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1. Introduction
The objective of this paper is to discuss the existence of regularly varying

solutions in the sense of Karamata for generalized Thomas-Fermi equations
of the form

(J'|*sgn a')’ = q(t)||"sgn @, (4)
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where o and 3 are distinct positive constants, and ¢ : [a,00) — (0, 00),
a > 0, is a continuous function. It is often useful to rewrite equation (A) in
the form

(")) = q(t)z™,

in terms of the asterisk notation
u”™ = |ul"sgnu, ueR, 7>0. (1.1)

In addition, we show how an application of the theory of regular variation
gives the possibility of obtaining the precise asymptotic behaviour of solu-
tions in question for some subclasses of equation (A).

For @« =1, > 1 equation (A) is reduced to the one of Thomas-Fermi
type and for a = ( it is reduced to the half-linear one:

(&))" = q(t)2". (B)

The latter fact is suggestive to call (A) super-half-linear if a < 8 and sub-
half-linear if o > S.

Noting that if z(¢) satisfies (A), then so does —xz(t), we will focus our
attention on positive solutions of (A) which can be extended to infinity. Such
solutions are called proper positive solutions of (A). It should be noticed
that not all positive solutions are proper. In fact, it is known ([5]) that the
super-half-linear equation (A) always has a solution x(¢) which is positive
on a finite interval [to,?;) and satisfies

. . /
Lot =t () = eo.
and that the sub-half-linear equation (A) always has a solution z(t) on an
infinite interval [tg, 00) such that

x(t) > 0 on some finite interval [to,t1), and z(t) =0 on [t1,00).

Let z(t) be a positive solution of (A) on [tg,00). Since equation (A)
implies that (z/(¢))** is increasing, it follows that either 2/(t) < 0 on the
entire interval [tg, 00) or 2/(t) > 0 on [t1, 00) for some t; > to. In the former
case z'(t) — 0 as t — oo, and xz(t) decreases to a finite nonnegative limit as
t — oo.

In the latter case z/(t) increases to a finite or infinite positive limit z’(o0)
as t — oo. If 2/(00) < oo, then z(t) satisfies tlggo x(t)/t = 2/(c0), that is,

x(t) increases and is asymptotic to a constant multiple of ¢ as ¢ — oo. If
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x'(00) = 0o, then tlg& x(t)/t = oo, which means that x(t) increases faster
than any constant multiple of ¢ as ¢ — oo.

The problem of existence of proper solutions for equation (A) have been
studied by Mizukami, Naito and Usami [5]. Their main results are as follows.

Proposition 1.1. Fquation (A), either super-half-linear or sub-half-
linear, has a proper solution x(t) such that

lim z(t) = const > 0 (1.2)

t—o00

7 (7q(s)d5) ’ dt < oo. (1.3)

a t

if and only if

Proposition 1.2. Fquation (A), either super-half-linear or sub-half-
linear, has a proper solution x(t) such that

t
tlim :Ui) = const >0 (1.4)
if and only if
/tﬁq(t)dt < . (1.5)

a

Proposition 1.3. Super-half-linear equation (A) has a proper solution
x(t) such that
lim z(t) =0 (1.6)

t—o0

7 (7q(s)ds) ’ dt = oo. (1.7)

a t

if and only if

Proposition 1.4. Sub-half-linear equation (A) has a proper solution
x(t) such that

lim 2(t) =00 (1.8)
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if and only if

/tﬂq(t)dt — . (1.9)

a

Our analysis is based on the use of the theory of regular variation (in
the sense of Karamata).

The most complete presentation of theory of regular variation and its
applications can be found in the book [1] of Bingham, Goldie and Teugels.
For a comprehensive survey of results on the asymptotic analysis of ordinary
differential equations in the framework of regular variation up to 2000 the
reader is referred to the monograph [4] of Mari¢.

For the reader’s benefit we state the definition and some basic properties
of regularly varying functions.

Definition 1.1. A measurable function f : [0,00) — (0,00) is said to
be regularly varying of index p € R if

m JX) =X forany A>0. (1.10)

A7)

One of the most important properties of regularly varying solutions is
the following representation theorem.

