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Abstract. In [5], Lychagin constructed a smooth chart from the group of
contactomorphisms. From this chart, Lychagin showed that the connected
component of the identity of the group of contactomorphism is arc wise
connected. In [2], it has been shown that the contactomorphism group
enjoys the fragmentation property. Herein, we introduce the Lychagin 1-
form and the relation between the contactomorphism and the Lychagin
1-form defined on the 1-jet bundle. By the way, we characterize the contact
diffeomorphisms by means of the closedness of the Lychagin 1-form. This
characterization is known by geometers long time ago through the joint
work of Sniatyki and Tulczjew [8]. We give the same characterization
in this paper using the geometry of Legendre submanifolds through the
Lychagin chart. This last result is the analogue of the Sniatyki-Tulczjew
characterization of symplectomorphisms in contact geometry|[1].
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1 Introduction

Contact geometry is an odd dimension geometry living on an odd dimension manifold.
It is the odd counterpart of sympletic geometry. It arose in the works of Christian
Huygens, Henri Poincaré, Henri Cartan, in the 1800,

In this paper, we focus on the local geometry of the contactomorphisms group.

In other words, we study the local behaviour of the group of contact diffeomorphisms
at the identity.

By the way, we study the Lychagin chart by Legendre submanifold geometry seen, in
the contact setting, as the analogue of the Weinstein chart for Lagrangian submani-
folds.
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In fact, A. Weinstein[[9], [10]] generalized the Darboux and the Moser theorems.
He made the observation that the local geometry of Lagrangian submanifolds is gov-
erned by the zero section of the cotangent bundle.

In counterpart, Lychagin, inspired by the work of A.Weinstein, showed that the
local geometry of Legendre submanifolds is governed by the zero section of the 1-jet
bundle J!(M) over a smooth manifold M.

In fact, it is well known by geometers longtime ago that the Weinstein chart is
usefull in the fragmentation of the symplectomorphism group. [2]
Indeed, it allows to prove that the group of symplectomorphisms is arc wise connected.

In counterpart, geometers have also shown the usefulness of the Lychagin chart in
the fragmentation of the contactomorphisms group.

Indeed, they have shown that the group of contactomorphisms is arc wise con-
nected. Their proof rely on the Lychagin chart.
However, in this paper, our objectives are twofold:
the first is to state and prove the new characterization of the Sniatyki-Tulczjew the-
orem of the Lychagin chart,
the second is to link the Lychagin chart to the contact flux homomorphism in the flux
geometry setting.

This paper is organized as follows:

1. Introduction

2. A brief review of contact geometry and Lychagin chart

3. Statement of the main results

4. Contact flux homomorphism associated with the Lychagin chart

5. Conclusion and Perspective

2 A brief review of contact geometry and the
Lychagin chart

Definition 2.1. A contact form on a (2n + 1)-dimensional manifold M is a 1-form
a such that a A (da)™ (n times) is a volume form.

The pair (M, a) with M a C* — (2n + 1) manifold and « a contact 1-form is called
a contact manifold.

Definition 2.2. Two contact forms «a; et as are said to be equivalent if there is a
positive function g such that oy = pas. An equivalence class of contact forms is
called a contact structure.
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Theorem 2.1. (Reeb) Let « be a contact 1-form on a C*°-manifold M of odd di-
mension. There exists a unique vector field ¢ on M such that:

i(Qa=1
1(¢Q)da=0

Definition 2.3. The vector field ¢ is the characteristic vector field called the Reeb
vector field associated to the contact 1-form «

Definition 2.4. A contact structure is defined as a hyperplane field £ = kera C T'M.
The following proposition gives an example of a contact manifold.

Proposition 2.2. Let (M1, 1) and (Ma, a2) be contact manifolds. Then, the product
M = M; x My x RT is a contact manifold with contact 1-form & = Aoy + pmsas.

The 7; (i = 1,2) are the projections on the i'" factor.

In particular, the product M = MxMxR* is a contact manifold with contact 1-form & =
Amia — ma.

It is clear, by a straightforward calculations, that the Reeb wvector field f of & =
Amia+ uria describes the dynamic of the contact manifold M = My, x My xRY, i.e,

the Lie derivative of & in the direction ofCA gives Lfé‘ =0.

Among the other examples of contact manifolds is the 1-jet bundle over a C*°-manifold
denoted by 7 : JY(M) — M. It plays a crucial role in the construction of the Ly-
chagin chart.

