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EXISTENCE RESULTS FOR GENERALIZED EXPONENTIAL
VECTOR VARIATIONAL-LIKE INEQUALITIES IN FUZZY
ENVIRONMENT

MOHAMMAD FARID, SYED SHAKAIB IRFAN, IQBAL AHMAD AND PREETI SHUKLA

ABSTRACT. In this paper, we study a generalized exponential fuzzy vector
variational-like inequalities in Euclidean spaces. We construct an example to
illustrate the main problem. We define a new class of ag-relaxed exponentially
(7, m)-monotone mapping in fuzzy environment. We prove the existence of so-
lutions to generalized exponential vector variational-like inequality with fuzzy
mappings by using KKM-technique. Further, we give some consequences of
the main result. The results presented in this paper unifies and extends some
known results in this area.

1. INTRODUCTION

The theory of variational inequality has been introduced by Kinderlehrer and
Stampacchia [16]. Variational inequality theory has appeared as an effective and
powerful tools to study and investigate a wide class of problems arising in pure and
applied sciences including elasticity, optimization, transportation and structural
analysis, see for example [2] [O] [T6] 23] 26].

Wu and Huang defined the concepts of relaxed n — o pseudomonotone mappings
to study vector variational-like inequality problem in Banach spaces. The general-
ized variational-like inequalities with generalized a-monotone multifunctions study
by Ceng et al. [B] [see for instance, [I1} 19, 22]]. In 2004, Antczak [I] introduced
the class of exponential (p,r)-invex functions for differentiable case [see for more
details, [I3] 21]]. The exponential and logarithmic functions are very important in
mathematical modeling of various real-life problems, for example, in mathematical
modeling of growth and decline of populations, digital circuit optimization in the
field of electrical engineering. Very recently, Jayswal et al. [I5] introduced expo-
nential type vector variational-like inequality problems with exponential invexities.

2010 Mathematics Subject Classification. 47THO05, 47H09, 47J20, 47J05, 49J40.

Key words and phrases. Generalized exponential vector variational-like inequality; Euclidean
space; ag-relaxed exponentially (v, n)-monotone mapping; Affine mapping; Fuzzy upper and lower
semicontinuous; set valued mapping.

(©2020 Universiteti i Prishtinés, Prishtingé, Kosové.

Submitted May 29, 2019. Published February 10, 2020.

Communicated by Nawab Hussain.

The first three authors are gratefully to Deanship of Scientific Research, Qassim Univer-
sity, Saudi Arabia for technical and financial of the research project 3626-qec-2018-1-14-s, 1439
AH/2018 AD..

12



GENERALIZED EXPONENTIAL VECTOR VARIATIONAL-LIKE INEQUALITIES 13

In 1965, Zadeh [27] introduced the concepts of fuzzy sets. The fuzzy set theory
has much application in various branches of engineering and mathematical sciences
including artificial intelligence, control engineering, computer science, management
science etc., see [28]. The concept of variational inequalities for fuzzy mappings
was introduced by Chang [6] et al. in 1989 and study the existence theorems.
Recently several kinds of variational inequalities and complementarity problems
for fuzzy mappings were studied [see for instance [I7, 20, &]]. Recently, Chang
[7] et al. introduced and studied a new class of generalized vector variational-like
inequalities in fuzzy environment and generalized vector variational inequalities in
fuzzy environment.

Motivated by the work of Antczak [I], Irfan et al. [14], Jayswal et al. [I5],
Chang et al. [7], Ho et al. [I3] and by the ongoing research in this direction, we
introduce a more general problem generalized exponential type vector variational-
like inequality problem with fuzzy mapping (in short, GEVVLIPFM) in Euclidean
spaces and define a new kind of o -relaxed exponentially (v, n)-monotone mapping.
We prove the existence results of GEVVLIPFM by KKM-technique and Nadler
results. The results presented in this paper extend and generalize many previously
known results in this research area.

2. PRELIMINARIES

Let Z be a nonempty set. We recall that a fuzzy set B in Z is characterized by
a function pup : Z — [0,1], called membership function of B, ” which associates
with each point u € Z a real number in the interval [0, 1], with the value of ug
at u representing the grade of membership of uw in B”. Clearly, any crisp subset
B of Z is fuzzy set if ug(u) = 1, when v € B and pp(u) = 0 otherwise. Let X
be a nonempty subset of a vector space V and D be a nonempty set. A mapping
F: D — §(X), where §(X) be the collection of all fuzzy sets of X is called a fuzzy
mapping, and F(u), u € D is a fuzzy set in F(X), denoted by F, and F,(v), v € X
is the grade of membership of v in F),, see for details [27].

Let B € §(X) and « € [0,1], then the set
By={ue X :B(u) > a}

is called an a-cut set of B.
In the sequel, we assume that F; and F, as Euclidean space of dimensions
m and n, K and C be nonempty subsets of F; and E5 respectively.

Let K be a nonempty subset of F1. Then, K is said to be
(i) cone if \AK C K, V A > 0;
(ii) convex cone if K + K C K;
(iii) pointed cone if K is cone and K ({—K} = {0};
(iv) proper cone if K # FEjs.
Let K : C — 272 be a closed pointed convex cone valued mapping with int K (u) #
() with apex at origin, where int K (u) be a set of interior points of K (u). Then,
K (u) induces a partial ordering in Ey as:
(i) v <) w e w—ve K(u);
(i) v £x@ we w—v ¢ K(u);
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(iii) v <intk(u) w € w —v € intK (u);
(iv) v Lintk(u) W < w — v ¢ Int K (u).

