Slant curves in 3-dimensional Cs-manifolds

G. Beldjilali

Abstract. Slant curves and in particular Legendre curves play a very im-
portant and special role in geometry and topology of almost contact man-
ifolds. There are certain results known for these curves in 3-dimensional
normal almost contact metric manifolds. In the presented paper, we
study the slant curves in the case of 3-dimensional non-normal almost
contact metric manifolds, especially, Cis-manifolds. Examples are also
constructed.
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1 Introduction

In [5], D. Chinea and C. Gonzalez have defined 12 classes of almost contact metric
manifolds. In dimension 3, these manifolds are reduced to four classes: |C| class of
cosymplectic manifolds, C5 class of S-Kenmotsu manifolds, Cg class of a-Sasakian
manifolds, Cg-manifolds and C7o-manifolds.

Only the last two classes can never be normal. For this reason, all work concerning
curves on almost contact metric manifolds focuses on the first three classes.

In the present study, we will focus on slant curves and in particular Legendre
curves in Cis-manifolds which can be integrable but never normal. Recently this
class was studied in [3] where the authors studied the properties of 3-dimensional
C12- manifolds with concrete examples and construct some relations between class
(12 and other classes as C5 and Cg or |C|.

The present paper is organized as follows:

After the introduction, required preliminaries are given in Section 2.

Section 3 contains new results on 3-dimensional C7o-manifolds with a class of concrete
illustrative examples. The goal of last section, is to give an investigation of the slant
curves and in particular Legendre curves in 3-dimensional C}2- manifolds.
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2 Preliminaries

2.1 Almost contact manifolds

An odd-dimensional Riemannian manifold (M?"*! g) is said to be an almost contact
metric manifold if there exist on M a (1, 1)-tensor field ¢, a vector field £ (called the
structure vector field) and a 1-form 7 such that

n(§) =1,
(2.1) P*(X) = =X +n(X)¢,
(X, pY) = g(X,Y) —n(X)n(Y),

for any vector fields X,Y on M. In particular, in an almost contact metric manifold
we also have @£ =0 and no ¢ =0.

The fundamental 2-form ¢ is defined by ¢(X,Y) = g(X,¢Y). It is known that
the almost contact structure (¢, &, 7) is said to be normal if and only if

(2.2) NO(X,Y) = Ny(X,Y) + 2dn(X,Y)€ = 0,
for any X, Y on M, where N, denotes the Nijenhuis torsion of ¢, given by
(2.3) No(X,Y) = @*[X, Y] + [pX, Y] — ¢[pX, Y] — ¢[X, Y].

Given an almost contact structure, one can associate in a natural manner an
almost CR-structure (D, ¢|p), where D := Ker(n) = Im(p) is the distribution of
rank 2n transversal to the characteristic vector field £. If this almost CR-structure is
integrable (i.e., N, = 0) the manifold M?"*1 s said to be CR-integrable. It is known
that normal almost contact manifolds are CR-manifolds.

For more background on almost contact metric manifolds, we recommend the
references [2, 4, 11].

2.2 Slant curves

Let (M, g) be a 3-dimensional Riemannian manifold with Levi-Civita connec-tion V.
~ is said to be a Frenet curve if there exists an orthonormal frame {E; = %, Fa, E3}
along ~ such that

(2.4) Vg, Bl = kEs, Vi, Ey=—kE) +7E3 Vg B3 =—1E;.

The curvature & is defined by the formula

(2.5) k= V.

The second unit vector field Fs is thus obtained by

(2.6) V¥ = KkE,.

Next, the torsion 7 and the third unit vector field E3 are defined by the formulas
(2.7) T = |VsE; + kE| and VyEy + kEy = TE;3.

The concept of slant curve v in almost contact metric geometry was introduced
in [6] with the constant angle 6 between the tangent % and the structure vector field
§. The particular case of 6 € {7, 37“} is very important since we recover the Legendre
curves of [1].
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Definition 2.1. v : I — M be a Frenet curve on M. The structural angle of y is the
function 6 : I — [0, 27| given by

(2.8) cost = g(¥,£) = n(7).

where 4 = % with s is the arc length parameter. The curve 7 is a slant curve if 8 is
a constant function. Particularly if (%) = 0 the curve ~ is called Legendre curve.

