A Myers’ Theorem for H-contact manifolds and
some remarks on almost Ricei solitons

D. Perrone

Abstract. In this paper we give a generalization of Myers’ Theorem for
complete H-contact manifolds (M, n, g,&, ¢) with the metric g satisfying
the critical point condition of the Chern-Hamilton functional. In this our
result the role of the Ricci tensor Ric is replaced by Bakry-Emery Ricci
tensor Ric+L¢g. We also give sufficient conditions so that an almost Ricci
soliton be trivial, with an application to the case of the geodesic flow as
potential vector field of an almost contact Ricci soliton.
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1 Introduction and statement of the results

Let (M, g) be a Riemannian manifold and let Ric be its Ricci tensor. If M admits a
smooth vector field X, satisfying

(1.1) Ric+ Lx,9 = Ag

some real constant A, then (M, g, Xo,\) is said to be a Ricci soliton, where Lx,
denotes the Lie derivative operator in the direction of the vector field Xy. Ricci
solitons are natural generalizations of Einstein metrics and special solutions of the
Ricci flow (see [5]). A Ricci soliton is said to be shrinking, steady or expanding if
A >0, A=0or A <0, respectively. Non trivial compact Ricci solitons only exist in
dimension > 4 (cf. [12, 14]) and these manifolds must have positive scalar curvature
[9], which is constant if and only if the soliton is trivial [8].

Since Ricci solitons (g, Xo,A) generalize Einstein metrics, it is natural to ask
whether Myers’ Theorem remains valid replacing the Ricci tensor Ric by the ten-
sor

Ricx, := Ric+ Lx,9
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also called the Bakry-Emery Ricci tensor (cf., for example, [24] and references
therein).

Recall that the classic Myers’ Theorem [15] states that a complete Riemannian
manifold (M, g) satisfying Ric > cg, ¢ = const. > 0, is compact. As noted in [§],
if we replace the condition Ric > cg > 0 in Myers’ Theorem by Ricx, > cg, the
conclusion fails; an example is the Euclidean space (R", gg) with Xy the radial vector
field. Then, M. Fernandez-Loépez and E. Garcia-Rio proved the following result under
the condition that || Xy|| is bounded.

Theorem A ([8], Theorems 1,2) Let (M,g) be a complete Riemannian n-manifold
satisfying
Ricx, > A\g

for some positive constant X, and | Xo| < a for some constant a > 0. Then, M is
compact and the fundamental group (M) is finite.

More recently, with the same hypothesis of Theorem A, Wu [24] has proved that
the diameter of (M, g) satisfies diam(M) < (2a/)) + (71'/«/)\/ n—1)). Moreover,
Derdzinski [10] proved that if (M, g) is a compact Riemannian manifold such that
Ricx, > 0 for some smooth vector field Xy, then 71(M) has only finitely many
conjugacy classes.

In this paper, by using Theorem A and the tensor Rice = Ric + L¢g, we give
a generalization of Myers’ Theorem for complete H-contact manifolds (M, n,g,&, ¢)
with the metric g satisfying the critical point condition (2.3) of the Chern-Hamilton
functional ([6], [23]). More precisely, our result is the following.

Theorem 1.1. Let (M,n,g,&, ) be a complete H-contact (2n+ 1)-manifold with the
metric g satisfying the critical point condition of the Chen-Hamilton functional. If

(1.2) Rice > Ag, A>-2+4+p> 2+\”ﬁ T = Leg,

where A\, i are constant, then M is compact, the fundamental group m (M) is finite
and the first Betti number by (M) = 0.

The main idea of the proof of Theorem 1.1 is to use the so called D-homothetic
deformation. This technique was introduced by Tanno [22] and used by Hasegawa
and Seino [13], Goldberg and Toth [11] and by Blair and Sharma [4].

