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Abstract. In this paper, we introduce the concept of golden generic light-
like submanifolds of a golden semi-Riemannian manifold. We also present
one non-trivial example of this class of lightlike submanifolds. Then, we
derive necessary and sufficient conditions for the induced connection of
golden generic lightlike submanifolds to be a metric connection. Further,
we establish a characterization result for the integrability of the distribu-
tions associated with golden generic lightlike submanifolds. Finally, we
analyze totally umbilical and minimal generic lightlike submanifolds of a
golden semi-Riemannian manifold.
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1 Introduction

The study of differentiable manifolds with structure has attracted the attention of
many mathematicians due to their own elegance as well as their applications in
physics. The concept of an almost complex structure and almost product structure
has been studied by many geometers. Yano [18] as a generalization of an almost com-
plex structure and an almost contact structure introduced the notion of f-structure
which is a tensor field of type (1,1) satisfying the equation f2 + f = 0. On a similar
note, Crasmareanu and Hretcanu [3, 4] studied the concept of golden structures and
their geometric properties on Riemannian manifold with the structure polynomial
f(x) = 22 —x — Id = 0. After this, various new type of submanifolds such as in-
variant, anti-invariant submanifolds, slant submanifolds and generic submanifolds of
golden Riemannian manifolds have been studied by others (see, [2, 17]).

On the other hand, during the generalization of submanifold theory from Riemannian
manifolds to semi-Riemannian manifolds, the induced metric on the submanifolds
becomes degenerate and gives rise to the class of lightlike submanifolds in the semi-
Riemannian category. As a result of degenerate metric, in a lightlike submanifold
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the tangent vector bundle intersects with the normal vector bundle. This unique
geometric feature makes the study of lightlike submanifolds significant as well as
more complicated in comparison to Riemannian submanifolds. The basic theory of
lightlike submanifolds of semi-Riemannian manifolds was developed by Kupeli and
Duggal-Bejancu (see, [6, 12]). Later the theory of lightlike submanifolds has been
enriched by Duggal-Sahin and many others (see, [5, 8, 11] etc.). Recently, Poyraz
and Yasar [14] initiated the study of golden structure in lightlike hypersurfaces of
semi-Riemannian manifolds and proved several results on lightlike hypersurfaces of
golden semi-Riemannian manifolds. In [15], Poyraz and Yasar investigated lightlike
submanifolds of golden semi-Riemannian manifolds. In the sequel, Poyraz [16] stud-
ied the concept of golden GC R-lightlike submanifolds of a golden semi-Riemannian
manifold. Since many significant applications of lightlike submanifolds have been
found in the study of black holes, asymptotically flat spacetimes, Killing horizons
and electromagnetic and radiation fields (see, [6, 9]) and very limited information
available on general theory of lightlike submanifolds motivated us to study golden
generic lightlike submanifolds of a golden semi-Riemannian manifold. After defin-
ing golden generic lightlike submanifold, we present one non-trivial example of this
class of lightlike submanifolds. Then, we derive necessary and sufficient conditions
for the induced connection of golden generic lightlike submanifolds to be a metric
connection. Further, we establish a characterization result for the integrability of
the distributions associated with golden generic lightlike submanifolds. We also show
that for a totally umbilical golden generic lightlike submanifold, the distribution D
is always integrable. Finally, we analyze minimal generic lightlike submanifolds of a
golden semi-Riemannian manifold.

2 Preliminaries

2.1 Geometry of lightlike submanifolds

In this section, we recall some essential formulae and notations for lightlike subman-
ifolds given by Duggal and Bejancu [6].

Assume (M,,,g) be an immersed submanifold of a semi-Riemannian manifold
(Mern,g), where the metric § with index ¢ (constant), provided m,n > 1 and
1 < g < m+n—1. If the metric § is degenerate on TM, then T,M and T,M~*
both become degenerate and there exists a radical subspace Rad(T,M) such that
Rad(T,M) = T,M N T,M*. If Rad(TM) : p € M — Rad(T,M) be a smooth
distribution with rank r(> 0) on M such that 1 < r < n, then M is known as an
r-lightlike submanifold of M. While Rad(TM) of TM is defined as follows

Ra’d(TM) = UPEM{§ € Tleg(u7 5) = Ov Vue TPMvg 7é 0}
Thus, the tangent bundle 7'M and normal bundle TM* are given by
(2.1) TM = Rad(TM) L S(TM) and TM* = Rad(TM) L S(TM™).