For more background on slant curves and Legendre curves, we recommend the
references [1, 6, 7, 8, 9, 10].

3 Three dimensional (3-manifolds

In this section, we are mainly interested in three dimensional C1s-manifolds. Below
we recall certain results concerning this case basing on [3], then we give a more general
study and confirm the results with a class of concrete examples.

The 3-dimensional Cs-manifolds can be characterized by:

(3.1) (Vxe)Y = n(X)(w(@Y)E +n(Y)ew),

for any X and Y vector fields on M.
where w = f(ng)b = —V¢n and ¥ is the vector field given by

w(X) = g(X,¢) = —g(X, Vb)),

for all X vector field on M.
Moreover, from (3.1) it follow,

(3.2) dn=wAn,
dw =0,

Notice that V¢£ = —1 which implies that 1 is orthogonal to &.
The 3-dimensional Cf-manifolds is also characterized by

(3.3) dn=wAn d¢=0 and N, =0.

In [3], the authors studied the 3-dimensional unit C}o-manifold i.e. the case where
1 is a unit vector field. We will deal here with the general case, i.e. 1 is not
necessarily unitary. For that, taking V = e™P1 where e? = |¢|, we get immediately
that {£,V, ¢V} is an orthonormal frame. We refer to this basis as Fundamental basis.
Using this frame, one can get the following:

Proposition 3.1. For any Cio-manifold, for all vector field X on M we have
1) Vx€&=—efn(X)V
2) VeV =el¢
3) VvV =pV(p)pV
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4) VepV =0
5) VvV = —pV(p)V.
Proof. For the first, using (3.1) for Y = £ we get
(Vxe)§ = n(X)ey

= (X)eV,
knowing that (Vx)Y = VxpY — pVxY and applying ¢ we obtain
Vxé = e n(X)p*V
—en(X)V.

For the second, we have

2dw(&,X) =0 g(Ve, X) = g(Vx,€)
—g(¢7VX£)
€2p77(X>7

which gives V¢1p = €?°¢ and then
VeV = Ve(e ™)
= PV +ere
On the other hand, we have

o) = e ee)

1
= 58_2p§(9(¢7¢)>
- e_2pg(vf¢a ¢) = 07
then,
VeV =elE.
For VvV, we have
2dw(ih, X) =0 g(Vyh, X) = g(Vxib,0)
1
= 3Xg(¥.¥)
= e2pg(gradp7 X)7

i.e. Vyt = e*gradp which gives ViV = gradp — V(p)V.
Also, we have

E(P)E+V(p)V +¢oV(p)pV
= V(p)V +eV(p)pV,

gradp

then,
VyV =V (p)pV.

G. Beldjilali

For the rest, just use the formula Vx¢Y = (Vx¢)Y + ¢V xY noting that (Vy¢)X =

(vgoV(P)X = 0.

]
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It remains to count V, vV and Vv V. For that, we have the following result
Lemma 3.2. For any 3-dimensional C12-manifold, we have
1) VoyV = (—e? +divV)pV,
2) VoveV = (ef —divV)V.
Proof. Since {&,V, ¢V} is an orthonormal frame, we infer
VovV=al+bV +cpV,
Using Proposition 3.1, we have
a=g(VevV,§) = —g(V,Vov€) =0
and b = g(V,vV,V) = 0. To get ¢, we note that
dvV = g(VeVi) + g(VorthoV)
e+ 9(Vepth, ) & 9(Vev Vi oV) = —e” +divV,

and then,
VvV = (=€’ +divV)pV.

Applying ¢ with (3.1), we obtain
VvV = (e —divV)V.
|

According to the Proposition 3.1 and Lemma 3.2, the 3-dimensional C}2-manifold
is completely controllable. That is:

Corollary 3.3. For any Ci2-manifold, we have

Veé = —ePV, VeV =€, VepV =0,
Vvé =0, VvV =oV(p)pV, VvV = —oV(p)V,
Vov€=0, VoV = (= +divV)pV, V,veV = (e’ —divV)V.