Let (Es, K) be an ordered space with the ordering of Es defined by a set K (u)
and ordering relation ” <y, " is a partial order. Then
(i) v €x@ wev+sLz+s, forany u,v,w,s € E;
(ii) v £x(w) w e v £ Aw, for any A > 0.

In this paper, we introduce and study the following generalized exponential type
vector variational-like inequality problem with fuzzy mapping (in short, GEVVLIPFM).
Let C C E; be a nonempty subset of an Euclidean space R™ and (Eq, K) be an
ordered Euclidean space induces by a closed convex pointed cone K whose apex
at origin. Let K : C — 2F2 be a closed convex pointed cone valued mapping with
intK (z) # 0. Let v be a nonzero real number, n: C x C — Ey, g: C = C, F :
CxC— FEy and N : S"(L(El, EQ)) X S(L(El,EQ)) X g(L(El,Eg)) — S(L(El,EQ))
be the mappings, where L(E, E2) be the space of all continuous linear mappings
from Ej to Ey and A, As, As : C — §F(L(E1, E3)) be the fuzzy mappings and
ar : By — [0,1), a2 : E1 — [0,1], a3 : By — [0,1] be functions. Then the
GEVVLIPFM is to find up € C and Z € A;(ug) = (A1(u0))a; (ug)> ¥ € As(ug) =
(AZ(UO))aQ(uO)a z e AS(UO) = (Ag(’do))as(ug) such that

1
(N(z,9,2), 5(6”’(”79(“0” — 1)) + F(g(uo), v) Lintsc(uo) 0, Vv € C, (2.1)

where Ay, Ay, Ay : C' — 2L(F1.E2) e set valued mappings.
The following example is provided to illustrate problem ([2.1)

Example 2.1. Let By = E; =R, C = [0,+0), K(ug) = [0,00), Yug € C. Define
Al, AQ, A3 :C — QS(L(EI’Ez)) = 2R by

if ug € [0, 1],
if ug € (1,+00),

)

1
1+ (x—1)2"
/LAl(uo)(x) = { = 11)
1+ug(z—2)2"
if Ug € [0, ].L

1
_ e
:qu(uo)(y) { if ug € (17+OO)7

1
14ug(y—2)2°

L if ug € [0, 1],

— ) HGE-D
Sy (2) =
ﬂAa(uo)( ) {1-&-uo(1z—2)2’ if ug € (L"’OO)’

and ay : C = [0,1], az : C = [0,1], a3 : C — [0,1] as

l .
ar(u) = { 77, T € 01
m, lf () € (1,‘1’00),

Loif ug €10,1],
QQ(Uo)_{2 0 [ ]

ﬁ, if Ug € (17+OO),

a5 () 3, if ug € [0,1],
3(ug) = .
ﬁ, if wp € (1, +00),
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For ug € [0,1]
Ay (o) = (A1(10))ay (uo)
AQ(UO) = (AQ(UO))az(uo)
AB(UO) = (A3(u0))a3(uo)

and for any ug € (1,+00), we have

Al(uo) = (Al(uo))m(uo)
Az (ug) = (A2(10)) as (uo)
Ag(uo) = (AS(HO))aa(uo)

n:C xC — E; = R such that
n(u, v)

g:C — C such that

—_

{zeR: :U'A1(u0)(x) > 5}

rrE A

e R: pa,w)(y) > 5}

1 1
m > 5}: [072]

1
{z€ R payu(2) 2 5}

1 1
m > 5} = [0,2],

={zeR:

={yeR:

={z€eR:

1
o€ R piay (@) = 1)
1 1
>
T+ug(z—2)2 = 1+

={z€eR:(z- )2<1}:[173]
)2 2+u }
1 1
1+ up(y —2)? 2+“0

={yeR:(y-2?°< } [1,3]
{ZGR ,uAs(uO)(z

={zreR: }

{y 6 R : /'[/Az(’u.(])(

={yeR:

:ln(%fanl), Vu,v € C,

g(u) = 5 Vu € C,
and F: C x C — E> = R such that
F(u,v):g—u, Yu,v € C.

Consider v = 1.
Consider the following two cases:

15
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Case 1. Ifug € [0,1], z € Ay (ug), y € As(ug) and z € As(ug) then

(¥, 2), 20000 1))+ Plg(un),o) = (2o +yo+ 2,6 1)
v _ U
2 2
= (2x+y+z+1)(g—%).
Thus,
(2l‘+y+z+1)(%—%) > 0

suy < w, YveC(l.

This shows that ug =0 is a folution of tlze GEVVLIPFM,
Case 2. Ifug € [0,1], x € A1(ug), y € As(ug) and z € As(ug) then

1 L
<N(x,y7z)’;(e’”7(v,g(uo)) - 1)> +F(g(u0)av) = <2x+y+z7eln(§—70) - 1>
v_Y%
2 2
- (2x+y+z+1)(g—%).
Thus,
(2x+y+z+1)(g—%) > 0

=u < v, YveC.

This shows that there is no solution for GEVVLIPFM(2.1)) in this case. Thus, from
the case 1, we find that GEVVLIPFM(2.1) has a solution and a solution set is {0}.

Let C' C E; be a nonempty closed convex subset of an Euclidean space E; = R™
and (F2, K) be an ordered space induces by the closed convex pointed cone K (u)
whose apex at origin with intK (u) # 0.

