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SURFACE TENSION-ASSISTED FOR KORTEWEG FLUID
MOTION IN WHOLE-SPACE CASE

SRI MARYANI, MULKI INDANA ZULFA, BAMBANG HENDRIYA GUSWANTO,
MUKHTAR EFFENDI, TRIYANI, SUPRIYANTO

ABSTRACT. Diffuse and sharf-interface models are two separated categories of
mathematical models that can be used to describe liquid-vapor fluxes. The
interfacial layer where phase changes take place is represented differently in
each of them. In sharp-interface models, an infinitesimally thin hypersurface
is employed in place of the small, positive thickness that is present in diffuse-
interface models. By taking the limit where the interfacial regions thichness
goes to zero, the diffuse-intreface model can be connected to the related sharp
interface model. This phenomena known as Korteweg model which introduced
firstly by Diederik Johannes Korteweg. The purpose of this article is con-
sidering the R-boundedness of the solution operator families for compressible
Korteweg type in whole space case with surface tension by using Fourier trans-
form. The multipliers which appear from the transformation are estimated
using Weis’s multiplier theorem. This R-boundedness is an essential result for
further research related to half-space case.

1. INTRODUCTION

Water can be found in many different forms in daily life, including ice, liquid
water, and water vapor. The solid, water, and vapour (or gas) phases of water
are the terms used to describe these various physical states. When thinking about
water vapor, one would think about the process of heating water to make a cup of
tea. But what we see is water steama mixture of air, water vapor, and tiny water
dropletsemitting from the kettle and filling the kitchen. However, the gaseous phase
of water is referred to as water vapour in the natural sciences. Both liquids and gases
have the capacity to flow, in contrast to solids. They collectively make up the fluids
class. Their mass densities, however, differ considerably. There is an increasing
number of literature on fluid motion in recent years. Numerous researchers looked
into this topic. But most of them focused on numerical analysis rather than using a
mathematical analytic approach to study fluid motion. There are some researchers
who consider the Korteweg type. For example, some critical space of strong solution
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global in time for initial data close enough to equilibrium point in whole space has
been studied by Danchin and Desjardins [2]. Hattori and Li considered for robust
solutions that demand more regularity from the starting data [4]. Meanwhile,
Haspot [I] considered the existence of global weak solution.

A mathematical model known as the Korteweg type of fluid is used to explain how
compressible fluids behave, especially two-phase liquid-vapor mixes. Korteweg type
of fluid motion can be described in non-linear partial differential equations (PDE)
[14]. To characterize fluid capillarity effects, the model incorporates the Korteweg
stress tensor, which considers higher-order derivatives of the fluid density. The
Korteweg type of fluid model is a dissipative system, and its solution exhibit optimal
decay of higher-order derivatives. Recent research has focused on establishing the
global in time existence of strong solutions to the Korteweg type of fluid model in
hybrid Besov spaces.

In this paper, we consider the R-boundedness of the solution operator families
of the Korteweg type with surface tension in whole space. The R-boundedness
of the solution operator of the Korteweg model without surface tension has been
investigated by Saito [5]. He consider the R-bounded solution operator in half-space
case. In contrast, Inna et.al [9] investigated slip BC of Korteweg type in half-space.
Besides that, for another model fluid flows, such as Oldroyd-B model, in 2016
Maryani [0 [7] studied free boundary problem for Oldroyd-B model and global well-
posedness of the same problem, respectively. On the other hand, [§]. investigated
the R-boundedness of the solution operator families for two-phase Stokes resolvent
equation.

