On the flag curvature of a homogeneous Finsler space
with generalized m-Kropina metric
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Abstract. In this paper, first, we give an explicit formula for the flag
curvature of a homogeneous Finsler space with generalized m-Kropina
metric. Then, we show that, under a mild condition, the two definitions
of naturally reductive homogeneous Finsler space are equivalent for afore-
said metric. Finally, we study the flag curvature of naturally reductive
homogeneous Finsler spaces with generalized m-Kropina metric.
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1 Introduction

Finsler geometry is one of the important reasearch area in differential geometry which
has been developed very rapidly in recent years. One reason for this development is
its application in many areas of natural science such as biology and physics [1, 2].
Finsler geometry is just Riemannian geometry without quadratic restriction [5]. In
1972, M. Matsumoto [17] introduced the notion of (v, 8)-metrics in Finsler geometry.
Some important (¢, 8)-metrics are Randers metric, Matsumoto metric, Kropina met-
ric, generalized m-Kropina metric, square metric, etc. Many authors [18, 11, 8, 25, 26]
have studied various properties of (a, §)-metrics. Generalized m-Kropina metric be-
longs to the large class of («, 8)-metrics. Kropina metric and generalized m-Kropina
metric, both have a lot of applications in other branches of science such as physics,
irreversible thermodynamics, electron optics with a magnetic field, etc [14, 27]. An
(c, B)-metric on a connected smooth n-manifold M is a Finsler metric which can be
written in the form 5

F=ag(s) s=",

where o 1= a(z,y) = \/a;;(z)y’y is a Riemannian metric and § := B(y) = b;(z)y* is
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1
a 1-form on M. In particular, if ¢(s) = —(m # 0, —1), then the Finsler metric
s

is called generalized m-Kropina metric.

Flag curvature is the most important quantity in Finsler geometry because it is a
generalization of the sectional curvature of Riemannian metric. In general, the com-
putation of the flag curvature of a Finsler metric is difficult, therefore it is very
important to find an explicit and applicable formula for the flag curvature. Many
authors [13, 12, 20, 19, 24] have worked in this area.

The notion of naturally reductive Riemannian metric was first introduced by Kobayashi
and Namizu [15]. The naturally reductive spaces have been investigated by several
authors as a natural generalization of Riemannian symmetric spaces. In literature,
there are two versions of the definition of naturally reductive spaces. The first defini-
tion was given by Deng and Hou [10]. In this definition, authors have supposed that
the metric should be Berwaldian. The second one was given by Latifi [16]. Deng and
Hou, in [8] have proved that if a homogeneous Finsler space is naturally reductive by
Latifi’s definition, then it must be naturally reductive by Deng and Hou’s definition
and Berwaldian. Parhizkar and Moghaddam [22] prove that both the definitions of
naturally reductive homogeneous Finsler spaces are equivalent under the considera-
tion of a mild condition.

This paper is organized as follows:

Section 2 includes basic information on homogeneous Finsler spaces needed in this
paper. In section 3, we obtain the formula for flag curvature of a homogeneous
Finsler space with generalized Kropina metric under certain conditions. In section 4,
we show that, under a mild condition, two definitions of naturally reductive homoge-
neous Finsler space are equivalent for aforesaid metric. Finally, in section 5, we derive
an explicit formula for flag curvature of a naturally reductive homogeneous Finsler
space with generalized m-Kropina metric.

2 Preliminaries

In this section, we give some basic definitions and results of Finsler spaces and natu-
rally reductive homogeneous spaces. We refer [3, 6, 7] for notations and symbols.

Definition 2.1. Let V be a real vector space of dimension n. A smooth function
F:V —[0,00) is called a Minkowski norm if

(i) F(\y) = AF(y) Y A >0, y € V\ {0}, i.e., F' is positively homogeneous.
(ii) For each fixed y € V' \ {0}, the bilinear function g, : V. x V' — R defined by

82
== F? t
gY (U’? U) 2 8Sat (y + su + U) s—=t—0

is positive-definite at every point of V'\ {0}.
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Minkoswki space is a linear vector space V equipped with a Minkowski norm F,
denoted by (V, F). _
For any basis {u1, ua,...,un} of V and y = y*u; € V, the Minkowski norm F can be

1
written as F(y) = F(y',y?, ...,y™) and the Hessian matrix is (g;;) = [QFQ} .
yiyl

Definition 2.2. A Finsler metric on a smooth manifold M is a real valued function
F:TM — [0,00) such that

(i) F' is smooth on the slit tangent bundle T'M \ {0}.
(ii) The restriction of F' to each tangent space T, M, x € M, is a Minkowski norm.