Lemma 2.1. [B] Let (E2, K) be an ordered space induced by the pointed closed
convez cone K with intK (u) # (0. Then, for any u,v,w € By, the following relation
hold:

(1) w Lintke © 2K v = W Lintk V5

(i) w Zintk <k v = W Fintk V-

Definition 2.1. A mapping F : E1 — Fy is a K(u)— convex on Ey if
F(ou+ (1= Xv) <g) AF(u) + (1 = XN)F(v), Yu,v € By, A€ [0,1].

Definition 2.2. A mapping F : C — Es is said to be completely continuous if for
any sequence {u,} € C, u, — ug weakly, then F(u,) — F(up).

Definition 2.3. Let E; and E5 be two topological vector spaces, A : By — 252 be
a set valued mapping and A= (v) = {u € Ey : v € A(u)}. Then,
(i) A is said to be upper semicontinuous if for each uw € E1 and each open set
V in Ey with A(u) C V., then there exists an open neighborhood U of u in
Ey such that A(ug) C V, for each ug € U.
(ii) A is said to be closed if for any set {un} — w in Ey and any net {v,} in
Ey such that v, — v and vy € A(uq), for any o, we have v € A(u).
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(iii) A is said to have a closed graph if the graph of A, Graph(A) = {(u,v) €
Ey X Ey,v € A(u)} is closed in By X FEs.

Definition 2.4. Let F : C — 2P be a set valued mapping. Then F is said to
be a KKM-mapping if for any {vi,va,...,v,} of C, we have co{vy,va,...,v5} C
U, F(v;), where co{vy,va, ...,v,} denotes the convex hull of vy, va, ..., vy,.

Lemma 2.2. [I0] Let C be a nonempty subset of a Hausdorff topological vector
space By and let F : C — 21 be a KKM-mapping. If F(v) is a closed in Ey for
all v € C and compact for some v € C, then (),cc F(v) # 0.

Lemma 2.3. [I§] Let E be a normed vector space and H be a Hausdorff metric on
the collection CB(E) of all closed and bounded subsets of E, induced by a metric d
in terms of d(u,v) = ||lu — v||, which is defined by

H(X,Y) = max{sup inf |lu — v|, sup inf |Ju —
(X,Y) mx{zggggyllu v\lazggulgxllu vll},

for XY € CB(E). If X and Y are compact subset in E, then for each u € X,
there exists v € Y such that |ju —v|| < H(X,Y).

Definition 2.5. Let C' be a nonempty closed convex subset of E, n: E1 X E1 — F;
be a mapping and N : F(L(E1, E2)) — F(L(E1, E2)) be a single valued mapping,
where L(Ey, E3) be the space of all continuous linear mapping from Ei to FEs.
Suppose that A : C — F(L(E1, E2)) be a fuzzy mapping with (A(u))a() # for all
u € C, where a : E; — [0,1] and A:C — 2LELE) pe g nonempty compact set
valued mapping defined by A(u) = (A(u))q(u), then
(i) N is said to be n-hemicontinuous, if
lim (N(u+t(v —u)),n(v,u)) = (Nu,n(v,u)), Yu,v € C.

t—0+
(ii) A is said to be H-hemicontinuous, if for any u,v € C, the mapping t —
H(A(u+t(v—u)), Au) is continuous at 0%, where H is a Hausdorff metric
defined on CB(L(E1, E2)).

Definition 2.6. A mapping f : R™ — R"™ is lipschitz continuous on D C R™ iff
there is an L € R such that

1f(w) = ()|l < Llju = vl Yu,v € D. (2.2)

Definition 2.7. A mapping F : E1 — E is said to be affine if for any u; € C and
Ai >0, (1<i<n)with) .\ =1, wehave F(} i Nu;) = >y NiF(w;).

Definition 2.8. Let E; be an Fuclidean space. A mapping F : F1 — R is a lower
semicontinuous at ug € By if F(ug) < liminf, F(uy), for any sequence {u,} C F;
such that {u,} converges to ug.

Definition 2.9. Let Ey be an Fuclidean space. A mapping F : E1 — R is a weakly
upper semicontinuous at ug € Ey if F(ug) > limsup,, F(u,), for any sequence
{un} C Eq such that {u,} converges to ug weakly.

Lemma 2.4. [3] Let S be a nonempty compact convez subset of a finite dimensional
space and T : S — S be a continuous mapping. Then there exists x € S such that
Tx ==x.

Definition 2.10. Let FEy and Es be two topological spaces and A : By — F(Es) be
a fuzzy mapping. A mapping A is said to have fuzzy set valued if A,(v) is upper
semi continuous on B X Eo as a ordinary real function.
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Lemma 2.5. [3] Let C be a closed subset of a topological space Ey, then charac-
teristic function xco of C' is an upper semi continuous real valued function.

Lemma 2.6. [3] Let C be a nonempty closed convexr subset of a real Hausdorff
topological vector space E1, K be a nonempty closed convex subset of a real Haus-
dorff topological vector space E2, and a : Ey — [0,1] be a lower semi continuous
function. Let A: C — §(K) be a fuzzy mapping with (A(u))qw) # for all u € Ey
and A : C — 2K be a multifunction defined by A(u) = (A(u))a(uy- If A is a closed
set valued mapping, then A is a closed multifunction.

