU)" + ng(X, ou) (=1 + ur?)(eU)"
(4.9) = XY+ p(=2+ pr?)g(X, pu)(eU)".

2 2
From (4.8) and (4.9), then P? = Idry equivalent to n = —— and p = —. O
T r

Theorem 4.11. Let (M?™, ¢, g) be an anti-paraKdhler manifold, (T M, g) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure P, defined by (4.7). Then the triple (T M, P,,§) is an
almost anti-paraHermitian manifold.

Proof. For purity condition, we put for all X, Y € (M) and k,h € {H,V }:
AXF Y = g(P,X*, Y — g(XF, PY™).
() A" V) = g(PXT v )~ g(x " Py )
= G = el (e, Y )
XMV Z (Y, pu) (U))
= GV - S(X pu)g(Y o)

i 2
—g(xH v H) 4+ —9(Y, pu)g(X, gu)
— 0.
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(i) AV, YY) = RV YY) = g(XV Py
= GXY S euet) YY)
XYY 4 gV pu)(eU)Y)
= G YY) el el eu)

i 2
+3(XV, YY) - 59V, 0u) fAg(X, pu)

e

(1) AXTYY) = g(PpX T YY) = (XM, PYY)
- 2
= 9(XT = S9(X, pu)(p0)", YY)
- 2
—g(XT, =YY + Sg(Yopu)(pU)Y)
= 0.

O

Lemma 4.12. Let (M?™,¢,g) be an anti-paraKdhler manifold, (T M, §) its tangent
bundle equipped with the vertical rescaled Berger deformation metric and V denote
the corresponding Levi-Civita connection of §g. Then we have:

~ 1
LVxn(eU)" = =S (R(X,pujun)”,
~ 1
2.Vxu(eU)Y = gX(f)(wU)V,
~ 1
3T (@0 = (@X)" 4 Sogleu grad XY + § (RO X)),
S 1% v_A ., 0 v
4LVxv(eU)" = (¢X)" = S9(X,pu)(grad f)7 + —g(X,u)(U)",
for all vector fields X € I§(M).
Proof. The proof of lemma 4.12 follows directly from Theorem 3.2. (]

Proposition 4.13. Let (M>™, ¢, g) be an anti-paraKihler manifold, (T M, §) its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric, the almost
paracomplex structure P, defined by (4.7) and V denote the corresponding Levi- Civita
connection of g. Then we have:

1. (VxuP, )Y

~(ROCY Y — 2 g(¥, 0V xU) ()"
+50(Y, u)(R(Y, gupu)”,

2 (Tan PIYY = 2g(v,0VxU)(eU)Y — Lol ¥)X, ou)ot),
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3(Vxe POV = F(RGw X — Lg(¥, u) (R, X)iou)"
20 eu) (e X)" + Lo(ROu XY, pu) (o0

5006w (Y, o) — Sg(¥ X)) (1)
1

Hgr - #g@c ou)g(ou, grad f)] XV

#Y(fmx, ou)(9X)

LT PIYY = [g(XY) ~ —g(Xpu)g(Y,ou)](grad /)"

1
39X, Y) + 5%g(X, pu)g(Y, pu)|g(pu, grad f)(oU)"
+[2r262 — 4\
Ard
2
+39(Y, ou)(9X)Y,

9(X, gV, pu) + 5 g(X, V)] (U)"

for all vector fields X € I§(M).

Proof. The proof of Proposition 4.13 follows directly from Theorem 3.2 and from the
formula V¢ PY = V¢ (PY) - P, VY. O

Hence, we deduce:

Theorem 4.14. Let (M?™,,g) be an anti-paraKdhler manifold, (T M, §) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure P, defined by (4.7). Then the triple (TM,P,,q) is
never an almost anti-paraHermitian manifold.

V. Let (M?™ ¢, g) be an almost anti-paraHermitian manifold. We define a tensor
field Q, € 31 (T'M) by,
1
QX" = W(XV +19(X, ou)(pU))
QXY = V(X + pg(X, ou)(eU)™)

(4.10)

for all X € S$(M), where 1, : R — R are smooth functions.

If n=p =0, then Q, is the almost paracomplex structure defined by (4.4).
In the following, we consider n # 0 and p # 0.
Note that

1 2
(4.11) Qo) = ﬁ(1+m‘ )(eU)Y
Qu(eU)Y = /(1 + pr?)(pU)"

Lemma 4.15. Let (M?™ ¢, g) be an anti-paraKdhler manifold and (TM,§) be its
tangent bundle equipped with the vertical rescaled Berger deformation metric. Then
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the endomorphism Q. defined by (4.5) is an almost paracomplex structure if and only

if
(4.12) N+ p+nur* = 0.
Proof. 1) Let X € S}(M),

QZ(XH) = Q@(Qw(XH))
- %QW(XV+779(XNPU)(S0U)V)

= X"+ pg(X, ou)(eU)" + ng(X, pu)(1 + ur®)(oU)"
(4.13) = X"+ i+ p+nuwr?)g(X, ou)(pU)".

QLXY) = Qu(Qu(X"))
= VIQu(XM + ng(X, pu)(pU)H)
= XV +ng(X,0u)(eU)" + pg(X, ou)(1+ nr*)(eU)"
(4.14) = XV 4+ p+nur?)g(X, pu)(eU)" .