As a consequence of our Theorem 1.1 we have the following

Corollary 1.2. ([22],[13]) Let (M,n,g) be a complete K -contact (2n + 1)-manifold.
If Ric> X g> —2g, then M is compact, the fundamental group m (M) is finite and
the first Betti number by (M) = 0.

More precisely, about the Corollary 1.2, Tanno [22] proved that: if a compact K-
contact manifold satisfies Ric+2g > 0, then by(M) = 0; Hasegawa and Seino [13]
proved that: a complete Sasakian manifold for which Ric > Ag, A\ > —2, is compact.

Pigola et al. [17] defined a Ricci almost soliton as a Riemannian manifold (M, g)
satisfying the equation (1.1) where A is an arbitrary smooth function. Barros et al.
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[2] proved that any compact non-trivial almost Ricci soliton with constant scalar cur-
vature is isometric to a Euclidean sphere S™. On the other hand, another interesting
question is to find conditions under which an almost Ricci soliton is a trivial Ricci
soliton [17].

If a unit vector field is Killing, then it is geodesic and divergence-free, but the
converse in general is not true (the Reeb vector field of an arbitrary contact metric
manifold satisfies these conditions). The next result is given by the following

Theorem 1.3. Let (M, g, Xo, A) be an almost Ricci soliton, dimM = m > 2. Suppose
that the potential vector field Xo is unit, geodesic and divergence-free. Then, the
following are equivalent.

1) The almost Ricci soliton is trivial (i.e. Xg is Killing and g is Einstein);

2) Xo is an infinitesimal harmonic transformation;

3) Xo is an eigenvector of the Hodge-Laplacian with eigenvalue p < 2\.

As a consequence of this Theorem we get the following.

Corollary 1.4. Let (M,n,g,&) be a contact metric manifold. If (g,&, \) is an almost
Ricci soliton, then M is an Einstein K-contact manifold.

Corollary 1.5. Let (M, 6,J) be a strictly pseudo-convexr CR manifold. If (gg, —T, \)
is an almost Ricci soliton, where T is the Reeb vector field of the contact from 0 and
go 1s the corresponding Webster metric, then (n = —0,gp) is an Einstein Sasakian
structure on the manifold M.

We note that the geodesic flow §~ on the unit tangent sphere bundle T7M of a
riemannian manifold (M, g) is the Reeb vector field of the so called g-natural contact
metric structures over T3 M, which depend on three real parameters a, b, ¢ (see Subsec-
tion 3.3, for a presentation of these structures). The standard contact metric structure
on T1 M, i.e. the one induced from the Sasaki metric, is defined by the parameters
a=1/4,b = c=0. Then, an application of Corollary 1.4 gives the following

Theorem 1.6. Let (M,g) be a Riemannian manifold of dimension n > 2 and
(é,ﬁ,(ﬁ,{) a g-natural contact metric structure over the unit tangent sphere bun-
dle TYM. Then, (é,é, \) is an almost Ricci soliton if and only if (TLM,G,7) is
FEinstein Sasakian with A = 2(n — 1) > 0. Besides, in this case the base manifold
(M, g) has constant sectional curvature k > 0, and the metric G is of Kaluza-Klein
type defined by the parameters

a=(n-1)/2n, b=0, c=(k—1a.
In particular: G is Kaluza-Klein (resp. induced from the Sasaki metric) if and only
if M is a surface of constant Gaussian curvature K =14 4c >0 (resp. Kk =1).