Definition 2.11. A fuzzy mapping A : C — F(L(E1, E2)) is said to be og-relazed
exponentially (v,n)-monotone if for every pair of points u,v € C, we have

(Au — Aw, %(e”"(“’g(”)) — 1)) > () @g(u—v), (2.3)

where oy : By — Ey with ag(tu) = tay(u) for allt >0 and u € E1, where ¢ > 1
15 a real number.

Definition 2.12. Let N : F(L(E1, E2))xF(L(E1, E2))xF(L(FE1, F2)) — F(L(E1, E2))
be a single valued mappings and a : By — [0,1] be function. A fuzzy mapping
A C — F(L(E1, E2)) with compact valued is said to be ag-relazed exponentially
(v, m)-monotone with respect to first argument of N and g if for each pair of points
u,v,y,z € C, we have

1
(N(21,y,2) = N(x2,9,2), = (79 — 1)) >0y ag(u =), (2.4)
Y
Vay € (A(u))a), T2 € (A(V))a(v), where oy = By — Ey with ag(tu) = tlay(u) for
allt >0 and u € Ey, where ¢ > 1 is a real number.

Remark 2.1. Some special cases:

(i) If N(z,y,2z) = N(z,y) then by Definition we have for each pair of
points u,v,y € C,

1
(N(z1,y) — N(22,y), ;(67"("’9(”)) —1)) Zx(w) aglu—v), (2.5)

vV € (A(u))ay, T2 € (A(V))a(w), where ag @ E1 — By with ag(tu) =
tlaq(u) for allt >0 and u € Eq, where g > 1 is a real number.

(ii) If N(x,y,z) = N(x) then by Deﬁnitz’on we have for each pair of points
u,v € C,

(N (1) = N(xz), = (79 — 1)) > () ag(u =), (2.6)

2

Vor € (A(w))aw), 22 € (A(V))aw), where ay : By — Ey with ag(tu) =
t2aq(u) for allt >0 and u € Ey, where ¢ > 1 is a real number.

3. MAIN RESULT

Theorem 3.1. Let C be a nonempty closed convex bounded subset of a real Eu-
clidean space Fy and (Ea, K) an ordered Euclidean space induces by a pointed closed
convex cone K. Let K : C — 2F2 be a closed convex pointed cone valued mapping
with intK (u) # 0 and Ey \ (intK (u)) be an upper semicontinuous mapping. Let
g:C — C be a closed convex continuous single valued mapping andn : CxC — E;
be an affine in the first argument with n(u,u) =0 for allu € C. Let F : CxC — Es
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be a K(u)-convex in the second argument with the condition F(u,u) = 0 for all
u € C. Let N : §(L(E1, E2)) x §(L(E1, E2)) x §(L(E1, E2)) — F(L(E4, E2)) be
a Lipschitz continuous mapping with all arguments, Ay, Ay, Az : C — 2L(F1.B2)
be a nonempty upper semi continuous compact valued mappings induced by fuzzy
mappings Ai, Az, Az : C — F(L(Ey, E2)), that is Aj(u) = (A1(u))a, (), A2(u) =
(Ag(u))az(u), Ag(u) = (Ag(u))%(u) with a1 : Ey — [0,1], as : E; — [0,1],
as: By —[0,1]. If/[l, Ay, Ay are H-hemicontinuous and og-relazed exponentially
(v, m)-monotone with respect to first argument of N and g. Then the following two
statements (i) and (i) are equivalent:

(i) there ewist ug € C and T € Ay(up) = (A1(u0))as (uo)> U € As(ug) =

(A2(U0))a2(uo)a S AS(UO) = (A3(U0))a3(u0) such that

1
<N(Evgv 2)7 ;(e’yn(v,g(uo)) - 1)) + F(Q(”O)?”) ﬁintK(uo) Oa Vv € Ca
ii) there exists ug € C' such that
(i)

1
<N(fa §,E), ;(e'yn(v,g(uo)) - 1)> =+ F(g(UO),U) ﬁintK(uo) Oég(U - Uo), Vo € Cv

7€ A1(v) = (A1(1))ay (1), § € Aa(v) = (A2(V))ag(v), T € A3(v) = (A3(0))ay(v)-

Proof. Let the statement (i) is true that is there exist ug € C' and Z € A, (ug) =

(A1(u0))ay(ue)> ¥ € Ay(up) = (A2(u0))as(ue)> 2 € Az(ug) = (A3(10))ag(ue) Such
that

1
(N(z,7, %), ;(ewv’g(uo)) — 1)) + F(g(u0),v) Lintk(ug) 0, Yo € C. (3.1)

Since N is a,-relaxed exponentially (v,7)-monotone therefore Vv € C, 7 € A, (v) =
(Al(v))m(v)v §€ Ay(v) = (AQ('U))az(v)a te Az(v) = (AB(U))a3(v) we have
1
<N(F7 s, E) - N(jv Ys 2)7 5(6777(71,9(110)) - 1)> + F(g(u0)7 U)
2 K (uo) @9 (v = uo) + F(g(uo), v)
1
(N(F,5,1), (71 900) — 1)) + F(g(uo), v)
Y
1
> k) (N(Z,7, 2), 7(6777(v,g(uo)) -1))
Y
+ag(v —uo) + F(g(uo),v)
1
(N(r,5,1), ;(6”"(“’9(“0)) = 1)) + F(g(uo), v) — ag(v — uo)