Definition 2.3. A Finsler space (M, F') is called a Berwald space if Chern connection
of (M, F) is a linear connection on T'M. Equivalently, if each of the Chern connection
coeflicient F;k, in natural standard coordinate system, have no y dependence, then
Finsler space (M, F') becomes a Berwald space.

Definition 2.4. Let (M, F') be a Finsler space. The flag curvature K = K(P,Y) is
a function of tangent planes P = span{Y,U} C T, M and directions Y € T,,M \ {0}.
The pair (P,Y) is called a flag and Y is called the flag pole. The flag curvature is
defined by

9y (U, R(U,Y)Y)
9y (K Y)gy (U’ U) - 912/ (K U) '

(2.1) K(PY)=

If F is Riemannian, K = K(P) is independent of Y € P\ {0} and is called the
sectional curvature in Riemannian geometry. If K = K(z,Y) is a scalar function
on the slit tangent bundle TM \ {0}, then Finsler metric F' is said to be of scalar
curvature.

Lemma 2.1. Let F = ag¢(s); s = é, where « is a Riemannian metric, § is a 1-form
Q

with ||Blla < bo and ¢ is a smooth function on an open interval (—bg,by). Then F is
Finsler metric if and only if ¢ satisfies the following condition :

B(s) >0, ¢(s) —s¢'(5) + (b* — %)@ (s) >0V |s| < b < by.

Definition 2.5. Let G be a smooth manifold with structure of an abstract group. If
the map ¢ : G x G — G, defined by (g1, 92) = glggl is smooth, then G is called a
Lie group.

If G is a Lie group and M, a smooth manifold, then smooth action of G on M
is a smooth map ¢ : G x M — M satisfying ¢(g2, ©(g91,2)) = ©(g291,2) Y g1,92 €
G, r€ M.

If a Lie group acts smoothly on a smooth manifold M, then G is called a Lie trans-
formation group of M.

Definition 2.6. A Finsler space (M, F') is called homogeneous if the group (M, F') of
isometries acts transitively on M. It can be naturally identified with the homogeneous
space G/H, where H is the isotropy group at p € M.
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Definition 2.7. [15] Let G/H be a homogeneous space with an invariant Riemannian
metric g and g and h are the Lie algebras of G and H respectively. Then G/H is
called naturally reductive if there exists an Ad(H )-invariant decomposition g = h+m
such that

(X, Y)m Z) + (X,[Y, ZJm) =0V X,Y, Z € m,

where m is subspace of g such that Ad(h)m C m Vh € H and ( , ) is bilinear form on
m induced by ¢ and [, ] is projection of [, ] to m.

Definition 2.8. [10] A homogeneous Finsler space G/H with an invariant Finsler
metric F' is said to be naturally reductive if there exists an invariant Riemannian
metric g on G/H such that (G/H, §) is naturally reductive and the Chern connection
of F' coincides with the Levi-Civita connection of g.

Definition 2.9. [16] A homogeneous space G/H with an invariant Finsler metric is
called naturally reductive if there exists an Ad(H )-invariant decomposition g = h+m
such that

9y ([‘Ta u]mv ’U) + 9y (:177 [ua ’U]m) + 20@;([55» y]m’ u, ’U) =0,
where y(# 0),z,u,v € m.

Lemma 2.2. [16] Let G/H be a naturally reductive homogeneous space with an
Ad(H)-invariant decomposition g = b+ m and a G-invariant indefinite Riemannian
metric g. Then the curvature tensor R of the Riemannian connection satisfies

R(X,Y)Y = i[y, (X, Y]w] + [V [X, Y]] V X,Y em.

3 Flag curvature of a homogeneous Finsler spaces

In this section, we derive an explicit formula for the flag curvature of a homogeneous
Finsler space with generalized m-Kropina metric. For this purpose, we use Puttann’s
[23] formula for curvature tensor of invariant metric ( , ) on compact homogeneous
space.