2 Preliminaries on contact metric manifolds

In this Section we collect some basic facts about contact Riemannian geometry and
refer to the monograph [3] for more information. All manifolds are supposed to
be connected and smooth. If (M,g) is a Riemannian manifold, in what follows we
shall denote by V the Levi-Civita connection, by Ric the Ricci tensor, by @ the
corresponding Ricci operator and by 7 the scalar curvature.
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A contact manifold is a (2n + 1)-dimensional manifold M equipped with a global
1-form 7 such that n A (dn)™ # 0 everywhere on M. Then, there exists a unique
vector field £, called the Reeb vector field, such that n(§) = 1 and (dn)(§,-) = 0. A
Riemannian metric g is said to be an associated metric if there exists a tensor ¢, of
type (1,1), such that

n=g&-), dp=g(,¢) ¢*=-I+n®L

Associated metrics are known to exist.We refer to (M,n,g), or (M,&,n,¢,9), as a
contact metric (or contact Riemannian) manifold. The tensor h = %Eggo, where £
denotes the Lie derivative, plays a fundamental role in contact Riemannian geometry,
it is symmetric and satisfies:

(2.1) a) hyp = —ph, hé =0, trh? = 2n — Ric(€, €); b) V&€= —p — ph.

In particular, from (2.1) follows that the Reeb vector field & is geodesic and
divergence-free. Since £ is geodesic, we have
Len=0 and (Leg)(€-) =0.
Besides, if X € kern, by using (2.1), one gets

9([X, X1, ) = 9(Vex &, X) — 9(Vx&, 9X) = 29(X, X),

and this implies the following

Lemma 2.1. If f is a smooth function on a contact metric manifold satisfying
X(f) =0 for any X € kern, then f is a constant function. In particular, if fi1, fo are
two smooth functions with the gradient V f1 = f2 &, then f1 is a constant and fu = 0.

A contact metric manifold (M, 7, g) is said to be a K -contact manifold if the Reeb
vector field ¢ is a Killing vector field with respect to the associated metric g. If the
almost complex structure J on M x R defined by J(X, fd/dt) = (¢ X — f&,n(X)d/dt)
is integrable, i.e., the almost contact structure (1,¢, ) is normal, then M is said
to be Sasakian. Any Sasakian manifold is K-contact and the converse also holds in
dimension three.

In [18] we introduced the H-contact manifolds. A contact metric manifold (M, n, g)
is said to be an H-contact manifold if its Reeb vector field ¢ is a harmonic vec-
tor field, that is, £ satisfies the critical point condition for the energy functional
E(U) = (1/2) [,,|dU|]*dv defined on the space of all unit vector fields (we refer to
the monograph [7] for more information about harmonic vector fields on a Rieman-
nian manifold). Moreover, in [18] we proved that a contact metric manifold (M,n, g)
is H-contact if and only if £ is an eigenvector of the Ricci operator Q. It should be
noted that the class of H-contact manifolds is very large. In particular, Sasakian
manifolds, K-contact manifolds, (k, ut)-spaces, (strongly) locally ¢-symmetric spaces
are all examples of H-contact manifolds.

Now, let us quickly recall that a strictly pseudoconvex almost-CR, structure is
equivalent to the notion of contact metric structure (we refer to [21] for more inform-
stion). Let M be a (2n+1)-dimensional manifold. A strictly pseudo-convex almost CR
structure on M is a pair (6, J) where 6 is an 1-form, J is an almost complex structure
on H =ker: J? = —1I, and the Levi form Lgo(X,Y) := —(df)(X,JY), X,Y € H, is
positive definite. In particular, 6 is a contact form and denote by T its Reeb vector
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field. We extend J to an endomorphism ¢ of the tangent bundle by requesting that
i = J and o(T) = 0. Then, 0? = —I +0®T and the Webster metric gg, defined
by

gQ(Xa Y) = (de)(X7 JY)7 gG(XaT) = 07 gQ(TvT) = 17

for any X,Y € H, is a Riemannian metric on M. In this case the synthetic object
(n=—-0,£=—-T,¢p,9 = gp) is a contact metric structure on M. Vice versa, a contact
metric structure (n,&, ¢, g) defines a strictly pseudo-convex almost CR structure on
M given by (0 = —n,J = pp3). A strictly pseudo-convex almost CR structure is
called strictly pseudo-convexr CR structure if the almost CR structure is integrable,
that is, the following condition is satisfied

(2.2) J([JX, Y]+ [X,JY]) = [JX,JY] - [X,Y], XY e

Next, let (M,n) be an oriented compact contact manifold. Denote by M(n) the
set of all Riemannian metrics associated to the contact form n. Tanno [23] considered
the Dirichlet energy

1
Blo) =5 [ IrlPdv. 7= Leo,
M

defined for any g € M(n). Then, he found the critical point condition ([23], Theorem
5.1)

(2.3) Vet = 279, equivalently Veh = —2¢ph.