The Korteweg model fluid motion with surface tension can be written in the
following equation system:

Op + div (pu) =0 in Q,
p(Opu —u - Vu) — Div (S(u) — P(p)I) = DivK(p) in Q,
{S(w) + K(p) - P(p)D)ny = —P(ps)n, + o(H(D) — H(T)n,  on T,
n,-Vp=20 on I'y,
VN=n;-u on I'y,
M —u-n=¢ on RY,

(1.1)
with the initial data

(p;u) [i=0= (po,ug) in €.
Here, 0 < t < T, px is a positive constant describing the mass density of the
reference domain 2, S(u) and K(p) are defined by

: K
S(u) = pD(u) + (v — p)divul, K(p) = §(Ap2 — [VpHI - KkVp® Vp

D(u), u = (u1,...,un), the doubled deformation tensor whose (7, j)-th compo-
nents are D;;(u) = Oju; + 0ju;, (0; = 0/0x;), I the N x N identity matrix, p,
v are positive constants (u and v are the first and second viscosity coefficients,
respectively).

In this paper, we discuss the existence of the R-bounded operator families for
the resolvent problem in whole space case. Once we obtain R-boundedness
for the solution operator families, we can consider the maximal L,-L, regularity for
the linearized problem by the Weis operator valued Fourier multiplier theorem [3],



128 MARYANI, ZULFA, GUSWANTO, EFFENDI, TRIYANI, SUPRIYANTO

which is the key estimate when we consider the local solvability for the nonlinear
problem in the maximal L,-L, regularity class. Here we introduce the definition of
R-boundedness of operator families.

Definition 1.1. Let X and Y be Banach spaces, and let L(X,Y") be the set of all
bounded linear operators from X into Y. A family of operators T C L(X,Y) is
called R-bounded on L(X,Y), if there exist constants C > 0 and p € [1,00) such that
foranyn € N, {T;}7_, C T, {f;}j—1 C X and sequences {r;}_, of independent,
symmetric, {—1,1}-valued random variables on [0,1], we have the inequality:

{/nzr] Tfj”du}l/p {/IIZT; f;llde}l/p-

The smallest such C is called R-bound of T, which is denoted by Rp(x,yvy(T)-
Concerning R-boundedness, we introduce the following lemma proved by [10
Proposition 3.4].

Lemma 1.2. (1) Let X and Y be Banach spaces, and let T and S be R-bounded
families in L(X,Y). Then T+S ={T+S|T € T,S €S} is also R-bounded
family in L(X,Y) and

RL(X,Y) (T+S) < Rg(X’Y)(T) + RL(ny) (S).

(2) Let X, Y and Z be Banach spaces and let T and S be R-bounded families in
L(X,Y) and L(Y,Z), respectively. Then ST = {ST | T € T,S € S} is also an
R- bounded family in L(X,Z) and

Rex,2)(ST) < Rex,v)(T)Rey,2)(S).
To prove Theorem we use the following technical lemma

Lemma 1.3. Let 1 < ¢ < oo and let A be a set in C. Let m(\,€) be a function
defined on A x (RN \ {0}) such that for any multi-index o € N (No = NU {0})
there exists a constant C, depending on a and A such that

|0 m(A, )] < Cal€]™"
for any (X€) € x (RN \ {0}). Let Ky be an operator defined by Kyf =
FHm(\, e) f()]. Then the set {Kx | A € A} is R-bounded on L(Ly(RY)) and

N <
Re,@yy) ({Ex [ A€ A}) Con max Co

with some constant Cy N that depends solely on q and N.
The proof of the Lemma can be seen in [I1, Theorem 3.3].

1.1. Notation. We summarize several symbols and functional spaces used through-
out the paper. Let N, R and C denote the sets of all natural numbers, real num-
bers, and complex numbers, respectively. We use boldface letters, e.g. u to denote
vector-valued functions.

For scalar function f and N-vector functions g, we set

Vf: (alfa"'aaNf)Ta V2f: (aiajf)lgi,jSN,
V3 ={0;0;0kf | i,5,k=1,...,N} Vg = (0igj)1<ij<N,
Qg: {azajgk | iajvk: L"')N}a
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where 9; = 9/0x;.
Let Ny = NU {0}. For multi-index o = (aq,...,an-1) € Név_l and scalar
function f = f(&1,...,éN-1),

’

, ol
0 = sram——zan—f ld=ar+-+ay-.
¢ DEST PN
For complex valued functions f = f(x) and g = g(x); N-vector functions

f = (fl(x)7 ERRR) fN(‘r)) and g = (gl(x)v s 7gN(x))7 the inner products (f7 g)]Rfa
(/. 9)sys (E ) and (€,g)gy are defined by