Proposition 1.5. f(t) € RV (p) if and only if it is expressed in the form

f(t) = c(t) exp {/ (S(SS)ds} , t>to, (1.11)

to

for some to > 0 and some measurable functions c(t) and §(t) such that

lim ¢(t) = ¢p € (0, 00), tlim i(t) = p. (1.12)

t—o00

The totality of regularly varying solutions of index p is denoted by
RV (p). In particular SV stands for RV (0), and members of SV = RV (0)
are called slowly varying functions. If c(t) = ¢p in (1.11), f(t) is referred
to as a normalized regularly varying function of index p. By definition any
f(t) € RV (p) is written as f(t) = tPL(t) with L(t) € SV, and so the class
SV of slowly varying functions is of fundamental importance in the study
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of regularly varying functions. Typical examples of slowly varying functions
are: all functions tending to some positive constants,

N N
[I0og,)*, aneR, and exp { I1 Gog, t)ﬁ"} . Bn€(0,1),
n=1 n=1

where log,, t denotes the n-th iteration of the logarithm.
The following result concerns operations which preserve slow variation.

Proposition 1.6. Let L(t), L1(t), La(t) be slowly varying. Then, L(t)®
for any o € R, L1(t) + La(t), L1(t)L2(t) and Li(La(t)) (if La(t) — oo as
t — 00) are slowly varying.

A slowly varying function L(t) may grow to infinity or decay to zero as
t — oo. However, the order of growth or decay of L(t) at infinity is severely
limited as the following proposition shows.

Proposition 1.7. If L(t) is slowly varying, then for any e > 0,

lim t°L(t) = oo, tlim t7°L(t) = 0.

t—o00

The following result which encompasses the integration theorem due to
Karamata is useful in handling slowly (and regularly) varying functions an-
alytically.

Proposition 1.8. Let L(t) be a slowly varying function. Then. we have

ast — oo
t

, ! , .

t{s Ls)ds ~ g L) i 1> (i)

T ! . }

t/s L(s)ds ~ o 1L(t) if v < —1; (14)

If v = —1 the occurring integrals are new slowly varying functions

Here and throughout the paper the symbol ~ denotes the asymptotic

equivalence:
f(t)

f(t)~g(t) as t— o0& tlggoﬁ =1 (1.13)
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We note that a function f(t) satisfying

t
lim () = const >0 (1.14)
t—oo tP

is a simple example of regularly varying functions of index p. Such a function
is called a trivial regularly varying function of index p. If in particular p = 0,
f(t) is called a trivial slowly varying function. A function f(¢) € RV (p) not
satisfying (1.14) is said to be a nontrivial regularly varying function of index
p. Proposition 1.1 (resp. Proposition 1.2) shows that one can completely
characterize the existence of a trivial slowly varying solution (resp. of a
trivial regularly varying solution of index 1) for equation (A), either super-
half-linear or sub-half-linear.

Here we formulate some conditions under which equation (A) possesses a
nontrivial slowly varying solution and a nontrivial regularly varying solution
of index 1, for both super-half-linear and sub-half-linear cases of (A) by
making extensive use of the existence results explained in Section 2 for half-
linear equations (B). Our results are presented in Section 3 and 4 devoted,
respectively, to super-half-linear and sub-half-linear equations of the form
(A). It is hoped that this paper could provide a clue to the construction of
regularly varying solutions of general index p # 0, 1 for generalized Thomas-
Fermi type equations.

Since the inequalities occurring in the paper hold for ¢ > T, we shall
omit the adjective occasionally.

2. Half-linear equation

2.1. Slowly varying solutions. In this preparatory section we present
basic existence theorems of slowly varying solutions (SV-solutions for short)
and of regularly varying solutions of index 1 (RV(1)-solutions for short) for
the half-linear equation (B), upon which the proofs of our main results for
(A) essentially depend. We note that the existence of such solutions for (B)
was established for the first time by Jaros, Kusano and Tanigawa [4]. Their
results are framed here in two propositions which follow.

