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1 Introduction

The notion of almost paracomplex structure has been studied, since the first papers by
P.K. Rashevskij [13], P. Libermann [9] and E.M. Patterson [12] until now, from several
different points of view. Moreover, the papers related to it have appeared many times
in a rather disperse way, and a survey of further results on paracomplex geometry
(including para-Hermitian and para-Kähler geometry) can be found for instance in
[3, 4]. Also, other further significant developments are due in some recent problems [1,
17], where certain aspects concerning the geometry of tangent and cotangent bundles
are presented in [8, 11, 14]...

In this paper, we construct almost anti-paraHermitian structures on tangent bun-
dle equipped with the vertical rescaled Berger deformation metric and investigate nec-
essary and sufficient conditions for these structures to become anti-paraKähler, quasi-
anti-paraKähler. Also we characterize some properties of almost anti-paraHermitian
structures in context of almost product Riemannian manifolds are presented.

2 Preliminaries

Let TM be the tangent bundle over an m-dimensional Riemannian manifold (Mm, g)
and the natural projection π : TM →M . A local chart (U, xi)i=1,m on M induces a

local chart (π−1(U), xi, yi)i=1,m on TM . Denote by Γkij the Christoffel symbols of g
and by ∇ the Levi-Civita connection of g. Let C∞(M) be the ring of real-valued C∞

functions on M and =1
0(M) be the module over C∞(M) of C∞ vector fields on M .
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We have two complementary distributions on TM , the vertical distribution V and
the horizontal distribution H, defined by :

V(x,u) = Ker(dπ(x,u)) = {ai ∂
∂yi
|(x,u), ai ∈ R},

H(x,u) = {ai ∂
∂xi
|(x,u) − aiujΓkij

∂

∂yk
|(x,u), ai ∈ R},

where (x, u) ∈ TM , such that T(x,u)TM = H(x,u) ⊕ V(x,u).
Note that the map X → XH is an isomorphism between the vector spaces TxM

and H(x,u). Similarly, the map X → XV is an isomorphism between the vector spaces
TxM and V(x,u). Obviously, each tangent vector Z ∈ T(x,u)TM can be written in the
form Z = XH + Y V , where X,Y ∈ TxM are uniquely determined vectors.

Let X = Xi ∂
∂xi be a local vector field on M . The vertical and the horizontal lifts

of X are defined by

XV = Xi ∂

∂yi
,(2.1)

XH = Xi δ

δxi
= Xi{ ∂

∂xi
− yjΓkij

∂

∂yk
}.(2.2)

For consequences, we have ( ∂
∂xi )H = δ

δxi and ( ∂
∂xi )V = ∂

∂yi , then ( δ
δxi ,

∂
∂yi )i=1,m is a

local adapted frame on TTM .
If U be a local vector field constant on each fiber TxM , i.e., (U = u = ui ∂

∂xi ), the
vertical lift UV is called the canonical vertical vector field or Liouville vector field on
TM .

If w = wi ∂
∂xi + wj ∂

∂xj ∈ T(x,u)TM, then its horizontal and vertical parts are
defined by

wh = wi
∂

∂xi
− wiujΓkij

∂

∂yk
∈ H(x,u),(2.3)

wv = (wk + wiujΓkij)
∂

∂yk
∈ V(x,u).(2.4)

Lemma 2.1. [6, 20] Let (M, g) be a Riemannian manifold. The bracket operation of
vertical and horizontal vector fields is given by the formulas

1. [XH , Y H ](x,u) = [X,Y ]H(x,u) − (Rx(X,Y )u)V ,

2. [XH , Y V ](x,u) = (∇XY )V(x,u),

3. [XV , Y V ](x,u) = 0,

for all vector fields X,Y ∈ =1
0(M) and (x, u) ∈ TM , where ∇ and R denotes respec-

tively the Levi-Civita connection and the curvature tensor of (M, g).

3 Vertical rescaled Berger deformation metric

An almost product structure ϕ on a manifold M is a (1, 1) tensor field on M such
that ϕ2 = idM , ϕ 6= ±idM (idM is the identity tensor field of type (1, 1) on M). The
pair (M,ϕ) is called an almost product manifold.
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A linear connection ∇ on (M,ϕ) such that ∇ϕ = 0 is said an almost product
connection. There exists an almost product connection on every almost product
manifold. [5].

An almost paracomplex manifold is an almost product manifold (M,ϕ), such
that the two eigenbundles TM+ and TM− associated to the two eigenvalues +1 and
−1 of ϕ, respectively, have the same rank. Note that the dimension of an almost
paracomplex manifold is necessarily even [4].

The integrability of an almost paracomplex structure is equivalent to the vanishing
of the Nijenhuis tensor:

Nϕ(X,Y ) = [ϕX,ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] + [X,Y ].