Example 2.5. Let Ay be the Liouville 1-form on the cotangent bundle T*M. The
pair (J1(M),a* = mf Ay + dz) is a contact manifold whose contact 1-form is o* =
T AMm + dz.

The above procedure stands for the contactisation of the cotangent bundle 7M.

Definition 2.6. Let (M, a) be a contact manifold. A diffeomorphism ¢ : M — M
is said to be a contactomorphism if ¢*a = Aa with A a strictly positive function. The
set of contactomorphisms is a group of infinite dimension denoted by Dif fo, (M).
V. Lychagin [5] and O. Spacil [7] have shown that this group is arcwise connected
using Legendre submanifolds geometry we explore in the sequel.

Denote by I'y, = {(z,y,2) : y = ¢(x)} the graph of the diffeomorphism ¢. About
Legendre submanifolds, we have:

Definition 2.7. Let N be a submanifold of the contact manifold (M, «). An immer-
sion j : N < M is said to be a Legendre immersion if j*a = 0 and dimN = n.

The submanifold j(V) is called a Legendre submanifold and is everywhere tangent to
the contact structure.

In this paper, we state and prove the analogue, in contact setting, of the characteri-
zation of contactomorphisms by Legendre submanifolds. Notice that the theorem of
characterization of symplectomorphisms have been stated and proved by Sniatyki and
W. Tulezjew in their joint work [8]. Their result have been extended to Weinstein
1-form in [1].
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Theorem 2.3. (Sniatyki-Tulczjew)
A diffeomorphism ¢ is a contactomorphism iff I'y is a Legendre submanifold.
Proof. 1. The condition is necessary:
Assume that, j : M — 'y C M x M x R is an immersion of the graph I',, into
the contact manifold M x M x RT. Then, setting & = Arfa — w5, we have:
=Jj (Mrja —ma)
=\ rja— j*ria

= A(m o j) a—(moj)a

=la— "«
= o — A\
=0

i.e., the graph I', is a Legendre submanifold.

2. The condition is sufficient:

Assume, conversely, that I', is a Legendre submanifold. Let show that the
diffeomorphism ¢ is a contactomorphism. A straightforward calculation shows
that:

0= "6 = j*(Aria —m3a)
= Nj"mia— j*ria

:)\(7r1 o]) — (m o))

i.e., p*a = Aa. In other words, ¢ is a contactomorphism.
|

V. Lychagin [5] and T. Duchamp [4] investigated further the Legendre submani-
folds geometry. In particular, when the sections of the 1-jet bundle J!(M) are holo-
nomic, i.e, the 1-jet of a function. V. Lychagin stated and proved the following
theorem:

Definition 2.8. Let f: P — R be a smooth function. A section sy : P — J'P is
said to be holonomic if s¢(x) = j(f)(x)

Before proving it, let state and prove the following lemma:

Lemma 2.4. The assignement o defined by o()(s)(p) = Jy(fow)) is a covariant
functor.

Proof. 1. o(id) = id,)
Since we have:

o(idp)(s)(p) = J; (fp)
= s(p)
= Zda(p)( )(p)



Contactomorphisms and Lychagin 1-form 15
Therefore:

U(idp) = ’L'dg(p)

2. Let show that:
a(poyp) =0a(h)oa(p)

we have:

a(p o) (s)(p) = Iy (fipow))
= Jp (fotwe))
=o(¥)o(e)(s)(p)]
= [o() oo (9)](s)(p)

ie., o(po) =0c(w)oa(p). Therefore, o is a covariant functor.
O

Theorem 2.5. (Lychagin) [2] The image s(P) C J'P of a section s : P — J'P is
a Legendre submanifold if and only if it is holonomic.

Proof. The condition is necessary:

Assume that the image s(P) C J!P of a section s : P — JP is a Legendre
submanifold. Let show that the image s(P) C J!P is holonomic.

So, let o(P) denote the space of all sections of the 1-jet bundle 7 : J'P — P
over a smooth manifold P.

For s € o(P) and p € P, there exists a germ f,, of smooth function defined near
p such that s(p) is the 1-jet of f, at p.

We write s(p) = j} (fp)-
Therefore, by definition, the Legendre submanifold s(P) is holonomic.