Moreover there exists a local null frame {N;} of null sections with values in orthogonal
complement of S(TM~1) in S(TM*)L satisfying

(22) g(vaN]) = Oa g(ng]) = 6l]a for Z7.] S {1a2a "7T}7
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where {{;} is a local basis of I'(Rad(TM)). It implies that ¢tr(TM) and ltr(TM),
respectively, be the vector bundles in TM |p; and S(TM+)+ with the property

(2.3) tr(TM) = ltr(TM)LS(TM™)
and
(2.4) TM|y =TM @ tr(TM) = S(TM) L (Rad(TM) @ ltr(TM)) L S(TM?).

Let V denotes the Levi-Civita connection on M, then in view of decomposition (2.4),
the Gauss and Weingarten formulae are given by

(2.5) Vi Ye = Vi, Yo + B (Y1, Y2) + 1% (Y1, Ya),
(2.6) Vi, W = —AwYi + V3, W + D' (Y1, W),
(2.7) Vy, N = —AnY: + V4. N + D*(Y1, N),

for W € T(S(TM*1)), Y1,Y2 € T(TM) and N € I'(itr(TM)).
Furthermore employing Egs. (2.5)-(2.7), we get

(2.8) 9(AwY1,Ya) = g(h* (Y1, Ya), W) + §(Ya, D'(Y1, W),
g(DS(Yla N)? W) = g(AWYh N)

Moreover from Eq. (2.1), for £ € T'(Rad(TM)), Y1,Y, € T'(T'M) and for projection
morphism S of TM on S(T'M), some new geometric objects of S(T'M) on M are

(2.9) Vy, 8Yy = V3, §Ys + h*(Y1,Y2), Vy, & = —A[Y1 + Vi€,

where {Vy, SY2, AfY1} € T(S(TM)), {h*(Y1,Y2), Vi, &} € T(Rad(TM)). Using Egs.
(2.5), (2.7) and (2.9), we obtain

for £ e T'(Rad(TM)), Y1,Y2 e T(TM) and N € T'(Itr(TM)) and it is well-known that
V* is the metric connection on S(T'M).

2.2 Golden semi-Riemannian manifolds

Let M be a C* — manifold. If a tensor field P of the type (1, 1) satisfies the following
equation

(2.11) P2=P+1,

then P is known as a golden structure on M, where I _is the identity transformation
[10]. Let (M, g) be a semi-Riemannian manifold and P be a golden structure on M.

If P satisfies
(2.12) §(PY1,Y2) = §(Y1, PY2),

then (M, §, P) is known as a golden semi-Riemannian manifold [13]. If P is a golden
structure, then Eq. (2.12) is equivalent to

(2.13) §(PY1, PYs) = §(PY1,Y3) + §(V1,Ya),
for any Y7,Y, € T(TM). Also, we have
(2.14) (Vy, P)Ysy = 0.
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3 Golden generic lightlike submanifolds

At first, we define golden generic lightlike submanifolds of golden semi-Riemannian
manifolds following [5] as

Definition 3.1. Let M be a real r-lightlike submanifold of a semi-Riemannian man-
ifold M. Then, M is said to be a golden generic lightlike submanifold if the screen
distribution S(T'M) of M is expressed as

S(TM) = P(S(TM)*) L D,
(3.1) = P(Rad(TM)) ® P(itr(TM)) L P(S(TM*)) L Dy,

where Dy is a non-degenerate almost complex distribution on M with respect to P,
i.e., P(Do) = Do and D’ is a r-lightlike distribution on S(TM) such that P(D’) C
tr(TM), where D' = P(itr(TM)) L P(S(TM™)).

Therefore using Eq. (3.1), the general decompositions of Eqs. (2.1) and (2.4) becomes
TM=D&D', TM|y=D&D &tr(TM),

where D = Rad(TM) 1 P(Rad(TM)) L Dy is a 2r-lightlike almost complex distri-
bution on M.

Consider Q, P; and P, be the projections from TM to D, Pltr(TM) and PS(TM™),
respectively. Then for Y € T'(T' M), we have

(3.2) Y = QY + PY + R,
applying P to Eq. (3.2), we obtain

(3.3) PY = fY + wP Y + wPY
and we can write Eq. (3.3) as

(3.4) PY = fY +wY,

where fY and wY’, respectively, denote the tangential and transversal components of
PY. Similarly,

(3.5) PV = EV,
for Ve I'(tr(T'M)), where EV is the section of TM.