To clarify these notions, we give the following class of examples:

Example 3.1. We denote the Cartesian coordinates in a 3-dimensional Euclidean
space M = R? by (z,y, 2) and define a symmetric tensor field g by

a?+p52 0 —-p
a

g=e 0 20 |,
—p 0 1
where f = f(yB) # const, f = f(x) and a = a(z,y) # 0 every where are functions on
R? with f' = 8—5. Further, we define an almost contact metric (¢, &,n) on R? by
0 -1 0 0
o= 1 0 0], ¢=ef[ 0], n=e(-501).
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The fundamental 1-form 7 and the 2-form ¢ have the forms,
= e/ (dz — Bdz) and ¢ = —20%e* da A dy,

and hence
dn = f'ef<6dx/\dy+dy/\dz> = f'dy A m,

d¢ = 0.

By a direct computation the non trivial components of N, ,S) " are given by

NP =8f, NF*=f#0.
But, Vi, j, k € {1,2,3}
(NLP);CJ = 07

implying that (¢, &, n) becomes integable non normal. We have w = f’dy i.e. dw =0
and knowing that w is the g-dual of ¢ i.e. w(X) = g(X, ), we have immediately that

S 2 O

(3.4) b=me g

Thus, (¢, &,%,n,w,g) is a 3-parameters family of Cjo structure on R3.
Notice that
f/2

Y1 = w(@) = g(¥,¥) =

implies V = Tfa% is a unit vector field, then

d -f 8 el 0 9]
S S _ - = - (= —_
{f—e 9z’ v=- a Oy oV = e (8m+56z)}

form an orthonormal basis. To verify result in formula (3.1), the components of the
Levi-Civita connection corresponding to g are given by:

Vee =Ly, v =Lele VeV =0,
Ve =0, VvV = ——fcwv VvV = —oVyV,
Vo€ =0, VvV = (f’a + )V, VvV =V 'V,

where o; = (‘997“ Then, one can easily check that for all 4,5 € {1,2,3}
(veﬁp)ej = veﬁpej - va&iej
= n(e) (wlpe)E +nles)p).

Through the rest of this paper (M, p, &, 19, n,w, g) always denotes a 3-dimensional
C1-manifold and {&,V, ¢V} it’s fundamental frame. v is a Frenet curve for which we
denotes the Frenet frame as usual {T' =4, N, B} and the Frenet equations are:

(35) V—y’y = K/N, V—YN = —Ii’.}/ + TB V,),B = —TN.

where k denotes the curvature and 7 the torsion.
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4 Slant curves in 3-dimensional Cs-manifolds

In this section, we investigate slant curves in three dimensional C'jo-manifolds. Firstly,
we find the curvature and torsion of a Legendre curve with respect to Levi-Civita
connection.

Theorem 4.1. If a Legendre curve v : I — M is not a geodesic, then it is a plane
curve (i.e. 7 =0) and its curvature is given by

le? — divV| if a=0 and b#0
k=1 leV(p)l if b=0 and a#0
15 —a@V(p) +b(e” —divV)| if (a,b) # (0,0),
where ¥ = aV + bV with a and b are functions on M.
Proof. Let v : I — M be a Legendre curve non- geodesic on M. Then we have
n(%)=0 - Y=aV +beV
g(v.7) =1 a?+b* =1,
where a = e Pw(¥) and b = —e Pw(y¢%). Then
Vi =Vsi(aV +b V)
= a4V +aVsV + bpV + bV4oV
=aV +a(aVyV +bVuy V) + bV + b (aVy eV +bV,yeV),
with the help of Corollary 3.3, we get
Vi = (a—abeV(p)+b*(e” —divV)) V
(4.1) + (b + a%oV (p) — ab(e” — divV)) pV.
Here we discuss three cases:

First case:
If a = 0 we get |b| =1 because ¢g(¥,7) = 1 and formula (4.1) becomes

Vi = (ef — divV) V,
then,
k= |Vs9| = |’ —divV].