The condition is sufficient:

Suppose the image s(P) C J'P of a section s : P — J! P is holonomic and let
ay, be the contact 1-form on J!P. Let show that the image s(P) is a Legendre
submanifold i.e., s*oy, = 0.

We use herein the functorial arguments and lemma [2.4]. So, let the covariant
functor ¢ be defined by the relation:

o(@)()(p) = 3L (Foi) for ¢ € 7(Q), s € o(P) and p € P,

In particular let s : P — J'P be a section of J!' P inducing a covariant functor
o(s) : o(JLP) — o(P) which is one to one i.e., for every s € o(P), there exists
one and only one U € o(J'P), (s)(U) = s.

Notice that we have the decompositon
a(P) = QY(P) & C>(P) since the locally trivial bundles category admits the
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direct sums.
The universal section U assumes the following expression:

Uz) = (Zpid% u)

So, let D be a natural transformation. Using the Darboux coordinates, we have:

D) = pidg; — du
= ) and since

s = o(s)(U), it is a well known fact that s = j! f if and only if s € KerD.

Moreover we have the following commutative diagram:

o(J1P) —Ls AL(JL(P))

U(S)l ls*

0(P) ———= A'(P)

Figure 1:

ie., Doo(s)=s*D

Therefore,

0=D(s)=Dooa(s)(U)

=s"D(u) = 5",

ie., s*a, = 0.
|

A local model of Legendre submanifold of the contact manifold M x M x RT is

provided by the diagonal:

Ax{1} = {(z,2,1) € MxMxR*, o = id} where A stands for the diagonal in M x M.

It procures another example of a Legendre submanifold of M x M x RT.

Herein, we call the Sniatyki-Tulczjew theorem the first characterization of contac-
tomorphism by Legendre submanifold and we look for another characterization of
contactomorphisms by means of the closedness of the Lychagin 1-form, we explain
below.

However, whenever ¢ is a contactomorphism isotopic to the identity, the Legendre
immersion will be denoted by the pair (id, ¢).
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3 Statement of the main results

3.1 One form as sections of the cotangent bundle [1]
Lagrangian submanifolds of the cotangent bundle are obtained this way:

Theorem 3.1. Let a: M — T*M be a 1-form.
The following statements are equivalent:

1) The image a(M) C T*M of a 1-form « is a lagrangian submanifold of T*M.
2) « is a closed 1-form.

We have already demonstrated this theorem in [1]. Herein, we prove it by functo-
rial arguments to shorten the proof. We need the following lemma:

Lemma 3.2. Let a be a 1-form on T*M, o a functor and d the De Rham exterior
differential. We denote by Aps the Liouwville 1-form on T*M.

Then the formula
o™ odppr = dpr o o(a)
holds.

Proof. We follow the proof of [[2],p.144].
Let o(M) denote the space of all sections of the cotangent bundle 7 : T*M — M
over a smooth manifold M.

Any section « : M — T*M of 7 induces a mapping o(«) : o(T*M) — o(M)
which is one-to-one [[2],p.144].

Hence, there is a unique 1-form A, called the Liouville 1-form such that o(a)(Apr) =
« and such that the following diagram is commutative:

o (T* M) 2 1T M)

W

o(M) ——= Q' (M)

Figure 2:
ie.,
(3.1) o™ odppr = dpr o o(a)
Therefore:

OL*dT*M)\M = deIO'(a)()\M)

= dMOé
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In other words, a*Qnr = dysar.
Herein, the differential d stands for the natural transformation and Q,; = d\jps is the
standard symplectic structure on the cotangent bundle T* M. O

Proof of the theorem 3.1

1. The condition is necessary:

Assume that o : M — T*M is a lagrangian immersion. In other words, we
suppose that the image a(M) is a lagrangian submanifold. By the formula (3.1),
we deduce that: 0 = a*Qy = daie., « is a closed 1-form.

2. The condition is sufficient:

Assume, conversely, that « is a closed 1-form. Then, a*Q); = da = 0 i.e.,
a*Qy =0 i.e., a is a lagrangian immersion.

In other words, the image a(M) is a lagrangian submanifold.

3.2 The Lychagin chart

A. Weinstein exhibited the Darboux-Moser theorem. In fact, this theorem is the well
known Lagrangian tubular neighborhood theorem called in [2] the Kostant-Weinstein-
Sternberg theorem. Through it, he showed that the local model for Lagrangian sub-
manifold of symplectic manifolds is the zero section of the cotangent bundle.