The Dirichlet energy E(g) was first studied by Chern and Hamilton [6] for compact
contact three-manifolds (there was an error in their calculation of the critical point
condition, as was pointed out by Tanno). This functional is known in literature also
with the name of Chern-Hamilton energy functional. We note that K-contact metrics
and Sasakian metrics are trivial critical metrics, besides we note that the critical point
condition (2.3) has a tensorial character, so it holds also in the non compact case.

3 Proofs of the results

3.1 Proof of Theorem 1.1

Proof. Let (M,n,q,&,¢) be a complete H-contact (2n + 1)-manifold satisfying the
conditions of Theorem 1.1. Consider the new contact metric structure defined by the
so called D-homothetic deformation ([22]):

g=gi=tg+tt—Lnon, 7=ty =1/t ¢=¢, t=const. >0.
Recall that the Ricci tensors of the metrics g, g are related by (see [11], p. 368)
- t—1
(3.1) Ric=Ric—2(t—1)g+2(t—1)(nt+n+1)n®@n+ Tg((Vgh)ga + 2h,-).
Since g satisfies the critical point condition (2.3). Formula (3.1) becomes
(3.2) Ric= Ric—2(t —1)g+2(t—1)(nt+n+1)nen.

Now, we show that there exits ¢ > 0 for which the Bakry-Emery Ricci tensor
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Ricg := Ric+ L§
of the Riemannian manifold (M, §) satisfies:
(3.3) Ric£~ > ¢g, for some constantc > 0.

Let X be an arbitrary smooth vector field, X = X; + X, where X; is vertical, i.e.
X1 = f& and X is horizontal, i.e., Xo € kern. Since L¢n) = 0, one gets ng = L¢g,
and thus

(3.4) (Leg)(X1,-) = f(Leg) (€, ) = 0.

Since (M,n,g) is H-contact, from (3.1) follows that also (M, 1), g) is H-contact, i.e.,
¢ is an eigenvector of @, and thus by using (3.4) we get

(3.5) Ricg(X1, X3) = 0.
Moreover, by using (3.2), (3.4) and (2.1),, we have

Ricg(X1, X1) = Ric(X1, X1) = 2(t — 1)g(X1, X1) + 2(t — 1)(nt + n + 1)n(X1)n(X1)
= f*(Ric(&,€) + 2n(t* — 1))
= f?(2n — trh® + 2n(t* — 1))
= f2 (2nt2 — trhz).

Since the tensors L¢g and h are related by Leg = 2g(hy-,-), we have || Leg||? = 4trh?

and thus the condition p > \H/% gives

—trh? > —(n/2)u>.
Then, from above equation we obtain
n

]:?iCE(X1,X1) > f? (2nt2 - (n/2)ﬂ2) = 92

(4% — ) §(X1, X1).
Therefore, if we put t =t > (1/2) > 0 and ¢; = o (4¢> — p?) > 0, we get
(3.6) Ricg(X1,X1) > c1§(X1, X1), where § = gy with t =11 > (u/2) > 0.
Now, we consider RiCé(XQ, X3). By using (3.2), (3.4) and (1.2) we get

Ricg(Xs, X5) = Ric(X2, X2) + (Leg) (X2, Xa) — 2(t — 1)g(Xa, X5)
> Ag(Xa2, X2) — 2(t — 1)g(Xa2, X2)

1
= ;(2 =2t +A)g(X2, Xz).