(f.9ey = [ F@g(@)da, (o) = [, f@lgl@ o,
RY RgY
N N
(fa g)Rf = (fj)gj)Rfa (fa g)RéV = Z(fj)gj)RéVa
Jj=1 j=1

where dw denotes the surface element of R and g(z) is the complex conjugate of

9().
The Laplace transform and its inverse are formulated by

£A0 = [ N £ AN = [ Mol

R
Let us define the Fourier transform and its inverse transform as
, 1 .
Flu=1u() = /RN e "tu(r)de, F;lul(x) = W/RN e tu(€) de.

For Banach spaces X and Y, £(X,Y) denotes the set of all bounded linear
operators from X into Y, £(X) is the abbreviation of £(X, X), and Hol (U, £(X,Y))
denotes the set of all £(X,Y) valued holomorphic functions defined on a domain
U in C.

For any 1 < ¢ < oo, m € N, Lq(Rf) and H;”(Rf) denote the usual Lebesgue
space and Sobolev space; while || - ||Lq(R$), Il - Hqu(Ri]) denote their norms, re-

spectively; W (RY') = (H"(RY'), H" ™ (RY))s,q for m € Ny and 0 < s < 1,
where (-,-)s4 denotes the real interpolation functor; C*°((a,b)) denotes the set
of all C* functions defined on (a,b). The d-product space of X is defined by
Xd={f=(f,....fa) | fi € X(i=1,...,d)}, while its norm is denoted by | - ||x
instead of || - || xa for the sake of simplicity. The letter C' denotes generic constants
and the constant Cy 3 ... depends on a,b, . ... The values of constants C' and Cy ...

may change from line to line.

2. MAIN RESULTS

2.1. Reduced resolvent problem. Now, let us begin with the following resolvent

problem of the equation system (|1.1)
Ap+diva = f in RY, 2.1)
Au — pAu —vVdivu — kVAp+9Vp=g in RY, .

with p = p(x,t) is a density, u = u(x,t) = (u1(x,t),...,un(x,t)) is a velocity
respect to x € RN at t > 0, A is eigen value, v > 0, 4 > 0, p+v > 0, & > 0,
f = (flaf%"wa) and g = g(X) :gl(x)aQQ(X)a"'vgN(X)~
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Now, we state the main result of this paper

Theorem 2.1. Let 1 < q < 00, 0 < € < 7/2, and \g > 0. Setting Y (RY) =
W (RN) x Lq(RN) Then, there exists an operator family

Ag(A) € Hol(Sc 5y, L(Yq(RY), W3(RY)))

AL(A) € Hol(Ee n,, £(Yq(RY), WH(RY)Y))
such that for X = y+it € X, and F = (f,g) € Yq(RY), (p,u) = (Ao(N)F, A1 (M\)F)

s a unique solution of equation (2.1) and there exists a positive constant r such
that

Ry @), @) ({(70-)"KxAo(A) [ X € B, }) <, 2.2)
<r, )

Ry @),8, @) ({(707)"SxAL(A) | A € Bz })

forn =0,1. Here, above constants Ao and r depend solely on N, q, €, u, v, K, and
0.

Remark. %,(RY) = L,(RY)V N x WARY), B, (RY) = L, (RN +N*+N
Kap = (V3p,AV2V2p, Np),  Sau = (V2u, \/2Vu, Au)

The remaining part of this section is the proof of the Theorem Applying
Fourier transform to the equation ({2.1f), we have

{ AD(E) +6(€) = f(©) in RV, (23)
AG(E) + plePa(8) — vigd(€) + ri€lEIp(E) + viEp(€) = g(€)  mRY,
Let ¢ = div u, by using Fourier transform, we have

$(€) = i¢ - a(§). (2.4)
For the simplicity, the first equation of can be written as

Then, for A # 0, substituting equation (2.5)) to the second equation of ({2.3)), we
have