A paracomplex structure is an integrable almost paracomplex structure. On the other
hand, in order that an almost paracomplex structure be integrable, it is necessary and
sufficient that we can introduce a torsion free linear connection such that ∇ϕ = 0.
[17, 15]

Let (M2m, ϕ) be an almost paracomplex manifold. A Riemannian metric g is said
anti-paraHermitian metric with respect to the paracomplex structure ϕ if

g(ϕX,ϕY ) = g(X,Y ),(3.1)

or equivalently (purity condition), (B-metric)[17]

g(ϕX, Y ) = g(X,ϕY )(3.2)

for all X,Y ∈ =1
0(M).

If (M2m, ϕ) is an almost paracomplex manifold with an anti-paraHermitian met-
ric g, then the triple (M2m, ϕ, g) is said almost anti-paraHermitian manifold (an
almost B-manifold)[17]. Moreover, (M2m, ϕ, g) becomes anti-paraKähler manifold
(B-manifold)[17] if ϕ is parallel with respect to the Levi-Civita connection ∇ of g,
i.e., (∇ϕ = 0).

A Tachibana operator φϕ applied to the anti-paraHermitian metric (pure metric)
g is given by

(φϕg)(X,Y, Z) = ϕX(g(Y,Z))−X(g(ϕY,Z)) + g((LY ϕ)X,Z)(3.3)

+g((LZϕ)X,Y ),

for all X,Y, Z ∈ =1
0(M) [19].

In an almost anti-paraHermitian manifold, an anti-paraHermitian metric g is called
paraholomorphic if

(φϕg)(X,Y, Z) = 0,(3.4)

for all X,Y, Z ∈ =1
0(M)[17].

Since the anti-paraKähler condition (∇ϕ = 0) is equivalent to paraholomorphicity
condition of the anti-paraHermitian metric g, we have (φϕg) = 0 [17, 15].

The purity conditions for a tensor field ω ∈ =q0(M) with respect to the paracomplex
structure ϕ are given by

ω(ϕX1, X2, · · · , Xq) = ω(X1, ϕX2, · · · , Xq) = · · · = ω(X1, X2, · · · , ϕXq),
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for all X1, X2, · · · , Xq ∈ =1
0(M) [17].

It is well known that if (M2m, ϕ, g) is a anti-paraKähler manifold, the Riemannian
curvature tensor is pure [17], and{

R(ϕY,Z) = R(Y, ϕZ) = R(Y,Z)ϕ = ϕR(Y,Z),
R(ϕY, ϕZ) = R(Y,Z),

(3.5)

for all Y,Z ∈ =1
0(M).

Let (M2m, ϕ, g) be a non-integrable almost anti-paraHermitian manifold. If

σ
X,Y,Z

g((∇Xϕ)Y, Z) = 0.

for all X,Y, Z ∈ =1
0(M), where σ is the cyclic sum by three arguments, then the triple

(M2m, ϕ, g) is a quasi-anti-para-Kähler manifold [7, 10]. We know that

σ
X,Y,Z

g((∇Xϕ)Y,Z) = 0⇔ σ
X,Y,Z

(φϕg)(X,Y, Z) = 0,(3.6)

which was proven in [16].

Definition 3.1. Let (M2m, ϕ, g) be an almost anti-paraHermitian manifold and f :
M →]0,+∞[ be a strictly positive smooth function on M . We define the fiber-wise
vertical rescaled Berger deformation metric de noted by g̃ on TM , by

g̃(XH , Y H)(x,u) = gx(X,Y ),

g̃(XH , Y V )(x,u) = 0,

g̃(XV , Y V )(x,u) = f(x)
(
gx(X,Y ) + δ2gx(X,ϕu)gx(Y, ϕu)

)
,

for all X,Y ∈ =1
0(M) and (x, u) ∈ TM , where δ is some constant [2, 18]. Then f is

called twisting function.

In the following, we consider λ = 1 + δ2r2 and r2 = g(u, u) = ‖u‖2, where ‖ . ‖
denotes the norm with respect to g.

Let UV be the canonical vertical vector field. Then g̃(XV , ϕUV ) = λfg(X,ϕu).

Lemma 3.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold, we have:

(1) XH g̃(Y H , ZH) = Xg(Y, Z),

(2) XV g̃(Y H , ZH) = 0,

(3) XH g̃(Y V , ZV ) =
1

f
X(f)g̃(Y V , ZV ) + g̃((∇XY )V , ZV ) + g̃(Y V , (∇XZ)V ),

(4) XV g̃(Y V , ZV ) = δ2f
[
g(X,ϕY )g(Z,ϕu) + g(Y, ϕu)g(X,ϕZ)

]
,

for all X,Y, Z ∈ =1
0(M).