Lemma 3.1. Consider a golden generic lightlike submanifold M of a golden semi-
Riemannian manifold M. Then for Y1,Ys € T(T'M), one has

(3.6) (Vv )Yz = Auy, Y1 + ER(Y1,Y2)
and

(3.7) (V3,w)Y2 = —h(Y1, [Y2),
where

(Vvi[)Yo = Vy, fYa = [V, Y2,  (V3,w)Y2 = Vi, wYs — wVy, Y.
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Proof. For Y1,Y; € T(TM), using Eq. (2.14), we have Vy, PYy = PVy,Y,. Then,
employing Eqs. (2.5)-(2.6), (3.4)-(3.5) and further comparing the tangential and
transversal components, the assertions follow. O

Theorem 3.2. Let M be a golden generic lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then

(3.8) Y1 = Y1+ Y1 - EuYy,

(3.9) wfY) = wlr,

(3.10) fEV =EV, V =wEV,

(3.11) g(fY1,Y2) — g(Y1, fY2) = §(Y1,wY2) — g(wY, Ya),

g(fY1, fY2) =g(fY1,Y2) + g(Y1,Y2) + g(wY1,Y2) — §(fY1,wY2)
(312) 7§(wnaf}6) 7§(WY17WY2)3
forY1,Yo e T'(TM) and V € T'(tr(TM)).

Proof. For Y1,Ys € T(TM) and V € I(tr(TM)), applying P on both sides of Eq.
(3.4) and using Eq. (2.11), we have

P*Y, =PfY; + PwYy,
(3.13) Y1 +wYi + Y1 =f2Y; + wfY) + BwY;.

Then, equating the tangential components of above equation, we get Eq. (3.8). Fur-
ther comparing the transversal components of Eq. (3.13), we obtain Eq. (3.9).

On a similar note, applying P on both sides of Eq. (3.5) and using Eq. (2.11), we
derive

P2V =PEY;,
(3.14) EV +V =fEV + wEV

and comparing the tangential and transversal parts of Eq. (3.14), we get Eq. (3.10).
Further, employing Eqgs. (2.12) and (3.4), we have

g(fyia}@) +§(MY17Y2) :g(i/lvaQ) +g(5/1aw}/2)
Thus, Eq. (3.11) is obtained. Moreover, using Eqgs. (2.13) and (3.4), we derive

G(fY1, PYs) + §(wY1,Ys) 4+ §(Y1,Ya) =3(fY1, fYa) + §(fY1,wYs)
+ g(wY1, fY2) + g(wYi,wYs)

and we obtain Eq. (3.12). Hence, the proof is completed. O

Theorem 3.3. For a_golden generic lightlike submanifold M of a golden semi-
Riemannian manifold M, the Nijenhius tensor field with respect to the golden structure
P wvanishes.
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Proof. For Y,Z € T'(TM), employing Egs. (2.11) and (2.14), the Nijenhius tensor
field becomes
N(Y,Z) =[PY, PZ] + P%[Y, Z] — P|PY, Z] — P[Y, PZ]
:@ISYPZ - @pzﬁy + P{?yz - 62Y} + @yZ — @ZY
— P{VpyZ —NzPY}— P{VyPZ -V;,YV}.

:P@nyP?ZY+@yZ—@ZY+P@ZPY7P@yPZ

ZpﬁyZ — Pﬁzy + @yz — @ZY + P262Y — p2@yZ

=0.
Hence, the result holds. U

Theorem 3.4. Let M be a golden generic lightlike submanifold of a golden semi-
Riemannian manifold M. Then f is a golden structure on D.

Proof. By the definition of golden generic lightlike submanifolds, we have wY = 0 for
any Y € I'(D). Further from Eq. (3.8), we have f2Y = fY +Y. Thus, f becomes a
golden structure on D. O

Next, we present a non-trivial example of golden generic lightlike submanifolds in
a golden semi-Riemannian manifold M.

Example 3.2. Let M be a 6-dimensional submanifold of (R}?, §) with signature

(+,+,+,—, +,—, +,+,+, —, —, +) given by
et =2 22=u', 2®=ucosl, 2*=u'cosh, z°=u’sind,
2 —ulsing, 27 =uwd+2ut, 2® =P +ut, 2® =20 =g = o,

22 =0, where 0€R— {%r, neZz}.
Then T'M is spanned by 71, Zs, Z3, Z4, Z5, where

Z1 = 0xg + cos00x4 + sin 00xg, Zo = Ox1 + cosBOx3 + sinBdxs,

Zs = 0x7 + Oxg, Zy=20x7+ 0xg, L5 = 0xg9+ 0x19+ O0x11.