Following these ideas, V. Lychagin adapted these techniques to show that the local
model for Legendre submanifolds is the zero section of the manifold J*(M) of 1-jet
bundle.

In particular, he proved the following theorem which is the Legendre tubular neighbor-
hood theorem and a generalization of the Gray-Martinet stability theorem in contact
geometry setting.

Theorem 3.3. (Lychagin) [2] Let L be a Legendre submanifold of a contact manifold
(M, ). Then, there is a diffeomorphism

Y : U — W where U is a tubular neighborhood of the zero section sg : L — J*(L) in
JY(L), W is the tubular neighborhood of the zero section in M x M xRY, /Lo = idyy
and }*0 = & where 0 is the standard 1-form on J*(M) and & is the contact 1-form
on M x M x R,

The map 1 is called the Kostant map.

The material of the following theorem can be found in [2].

Theorem 3.4 ([2], [3]). Let Lo (M) be the Lie algebra of contact fields and ¢ be
a contactomorphism isotopic to the identity in the C'-topology. Let fo belongs to
C>*(M) and assume that ¢ : Lo, (M) — C°(M) is a Lie algebra isomorphism. Then
there exists a smooth chart defined by:

Q:W C Diff, (M) — Lao(M)
@~ Qp) =1 (fp)



Contactomorphisms and Lychagin 1-form 19

Proof. Let ¢ be a contactomorphism isotopic to the identity in the C*topology. Then
the Legendre submanifold I'y, is close enough to the diagonal A x {1}. Since ¢ is a
contactomorphism, it preserves the Legendre submanifolds i.e., 1)(I'y) is a Legendre
submanifold in J!(M) close enough to the zero section of the 1-jet bundle J*(M).
A. Banyaga, in [2] defined the Lychagin chart by means of the map Q(¢) = ¢7*(f,)
i.e., by contact vector field.

In this work, however, we define the Lychagin chart by a closed 1-form we further
explain in the sequel. (|

The local geometry of the contactomorphisms group is described this way:

Theorem 3.5. Let ¢ be a contactomorphism C'-close to the identity and let the pair
(Q,v) be the Lychagin chart with v the Lychagin neighborhood in Dif fo (M )o.
Then, at the identity, Q(idpr) = Oar with Oy the zero section of JH(M).

Proof. The existence of the Lychagin chart follows from the construction below. In
fact, a straightforward calculation gives the following commutative diagram:

"
M M RY s (M)

a0 k

JYM)<—M x M x Rt <——M
(M) P % % (id,)

Figure 3: Existence of the Lychagin chart.

ie, Qo) = (Yol(id,p))o(morpo(id,¢)). Hence, at the identity, we have, that the
local geometry of the Lychagin chart, is given by:

Q(idpr) = (Yo (id,id)) o (m o ) o (id, id))
=1Yo0pomorpolyy

:OM

We apply [3.1] to state and prove the following:

Theorem 3.6. Let a be a contactomorphism isotopic to the identity in the C*-topology.
Then, the Lychagin 1-form Q(p) is given by the formula:

Qp) = Aa - "«

Proof. Assume that the pair (id, ¢) is a Legendre immersion and 1 is the Kostant map
in contact geometry setting. Set 6; = ¢*& with & the contact 1-form on M x M x RT.
One observes that the triangle below is commutative:

i.e., the Legendre immersion is given by the formula:

(idv 90) =vo Q((p)
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M
id,
o]

Jl(M)*lZM x M x RT
Figure 4:

Then, let & = Arja—m5a be the contact 1-form on M x M x RT with 7; (i = 1, 2),
the #*" projection.

A straightforward calculation gives:

Qp) 01 = Q)" (V)&
= (Yo Q)" (Aia — T30)
= (id, )" (A\m{o — m300)
= (id, p)" (Ar{a) — (id, )" m3x
= A(m1 o (id, ) o — (2 0 (id, p)) v
=da—p'a
=Q(p)
O

Therefore, the relation between the contactomorphism and the Lychagin 1-form
is given by the formula:

Qp) = Ao — g*a

This formula can also be obtained by a family of contact vector fields whose flows
are contactomorphisms isotopic to the identity and through the formula of advanced
calculus [[2], [6]].