1
EK(’U«) <N(£ag7 Z)v ;(e'yn(v,g(uo)) - 1)> + F(g(UO)vv) (32)

From (3.1)), (3.2)) and Lemma we have

1
<N(fa 5,{), ;(6777(”79(“0)) - 1)> + F(g(uo),v) fintK(uo) Otg(U - ’U,()), Vv € C7

7€ A1(v) = (A1(1))a, (v)s 5 € A2(v) = (A2(0))ay(v)s £ € A3(v) = (A3(0))ay(v)-
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Conversely, consider the statements (ii) is correct that is there exists ug € C' such
that

1
<N(’F7 S, E)a ;(e'yn(v,g(uo)) - 1)> + F(g(uO)a U) ﬁintK(uo) O[g(U - uO)a (33)

Yo € C, F e A(v) = (A1(V))a,(v)s 5 € Az(v) = (A2(V))asw), t € As(v) =
(A3(v))az w)-

Let v € C be an arbitrary element. Consider vy = Av + (1 — Aug, A € (0,1].
As C is convex, vy € C. Let vy € Ai(va) = (A1(V2))a1(vy), Sx € A2(vr) =

(A2(02))as(or)s tr € As(va) = (A3(V2))as(uy)s We get from (3.3)

1
(N 85, 60), 5(67"(”*’9(“0))*1)>+F(9(UO),UA) LintK (uo) Xg(VA—10) = tlag(v—ug).

(3.4)
Now,

_ 1
(N (73, $3,62), ;<e”"<”*’g<“°>> 1)) + F(g(uo),v)

= <N(T7A757>\7t;)7

L nOwt(1=N)uo,g(u0)) _
( 1))

5
+F(g(uo), Av + (1 = Nug)
= <N(T_)\78_)\7t_>\)7
1

Y
+AF(g(uo),v) + (1 — A)F(g(uo), uo)

-, 1
(N (73, $x, tr), —(A(e¥1(W:9(u0)) _q)
v

(eYMA@9(uo))+(1=A)n(uo,g(u0)) _ 1))

IN

K(ug)
(1= ) (D — 1)) 4+ AF(g(wo), v)
= M(N(72, $x.tr), %(ew(v,g(uo)) —1)
+F(g(uo), v)}- (3.5)
From 7 and Lemma we have

_ 1 _
<N(7T/\7 Sxs t)\)v ;(e’yn(wg(uo)) - 1)> + F(g(UO)a ’U) fintK(uo) e 10[9(’(} - u0)~ (36)

Since A1(v2) = (A1(02))ay(wr)s A2(02) = (A2(V2))as(03)s A3(02) = (A3(03))ag(0r)
are compact, therefore by Lemma for each fixed 75, € A1(vy) = (A1(vA))ay (vr)>
$x € Aa(vr) = (A2(02))ay(vs): Tr € A3(v2) = (A3(02))as(vy) there exists

€ A(v)) = (A1(03)) 0,0y Sh € A2(0)) = (A2(0)))gy 00 th € As(v)) =
(A3(U;\))a3(v;) such that

lrx —myll < H(A1(vx), A (uo)),
Isx = syl < H(Az(vy), Aa(up)),
ltx — ol < H(As(va), As(uo)) (3.7)
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Since Aj (ug), As(ug) and As(ug) are compact, therefore without loss of generality,
we may assume that

T\ — 10 € Ajug as A — 0T
Sx — Sg € Aoug as A — 0T
ty — tg € Asug as A — 0.
Also, Ay, Ay and As are H-hemicontinuous, thus it follows that
H(A;(v3), A1(uo)) =0 asA— 0"
H(A(vy), Az(ug)) — 0 as A — 0t
H(As(vy), A3(uo)) — 0 as A — 0T,
By , we get
lra = roll < llrx = rall+ liry = 7ol
< H(A1(vy), Ay(ro)) + |Iry — o]l — 0 as A — 0T,

l[sx —voll < llsx = sxll + sy — voll
< H(Ay(v)), As(v0)) + [|sy — voll = 0 as A — 07,
and
[t —toll < lta = t5ll + [It5 — toll
< H(As(vy), As(to)) + ||ty — toll = 0 as A — 0F. (3.8)

Since N is Lipschitz continuous with all arguments therefore we get

1

[{(N(rx, sx,t2), ;(67”(”’9(7“’)) — 1)) =t ay (v — uo)
1

—(N(ro, 0, to), — (79D — 1
%

< [(N(ra; sa; ta) = N(ro, 50, to),

~—

il

(e — 1)) + 7~y (0 = )|

IN
2=

1
;{HN(U»SAJA) — N(ro, sx,ta

~—

| + [|N (70, 55, tx) — N (70, 50, t2)||

+[|IN (70, 50, tx) — N(ro, s0, to) || }]|e?7*9(0) — 1|
+t97 |y (v — up)|| = 0 as A — 0T, (3.9)

By @), we get
1
(N(ra, s, t2), —(7702900) — 1)) 4 F(g(ug),vx)
v
— 7y (v —ug) € Eo \ (intK (ug)).
Since Eo \ (intK (up)) is closed therefore from (3.9), we have

1
(N (ro, s0,t0), ;(ewn(v’g(uo)) — 1)) + F(g(uo),v) € Ey \ (intK (ug))