Theorem 3.2. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃) its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric. Then the
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corresponding Levi-Civita connection ∇̃ satisfies the following:

1. ∇̃XHY H = (∇XY )H − 1

2
(R(X,Y )u)V ,

2. ∇̃XHY V = (∇XY )V +
1

2f
X(f)Y V +

f

2
(R(u, Y )X)H ,

3. ∇̃XV Y H =
1

2f
Y (f)XV +

f

2
(R(u,X)Y )H ,

4. ∇̃XV Y V =
−1

2f
g̃(XV , Y V )(grad f)H +

δ2

λ
g(X,ϕY )(ϕU)V ,

for all vector fields X,Y ∈ =1
0(M), where ∇ and R respectively denote the Levi-Civita

connection and the curvature tensor of (M2m, ϕ, g).

Proof. The proof of Theorem 3.2 follows directly from the Koszul formula and Lemma
3.1. �

4 Some almost paracomplex anti-paraHermitian
structures

I. Let (M2m, ϕ, g) be an anti-paraKähler manifold. We consider the almost paracom-
plex structure P on TM defined by{

PXH = XH

PXV = −XV(4.1)

for all X ∈ =1
0(M) [4].

Lemma 4.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
paracomplex structure P defined by (4.1). Then the triple (TM,P, g̃) is an almost
anti-paraHermitian manifold.

Proof. From Definition 3.1 and (4.1), it is easy to see that the vertical rescaled Berger
deformation metric g̃ is anti-paraHermitian metric (pure metric) with respect to the
almost paracomplex structure P . �

Proposition 4.2. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure P defined by (4.1). Then we infer:

1. (φP g̃)(XH , Y H , ZH) = 0,

2. (φP g̃)(XV , Y H , ZH) = 0,

3. (φP g̃)(XH , Y V , ZH) = 2fg(R(X,Z)u, Y ),

4. (φP g̃)(XH , Y H , ZV ) = 2fg(R(X,Y )u, Z),

5. (φP g̃)(XV , Y V , ZH) = 0,
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6. (φP g̃)(XV , Y H , ZV ) = 0,

7. (φP g̃)(XH , Y V , ZV ) = 2X(f)g̃(Y V , ZV ),

8. (φP g̃)(XV , Y V , ZV ) = 0,

for all X,Y, Z ∈ =1
0(M).

Proof. We calculate the Tachibana operator φP applied to the anti-paraHermitian
metric g̃. This operator is characterized by (3.3), and from Lemma 3.1 we have

1. (φP g̃)(XH , Y H , ZH) = (PXH)g̃(Y H , ZH)−XH g̃(PY H , ZH)

+g̃
(
(LY HP )XH , ZH

)
+ g̃
(
Y H , (LZHP )XH

)
= XH g̃(Y H , ZH)−XH g̃(Y H , ZH)

+g̃
(
LY HPXH − P (LY HXH), ZH

)
+g̃
(
Y H , LZHPXH − P (LZHXH)

)
= g̃

(
[Y H , XH ]− P [Y H , XH ], ZH

)
+g̃
(
Y H , [ZH , XH ]− P [ZH , XH ]

)
= g̃

(
[Y H , XH ], ZH

)
− g̃
(
P [Y H , XH ], ZH

)
+g̃
(
Y H , [ZH , XH ]

)
− g̃
(
Y H , P [ZH , XH ]

)
= 0.

2. (φP g̃)(XV , Y H , ZH) = (PXV )g̃(Y H , ZH)−XV g̃(PY H , ZH)
)

+g̃
(
(LY HP )XV , ZH

)
+ g̃
(
Y H , (LZHP )XV

)
= −XV g̃(Y H , ZH)−XV g̃(Y H , ZH)

+g̃
(
− [Y H , XV ]− P [Y H , XV ], ZH

)
+g̃
(
Y H ,−[ZH , XV ]− P [ZH , XV ]

)
= 0.

3. (φP g̃)(XH , Y V , ZH) = (PXH)g̃(Y V , ZH)−XH g̃(PY V , ZH)

+g̃
(
(LY V P )XH , ZH

)
+ g̃
(
Y V , (LZHP )XH

)
= g̃

(
[Y V , XH ]− P [Y V , XH ], ZH

)
+g̃
(
Y V , [ZH , XH ]− P [ZH , XH ]

)
= g̃

(
Y V ,−2(R(Z,X)u)V

)
= 2g̃

(
(R(X,Z)u)V , Y V

)
= 2f

(
g(R(X,Z)u, Y ) + δ2g(R(X,Z)u, ϕu)g(Y, ϕu)

)
= 2fg(R(X,Z)u, Y ).

Because the Riemann curvature R of an anti-paraKähler manifold is pure, this means

g(R(X,Z)u, ϕu) = g(R(ϕX,Z)u, u) = 0.