Consequently, if we put 0 < t =ty < %, where 24+ A > pu >0, and cp =
1(2=2t+ ), then

_ 24\
(87)  Ricg(Xs, Xs) > c2 §(Xa, Xa), where § = g, with ¢ = t2 < %



112 D. Perrone

Now, taking t; = to = t and § = ¢;, where t is a positive real number satisfying
0 < p<2t<2+ A then from (3.6) and (3.7), we have

. _ n
ché(Xg,Xg) > c¢1 §(Xa,X5), where ¢; = 272(4t2 - ,LLQ),

N i 1
RZCé(XQ,XQ) > c2 §(Xa, X5), where co = ;(2 — 2t — \),
Ricg(X1, X2) = 0.

Therefore, if we put ¢ = min{cy, c2}, then Ricé(X, X) > cg(X, X), that is, (3.3). On
the other hand, for any ¢t > 0, (7, § = ¢:) is again a complete contact metric structure
on M ([22], Lemma 11.1). Then, (M,§) is a complete Riemannian manifold, ¢ is
a unit vector field, and the condition (3.3) is satisfied. Hence, by Theorem A, we
obtain that M is compact and the fundamental group 71 (M) is finite. Besides, the
homology group Hy(M,Z) = 71 (M) /[m1 (M), w1 (M)], for which the first Betti number

b1 (M) =0. O
Proof. of Corollary 1.2

If the contact metric structure is K-contact, that is, L¢g = 0, then for ||7]| = 0 and
= 0 the condition (1.2) becomes Ric > Ag > with A > —2. Thus, Corollary 1.2
follows from Theorem 1.1. O

3.2 Proof of Theorem 1.3, Corollary 1.4 and Corollary 1.5

Before to start the proof of Theorem 1.3, we recall that a vector field X, on a Rie-
mannian manifold (M, g) is called an infinitesimal harmonic transformation if the
one-parameter group of local transformations of (M,g) generated by X, are local
harmonic diffeomorphisms. Moreover, X is infinitesimal harmonic transformation if
and only if holds the condition (see [16], p.574)

AXo = 2QXo,
where A is the Hodge-Laplacian.

Proof. (of Theorem 1.3)
Recall the following Yano’s formula (see, for example, [19] Prop. 9.6)

) 1 .
(3.8) Ric(Xo, Xo) = ||VXo|* - 3 1£x,9]1% + (divXo)
+ diU(VXOXo) — d’LU((dZ’UX())Xo)

Since X is a unit, geodesic, divergence-free vector field, Yano’s formula (3.8) becomes
, 2 1 2
(3.9) Ric(Xo, Xo) = [[VXol™ = 5 1£x,091I"-

Besides,

(3.10) (£x09) (X0, X) = (1/2) X (9(X0, X0)) + 9(Vx, X0, X) = 0.
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From definition of almost Ricei soliton, by using (3.10), we get that X is an eigen-
vector of the Ricci operator, i.e.,

(3.11) QXo = AXo.

Now, we show that the properties 1),2),3) are equivalent.
1)=2).

Suppose that X is a Killing vector field. Then X satisfies the equation (see, for
example, [19] p.266)

A)(0 = QXOa
where A is the rough Laplacian. Then, by Weitzenbéck’s formula, we have
AXy = AX, + QXo = 2QXo,

that is, Xg is an infinitesimal harmonic transformation.
2) = 3).

Suppose Xg infinitesimal harmonic transformation, that is, AXy = 2QQ Xy. Since
QR Xy = AXy, we have that X is an eigenvector of the Hodge-Laplacian with eigenvalue
=2\
3)=1).