Hence, we see the link between the Lychagin 1-form and contactomorphism. In-
deed, we have restated and proved the homotopy formula and obtained the new
characterization of contactomorphisms by means of the Lychagin 1-form. We have
obtained the following result, thanks to A. Weinstein and V. Lychagin. In the sequel,
the 1-form Q(¢) is called the Lychagin 1-form.

So, among our main results, we have this new characterization of contactomor-
phisms.

Theorem 3.7. Let ¢ be a diffeomorphism C'-close to the identity so that it’s graph
'y is close enough with the diagonal A x {1}.

Then, ¢ is a contactomorphism if and only if the Lychagin 1-form Q(y) is a closed
1-form.

Proof. 1. The condition is necessary:
Assume tha () is closed. Then, we have:
0 =dQ(p) = dha — ¢*a)
= Ma — dyp*a
= Ma — ¢*da
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ie., p*da = Ada. In other words, ¢*a = Aa. Therefore, ¢ is a contactomor-
phism.

2. The condition is sufficient:
Assume that ¢ is a contactomorphism i.e.,
ora =
= dp*a = Mda
Hence, we have: 0 = Ada — dy*«

= Ma — p*da = d(da — ¢*a)

= dQ(¢)
i.e., dQ2(¢) = 0 which means that the Lychagin 1-form is closed.
Thus, the De Rham cohomology class [Q2(¢)] of the Lychagin 1-form Q(y) is
non trivial.
Therefore, the non trivial cohomology class of the Lychagin 1-form is an obstruc-
tion to the diffeomorphism ¢ to be a contactomorphism. We asked whether the
above formula agrees with the local geometry of the Lychagin chart. We have

the following corollary:
O

Corollary 3.8. At the identity:
Q(id]v[) =0y
where Opr is the zero section of the 1-jet bundle.
Proof. At the identity and since Q(p) = Aa — p*a; with ¢ = id, we have:
Qidpyr) = da — A
= \a — Midy«
= OM

i.e., Q(’LdM) = Oju.
Thus, again, the formula Q(p) = Aa — p*a expresses the local geometry of the
Lychagin chart at the identity. (|

4 Contact flux homomorphism associated with the
Lychagin chart

We introduce the relation between the Lychagin 1-form and the contact flux homo-
morphism. A Banyaga [2] studied this subject in the flux transverse setting. Herein,
we link the flux homomorphism and the Lychagin chart. Our diagrams agree with
[[2], page 57] since the Lychagin 1-form is closed.

Proposition 4.1. Let a be a contact form on an odd dimension manifold M i.e.,

the pair (M, «) is a contact manifold. Denote by B_Z\ﬁ:o(M)o the universal cover of
Diff. (M) and

oo

n:Diff, (M) — Dif f2(M)g
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the projection of Diff:o(M)o onto Dif foo (M)o.

Let ZL(M) be the space of closed 1-forms and p : Z}(M) — HL(M) the projection
of ZX(M) into the De Rham cohomology H}(M) with compact support. We denote
by Q the Lychagin parametrization. Then, the following formula holds:

Sqy=poQom

i.e., contactomorphism isotopic to the identity is seen as a Legendre submanifold of
contact manifold M = M x M x RT.

Proof. We have to prove that the diagram below is commutative:

o

Diffo (M)o—— Dif fo*(M)o

S

HY(M) ~————Z'(M)

Figure 5:

In other words,

Sqa=poQom

So, let {¢:} be the homotopy class of the contact isotopy (). We have, by direct
computation;

(poom({d:}) = (poQ)(m(pr))
=poQpe) = [Qpe)] = Sal{we}).
Therefore, S, = poQom. Moreover, the contact flux subgroup is T'q = S (1 (Dif f2°(M))o)

where 1 (Dif f’ (M) is the first homotopy group of Dif f (M )o.
Since 7’ 0 S, = S, o 7 [2], in the commutative diagram below, we have:

Diff., (M)o——= HY(M)

W’OSQZW/o(poQoTr)
=(r"opoQ)or
=S,o0om

ie., Sy =7 opol. |
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5 Conclusion and perspective

In this work, we have stated and proved the characterization of contactomorphisms
using the Lychagin 1-form and the Legendre submanifolds. We obtained the same
result in [1] for symplectomorphisms.

We also found new formulas linking the contact flux homomorphism to the Lychagin
chart. We suspect that these formulas can be used to show that the contact flux
homomorphism kernel is arcwise connected. In our future work, we intend to explore
the Weinstein-Lychagin chart in cosymplectic geometry setting.
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