Second case:
If b =0 we get |a| =1 and formula (4.1) becomes

Vid = eV(p)eV,
then,
K=oV (p)l.
Third case:

If (a,b) # (0,0) we know that a® 4+ b*> = 1 i.e. bb = —aa then, the equation (4.1)
becomes

. A
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where
A = (aa — a®b oV (p) + ab*(e” — divV)) .

Since «y is not geodesic then A\ # 0. Therefore

, A
k= 1V =151
Having (2.6), we get
1
[N
2 va'y
=€e(bV —apV),

where e = 29| € {—1,1}. Let’s compute VE,
VyEy = eV (bV —apV)
= e(BV — apV) + eb (aVyV + bV, V) — ea (aVy eV + bV, poV)
=€ (b +a? oV (p) — ab(e” — divV)) %
+ € (—a+ abpV (p) — b* (e’ — divV)) oV

AL
= —€—
ab’y
= 7/{;}/3
therefore
THs = V,VEQ—FH"Y: 0.
implies 7 = 0. |

Remark 4.1. A nice case appear when V =1 i.e. p = 0. In this case we get

|1 — dive)] if a=0 and b#0
k=4 0 if b=0 and a#0
‘% + b<1 - d1V¢)| Zf (@, b) # (07 0)
Corollary 4.2. Taking into account the fundamental basis {£,V, oV} along v with

Corollary 3.8, one notices two particular cases:
1)IfE,=4=V, By = ¢V and E3 = ¢ then

2)IfE; =4 =9V, Ey =V and E5 = £ then
n(¥) =0, k= lef —divV] and T=0.
Notice that for Fy =4 =¢&, E5 =V and E3 = oV we obtain

n(y) =1, Kk =e and 7 =0.
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This last case confirms two things. Firstly, the 4 can be pointwise collinear with &£
and + is not geodesic. Secondly, v is a slant curve with § = 0. So, we will examine
these two conclusions in what follows:

We know that a Frenet curve v : I — M in a normal almost contact metric
manifold is said to be slant if its tangent vector field makes constant contact angle 6
with &, i.e., n(¥) = cosf is constant along 7. Of course, this does not mean that + is
collinear with &, otherwise we have

Viy = cos29V§§ =0,

then v becomes geodesic. This last reason is not available in Cj2-manifolds (V¢€ =
—1) # 0) then we can ask about the nature of the curve v in three dimensional
Ci2-manifolds with 4 = cosf¢. To give the first step in this direction at least for a
3-dimensional Cio-manifold, let us assume 4 = cosf £. Using (3.3), we get

Viy = cos?6 Vel = —ePcos?0 V,

then,
Kk = |V44| = efcos?.

On the other hand,
1

Ey=-Vyy=-V,
K
S0,
V4Ey = —cosfV ¢V = —efcosh &,
then,
TE3 = V4B + k7 = —e’cosf sin6¢,

which gives

T = e”sin?f|cos#)|.
Therefore, we give the following proposition

Proposition 4.3. Let v : I — M be a non-geodesic Frenet curve such that v is
pointwise collinear with &, that is ¥ = c€ with ¢ = constant. Then, its curvature and
torsion are given by

(4.2) K = e’cos?f and 7 = ePsin?f|cosh)|.

Here, we report a nice remark. We compute the ratio between the two curvatures
x and 7, we find

T

K |cosd]

If 7 = k we obtain |cosf| = —¢* where ¢ =1 — ¢* = 1+T‘/5 is the Golden ratio.

— |cosd)|.