By using the definition of the the rough Laplacian A and the definition of the
Laplace-Beltrami A operator acting on the functions, one gets (cf. also [7] Lemma
2.15)

_ 1
(3.12) 9(AXo, Xo) = ZA | Xol* + |V Xo ||

Then, since X is an eigenvector of the Hodge-Laplacian, that is AXy = uXq, with
eigenvalue p < 2\, by Weitzenbdock’s formula and (3.12), we get

9(BXo, Xo) = A Xoll* + [V Xo | = [V Xo
9(AXo, Xo) = g(AXoy — QXo, Xo) = pn — .
Then, these formulas and (3.9) give
A= Ric(Xo, Xo) = = A= 3 [ Lxo9]7,
that is,
1£x091" = 2(n = 22) <0.
Therefore, X is Killing and (M, g) is an Einstein Riemannian manifolds. ]

Remark 3.1. Let (M, g, X0, A) be a Ricci soliton where the potential vector field X
is a unit vector field. Then, in this case, by using Proposition 3.1 and Theorem 3.2
of [20], we have that X is Killing if and only if X is geodesic and divergence free.
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Remark 3.2. Let (M, g, Xo,\) be an almost Ricci soliton. We observe that if the
potential vector field X is geodesic and eigenvector of the Hodge-Laplacian (AXy =
1Xp), then

(3.13) 2 —20)Xo + (m—2)VA=0, dimM =m.

In fact, for an almost Ricci soliton, since X is geodesic, Q@ Xy = AXj; besides holds
the following ([2], Lemma 2):

AXy = QXo+ 52V = AX( + 252V A
Then, this equation, AXy = uX and Weitzenbdck’s formula, imply (3.13).

Proof. (of Corollary 1.4)

Recall that the Reeb vector field £ of a contact metric (2n + 1)-manifold is a unit,
geodesic, divergence-free vector field. Besides AE = u&, = 4n ([18], Corollary 3.7).
Thus, if (g,£,\) is an almost Ricci soliton, by (3.13) with Xy = ¢ and Lemma 2.1,
we have p = 2X. Then, by Theorem 1.3, £ is Killing, and thus M is an Einstein
K-contact manifold. O

Proof. (of Corollary 1.5)

By using the notations of Section 2, (n = —0,£& = —T,¢,gp) is a contact metric
structure. Then, if (gg,&, A) is an almost Ricci soliton, by Corollary 1.4 we get that
ge is Einstein and ¢ is Killing. Besides, the contact metric structure satisfies the
integrability condition (2.2). Therefore, Theorem 11 of [21] gives that the structure
(n,&,¢) is normal, and so (n = —0,§ = =T, ¢, gp) is Sasakian. |

3.3 Natural contact metric structures - proof of Theorem 1.6

g-natural contact metric structures

An interesting geometric situation in which a distinguished vector field, namely the
geodesic flow é (also called the geodesic spray), appears in a natural way, is given by
the unit tangent sphere bundle 77 M of a Riemannian manifold (M, g). This vector
field is the Reeb vector field of the natural contact metric structures on unit tangent
sphere bundles of which we now give a quick presentation (for more details we refer
to the papers [20], [1] and references therein).

Let (M, g) be an n-dimensional Riemannian manifold. Riemannian g-natural met-
rics (also called Riemannian natural metrics) form a wide family of Riemannian met-
rics on TM. These metrics depend on several smooth functions from [0, +00) to R and
as their name suggests, they arise from a very “natural”construction starting from
the Riemannian metric g over M. The Sasaki metric, the Cheeger-Gromoll metric,
the Kaluza-Klein metrics, and the so called metrics of Kaluza-Klein type, are special
cases of Riemannian g-natural metrics.