Thus M is a 1-lightlike submanifold with Rad(TM) = Span{Z}. As PZ, = Z,
implies that PRad(TM) C S(TM). As PZs = Z, gives that Dy = Span{Zs, Z4}.
Further, by direct calculations, S(TM=*) = Span{W = 20xg + Ox19 + Ox11 + OT12}.
Thus, we have PZs = W. On the other hand, the lightlike transversal bundle ltr(TM)
is spanned by

1
N = 5(81‘2 — co800x4 — sin 00xg).

Hence D' = Span{PW, PN}. Thus M is a proper golden generic lightlike submanifold
of (Ri?,9)-
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Theorem 3.5. Consider a golden generic lightlike submanifold M of a golden semi-
Riemannian manifold M. Then the induced connection is a metric connection if and

only if 5 y 5 3
f(VYyPE+ (Y, PE)) — Vi PE — h*(Y, P€) € I'(Rad(T'M))

and Eh(Y, P€) = 0, for ¢ € T(Rad(TM)) and Y € T(TM).

Proof. For the golden structure P of a golden semi-Riemannian manifold M, one
has Vy§ = PVy P¢ — Vy P¢, where £ € T'(Rad(TM)) and Y € T'(TM). Further,
employing Egs. (2.5), (2.9), (3.4)-(3.5) and comparing the tangential components, we
derive

Vy& =fVy PE + Eh(Y, PE) — Vy P¢
=f (V3 P&+ h*(Y, PE)) + ER(Y, P€) = Vi PE — ¥ (Y, P€).

Then, Vy ¢ € I'(Rad(TM)), if and only if
F(VyPE +h*(Y, PE)) = Vi PE = h*(Y, P€) € T(Rad(TM))
and Eh(Y, P¢) = 0, which proves the result. O

Next we discuss the conditions for the integrability of distributions associated with
golden generic lightlike submanifolds.

Theorem 3.6. Let M be a golden generic lightlike submanifold of a golden semi-
Riemannian manifold M. Then,

(i) the distribution D is integrable, if and only if, h(PY1,Ys) = h(Yy, PYs) for
Y1,Y; e (D).

(i1) the distribution D’ is integrable, if and only if, AuzZ' = Awz/Z for Z, 7' €
(D).

Proof. For Y1,Y, € I'(D), using the Gauss formula, we have

(3.15) Vy, Yy = Vy, Yy — h(Y1, Ya).

Then, applying P on both sides of Eq. (3.15) and using Egs. (3.4)-(3.5), we obtain
(3.16) Vv, Ys +wVy, Yy =Vy, PYs + h(Yy, PYs) — Eh(Y1,Ys).

Further, on comparing the transversal components of above equation, we derive
(3.17) wVy, Y = h(Y1, PY).

Then, interchanging the role of Y7 and Y5 in Eq. (3.17), we get

(3.18) wVy,Y1 = h(PY3,Ya).

Further, from Egs. (3.17)-(3.18), we obtain

(3.19) w[Y1, Ys] = h(Ya, PY;) — h(Y1, PY5).
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On the other hand, for Z, Z’ € T'(D'), again using Gauss formula, we consider
(3.20) VzZ' =V3Z' —h(Z, 7).

Then, applying P on both sides of Eq. (3.20) and using Eqgs. (3.4)-(3.5), we obtain
(3.21) V272 +wNzZ =~ A,z Z +VywZ — EWNZ,Z").

Further, on comparing the tangential parts of above equation, we derive

(3.22) V22 =—AyyZ — ENZ,Z).

Further, interchanging the role of Z and Z’ in Eq. (3.22), we derive

(3.23) V2 Z =—-A,z7"— EhZ,7").

Then, from Eqs. (3.22)-(3.23), we get

(3.24) f12,2'] = Az Z' — Auz 2.

Hence, the result follows from Eqgs. (3.19) and (3.24). O

Definition 3.3. A golden generic lightlike submanifold M is said to be mixed geodesic
if second fundamental form h satisfies

(3.25) WY,Z)=0, forY eT(D)and Z € T(D").