Proposition 2.1. Equation (B) possesses a slowly varying solution x(t)
which decreases and for t > T has the form

/ s) —v(s))Me
x(t) = exp —/ (@) . ()" ds ¢, (2.1)
T
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where v(t) is some solution tending to zero of the integral equation

T lo(s) — Q(s /e
v(t) :ata/| (s) Ci(rl)‘lﬂ ds, (2.2)
/ s
if and only if
Qt) = ta/q(s)ds —0, as t— oo. (2.3)

t

P r o o f. For the proof of the "only if” part of the proposition see [3.
Th. 2.2’]. We prove the ”if” part in a more direct way than in [3].
Suppose that (2.3) holds. Let [ be a positive constant such that

A:<1+1wi<L (2.4)
o
and choose T' > a large enough so that for ¢t > T,
Q) <L (2.5)
Let V be the set
V ={v(t) € Cy[T,0) : 0 <w(t) <l,t > T}, (2.6)

where Cy[T', 00) is the Banach space of all continuous functions on [T, 00)
that tend to 0 as t — oo with the norm ||v||o = sup|v(¢)|, and define the
t>T

integral operator F by

Fo(t) = ato‘/ [v(s) = Q(S)|1+Eds. (2.7)

Sa+1

t

Then it can be shown that F is a self-map on V and satisfies
[For = Fuzllo < Allor — vz]lo-

In view of (2.4) this means that F is a contraction on V, and there exists
a fixed point v(t) € V of F, which is a solution of the integral equation
(2.2). Then in virtue of Elbert lemma, [2], z(¢) is a solution of equation (B)
because the function u(t) = (v(t) — Q(t))/t satisfies the generalized Riccati
equation associated with (B):

W+ afulTE = q(t). (2.8)
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Since v(t) — Q(t) — 0 as t — oo, z(t) is a slowly varying function due to
the representation (1.11) with p = 0. This establishes the existence of an
SV -solution for (B).

The following result is useful.

Corollary 2.1. Let ¢(t) be a positive continuous function which de-
creases to 0 as t — oo and satisfies fort > T

o

[ als)ds < o(0). (2.9)

t

Then, equation (B) possesses a slowly varying solution x(t) expressed in the
form (2.1) for some T > a, where v(t) is a solution of (2.2) and satisfies

1

0<o(t) < o(t)*a (2.10)

For the proof first notice that, because of (2.3), such a function ¢(t)
always exists. Then define the set V4 by

Ve = {uv(t) € Co[T,00) : 0 < w(t) < p(t),t > T}

and follow the argument used in the proof of Proposition 2.1.
2.2. Regularly varying solution of index 1. Our next task is to
discuss the existence of an RV (1)-solution of equation (B).

Proposition 2.2. FEquation (B) possesses a regularly varying solution
of index 1 which increases and for t > T has the form

N e OESTONINY |
X(t) = p{T/( ) ) d} (2.11)

where w(t) is some solution for t > T tending to zero as t — oo of the
integral equation

w(t) = 7

/F(s, w(s))ds (2.12)
T

with

Ft,w) =1+ (1 + ) w— (1 Q(t) +w)*4, (2.13)

1
o
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if and only if (2.3) holds.

P r o o f. Only the proof of the ”if” part will be given. (For the "only
if” part see [3. Th. 3.1 with ¢ = 0)]).

Suppose that (2.3) holds. Substituting u(t) = (1 — Q(t) + w(t))/t* in
the Riccati equation (2.8), we obtain the following differential equation for
w(t):

(tw) = a (1 + (1 + ;) w—[1- Q) +w|1+i) |

Whence, in virtue of (1.11) and Elbert lemma, X (¢) is an RV (1) solution of
the equation (B) provided that we prove the existence for t > T of a solution
w(t) of (2.12) which tend to zero as t — co.

To that end, choose 0 < m < % such that for t > T

(a+1)(a+4)

jw(t)] <m, Q) <m® and p:= .

m<1  (2.14)
and define the set W by

W =A{w(t) € Cy[T,0) : |[w(t)] < m,t >T}. (2.15)
Notice that on this set the preceding differential equation is reduced to
(tw)" = aF(t,w), whose integrated version being (2.12) and F'(t,w) is de-

fined by (2.13).
Further, define the integral operator G

Gu(t) = /F(s,w(s))ds, t>T. (2.16)
T

Since Q(t) — w(t) — 0, as t — oo we can write (2.13) as

Pt w) = (1 + ;) (Q(t) _ i(@(f) _ w)QR(t,w))> , (2.17)
where . , )
R =SB (T @ o e
n=2
and oF 1 1
O () = (1 + a) (Q(F) — w)S(t, w), (2.19)
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where

o0 1

w) = Z 1a<g> (Q(t) —w)" L. (2.20)
=1

Since R(t,w) — 1 and S(t,w) —

T,

— 1 as t — oo, we have for t > T,, and some

0<R(t,w)<2 and 0<S(t,w)<2. (2.21)
Then from (2.15), (2.17) and (2.21) one has for ¢t > T