3a() + plePa) - i) + mielel?( LA ) g g (D) —gie
(

>

Multiplying equation by X and &, we have
P(A€)(6) = [€° (k€] + 1) £(6) + Nig - 8(¢). (2.7)
with P(X, &) = A% + A(u + v)[€]> + €)% (k[€]* + 7). By equation (2.7), we have

s EPGIER +9) 5 N NG

(&) = Wf(f) + ; P(}\,g)gj(f% (2.8)
which combined with furnishes

o O EPEEY) s i

Jj=1
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Substituting equation (2.8)) to equation (2.6, we get the solution formula of 0(&)
as follows

ate) = - S e

1 £&;( )\V+K|€‘2+'y)
’ (A + nl€l?) ( Z P(\€) gj(f)) (2.10)

Applying Fourier transform and inverse Fourier transform to equation (2.9)) and

10, we have
ple) = 7 AL o) o if{l{ 5501 (@)

P(X€)
= Ag(\)F (2.11)
and
i€ (k€| A
u(e) = - 71| EHEEE D )| o
4 1 N TEG O+ R[E2 + )
70 o 9] @ R0 g eo]w
=A;(\F. (2.12)

respectively. Furthermore, we consider the estimation of P(A, &)

Lemma 2.2. Let u, v and k are constants satisfying
uw>0, pu+v>0 x>0

and v >0, § > 0 Then, for any 0 < € < m/2, X € X ), with |A\| > & and & € RY,
we have the following assertions hold

(1)
IPOSO] 2 Cepun (A1 + 16D + VA€

(2) Let @ = (a1, 9, ,an) € NYY. Then there evists a positive constant.
C = C(«,9) such that

108 PN €)™ 2 Cepunn {UAIY2 + 1ED? + VAIEL 2NV + €)1

Proof. Proof of the Lemmafor ~ = 0 can be seen in [B, Lemma 2.2]. Meanwhile,
for 4 > 0 has been proven by [12, Lemma 5.4, Proposition 5.8]. |

Furthermore, it follows from (2.11) and (2.12)) that for k,il,m = 1,..., N, we
have

0x010pm Ag(N)F = — ]:5_1 [igkflgm(/\ —(|—)\|§€|)2(,u +v) f(g)} (z)

—ng [515’““’)” y(&)] (@), (2.13)
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A20.01A0(VF =F¢ ! F’“&AW(A +1EP(+v)) f (5)} (2)

P(%.)
i 1/2
+Zf B 9] . (2.14)
iEN(K|E]? P
M = - | B i) 4t [ o)) @
N i v KR 2
-3 A )] ) (2.15)
1/2( €12 . i \1/2
e e (1] [ Rl Lo ) 9
al 1EE; 2\ + k€|?
_Jz:;]_—gl[ 557&6/\ ]g)(‘A’"g) |£‘ +’7)g](£):| (SL‘) (216)
P9 (3 HleP)
N 1 14 K 2
# Y S 0 217

Lemma 2.3. Let 1 < ¢ <00, d >0 and 0 < e < /2. Assume that k(X €), I(A€)
and m(\, €) are functions on RN \ {0} x ©. ¢ such that for any multi-inder o € N}
there exists a positive constant M, . such that

O£ R(E M) < Ma €1 102UE M) < Macl€]™1,
|02m(&, M| < Ma, (Y2 + [€)"Hal 71,
for any (§,\) € RN\ {0} x B¢ . Let K(X\), L()\), M(X) be operators given for

(K@) = FHEENFON@) (A€ ),

(L f)(x) = FHUENFE)@) (A€ By,

(M) f)(x) = F mE N F©)@) (A€ Zen,).
Then the following assertions hold true:

(1) The set {K(X) | X € B, } is R-bounded on LW, (RN ), Ly(RY)) and there
exists a positive constant C 4 such that

Rewy ). Ly@N) KA [A € Bero}) < Gy max Mo,

(2) Letn =0,1. Then the set {L(X) | X € B¢ 5} is R-bounded on LW (RN))

and there exists a positive constant Cn,q such that

Rewp@o){LA) A€ Tea}) <Con max | Mo,
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(3) The set {M(X) | X € B} is R-bounded on L(Ly(RN), W} (RYN)) and
there exists a positive constant Cn g5 such that

Rerg@wi@n{MA) [ A€ Ber}) < Cong max Max.