130 A. Zagane and N. Boussekkine

4. (φP g̃)(XH , Y H , ZV ) = (PXH)g̃(Y H , ZV )−XH g̃(PY H , ZV )

+g̃
(
(LY HP )XH , ZV

)
+ g̃
(
Y H , (LZV P )XH

)
= g̃

(
[Y H , XH ]− P [Y H , XH ], ZV

)
+g̃
(
Y H , [ZV , XH ]− P [ZV , XH ]

)
= −2g̃

(
(R(Y,X)u)V , ZV

)
= 2g̃

(
(R(X,Y )u)V , ZV

)
= 2fg(R(X,Y )u, Z).

The other formulas are obtained by a similar calculation. �

Theorem 4.3. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure P defined by (4.1),then the triple (TM,P, g̃) is an anti-
paraKähler manifold if and only if M is flat and f is constant.

Proof. For all X,Y, Z ∈ =1
0(M) and h, k, l ∈ {H,V }

(φP g̃))(Xh, Y k, Zl) = 0 ⇔

 g(R(X,Z)u, Y ) = 0
g(R(X,Y )u, Z) = 0
X(f)

⇔
{
R = 0
f = constant

�

Theorem 4.4. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure P defined by (4.1), then the triple (TM,P, g̃) is a quasi-
anti-paraKähler manifold if and only if f is constant.

Proof. From (3.6) and Proposition 4.2 we have, for all X,Y, Z ∈ =1
0(M),

1. σ
XH ,Y H ,ZH

(φP g̃)(XH , Y H , ZH) = 0,

2. σ
XV ,Y H ,ZH

(φP g̃)(XV , Y H , ZH) = 2g(R(Z, Y )u,X) + 2g(R(Y,Z)u,X) = 0,

3. σ
XV ,Y V ,ZH

(φP g̃)(XV , Y V , ZH) = 2Z(f)g̃(XV , Y V ),

4. σ
XV ,Y V ,ZV

(φP g̃)(XV , Y V , ZV ) = 0,

then, (TM,P, g̃) is a quasi-anti-paraKähler manifold if and only if f is constant. �

II. Now consider the almost product structure P defined by (4.1). We define a

tensor field S of type (1, 2) and linear connection ∇̂ on TM by,

S(X̃, Ỹ ) =
1

2

[
(∇̃PỸ P )X̃ + P

(
(∇̃Ỹ P )X̃

)
− P

(
(∇̃X̃P )Ỹ

)]
.(4.2)
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∇̂X̃ Ỹ = ∇̃X̃ Ỹ − S(X̃, Ỹ ).(4.3)

for all X̃, Ỹ ∈ =1
0(TM), where ∇̃ is the Levi-Civita connection of (TM, g̃) given by

Theorem 3.2. Then ∇̂ is an almost product connection on TM (see [5, p.151] for
more details).

Lemma 4.5. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
product structure P defined by (4.1). Then the tensor field S satisfies

(1) S(XH , Y H) = −1

2
(R(X,Y )u)V ,

(2) S(XH , Y V ) = − 1

f
X(f)Y V +

f

2
(R(u, Y )X)H ,

(3) S(XV , Y H) =
1

2f
Y (f)XV − f(R(u,X)Y )H ,

(4) S(XV , Y V ) = − 1

2f
g̃(XV , Y V )(grad f)H ,

for all X,Y ∈ =1
0(M).

Proof. (1) Using (4.1) and (4.2), we have

S(XH , Y H) =
1

2

[
(∇̃PY HP )XH + P

(
(∇̃Y HP )XH

)
− P

(
(∇̃XHP )Y H

)]
=

1

2

[
∇̃Y HXH − P (∇̃Y HXH) + P

(
∇̃Y HXH

)
−∇̃Y HXH − P

(
∇̃XHY H

)
+ ∇̃XHY H

]
=

1

2

[
− P

(
∇̃XHY H

)
+ ∇̃XHY H

]
=

1

2

[
− (∇XY )H − 1

2
(R(X,Y )u)V

+(∇XY )H − 1

2
(R(X,Y )u)V

]
= −1

2
(R(X,Y )u)V .

(2) By a similar calculation to (1), we get

S(XH , Y V ) =
1

2

[
(∇̃PY V P )XH + P

(
(∇̃Y V P )XH

)
− P

(
(∇̃XHP )Y V

)]
=

1

2

[
− ∇̃Y V XH + P (∇̃Y V XH) + P

(
∇̃Y V XH

)
−∇̃Y V XH + P

(
∇̃XHY V

)
+ ∇̃XHY V

]
=

1

2

[
2P (∇̃Y V XH)− 2∇̃Y V XH + P

(
∇̃XHY V

)
+ ∇̃XHY V

]
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=
1

2

[
− 1

f
X(f)Y V + f(R(u, Y )X)H − 1

f
X(f)Y V

−f(R(u, Y )X)H − (∇XY )V − 1

2f
X(f)Y V +

f

2
(R(u, Y )X)H

+(∇XY )V +
1

2f
X(f)Y V +

f

2
(R(u, Y )X)H

]
= − 1

f
X(f)Y V +

f

2
(R(u, Y )X)H .