IFt,w) < and  [Gu(t)] < m.

a

Hence G is a self-map.
Likewise, from (2.15), (2.19) and (2.20) one obtains for t > T’

oF
0| <o
Thus
t
Gun(®) ~ Gua(t)] < & [ |50 fur —walds < o = walo
T

This shows that G is a contraction on W, so that there exists a fixed point
w(t) of G in W, which is a solution of the integral equation (2.12) on [T, c0),
which tends to 0 as t — oo (QED).

Often, a more precise estimate for w(t) is needed. The following result
may help in some situations.

Corollary 2.2. Suppose that there exists a (continuous) slowly varying
function (t) on [a,o0) which tends to 0 as t — oo such that

o0

Qt) =t /q(s)ds < (t) for all large t.

t

Then, equation (B) possesses a regularly varying solution of index 1 ex-
pressed in the form (2.11) for some T > a, where w(t) is a solution of the
integral equation (2.12) such that

w(t) =O0(W(t)) as t— oo.
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The proof mimics the one of Corollary 2.1 with the integral operator G
given by (2.16) on the set

Wy = {w(t) € Go[T, 00) : [w(t)| < \/o(t), t=T}.

The condition on v (t) makes possible the use of Karamata’s integration
theorem ((i) of Proposition 1.8) to the effect that there exists a constant
~v > 1 such that

t
o [vs)ds <qv), t2a

which is needed to show that G is a self-map.

3. Super-half-linear equation

3.1. Slowly varying solutions. This section is devoted to the super-
half-linear equation (A), i.e. when o < (3, where ¢ : [a,00) — (0,00) is a
continuous function. We begin with the existence of slowly varying solutions.

Theorem 3.1. Equation (A) possesses a decreasing slowly varying so-

lution if
oo

Qt) =t /q(s)ds —0 as t— oo. (3.1)

This solution is a trivial or a nontrivial one according as the integral

/ W, (3.2)

t

converges or diverges.

P roof. Let | be a positive constant such that
1Y 2
A= <1+>la < 1. (3.3)
o
and choose T > a so that

Qt)<l, t>T. (3.4)
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Let = denote the set of continuous functions £(t) on [T, 00) which are non-
increasing and satisfy

1>§()>exp{ /Q E }, t>T. (3.5)

It is clear that = is a closed convex subset of the locally convex space C[T', 00)
equipped with the topology of uniform convergence on compact subintervals
of [T, 00). For any &£(t) € = define

(o.¢]
G(t) = D, Qelt) =1 [ gels)ds, (36)
t
and consider the family of half-linear differential equations
(2" (1)) = qe(t)x(t)**, &(t) € E. (3.7)
Since Q¢(t) < Q(t) for any &(t) € E, we have
Qe(t) <1,

t>T, and lim Q¢(t) =
t—o00

varying solution x¢(t) for ¢ > T having the representation

xe(t) = exp {—/t <Q§(s)—v§(s)>3¥ ds} ,

It follows from Proposition 2.1 that each member of (3.7) possesses a slowly
i t

SO(
T
where v¢(t) is positive and satisfies

(3.8)

|ve (s e(s)| e
ta/ 5a+1 ds.

Each solution x¢(t) is decreasing and satisfies

1>$§()>ep{ /Qg é }Zexp{/t
T

} . (3.10)
Our basic idea which pervades throughout most of the future consider-
ations in this paper, is to show that there is at least one function £(t) € =

(3.9)

Q\’—‘
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such that £(t) = x¢(t) where x¢(t) is defined by (3.8) and satisfies one mem-

ber of the family (3.7), which is at the same time a solution of equation

(A). In that the Schauder-Tychonoff fixed point theorem is our main tool.