1
(N (ro, so,t0), ;(e'”’(”’g("”)) — 1))+ F(g(uo),v) ﬁintK(uO) 0, VveK.
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Theorem 3.2. Let C' be a nonempty closed convex bounded subset of a real Eu-
clidean space Ey and (E9,K) an ordered Fuclidean space induces by a pointed
closed convex cone K. Let K : C — 22 be a closed convex pointed cone val-
ued mapping with intK (u) # 0 and Ey \ (intK (u)) be an upper semicontinuous
mapping. Let g : C — C be a closed conver and continuous single valued map-
ping and n : C x C — E; be an affine in the first argument with n(u,u) = 0
for all w € C and continuous in both variable. Let F : C' x C — FEs5 be a com-
pletely continuous in the first argument and affine in the second argument with
the condition F(g(u),u) = 0 for all w € C. Let oy : E1 — Ey be a weakly
lower semicontinuous with respect to g. Let N : F(L(E1, E2)) x F(L(E1, Es)) %
S(L(E1, Es)) — F(L(E1, E2)) be a Lipschitz continuous mapping with all argu-
ments and Ay, Ay, Ag : C — 2L(E1LE2) be ¢ nonempty upper semi continuous com-
pact valued mappings induced by fuzzy mappings Ai, Ag, Az : C — F(L(E1, E2)),
that is A1(u) = (A1(u))a, (), A2(u) = (A2(w))aywy, As(u) = (Az(w))agw) with
a1 : B4 — [0,1], as : By — [071], as : BT — [0,1] If A~1, A~2, Ad are H-
hemicontinuous and og-relazed exponentially (vy,n)-monotone with respect to first
argument of N and g. Then is a solvable, that is there exist uw € C and
2 € Ai(u) = (A1 (W)ayuy ¥ € A2(t) = (As())ayuys 2 € As(w) = (A())aya)
such that

1
<N(JZ, Y, Z)v ;(e’yn(v,g(u)) - 1)> + F(g(u)v U) fintK(u) 07 Vv e C.

Proof. Consider the set valued mapping S : C — 2F1 such that Vv € C

S() = {ueC: (N(x,y,2), %(e””(“g(“)) ~ 1)+ Fg(w),v) Lt O,

x € Ay(u) = (A1 (1))ay (u)s ¥ € Aa(1) = (A2(1))ay(u)s 2 € As(u) = (A3(11))ay(u) }-

First, we claim that S is a KKM-mapping. If S is not a KKM-mapping then there
exists {uy,us, us, ..., Uy + C C such that

co{ur, uz, uz, ..., um } € U S(u;),
i=1

that means there exists at least u € co{uy, uz, ug, ..., um }, u = > i \ju;, where
N >0,i=1,23,...,m, > N\ =1but u¢J", S(u;). From the construction
of S, for any x € Al(u) = (Al(u))al(u)a /S A2(u) = (A2(u))a2(u)v z e AB(U‘) =
(A3(u))a3(u))a we have

1
(N(z,y,2), ;(6777(“"’9("))—1)>+F(g(u),ul-) Lintk(w 0, fori=1,2,3,...,m. (3.10)
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From (3.10) and since n and F are affine in first and second argument, it follows
that

0 = (N(z,y,2), (") — 1)) + Fg(u),u)

= 2=

= <N($7 Y, Z)7 (6’777(2;’;1 Aiig () 1)> + F(g(u)7 Z Azul)

1 " m
= <N(.’I;, Y, z)’ ;(eZi=1 >‘i7n(ui7g(u)) _ 1)> + Z )\'LF(Q(U) U

1
<k@w (N(y,2), 7(621 L Am(uig(w) _1yy 4 Z AiF(g

= Z Ai { ‘T Yy %) ,}/(e’yn(u1 o) — 1)> + F(g(u)7uz)} SintK(u) 0,

this shows that 0 € int K (u), which contradicts the fact that K (u) is proper. Hence
S is a KKM-mapping.
Define another set valued mapping W : C' — 251 such that Vo € C

W) = {ue (V). S — 1)+ Flg().0)
f_intK( ) Oég(v —u),
Vp € A1(v) = (A1(0))a, (v), @ € A2(v) = (A2(V))az(0)> T € A3(v) = (A3(0))ag())}-
Now, we will prove that S(v) C W(v), Vv € C.

Let u € S(v), there exists some = € A;(u) = (A1(u))ay(u), ¥ € Ay(u) =
(A2(u))ay()s 2 € Az(u) = (A3(u))ag(u); such that

1
(N(z,y,2), ;(6”’7(”’9(”)) = 1) + F(g(),v) Linerc(u) O- (3.11)

Since N is a «g-relaxed exponentially (v,n)-monotone therefore Vv € C, p €

Aj(v) = (A1(V)ay ), @ € A2(v) = (A2(V))ay(v)s T € A3(v) = (A3(v))ay(w)) We

have
L (et L ermtwow)
(N(x,y, Z)7 §(e’WI 9 - 1)> + F(g(u)av) SintK(u) <N(pa q, ’I"), ;<e"/’fl g — 1)>
+ F(g(u),v) — ay(v —u).(3.12)
Using (3.11)), (3-12) and Lemma[2.1] we have

1
<N(pa q, ’I"), ;(e'yn(v,g(u)) - 1)> =+ F(g(u)v U) ﬁintK(u) Oég(U - u)a

Yo € O, p € Ai(v) = (A1(0)ayw)s @ € A2(0) = (A2(V))ap(), T € Az(v) =
(A3(v)) as (v))-

Therefore u € W(v) that is S(v) C W(v), Vv € C. This implies that W is also
a KKM-mapping.
We claim that for each v € C', W(v) C C is closed in the weak topology of E;. Let
us suppose that @ € W(v)w, the weak closure of W (v). Since Fj is reflexive, there is
a sequence {u, } in W(v) such that {u, } converges weakly to @ € C. Then, for each
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IﬁE A1(v) = (A1(0))ay (0)> ¢ € A2(V) = (A2(V))ag(v), T € A3(v) = (A3(V))ay(w)), We

<N(pa q, ’I"), (e'yn(v,g(un)) - 1)> + F(g(un)a U) ﬁintK(u”) O[g(’U - un)

1
v
1

(N(p,q,7), 7(6””(”’9(“’”’)) — 1)) + F(g(un), v) — ag(v —un) € By \ (—=int K (up)).