The other formulas are obtained by similar calculations. �

Theorem 4.6. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost product structure P defined by (4.1). Then the almost product connection ∇̂
defined by (4.3) is as follows,

(1) ∇̂XHY H = (∇XY )H ,

(2) ∇̂XHY V = (∇XY )V +
3

2f
X(f)Y V ,

(3) ∇̂XV Y H =
3f

2
(R(u,X)Y )H ,

(4) ∇̂XV Y V =
δ2

λ
g(X,ϕY )(ϕU)V ,

for all X,Y ∈ =1
0(M).

Proof. The proof of Theorem 4.6 follows directly from Theorem 3.2, Lemma 4.5 and
formula (4.3). �

Lemma 4.7. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
product structure P defined by (4.1) and T̂ denote the torsion tensor of ∇̂. Then we
have:

(1) T̂ (XH , Y H) = (R(X,Y )u)V ,

(2) T̂ (XH , Y V ) =
3

2f
X(f)Y V − 3f

2
(R(ϕu, Y )X)H ,

(3) T̂ (XV , Y H) = − 3

2f
Y (f)XV +

3f

2
(R(ϕu,X)Y )H ,

(4) T̂ (XV , Y V ) = 0,

for all X,Y ∈ =1
0(M).

Proof. The proof of Lemma 4.7 follows directly from Lemma 4.5 and formula

T̂ (X̃, Ỹ ) = ∇̂X̃ Ỹ − ∇̂Ỹ X̃ − [X̃, Ỹ ]

= S(Ỹ , X̃)− S(X̃, Ỹ )

for all X̃, Ỹ ∈ =1
0(TM). �
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From Lemma 4.7 we obtain

Theorem 4.8. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost product structure P defined by (4.1), then ∇̂ is symmetric if and only if M

is flat and f is constant. In this case, the Levi-Civita connection ∇̃ and the almost
product connection ∇̂ coincide with each other.

III. Let (M2m, ϕ, g) be an anti-paraKähler manifold. We Consider the almost
paracomplex structure Q on TM defined by{

QXH = XV

QXV = XH(4.4)

for all X ∈ =1
0(M)[4].

Theorem 4.9. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
paracomplex structure Q defined by (4.4), then

(i) If f = 1, the vertical rescaled Berger deformation metric is anti-paraHermitian
with respect to Q if and only if δ = 0, i.e., the triple (TM,Q, g̃) is an almost anti-
paraHermitian manifold, then g̃ reduces to the Sasaki metric.

(ii) In the case of f 6= 1 The vertical rescaled Berger deformation metric is never
anti-paraHermitian with respect to Q.

Proof. For the purity condition, we put for all X,Y ∈ =1
0(M) and k, h ∈ {H,V }:

A(Xk, Y h) = g̃(QXk, Y h)− g̃(Xk, QY h).

(i) A(XH , Y H) = g̃(QXH , Y H)− g̃(XH , QY H) = 0,

(ii) A(XH , Y V ) = g̃(QXH , Y V )− g̃(XH , QY V )

= f
[
g(X,Y ) + δ2g(X,ϕu)g(Y, ϕu)

]
− g(X,Y ) = 0

= (f − 1)g(X,Y ) + fδ2g(X,ϕu)g(Y, ϕu) = 0,

(iii) A(XV , Y V ) = g̃(QXV , Y V )− g̃(XV , QY V ) = 0,

From this, if f = 1, then A(Xk, Y h) = 0 if and only if δ = 0. �

IV. Let (M2m, ϕ, g) be an almost anti-paraKähler manifold. We define a tensor
field Pϕ ∈ =1

1(TM) by,{
PϕX

H = XH + ηg(X,ϕu)(ϕU)H

PϕX
V = −XV + µg(X,ϕu)(ϕU)V

(4.5)

for all X ∈ =1
0(M), where η, µ : R→ R are smooth functions.

If η = µ = 0 , then Pϕ is the almost paracomplex structure defined by (4.1).

In the following, we consider η 6= 0 and µ 6= 0. Note that{
Pϕ(ϕU)H = (1 + ηr2)(ϕU)H

Pϕ(ϕU)V = (−1 + µr2)(ϕU)V
(4.6)

such that r2 = g(u, u).