Lemma 3.7. Consider a golden generic lightlike submanifold M of a golden semi-
Riemannian manifold M. Then, M is mized geodesic, if and only if,

wALzY = -ViwZ,
forY e (D) and Z € T(D").

Proof. For the almost golden structure P of a golden semi-Riemannian manifold M,
one has VyZ = PVyPZ — VyPZ for Y, Z € T(TM). Then for Z € T(D') and Y €
I'(D), employing Eqs. (2.5)-(2.6), (3.4)-(3.5) and equating the transversal components
of resulting equation, we derive

(3.26) hY,Z) = —wA,zY — ViwZ.
Hence, the proof follows from Eq. (3.26). O

Definition 3.4. [7] A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M, g) is called totally umbilical, if there exists smooth transversal curvature vector
field H € T'(tr(T'M)) on M satisfying

(3.27) h(Y1,Y2) = Hg(Y1,Y>),

for Y1,Ys € T(TM). Using Egs. (2.5)-(2.7), M is totally umbilical, if and only if,
there exist smooth vector fields H® € T'(S(TM*)) and H' € T'(Itr(TM)) satisfying

(3.28)  h(Y1,Ys) = H®g(Y1,Ys), h'(Y1,Ys) = H'g(Y1,Ys) and D' (Y1, W) =0,
for W € T(S(TM™)) and Y3,Y, € T(TM).
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Theorem 3.8. Let M be a totally umbilical golden generic lightlike submanifold of a
golden semi-Riemannian manifold M. Then the distribution D is always integrable.

Proof. For Y1,Y, € T'(D), from Definition 3.4, we have

(3.29) h*(PY1,Ys) = H*g(PY1,Ys).

Then, employing Eq. (2.13), we derive

(3.30) g(PY1,Y) = g(PY1, PYs) — g(V1,Ya).

Further, using Definition 3.4 and Eqgs. (3.29)-(3.30), we get

(3.31) h*(PY1,Yz) = h*(PY1, PYz) — h* (Y1, Y2).

On the other hand, from Egs. (2.12) and (3.30), we obtain
9(V1, PYs) = g(PY1, PY3) — g(Y1,Y2)

and using Definition 3.4, we get

(3.32) h* (Y1, PYa) = h*(PY1, PYs) — h* (Y1, Ya).

On using Egs. (3.31)-(3.32) with Theorem 3.6, the result holds. O

4 Minimal golden generic lightlike submanifolds

Bejan and Duggal introduced the generalized definition of a minimal lightlike sub-
manifold of a semi-Riemannian manifold in [1] as follows

Definition 4.1. A lightlike submanifold (M, g, S(T'M)) of a semi-Riemannian man-
ifold (M, g) is said to be minimal if

(i) h*(&,&) =0 for &, & € I'(Rad(TM)).
(ii) trace hlg(rary = 0.
It is notable that Definition 4.1 depends on tr(T'M) rather than the choice of
S(TM) and S(TM™).

Next, we prove some characterizations on minimal golden generic lightlike submani-
folds.

Theorem 4.1. Consider a totally umbilical golden generic lightlike submanifold M
of a golden semi-Riemannian manifold M. Then, M is minimal, if and only if, M is
totally geodesic.

Proof. Let us suppose that M is minimal. Then for Y, Z € I'(Rad(TM)), we have
h*(Y,Z) = 0. Further, as M is totally umbilical, which gives that h!(Y,Z) =
Hlg(Y,Z) = 0forY,Z € I'(Rad(TM)). Next, choose an orthonormal basis {e1, ea, ...,
em—r} of S(TM) and using Eq. (3.28), we have

n—r

trace h(e;, e;) = Z ei{h!(ei, e) + h%(ei, e:)}

i=1

=(n — r){Hl + H°}.
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Further, in view of Definition 4.1, we get trace h|g(ray = 0 and then, employing Eq.
(2.3), we obtain H' = 0 and H® = 0, which implies that M is totally geodesic. The
proof of the converse part is trivial. O

Theorem 4.2. Consider M be a totally umbilical golden generic lightlike submanifold
of a golden semi-Riemannian manifold M. Then M is minimal, if and only if,

traceAzk |DOLS(TML) = traceAW;JDgLS(TML) = 0,

for W, e T(S(TM™1)), where k € 1,2,...,r and p € 1,2, ....n —r.