Let G be a compact Lie group, H be a closed subgroup of G with Lie algebras g and
b respectively and g be a bi-invariant Riemannian metric on G. The tangent space of
the homogeneous space is given by orthogonal complement m of § in g. Each invariant
metric g on G/H is determined by its restriction to m. Ad(H)-invariant inner product
on m can be extended to an Ad(H)-invariant inner product on g by taking go for the
components of m. In this way, the metric on G/H determines a unique left invariant
metric g on G. Also, at the identity e of G, the value of gy and § are inner products
on g, we denote them by ((, )) and (, ) respectively. Moreover, ( , ) determines a
positive definite endomorphism ¢ of g such that (X, Z) = ((p(X),Z2)) V X, Z € g.
Pittann’s formula for curvature tensor of invariant metric (, ) on compact homoge-
neous space G/H is given by

(ROX,Y)Z,W) = S{ (B4 Y), 12,W) + (X, Y], B-(Z, W) }
+ 1{<[)(7 W]? [Y7 Z]m> - <[X7 Z]’ [Yv W]m> - 2<[X’ Y]v [Zv W]m>}

4
+((B(X, W), 97" BL(Y, Z))) — ((B4(X, Z),¢™ ' B+(Y, W),
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where

B(X,¥) = 3 (IX o¥] + [V, X)),

and
B(X,Y) = 5 ([6X, Y]+ [X, 7))

are the bilinear symmetric and skew-symmetric maps respectively.

Theorem 3.1. Let H be closed subgroup of compact Lie group G with g and b, Lie
algebras of G and H respectively. Further, let go be a bi-invariant metric on Lie group
G, § be invariant Riemannian metric on homogeneous space G/H and X, an invariant

vector field on G/H, which is parallel with respect to § such that \/§(X,X) < 1 and
m+1

Xy=X. Let F=2

G and X. Let (P,Y) be a flag in Ty (G/H) such that {U,Y} is an orthonormal basis
of P with respect to (, ). Then the flag curvature of the flag (P,Y) in Ty (G/H) is
given by

(m # 0,—1) be a generalized m-Kropina metric arising by

(X,Y)>™ [(m +1)(X,Y)*(U,R(U,Y)Y)
+m(2m + 1)(X, U)X, R(U,Y)Y)]

(3:1) KB Y) = (m+ 1) [m(X,U)2 + (X, Y)Qj ’
where
(3.2)
(RO Y) = =5 (U Y]+ 0.V LIV XD + (UYL oY, X] + Y2 X))
— VUL Xw) = 50 9 X] + X, 0UL o7 (s oY)
+ {0, 9¥] + 1Y, 0UL o™ (¥, 0 X] + [X, 9¥]),
and
(U, RU,Y)Y) = 5 (([oU, Y]+ [U,¢Y], [Y,U)))
(33) + HVULIY, Ul + (0 9U], o7 ([¥: Y1)

N SR T

(U, Y] + [V, U], o ' ([Y, U] + [U, oY])).

Proof. Since X is parallel with respect to §, 3 is parallel with respect to §.
Therefore, the Chern connection of F' coincide with the Levi-Civita connection of g.
Thus the Finsler metric F' and the Riemannian metric g have same curvature tensor
and we denote it by R. Therefore, we have
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By using the definition of g, (U, V'), after some computations, we get
(3.4)

m—1
0, (U, V) = )

(Y, UNX, V) = 2m(m + (X, YWY, Y WX, UMY, V) + (m + 1)(X,Y)?

(Y, YU, V) +m(2m + 1){Y, Y2 (X, U)X, V).

2m(m + 1)(X, V)2 (U, Y)Y, V) = 2m(m + 1)(X,Y)(Y,Y)

As {U,Y} is an orthonormal basis for P with respect to (, ), the equation (3.4) can
be written as:

(3.5)

9, (UV) = [(m+ D)X Y)2(UV) = 2m(m + 1)(X, Y) (X, U)Y, V)

1
(X,Y)2m+2
+m(2m + 1)(X, U)X, V>} :

Therefore,

1
(X,Y)2m+2
(3.6) —2m(m+ 1)(X, Y )X, U)(Y, R(U,Y)Y)

+m(2m + 1)(X, U)X, R(U,Y)Y)].