134 A. Zagane and N. Boussekkine

Lemma 4.10. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃) be its
tangent bundle equipped with the vertical rescaled Berger deformation metric. Then
the endomorphism Pϕ defined by (4.5) is an almost paracomplex structure if and only

if η = − 2

r2
and µ =

2

r2
, i.e.,
PϕX

H = XH − 2

r2
g(X,ϕu)(ϕU)H

PϕX
V = −XV +

2

r2
g(X,ϕu)(ϕU)V

(4.7)

for all X ∈ =1
0(M) and r2 = g(u, u).

Proof. 1) Let X ∈ =1
0(M),

P 2
ϕ(XH) = Pϕ(Pϕ(XH))

= Pϕ(XH + ηg(X,ϕu)(ϕU)H)

= XH + ηg(X,ϕu)(ϕU)H + ηg(X,ϕu)(1 + ηr2)(ϕU)H

= XH + η(2 + ηr2)g(X,ϕu)(ϕU)H .(4.8)

P 2
ϕ(XV ) = Pϕ(Pϕ(XV ))

= Pϕ(−XV + µg(X,ϕu)(ϕU)V )

= XV − µg(X,ϕu)(ϕU)V + µg(X,ϕu)(−1 + µr2)(ϕU)V

= XV + µ(−2 + µr2)g(X,ϕu)(ϕU)V .(4.9)

From (4.8) and (4.9), then P 2
ϕ = IdTM equivalent to η = − 2

r2
and µ =

2

r2
. �

Theorem 4.11. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure Pϕ defined by (4.7). Then the triple (TM,Pϕ, g̃) is an
almost anti-paraHermitian manifold.

Proof. For purity condition, we put for all X,Y ∈ =1
0(M) and k, h ∈ {H,V }:

A(Xk, Y h) = g̃(PϕX
k, Y h)− g̃(Xk, PϕY

h).

(i) A(XH , Y H) = g̃(PϕX
H , Y H)− g̃(XH , PϕY

H)

= g̃(XH − 2

r2
g(X,ϕu)(ϕU)H , Y H)

−g̃(XH , Y H − 2

r2
g(Y, ϕu)(ϕU)H)

= g̃(XH , Y H)− 2

r2
g(X,ϕu)g(Y, ϕu)

−g̃(XH , Y H) +
2

r2
g(Y, ϕu)g(X,ϕu)

= 0.



Some almost paracomplex structures on the tangent bundle... 135

(ii) A(XV , Y V ) = g̃(PϕX
V , Y V )− g̃(XV , PϕY

V )

= g̃(−XV +
2

r2
g(X,ϕu)(ϕU)V , Y V )

−g̃(XV ,−Y V +
2

r2
g(Y, ϕu)(ϕU)V )

= −g̃(XV , Y V ) +
2

r2
g(X,u)fλg(Y, ϕu)

+g̃(XV , Y V )− 2

r2
g(Y, ϕu)fλg(X,ϕu)

= 0.

(iii) A(XH , Y V ) = g̃(PϕX
H , Y V )− g̃(XH , PϕY

V )

= g̃(XH − 2

r2
g(X,ϕu)(ϕU)H , Y V )

−g̃(XH ,−Y V +
2

r2
g(Y, ϕu)(ϕU)V )

= 0.

�

Lemma 4.12. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) its tangent

bundle equipped with the vertical rescaled Berger deformation metric and ∇̃ denote
the corresponding Levi-Civita connection of g̃. Then we have:

1. ∇̃XH (ϕU)H = −1

2
(R(X,ϕu)u)V ,

2. ∇̃XH (ϕU)V =
1

2f
X(f)(ϕU)V ,

3. ∇̃XV (ϕU)H = (ϕX)H +
1

2f
g(ϕu, grad f)XV +

f

2
(R(u,X)ϕu)H ,

4. ∇̃XV (ϕU)V = (ϕX)V − λ

2
g(X,ϕu)(grad f)H +

δ2

λ
g(X,u)(ϕU)V ,

for all vector fields X ∈ =1
0(M).

Proof. The proof of lemma 4.12 follows directly from Theorem 3.2. �

Proposition 4.13. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric, the almost
paracomplex structure Pϕ defined by (4.7) and ∇̃ denote the corresponding Levi-Civita
connection of g̃. Then we have:

1. (∇̃XHPϕ)Y H = −(R(X,Y )u)H − 2

r2
g(Y, ϕ∇XU)(ϕU)H

+
1

r2
g(Y, ϕu)(R(Y, ϕu)u)V ,

2. (∇̃XHPϕ)Y V =
2

r2
g(Y, ϕ∇XU)(ϕU)V − f

r2
g(R(u, Y )X,ϕu)(ϕU)H ,
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3. (∇̃XV Pϕ)Y H = f(R(u,X)Y )H − f

r2
g(Y, ϕu)(R(u,X)ϕu)H

− 2

r2
g(Y, ϕu)(ϕX)H +

f

2
g(R(u,X)Y, ϕu)(ϕU)H

+
[ 4

r4
g(X,u)g(Y, ϕu)− 2

r2
g(Y, ϕX)