Since N and F' are completely continuous and Es \ (—intK(u,)) is closed, oy is
weakly lower semicontinuous and b is continuous therefore the sequence

{(N(p,q.7), %(ewn(v’g(u")) — 1)) + F(g(un),v) — ag(v —un)}
converges to
(N (pg.1), (9~ 1)) + Plo(@).0) = g0~ )
and
(N(p,q,7), %(BW(W@) — 1)+ F(g(u),v) — ag(v —u) € Ex \ (—intK (u)).
Therefore
(N(p,q,r), %(e'yn(ug(ﬂ)) —1)) 4+ F(9(@),v) Lintk (u,) @g(v — ).

Thus, @ € W(v). This shows that W(v) is weakly closed Vv € C.

Furthermore, F; is reflexive and C' C F; is a nonempty closed convex and bounded.
Therefore, C' is weakly compact subset of Ey and so W (v) is also weakly compact.
Therefore from Lemma [2:2] and Theorem [3.1] it follows that

ﬂ W(v) # 0.
vel
Thus, there exists u € C such that

1 _
(N(p,q,r), ;(e’m(v,g(U)) — 1))+ F(g(),v) ﬁintK(un) Oég(’U —u),

Yo € C, p € Al(v) = (A1(v)a;v), ¢ € fig(v) = (A2(v))ay), T € Az(v) =
(A?)(U))as(v))'

y Hence from Theorem we can conclude that thgre exist w € C and T €
A1(@) = (A1(W))ay @), T € A2(7) = (A2(Q))aym)s Z € A3(U) = (A3(W))qs(m)) such
that )

<N(T7 ya E)v ;(e’yn(v,g(ﬂ)) - 1)> + F(g(ﬂ),’l)) ﬁintK(ﬂ) Oa Vv € Ca

that is (2.1)) is solvable. O

Theorem 3.3. Let C' be a nonempty closed convex bounded subset of a real Eu-
clidean space Ey with 0 € C and (E2,K) an ordered Euclidean space induces by
a pointed closed convex cone K(u). Let K : C — 22 be a closed convex pointed
cone valued mapping with intK (u) # O and Es ~ (intK(u)) be an upper semi-
continuous mapping. Let g : C — C be a closed conver and continuous single
valued mapping and n : C x C — Fy be an affine in the first argument with
n(u,u) = 0 for all w € C. Let F : C x C — E3 be a completely continu-
ous in the first argument and affine in the second argument with the condition
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F(u,u) = 0 for all w € C. Let oy : E1 — E3 be a weakly lower semicontinu-
ous. Let N : S(L(El,EQ)) X S(L(El,Ez)) X -S(L(El,EQ)) — S(LC(El,EQ)) be a
Lipschitz continuous mapping with all arguments, where Lc(El,pg)Nbe a space of

all completely continuous linear mapping from Ei to Eo and Ay, Az, A3 : C —
oL(ELER) pe o nonempty upper semi continuous compact valued mappings induced
by fuzzy mappings Ay, Az, Az : C — F(L(E1, Ey)), that is Ai(u) = (A1(w))a;(u)
AQ(U) = (AQ(’UJ))az(u), Ag(u) = (A;;(u))ad(u) with aj E1 — [0, ].], as El — [0, 1],
az : By — [0,1]. If Ay, Ay, A are H-hemicontinuous and ag-relazed exponentially
(7v,m)-monotone with respect to first argument of N and g. If there exists oner > 0
such that

1
(N(p, g ), ;(6””(9(0)’”) — 1)) + F(v,9(0)) Zintx(0) 0, (3.13)

Yo € O, p € Ai(v) = (A1(0)ayw)s @ € A2(v) = (A2(V))ar(), 5 € Az(v) =
(A3(v))ay(v) With [[v]| = .
Then is solvable that is there existsu € C andz € Ay (u) = (Ar(w))ay(u)> ¥ €
Az (u) = (A2(u))ag(u), 2 € Az(u) = (A3(u))qy(u) such that
1
<N(.’E, va)ﬂ ;(6v17(’u,g(u)) - 1)> + F(g(u)vv) %intK(u) 07 Yo e C.

Proof. For r > 0, assume that C,. = {u € F;y : ||u|]| < r}. From Theorem |3.2
we know that (2.1) is solvable over C, that is there exists u, € C()C, and

zr € Ai(ur) = (A1(ur))ayun)s Y € A2(ur) = (A2(wr))azun)y 2 € Asluy) =
(A3(tr))ag(u,) such that

1
(N (20, yr, 20), ;(ewv,g(ur)) — 1)) + F(g(ur),v) Linekc(u,) 0, Yo € C[)|Cr. (3.14)
Putting v = 0 in (3.14)), we get
1
<N(.’Er, Yr, Zr>7 ;(6’777(075](117‘)) _ 1)> + F(g(ur)> O) ﬁintK(ur) 0. (315)

If ||u,|| = r for all 7, then it contradicts to (3.13]). Hence ||u.| < r. For any w € C,
let us choose A € (0,1) small enough such that (1 — A)u, + Aw € C(C,. Putting

v=(1=Nu, +Aw in (3.14)), we get

1
<N(xr7 Yr, Zr)a ;(ewn((l_)\)uT+Aw7g(U7‘)) - 1)> + F(g(ur)a (1 - )‘)ur + )\’LU) fintK(uT) 0.