From (4.13) and (4.14), then Qi = Idrys equivalent to 0+ p + nur? = 0. O

Theorem 4.16. Let (M?™,,g) be an anti-paraKdhler manifold, (T M, §) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the al-
most paracomplex structure Q, defined by (4.10) and (4.12). The triple (TM,Q., )
is an almost anti-paraHermitian manifold if and only if

(4.15) W= An+ 062
where A = 1 + §2r2.
Proof. For the purity condition, we put for all X,Y € S}(M) and k,h € {H,V}:
AXE YY) = §(QpX*,Y") — g(X*, QY ™).
(1) AXTYT) = QX" Y™) —g(X",Q,¥™)
i ( 1
= g ey
VT
_g(XHa

(XY +ng(X, pu)(U)"), V)
1

\/f(YV +ng(Y, ou)(U)"))

|
o

(ii) AXV, YY) ; ?(QWXVaYV) - 9(XV, QYY)
IV FXH 4 pg(X, ou) (0U)7), YY)

—§(XV AT+ pg(Y, o) (0U)))
= 0.
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(i) ACXH, YY) = §(QuXT YY) = g(X",Q,¥Y)
- §(%(XV+ng(X,<PU)(<PU)V),YV)
—g(XH FYH + g (Y, pu) (9U)H))

— %g(xv, YY)+ %ng(& eu)g((eU)"), YY)

—V XY H) =/ fug(Y, ou)g(XH, (2U)7))
= VX, Y) + 8 9(X, pu)g(Y, pu))
+V rg(X, pu)g (Y, pu)
—VF9(X,Y) =/ Fug(X, ou)g(Y, pu)
= VI + 2 — mg(X, pu)g(Y, pu).
Then A(XH,YV) = 0 equivalent to u = A\ + 6. O
By equations (4.12) and (4.15), we have

e—VA

2 _ n=
AR
p=An+ evVi—1
H=m

where ¢ = +1.

We shall study the integrability of ),. As we know, the integrability of @, is
equivalent to the vanishing of the Nijenhuis tensor. The Nijenhuis tensor of @, is
given by

No,(X,Y) = [QuX,Q,Y] — Qu[QuX,Y] — Qu[X,Q.Y] + [X,Y].
where X,Y € S(TM).

Lemma 4.17. Let (M?™ ¢, g) be an anti-paraKdhler manifold and (TM,§) be its
tangent bundle equipped with the vertical rescaled Berger deformation metric. Then
the almost paracomplex structure Q, defined by (4.10) and (4.12) is integrable if and
only if No,(X®,YH) =0, for all X,Y € S§(M).

Proof. We put QS(,XV = ZH and QSDYV = WH, then we have

No,(XV YY) = [QuXY,QuY"] = QulQu XV, YV] = Qu[XY,Q,YV]+ XV, Y]
= [Z7 W= Q. 12",Q W] - QulQ.z" W] +[Q.2",Q,W"]
= NQw(ZH,WH).

No,(XV,WH) = [QuXY,Q,WH] — QuQu,XY WH] — Qu[XV, QW] + XV, WH]

= [Z7, QW] = Q (2", WH] - Qu1Qu.Z", Q. WH] + [Q,2Z" ,WH]
—Qu[Qu 2™, QW +[Quz" W] + 21, QW] — Q12" , W]
= _Qv(NQw(ZvaH))-

]



Some almost paracomplex structures on the tangent bundle... 139

Lemma 4.18. Let (M?™, p, g) be an anti-paraKdhler manifold, (T M, §) be its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
paracomplex structure Q, defined by (4.10) and (4.12). Then

No, (X", YTy = —(R(X,Y)u)"” + ?[g(Y, pu) (X)Y — g(X, pu)(pY)"]
I 02
+2”%[9<X, WY, ou) — g(X, gu)g(Y, )] (pU)"
(4.16) L x(HyH - v(f)xH)

Taf
for all X,Y € SL(M).
Proof. By straightforward calculations, and using the formulas

()Y (n) = 210'g(pu,u),  (U)Y (g(Y, pu)) = g(Y,u),
[YV7 (QDU)V} = (QDY)V7 [YHa (QOU)V] = 07

we obtain the result. O

Lemma 4.19. Let (M?™,¢,g) be an anti-paraKdhler manifold and (TM,g) be its

tangent bundle equipped with the vertical rescaled Berger deformation metric. Then

the almost paracomplex structure Q, defined by (4.10) and (4.12) is integrable if and

only if f is constant and

(RX,Y)w)Y = Z[g(Y,ou)(eX)" — g(X, pu)(Y)"]

20 —n?
f

+ =S

(4.17) [9(X, u)g(Y, pu) — g(X, ou)g(Y,u)](eU)" .

for all X,Y € SY(M).

It is known that since (M?™, ¢, g) is anti-paraKihler, then the Riemannian cur-
vature tensor of (M?™ ¢, g) satisfies the equality R(¢X,Y)u = R(X, oY )u. Then,
according to (4.17), this identity is never satisfied. This shows that the almost para-
complex structure ), do not integrable and the triple (T'M, Q. §) is never anti-
paraKéahler.
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