Proposition 4.4. The Frenet curve v : I — M 1is a slant curve if and only if, along
v the following relation holds:
__cost

n) = (i),

and a necessary condition for v to be slant is:

|cosf| <

lw(H)I°



22 G. Beldjilali

Proof. Let v be a slant curve on M, That is

(4.3) n(y) =9(3,§) = cosé  and  g(¥,9) = L.
Let us take the covariant derivative in the relation (4.3) along ~:
0 = 9(Ts48) +9(746,7)
= g(rN,&) = n()w(),
then,
a(N) = L),

The expression of ¢ in the Frenet frame is
£ = n(MT +n(N)N +n(B)B
0
= cosfd T + g(,u("y)N +n(B)B,
K

and since £ is an unitary vector field we get that

20
1 = cos?0 + C(::SQ w(¥)? +n(B)?,

and then 7(B)? < 0 implies

K2 K2

W) " Wi

cos?l <

because k strictly positive. Which yields the condition. O

In the following, we suppose that « : I — M is non-geodesic i.e. k > 0 and let
7(¥) = o where o € C*°(M) such that |o| < 1. Then, we consider an orthonormal
frame field in TM along

_ __ ¥ _£-03
B e Y )

Immediately, one can get

(44) g&El = \/170’2E2, ¢E2:7V170—2E1 +O'E3, QOE3:7(TE2.

Since X = Zle g(X, E;)E;, the decompositions of ¢ and ¢ with respect to this
frame are:

(45) €ZO'E1+ \/170’2E3,

w9h) o owli)

(4.6) Y =w(¥)E + m 2 — mE&
(4.7) o = —w(oh) By + —20)_p, o) g

Vv1—o02 2 Vv1—o2
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Let’s us compute the equations of motion for this orthonormal field of frame.

Ve Er = 9(Vsiy, E2)Ey 4+ g(Vy7Y, E3)Es

(4.8) = ﬁ(a@ + g(V+74, &) E3),

where a = g(V5%, ¢¥). Differentiating n(§) = o along v we get
9(V59,8) = 6 = g(Vs&,9),
with the help of Proposition 3.1, we get
9(V47,§) = 6 —ow(9),

replacing in (4.8) we obtain

1 . .
(4.9) Vi = s (aE2 + (6 aw(’y))Eg).
For Vg, Es, we have
Ve, B2 = g(Vg B, E1)EyL +g(VE, Ea, Es)Es
1 .
= —g(E2, Vg E1)E1 + ﬁg(vElE27£ —o¥)E;

= —g(Ey, Vg E)E;

1
==z~ 9(E2, Vs8) + 09(E, Vi, 1)) B,

using formulas (4.9) and (3.3), we get

— a .
(4.10) Vi By = By + 17— (a —w($7)) Bs.

1—o02 1
With the same reasoning for Vg, F3, we obtain
1 .
V1—o? G

comparing the formulas (4.9), (4.10) and (4.11) with (2.4) we get the following main
result

T (a—w(9))) Ex,

(4.11) Vg Es=—
1—0c

—ow(¥))Ey —

Theorem 4.5. Let v : I — M be a non-geodesic Frenet curve such that n(%) = o
where 0 € C*°(M) with |o| < 1. Then, 7 realizes the following hypotheses

where o = g(V479, ).

As a consequence of the above Theorem, we immediately obtain the following
result:
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Proposition 4.6. Let v be a curve in M realizing the assumptions of Theorem 4.5.
If v is a plane curve then, it is a Legendre curve or a slant curve with o = w(p?y).

Proposition 4.7. Let v : I — M be a non-geodesic Frenet curve such that n(y) = o
where o € C®°(M) with |o| < 1. If V = Ey then v is a slant curve.

Proof. The decompositions of 1) with respect to {FE1, Eq, E3} is

b= w(3) B + ﬁww)b& - L)
then
9] = 0 =~ (w(3)” + wlg)?),
implies

which gives

(4.12) 6% = 0?((1 — 0%)e* — w(p)?).

On the other hand, if V = F, that is oy = e V1 —02ie.
w(py) = e’V1 =02,

replacing in (4.12), we obtain & = 0 which completes the proof. (Il

The following corollary confirms the results of the above results.
Corollary 4.8. In a 3-dimensional C12-manifolds, we have
1) If 0 =0 then, v is a Legendre curve with

k= |af and T=0.

2) If o = cosf then, v is a slant curve with

« cost

and 7= —(a—w(py)).

K= |—
| sinf sin?6

3) If By =4 =¢, Ea =V and E3 = ¢V then, v is a slant curve with

a=e’\1—o02, Kk =e” and T=0.
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