Let G be a Riemannian g-natural metric on TM. The unit tangent sphere bundle
over a Riemannian manifold (M, g), is the hypersurface

M = {(z,u) € TM|g,(u,u) = 1}.
The tangent space of T1 M, at a point (z,u) € T1 M, is given by
(TiM) gy ={X"+Y": X € M,,Y € {u}*+ C M,},
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where X" and X are the horizontal lift and the vertical lift of X. By X*¢ we denote
the tangential lift with respect to G, of a vector X € M, to (x,u) € Ty M; of course
if X € M, is orthogonal to u, then X'¢ = X?. The geodesic flow on Ty M, that we
denote by 5 , is the restrictions of the geodesic flow on T'M to its hypersurface 71 M,
thus

6(17“) = u?ﬂ:,u) :

We call g-natural metrics on Ty M the restrictions G of g-natural metrics G of T™

to its hypersurface T1 M. These metrics possess a simpler form. Precisely, G is
completely determined by the identities

C:Tv(w,u)(thyh) = (aJrC) ga:(Xv Y) ergac(Xa u)gx(Y,u),
(31) Q(z,u)(Xh7YtG) = bga:(Xv Y)7
G(w,u)(Xtcvth) = agm(Xv Y) - ﬁﬁ_._d gm(X7 u)gz(Y; u)v

for all (z,u) € T'M and X, Y € M,, where a,b,c,d are constants and satisfy the
following inequalities:
a>0, ala+c)—b>0 and ¢:=ala+c+d)—b>>0.

The standard Sasaki metric Gg is defined bya=1andb=c=d=0,a Kaluza-Klein
metric is defined by b = d = 0, and Kaluza-Klein type metric, that is, horizontal and
tangential lifts are mutually orthogonal with respect to G, is defined by b = 0.

In [1] Abbassi et al. have shown that there is a family of contact metric structures
(G’,ﬁ, gb,f) over T1 M, called g-natural contact metric structures. More precisely the
set (G, 17, ,€) is described as follows:

G is defined by (3.1), £ = v, 7(X") = (1/0)g(X,u), 7(X'¢) =bog(X,u),
where ¢ being a positive constant satisfying

(3.2) (1/6%) = d(ala+ o) = 1) = (a+c+d),

and ¢ is completely determined by the relation dij = G(+, ¢). By using formula (3.2)
we get the parameter d as a function of a,b,c, thus the g-natural contact metric
structures depend on three real parameters. For a = i, b = ¢ = 0, and consequently
d =0 and ¢ = 2, we get the standard contact metric structure on Ty M induced from
the Sasaki metric Gs (see [3]).

Proof. (of Theorem 1.6)

Suppose that (G, £, ) is an almost Ricci soliton. Then, by Corollary 1.4, (T1 M, G, 7})
is K-contact and Einstein. Since (T M, G, 7) is K-contact, by Theorem 2 of [1], we
obtain that (M,g) is of constant sectional curvature x = (a + ¢)/a > 0, G is of
Kaluza-Klein type (i.e., b = 0) and (T3 M, G, 7) is Sasakian. On the other hand, for
a Riemannian manifold of constant sectional curvature x = (a + ¢)/a > 0, by using
(3.2), the natural contact metric structure over T3 M are exactly the ones determined
by Riemannian natural metrics defined by the parameters

a>0, b=0, c=(k—1)a, andthus d= (a+c)(4a—1)—b*=rka(da—1).
Then, in this case, the Ricci tensor is given by (4.9) of [20], that is,
(=2a+n-1) (2an —n+1)

Ric:aé+ﬂﬁ®ﬁ, where a=-————> and f=-—""7-—/——=.
a a
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Since G is Einstein, must be 8 = 0, that is, a = (n — 1)/2n, thus d = &(n — 1)(n —
2)/2n? and A = a = 2(n — 1). In particular, G is Kaluza-Klein, that is, b =d = 0
(equivalently, a = 1/4,b=0and ¢ = (k—1)/4) ifand only if n = 2 and kK = 14+4¢ > 0.
Finally, G is induced from the Sasaki metric G, that is, a = 1/4,b = ¢ = 0, if and
only if n =2 and k = 1. |

Remark 3.3. Theorem 1.6 extends Theorem 4.3 of [20] where (G, £, \) was considered
as a Ricci soliton.
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