9, (U, R(U,Y)Y) = {(m F1)(X,Y)2(U, R(U,Y)Y)

From equation (3.5), we get following three equations:

gY(KY) = ma
_ mXU)
9, (UY) = _Wa
and 1
9 (U.0) = v [(m FINX, V)2 4 m(2m + 1)(X, U>2].

From above three equations, we get

(m+1)

(3.7) 9, (Y,Y)g, (U, U) — 93(U7 V)= W

m(X,UY? + (X, Y)?]
Finally, using equations (3.2), (3.3), (3.6) and (3.7) in equation (2.1), we get the
required proof. O
4 Naturally reductive homogeneous Finsler space
In this section, we prove that if a homogeneous Finsler space with generalized m-

Kropina metric is naturally reductive in the sense of Latifi, under a mild condition,
then it is naturally reductive in the sense of Deng and Hou and vice-versa.
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Theorem 4.1. Let G be a compact Lie group and H be its closed subgroup with Lie
algebras g and b respectively. Also, let (G/H, F) be a homogeneous Finsler space of
Berwald type with an invariant Riemannian metric ( , ) and an invariant vector field
X such that X(H) = X. Then (G/H,F) is naturally reductive if and only if the
Riemannian space (G/H,( , )) is naturally reductive.

Proof. Let Y(#0), Z € m. From equation (3.4), we have

g0 (Y, 1Y, Z]) = W [2m(m + 1)(X, Y)2(0, V) (V.[¥. Z]u) — 2m(m + 1)
(X Y)Y Y )X, [Y, Zn) — 2m(m -+ 1)(X, V)2V, Y) (V5 Y, Z])

+(m A+ DX Y)Y Y Y[V, Z]w) +m(2m + 1){Y,Y)*(X,Y)

(X, 1Y, Zlw)],
(1)
o (V. [Y. Zln) = T [0+ DOCYHY. [V, Z) = m{Y. V)X Y. Z])

Since Chern connection of (G/H, F') coincide with the Levi-Civita connection of
(G/H,(, )). From equation (4.1), we get

(4.2) (X,]Y, Z]w) =0 Y Z € m.
Now, suppose (G/H, F) is naturally reductive, then we have

9y ([Z,Ulm,; V) + 9y ((Z, V], U) + 2Cy ([Z,Y ], U,V) =0V Y #0,Z,U,V € m.
Therefore, we can write

gy (Y, UL, V) 4 95 ([Y, V], U) + 20y ([Y, Y], U, V) =0V Y £ 0,

(4.3) 9y ([Y: Ulm, V) + 9y ([Y; V]m, U) = 0,
(4.4) 9y ([Y, Z]m,Y) = 0.

Using equations (4.2), (4.4) in (4.1), we get
(4.5) ([Y, Z]m,Y) = 0.

Also, from the equation (3.4), we can write

m—1
9y (Y. U, V) = g’;;%” 2m(m + 1)(X, Y)2(Y, V)Y, Ulw, Y)
(4.6) —=2m(m + D)X, Y)Y, Y)Y, [V, Uln)(X, V) — 2m(m + 1)

(X, Y)Y V)X, [V, Uln) (Y, V) + (m + D)X, )XY, Y)
([, Ulw, V) + m(2m + 1)V, Y)2(X, V)X, [V, Ul)]
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Using equations (4.6), (4.2) and (4.4), we get

(m+ 1Y, Y)™

([Y,Ulw, V).

Similary, we get
(m+ 1)y, Y)™
(X, Y)2m

From equations (4.3), (4.7) and (4.8), we have
([Y,Ulw, V) +([Y, Vm, U) = 0.

Hence (G/H,{ , )) is naturally reductive.
Conversely, let (G/H,( , )) be naturally reductive. From equations (3.4) and (4.2),
we can write

(4.8) 9y ([Y,V]m, U) = (Y, V], U).