]
(ϕU)H

+
[ 1

f
Y (f)− 1

fr2
g(Y, ϕu)g(ϕu, grad f)

]
XV

− 1

fr2
Y (f)g(X,ϕu)(ϕX)V ,

4. (∇̃XV Pϕ)Y V =
[
g(X,Y )− 1

r2
g(X,ϕu)g(Y, ϕu)

]
(grad f)H

− 1

r2
[
g(X,Y ) + δ2g(X,ϕu)g(Y, ϕu)

]
g(ϕu, grad f)(ϕU)H

+
[2r2δ2 − 4λ

λr4
g(X,u)g(Y, ϕu) +

2

r2λ
g(X,ϕY )

]
(ϕU)V

+
2

r2
g(Y, ϕu)(ϕX)V ,

for all vector fields X ∈ =1
0(M).

Proof. The proof of Proposition 4.13 follows directly from Theorem 3.2 and from the
formula ∇̃X̃PϕỸ = ∇̃X̃(PϕỸ )− Pϕ∇̃X̃ Ỹ . �

Hence, we deduce:

Theorem 4.14. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the
almost paracomplex structure Pϕ defined by (4.7). Then the triple (TM,Pϕ, g̃) is
never an almost anti-paraHermitian manifold.

V. Let (M2m, ϕ, g) be an almost anti-paraHermitian manifold. We define a tensor
field Qϕ ∈ =1

1(TM) by, QϕX
H =

1√
f

(XV + ηg(X,ϕu)(ϕU)V )

QϕX
V =

√
f(XH + µg(X,ϕu)(ϕU)H)

(4.10)

for all X ∈ =1
0(M), where η, µ : R→ R are smooth functions.

If η = µ = 0 , then Qϕ is the almost paracomplex structure defined by (4.4).
In the following, we consider η 6= 0 and µ 6= 0.
Note that  Qϕ(ϕU)H =

1√
f

(1 + ηr2)(ϕU)V

Qϕ(ϕU)V =
√
f(1 + µr2)(ϕU)H

(4.11)

Lemma 4.15. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃) be its
tangent bundle equipped with the vertical rescaled Berger deformation metric. Then
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the endomorphism Qϕ defined by (4.5) is an almost paracomplex structure if and only
if

η + µ+ ηµr2 = 0.(4.12)

Proof. 1) Let X ∈ =1
0(M),

Q2
ϕ(XH) = Qϕ(Qϕ(XH))

=
1√
f
Qϕ(XV + ηg(X,ϕu)(ϕU)V )

= XH + µg(X,ϕu)(ϕU)H + ηg(X,ϕu)(1 + µr2)(ϕU)H

= XH + (η + µ+ ηµr2)g(X,ϕu)(ϕU)H .(4.13)

Q2
ϕ(XV ) = Qϕ(Qϕ(XV ))

=
√
fQϕ(XH + µg(X,ϕu)(ϕU)H)

= XV + ηg(X,ϕu)(ϕU)V + µg(X,ϕu)(1 + ηr2)(ϕU)V

= XV + (η + µ+ ηµr2)g(X,ϕu)(ϕU)V .(4.14)

From (4.13) and (4.14), then Q2
ϕ = IdTM equivalent to η + µ+ ηµr2 = 0. �

Theorem 4.16. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tan-
gent bundle equipped with the vertical rescaled Berger deformation metric and the al-
most paracomplex structure Qϕ defined by (4.10) and (4.12). The triple (TM,Qϕ, g̃)
is an almost anti-paraHermitian manifold if and only if

µ = λη + δ2,(4.15)

where λ = 1 + δ2r2.

Proof. For the purity condition, we put for all X,Y ∈ =1
0(M) and k, h ∈ {H,V }:

A(Xk, Y h) = g̃(QϕX
k, Y h)− g̃(Xk, QϕY

h).

(i) A(XH , Y H) = g̃(QϕX
H , Y H)− g̃(XH , QϕY

H)

= g̃(
1√
f

(XV + ηg(X,ϕu)(ϕU)V ), Y H)

−g̃(XH ,
1√
f

(Y V + ηg(Y, ϕu)(ϕU)V ))

= 0.