Proof. Lemma [2.3] has been proven by Saito [5, Lemma 2.5]. O

Lemma 2.4. For any 0 < ¢ < /2 and s € R. Set Ng = NU {0}. Then, for
A € e, and multi-index o = (o, ..., ) € Nf, there is a positive constant
Cab,s,a,e Such that

08 (aX + bIE?)*| < Clapys,ae (INMZ + [€])77 1,
for any X € (0,7/2) and ¢ € RN
Proof. Proof of the Lemma has been proven by Shibata [I3|, Lemma 3.4]. O

Furthermore, we consider the estimation of the formula (2.13)). By using Lemma
Lemma and Leibniz’s rule, for (£,A) € RV \ {0} x X, ), we have

og{(vag) (BB LD ) < ol

oL (DN (Eribon .
55{(%9) (;(A,é) g](§)>}' < Cabsael€]™e

which combined with Lemma furnishes
RL(YQ(RN),LQ(RN)NB)({(Aak)n(VBAO(A)) [RES Ee,ko}) < Capsiae: (2.18)
Moreover, the estimation of equation (2.14), we have

of (L AN (GENPA+EP (e +v)) ;5 / ~11g|~lel
o (g ) (BN FO) }| < Comac A2 4 i) e

o d \" (&N 1/2 —1¢1—lal
o¢{ (355 (SB=019) ]| < Comman A2 + i) e,

the same manner combined with Lemma [2.3] furnishes, we have
RE(Yq(RN),Lq(RN)N2)({()‘8>\>n()‘1/2v2-’40(/\)) R3S Ze)\o}) < Cap,siae- (2.19)
Moreover, the estimation of equation (2.15)), we have

8?{ (%)(Wf <€>>} < Capaac (A2 + [ eI,

of (vAN (A / ~lal
% () (G @) | om0~

feY d " Ef)\)\ + €2+ ~ —|a
o¢{ (3is) (BP0 ) b < Comum P2 4 16027,

with similar technique and thanks to Lemma [2.3] which furnishes,

R oy ety (LA AAL V) [ A € e }) < Capsae. (2.20)
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Next, the estimation of equation (2.16)), we have also

o d\" ((EGA2(RIEP +) ; 1/2 “1¢lel
o¢{ (i) (25250} < oA 416Dl

o d\"( &M 1/2 “1(e|=1—]al
ot { (i) (g ®(©) b < Comeae N2 416D el

o d \" (656N + K2 +9) . 1/2 1) #1—]a
or{(ngy) (R 5] }| < Cuneaa N2 416Dl

Then by Lemma, we have
RE(Yq(RN),Lq(]RN)N3)({(Aak)n(/\l/QVAl(/\)) | A€ Ze)\o}) < Caps,ae- (2.21)

Lastly, we estimate the equation (2.17). By using Lemma Lemma and
Leibniz’s rule, we have

of (V" (E&&lnlel® +) 4 .
65{@@)( PN f<€>)} < Capsacle 1,

(L) (S8 "
85{()\d/\) ((HMﬂQ)g(f))} < Capsacle]™1,

« d\" i AU+ 2 + R W
o {(AdA> (553&&(13()\735 wgﬂ&))} < Cabys,anel€ 71,

Then by Lemma [2.3] we have also
RL(Yq(RN),Lq(RN)N)({()‘a/\)n(vzfll()‘)) | AE Ze)\o}) < Ca7b,s7a,e- (2-22)

Therefore, equations (2.18)), (2.19), (2.20)), (2.21) and (2.22)) imply the R-boundedness
of KxAp and Sy A; in Theorem

The proof of uniquenes property of the solution ([2.3)) follows similar technique
as in [5l Sec.2]. This completes the proof of Theorenﬁ
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