Proof. Since M is totally umbilical, then using Eq. (3.28), it is clear that h*(Y7,Ys) =
0 for Y7,Ys € T'(Rad(TM)). Next, using the definition of a golden generic lightlike
submanifold, we have

2p r r
trace hlsirany = »_ M(Zi, Z;) + Y h(P&;, P§) + > h(PN;, PN;)
i=1 j=1 i=1

+ Z h(le, le),
=1

where 2p = dim(Dy), r = dim(Rad(TM)) and n — r = dim(S(TM*)). Again, using
Eq. (3.27), we obtain h(P¢;, P¢;) = h(PN;, PN;) = 0. Thus, the above equation
reduces to

trace h|serary = Z WZi, Zi) + Y h(PW,, PW))
i =1

fz ZT: (h(Zi, Z;) 5ka+Z Z (hW*(Zi, Zi), W)W
=1 =

+ Z Zg (h!(PW, PW)), &) Ni

=1 k=1

1
(4.1) + Z — Zg h (PWi, PW,), W)W,
p=1

where {Wy, Wa, ..., W,,_,.} is an orthonormal basis of S(TM=). Using Eqgs. (2.8) and
(2.10) in Eq. (4.1), we obtain

trace h|s(ran Z Zg A Z;, 2, N,ﬁZ Zg Aw, Z;, Z)W,
=1 =
Z% G(A;, PWy, PW)) Nk—i—z ! Zg (Aw, PW,, PW))W,,.
=1 k=1 =1

Thus, from the above equation, trace h|g(rar) = 0, if and only if, trace Ay, = 0 and
trace A7, =0on Dy L PS(TM), which proves the theorem. O
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Example 4.2. Let M be a 6-dimensional submanifold in (R*, ) with

el =u?4 4w, 2P =wt, 2P =u?—Jud, 2t=ul, 2®=vPcosa,
20 =wutcosa, 27 =—-ulsina, 28 = —u'sina, z°=sinusinhu?, 2'9=0,
' =sinwbcoshu’, 2'2=0, 2 =+2cosubcoshu’, 2z =0,
where a,u®,u” € R—{%F, n € Z} and g is of signature (+, +, —, -, +, +, +, +, +,

+, +, +, +, +). Then, TM is spanned by Z1, Zs, Z3, Z4, Z5, Zs, Z7, such that

Z1 = 0xg + 8334, Zo = 0x1 + 8x3,

1 . .
Zg = 5{8x1 —dx3}, Zy=cosadrg—sinadzrs, Zs = cosadrs — sinadxy,
Ze = cosu® sinh u”0zg + cos ub cosh u’dz1; — v/2 sin u® cosh u0x13,

Z» = sinu® cosh u”8zg + sin u® sinh u”8z11 + V2 cos u® sinh u”dx13.

Clearly, M is a 1-lightlike submanifold with Rad(TM) = Span{Z:}. As PZ, =
Zy € T(S(TM)). Moreover, PZ, = Zs, thus Dy = Span{Z4, Z5}. Further, ltr(TM)
is spanned by

1
N = 5(8372 — 81‘4),

such that PN = 1(0x1—0z3) = Z3. By direct calculations, S(TM*) = Span{W;, W,
W3, Wy}, which are given by

Wy = cosu® sinh u"dx19 4 cos u® cosh u” 812 — V2 sinu® cosh uOx14,

Wy = sinu® cosh u”dx10 + sin u® sinh w012 + V2 cos u® sinh u” 9214,
W5 = —v2sinhu” coshu”dz19 + \/i(sin2 u® + sinh? u7)8x12 + sin u® cos u%dz14,
W, = —v2sinhu” coshu”dzg + \/ﬁ(sin2 u® + sinh? u7)8x11 + sinu® cos udx14.

Since PW, = Zg and PWy = Zy, then D' = Span{Zs, Zs, Z7}. Therefore, M is
a proper golden generic lightlike submanifold of R3*. On the other hand, by direct
calculations, we obtain

V2, 2;j=0,1<i<51<j<7

and . ,
2 si h
hs(Z6726) = T . 3 A \{SIHU COS. g . 12 W4’
si” u® + 2smh” u + sin” u® + 2smh” u
( 6 + 2sinh” u7)(1 6 + 2sinh” u")
2 si 6 h 7
W (Z2,Z7) = —— ML —
(sin® ub 4+ 2sinh” u7)(1 + sin” u8 + 2 sinh* u7)
Thus, we get

trace hg s(rar) = h*(Zs, Zg) + h*(Z7, Z7) = 0.

Therefore, M is a minimal proper golden generic lightlike submanifold of R3%.
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