However, it is the choice of the set = which makes the procedure feasible.
Let us define the mapping ® : = — C[T, c0) by

DE(E) = ze(t), t>T. (3.11)

It can be verified that ® is a self-map on = and sends = continuously into a
relatively compact subset of =.
(i) ® maps Z into itself. This is an immediate consequence of (3.10).
(ii) ®(Z) is relatively compact in C[T,00). The inclusion ®(Z) C =
implies that ®(Z) is locally uniformly bounded on [T, 00). The inequality

Q=

(ve(t) = Qe(t)= _ _ Qe(t)=

02 (R6)(1) = —ag(t) EO ST > JSEUE > S

holding for all £(¢) € =, shows that ®(Z) is locally equicontinuous on [T, 00).
The relative compactness of ®(Z) then follows from the Arzela-Ascoli lemma.

(iii) @ is a continuous mapping. Let {&,(¢)} be a sequence in = converg-
ing to £(t) € E as n — oo uniformly on compact subintervals of [T, 00). We
have to prove that @&, (¢) converges to ®E(t) on any compact subinterval of
[T, 00). We first note that

P& (1) — DE(1)] =
eXp{_:F/t(Q&"(S)s; vgn(s)> ds}—exp{—j(Qg(s);%(s))éds}‘

[ Qen(s) —ve,(5)\® [ Qels) = vels)
SA( 3 Sas ) (5 ¢ )

SOC
We also remark that if o > 1, then

Q=

Q=
Q=

ds. (3.12)

|<an<s> v, () )i B (Qg(s) - w(s))i

s« s¢
< (

Ve, (5) = ve(s)

80[

1
a
)

[ Qe
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and if a < 1, then

1

| (%(s) - vgn<s>)i - (Qs(S) - 05(8)>°“

Sa

Vg, (8) — ve(s)

Sa

<Gy ( ‘an — Qe(s)

).

where Cy = lé_l/aTl_o‘. Combining the above remark with (3.12), we see
that the continuity of ® is assured if it is proved that the two sequences

1 1
7 V6 (8) —ve@)], 31Q¢, (1) — Qe (D)), (3.13)
converge to 0 as n — oo uniformly on any compact subinterval of [T, c0).
The convergence of the second sequence in (3.13) follows from the Lebesgue
dominated convergence theorem applied to the right hand integral of the
inequality
o0
1 B—a B—a
1alQe. (1) = Qe = [ als)l€n(s)""" — &(s)"%ds.

t

To evaluate the first sequence, using (3.9), we obtain

tiaw&(t) —ve(t)] < a/ [v6, (5) — Qe (5 )’H:a;Ivg( 5) = Qe(s)|*5 | -
t
<aA/|vsn N +ax/ngn 0y s @

The substitution
|ve, (s) — ve(s)]
/ satl ds

transforms (3.14) into the differential inequality

—t2'(t) < alz(t) +0z)\/ Qe (5) = Qf(s)‘ds

Sa+1

or

_(ta)\ ()) <a/\to‘)‘ 1/‘Q§n Qé(s)’ds (315)

sa+1
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Integrating (3.15) from t to oo and noting that t**z(t) — 0 as t — 0o, we

have -
1 _
a(0) < [ Ll
t

)

= tai)\
which, combined with (3.14), yields
1 2 Tl =Qloly, oy 100 —0cto)
t

t7a|U§” (t) - Ug(t)’ < tai)\ Sa(l—)\)-i-l g+l
t

ds,

for t > T. This clearly ensures that |ve,(t) — ve(t)|/t* — 0 uniformly
on compact subintervals of [T,00). Thus, the continuity of ® has been
established.

This enables us to apply the Schauder-Tychonoff fixed point theorem to
®, which leads us to the conclusion that there exists a §y(t) € = such that
&o(t) = PEo(t) = xg, (t) for t > T'. By the definition (3.11) of @, the function
&o(t) is slowly varying and satisfies

((&(0)™) = agy ()& (1)* = a(t)éo ()" *Eo ()™ = a(t)éo(t)”
for t > T, which means that &y(¢) is a solution of equation (A) of the form
(3.8).
To prove the second statement of the theorem, observe that each solution
x¢(t) is decreasing and satisfies (3.10) which then holds for §(t) i.e.

¢ s 1/a
1Z£o(t)zexp{—/Qi) ds}.
T

Therefore, if the occurring integral (3.2) is convergent, &y(¢) tends to a
positive constant and so is trivial. It is easy to see that this condition is
also necessary: Suppose &y(t) — ¢ > 0, as t — oo. Then, the convergence of
(3.2) follows from Proposition 1.1.