(3.16)
Since n and F' are affine in the first and second variable, we have

1
(N(zr,yr, 2r), ;(e””((H)“"“w’g(“’” = 1)) + F(g(ur), (1 = MNuy + Aw)
1
= (N(zp, Y, %), ,(e(lﬂ\)vn(uw-:g(urr»))+/\vn(w,9(urr-)) — 1)) + AF(g(uy), w)
Y

1 1
<k (Up(N(@p, yr, 20), — (1 = X) (V1 Urs9 (D)=L Z 3 ern(w,g(ur)) _ 1))
v Y
+AF(9(ur), w)
1
= MUN Gy 2), 2000 = 1) 4 Fgr), )} (317)
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Hence from (3.16)), (3.17) and Lemma[2.1] we get
1
(N(Zyy Yry 21)s ;e“’"(w’g(“"‘)) — 1)) + F(g(ur), w) Lintk (u,) 0, Yw € C. (3.18)
Thus, (2.1)) is solvable. O

If N(z,y,2) = N(z,y) and A3 = 0, a zero mapping, then Theorem reduces
to the following corollary:

Corollary 3.1. Let C' be a nonempty closed convex bounded subset of a real Eu-
clidean space Ey and (E9,K) an ordered Fuclidean space induces by a pointed
closed convex cone K. Let K : C — 22 be a closed convex pointed cone val-
ued mapping with intK (u) # 0 and Ey ~\ (intK (u)) be an upper semicontinuous
mapping. Let g : C — C be a closed convexr continuous single valued mapping and
n:C x C — Ey be an affine in the first argument with n(u,u) = 0 for all u € C.
Let F: C x C — Ey be a K(u)-convex in the second argument with the condition
F(u,u) =0 for allu € C. Let N : F(L(E1, E2)) x F(L(E1, Es)) — §(L(E1, E))
be a Lipschitz continuous mapping with all arguments, Ay, Ay : C — 2L(B1ER)
be a nonempty upper semi continuous compact valued mappings induced by fuzzy
mappings Ay, Ay : C — F(L(E1, Ey)), that is Ay(u) = (A1(w))a; (), A2(u) =
(A2(u))ay(u) withay : By — [0,1], ag : By — [0, 1]. If Ay, Ay are H-hemicontinuous
and ag-relazed exponentially (vy,n)-monotone with respect to first argument of N
and g. Then the following two statements (i) and (ii) are equivalent:

(i) there exist ug € C and T € Aj(ug) = (A1(u0))ar (uo)s T € As(ug) =
(A2(10))as(ug) Such that
1

<N(j7g)a ;(e’yn(wg(u[))) - 1)> + F(Q(”O)vv) iintK(uo) 07 Vv € Ca

(ii) there exists ug € C' such that

(N(7,3), %(e'm(v,g(uo)) — 1)) + F(g(ug),v) f_intK(ug) agy(v —up),
Yv € C, re A~1(’U) = (Al(v))a1(v)7 ENS 142(/0) = (AQ(U))az(v)‘

If N(z,y,2) = N(x) and Ay, A3 = 0, a zero mapping, and g = I, an identity
mapping then Theorem [3.1] reduces to the following corollary

Corollary 3.2. Let C' be a nonempty closed convex bounded subset of a real Eu-
clidean space Ey and (Ea, K) an ordered Euclidean space induces by a pointed closed
convezx cone K. Let K : C — 2F2 be a closed convex pointed cone valued map-
ping with int K (u) # @ and Eo \ (intK (u)) be an upper semicontinuous mapping.
Letn : C x C — Ey be an affine in the first argument with n(u,u) = 0 for all
u€ C. Let F: CxC — Ey be a K(u)-convez in the second argument with
the condition F(u,u) = 0 for alluw € C. Let N : F(L(E1, E2)) — §(L(E1, E2))
be a Lipschitz continuous mapping with all arguments, Ay 2 C — 2L(ELE2) pe g
nonempty upper semi continuous compact valued mapping induced by fuzzy map-
pings Ay : C — F(L(Ey, Ey)), that is Ay (u) = (A1(w))ay () with ay = By — [0,1]. If
Ay is H-hemicontinuous and o-relazed exponentially (v,m)-monotone with respect
to N. Then the following two statements (i) and (ii) are equivalent:



GENERALIZED EXPONENTIAL VECTOR VARIATIONAL-LIKE INEQUALITIES 27

(i) there exist ug € C' and T € A;(ug) = (A1(u0))a; (ug) Such that
1

(N(z), ;( 90u0)) — 1)) + F(g(uo), v) Zintk(uo) 0, Yo € C,

(ii) there exists ug € C' such that
1
(N(7), 5(67"(”’9(“0)) = 1) + F(g(uo), v) Linek (uo) (v — ti0),

Yv € C, re Al(’l}) = (Al(v))m(v)'
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