(4.9)
o (2.0l V) = {5 oz (2l D2 Ul V) (X Y)YV) = 2o 1)

(X, V)Y + (m+ D)X Y)Y Y2, U, V)]

Similary, we have

IS et (2. VI V) (2mm + DX Y)Y, 0)

— (X, U)Y,Y)) + (m+ DX V)V YN(Z,V]m, U)].

Also, Cartan tensor is given by

1d

Cy(Z.UV) = 5= [gv+0(2.0)]

t=0

After some calculation, we get

2m(m + 1){Y,Y)m~1
XY}

(4.11) — (X, Y )X, U\, Y>) + (2, Y]m,U>(<X, V)XY, V)

20y ([Z,Y]m, U, V) =

[((2.Y]m, V) (X 1)2(V.0)

— (X V)X, V).
Adding equations (4.9), (4.10) and (4.11), we get
9y ({[Z, U, V) + 9, ({[Z, V], U) + 20y ([Z, Y], U, V)

(v, y)m—!
(X,Y)2m+2

(m+ )XYV, Y) (2, VI, U) + (12, UL, V)
+ 2m(m + (X, V) (X, YV, U0) = (V.Y )X, 0)) (2, Y I, V) + (2, V], Y))

+ 2m(m -+ DX, Y) (Y)Y V) = YY) (2. I U) + (2.0]m, 1)) |.
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As (G/H,{, )) is naturally reductive, we get
9y ([Z, U], V) + 9, ([Z,V]m,U) +2Cy ([Z,Y ], U, V) = 0.

Hence (G/H, F) is naturally reductive. O

5 Flag curvature of a naturally reductive
homogeneous Finsler space with generalized m-
Kropina metric

In this section, we derive an explicit formula for the flag curvature of a naturally
reductive homogeneous Finsler space with generalized m-Kropina metric in the sense
of Deng and Hou.

Theorem 5.1. Let (G/H,F) be a naturally reductive homogeneous Finsler space
m+1

Bm )
Riemannian metric § and an invariant vector field X which is parallel with respect
to § such that X; = X and \/§(X,X) < 1. Assume that {U,Y} is orthonormal

basis for P with respect to { , ), where (P,Y) is a flag on Ty(G/H). Then the flag
curvature on the flag (P,Y) is given by

with generalized m-Kropina metric F =

(m # 0,-1), defined by an invariant

(5.1)
<X:YFW[0n+1x >(<U{ U], >—+<a[ymv&@d>)

m(2m + 1)(X ( X, [y >+<X, [Y,[U,Y}h>)]

K(PY) = 4(m + 1) [m<X7 U)? +(X,Y)?]

Proof. Since (G/H,F) is naturally reductive homogeneous Finsler space, by
Lemma 2.2, we have

wajhh+DﬂaﬂdVMY€m

(5.2) R(U.Y)Y = 7

From equations (3.1) and (5.2), we get

ey fim e+ 006r (U4 0 Il + 070
1
+m(2m—|—1 X - ]m]m+ [Xv [UaY]h]>
KiRY) = (m+1) [<m X,?J> 21 (X,Y)?] )} :

After simplification, we get equation (5.1). |



Flag curvature of a homogeneous generalized Kropina metric 75

Theorem 5.2. Let (G/H,F) be a naturally reductive homogeneous Finsler space
m—+1

with generalized m-Kropina metric F' = (m # 0,-1), defined by an invariant

Bm
Riemannian metric § and an invariant vector field X on G such that H = {e} and
Chern connection of F coincides with the Riemannian connection of §. Let (P,Y") be
a flag on T.(G) such that {U,Y} be an orthonormal basis of P with respect to { , ).
Then flag curvature is given by
(5.3)

K(PY) =

(X, Y)*™[(m + 1)(X, Y)*(U, [, [U, Y]]) + m(2m + 1)(X, U)(X, [Y, [U, Y]})]
4(m 4+ 1)[m(X,U)2 + (X,Y)?] '

Proof. Since ( , ) is bi-invariant, we have

RU,Y)Y = L[v,[,¥]] = RU, Y)Y = —i (,v),v].

| =

Substituting above value in equation (3.1), we get

(XYY DX Y)XU, 1Y [0 Y] + m@m o+ 006 U)X, 110, Y])]
K(PY) = .
(m+1)[m(X,U)? + (X,Y)?]
After simplification, we get equation (5.3). O
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