(ii) A(XV , Y V ) = g̃(QϕX
V , Y V )− g̃(XV , QϕY

V )

= g̃(
√
f(XH + µg(X,ϕu)(ϕU)H), Y V )

−g̃(XV ,
√
f(Y H + µg(Y, ϕu)(ϕU)H))

= 0.
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(iii) A(XH , Y V ) = g̃(QϕX
H , Y V )− g̃(XH , QϕY

V )

= g̃(
1√
f

(XV + ηg(X,ϕu)(ϕU)V ), Y V )

−g̃(XH ,
√
f(Y H + µg(Y, ϕu)(ϕU)H))

=
1√
f
g̃(XV , Y V ) +

1√
f
ηg(X,ϕu)g̃((ϕU)V ), Y V )

−
√
fg̃(XH , Y H)−

√
fµg(Y, ϕu)g̃(XH , (ϕU)H))

=
√
f(g(X,Y ) + δ2g(X,ϕu)g(Y, ϕu))

+
√
fηλg(X,ϕu)g(Y, ϕu)

−
√
fg(X,Y )−

√
fµg(X,ϕu)g(Y, ϕu)

=
√
f(δ2 + λη − µ)g(X,ϕu)g(Y, ϕu).

Then A(XH , Y V ) = 0 equivalent to µ = λη + δ2. �

By equations (4.12) and (4.15), we have

{
η + µ+ ηµr2 = 0
µ = λη + δ2

⇔


η =

ε−
√
λ

r2
√
λ

µ =
ε
√
λ− 1

r2

where ε = ±1.

We shall study the integrability of Qϕ. As we know, the integrability of Qϕ is
equivalent to the vanishing of the Nijenhuis tensor. The Nijenhuis tensor of Qϕ is
given by

NQϕ
(X̃, Ỹ ) = [QϕX̃,QϕỸ ]−Qϕ[QϕX̃, Ỹ ]−Qϕ[X̃,QϕỸ ] + [X̃, Ỹ ].

where X̃, Ỹ ∈ =1
0(TM).

Lemma 4.17. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃) be its
tangent bundle equipped with the vertical rescaled Berger deformation metric. Then
the almost paracomplex structure Qϕ defined by (4.10) and (4.12) is integrable if and
only if NQϕ

(XH , Y H) = 0, for all X,Y ∈ =1
0(M).

Proof. We put QϕX
V = ZH and QϕY

V = WH , then we have

NQϕ(XV , Y V ) = [QϕX
V , QϕY

V ]−Qϕ[QϕX
V , Y V ]−Qϕ[XV , QϕY

V ] + [XV , Y V ]

= [ZH ,WH ]−Qϕ[ZH , QϕW
H ]−Qϕ[QϕZ

H ,WH ] + [QϕZ
H , QϕW

H ]

= NQϕ
(ZH ,WH).

NQϕ
(XV ,WH) = [QϕX

V , QϕW
H ]−Qϕ[QϕX

V ,WH ]−Qϕ[XV , QϕW
H ] + [XV ,WH ]

= [ZH , QϕW
H ]−Qϕ[ZH ,WH ]−Qϕ[QϕZ

H , QϕW
H ] + [QϕZ

H ,WH ]

= −Qϕ[QϕZ
H , QϕW

H ] + [QϕZ
H ,WH ] + [ZH , QϕW

H ]−Qϕ[ZH ,WH ]

= −Qϕ(NQϕ(ZH ,WH)).

�
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Lemma 4.18. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (TM, g̃) be its tangent
bundle equipped with the vertical rescaled Berger deformation metric and the almost
paracomplex structure Qϕ defined by (4.10) and (4.12). Then

NQϕ
(XH , Y H) = −(R(X,Y )u)V +

η

f
[g(Y, ϕu)(ϕX)V − g(X,ϕu)(ϕY )V ]

+
2η′ − η2

f
[g(X,u)g(Y, ϕu)− g(X,ϕu)g(Y, u)](ϕU)V

+
1

2f
[X(f)Y H − Y (f)XH ].(4.16)

for all X,Y ∈ =1
0(M).

Proof. By straightforward calculations, and using the formulas

(ϕU)V (η) = 2η′g(ϕu, u), (ϕU)V (g(Y, ϕu)) = g(Y, u),

[Y V , (ϕU)V ] = (ϕY )V , [Y H , (ϕU)V ] = 0,

we obtain the result. �

Lemma 4.19. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃) be its
tangent bundle equipped with the vertical rescaled Berger deformation metric. Then
the almost paracomplex structure Qϕ defined by (4.10) and (4.12) is integrable if and
only if f is constant and

(R(X,Y )u)V =
η

f
[g(Y, ϕu)(ϕX)V − g(X,ϕu)(ϕY )V ]

+
2η′ − η2

f
[g(X,u)g(Y, ϕu)− g(X,ϕu)g(Y, u)](ϕU)V .(4.17)

for all X,Y ∈ =1
0(M).

It is known that since (M2m, ϕ, g) is anti-paraKähler, then the Riemannian cur-
vature tensor of (M2m, ϕ, g) satisfies the equality R(ϕX, Y )u = R(X,ϕY )u. Then,
according to (4.17), this identity is never satisfied. This shows that the almost para-
complex structure Qϕ do not integrable and the triple (TM,Qϕ, g̃) is never anti-
paraKähler.
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