It is clear that if (3.2) diverges then &y(t) cannot be trivial (and tends
to zero) for otherwise, due to Proposition 1.1, the integral would converge
giving a contradiction. Conversely, if £y(¢) is nontrivial, then the definition
of Z implies the divergence of (3.2). This completes the proof.

If one further restricts the coefficient ¢(¢) of equation (A) one can obtain
some additional properties of its (nontrivial) slowly varying solutions. There
holds

Theorem 3.2. Let q(t) € RV(—y — 1) for some v > 0 then equation
(A) (with o < ) may possess a nontrivial slowly varying solution x(t) only
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if Yy = a i.e. when q(t) =t~ 'L(t), where L(t) — 0, as t — oo to satisfy
condition (3.1). Then it has the exact asymptotic representation for t — oo,
of the form

[e]3

¢ a=p ¢ 1 Jas
MQN[i;?/@ﬂgﬁm; :[i;?/Liwd4 . (3.16)
T T

P r o o f. Suppose that (A) has a nontrivial SV-solution z(t). By

1

00 /00 >
Proposition 1.3 ¢(t) must satisfy [ ( Ik q(s)ds) dt = oo, which preclude
t

the possibility that v > «. On the other hand, integrating (A) from ¢ to oo

we have
o

(/)" = [ als)a(s)"ds.

which, via Karamata’s integration theorem, yields
/ « 1 B
(=2 ()" ~ ;tQ(t)w(t) ;

() S (t) ~ o (tq(t)E as - oo (3.17)

f}/a
Assume now that v < «a. Integrating (3.17) from 7T to t gives

08—« ; 1 o7
w(t) ~ 278 [/(sq(s))ad3] as ¢ — oo, (3.18)
aye |4

Since ¢(t) € RV(—y — 1), we see from (3.18) that z(t) € RV (g_;g), that
is, z(t) is not slowly varying, a contradiction. Thus the case 7 < « is also
impossible, and hence it must hold that v = a, ie. ¢(t) € RV(—a —1)
which gives (3.16).

Remark 3.1. Proposition 1.8(iii) shows that x(¢) in (3.16) is indeed an
SV-function.

Remark 3.2. It is tacitly assumed here that condition (3.1) holds to
ensure the existence of an SV-solution. It is, however, not used in the
proof. Consequently, Theorem 3.2 is valid regardless what result guarantees
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the existence of a nontrivial solution. A similar remark hold obviously for
Theorems 3.4, 4.2 and 4.4.

Example 3.1. Consider the equation

() = ar(t)
n) = tet1(log t)«(loglog t)2e—A’

(@' (t)*) = q(t)a ()™, (3.19)

where r(t) is a positive continuous function such that tlim r(t) =p>0.
—00

As is easily seen,

“ p
t)=t ds ~ t
Q( ) t/Q(S) S (log t)a(log log t)?ozfﬂ — 0, as o

which means that (3.1) holds. Since

o0

Q(t)l/a pl/e péds

~ 5 and / 5 = 00,
t tlogt(loglog)?~a slog s(loglog s)*~

Theorem 3.1 ensures that equation (3.19) has a nontrivial slowly varying
x(t), which, by Theorem 3.2, satisfies

_1
pe—r

(t)

- loglogt’

If in particular,
1 2

logt + logtloglogt’

r(t) =1+
then, equation (3.19) possesses an exact SV-solution z(t) = 1/loglogt.

3.2. Regularly varying solutions of index 1. Let

L(t) = bexp {/ (S(;)ds} , t>a, b>0, (3.20)

a

be a (normalized) slowly varying function increasing to oo as t — oo, which
implies that L(t) is continuously differentiable and

i) = tII:/((tt)) >0 and /(S(S)ds = 00. (3.21)
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We prove

Theorem 3.3. Suppose that there exists a constant K > 0 such that for
all large t

Q(t) = t° / a(5)(sL(s))P~ds < K5(t). (3.22)

Then, equation (A) possesses an increasing regularly varying solution X (t)
of index 1 such that X (t) < tL(t) for all large t.

P r oo f Denote by = the set of positive continuous nondecreasing
functions £(t) on [T, 00) satistying for ¢ > T

(4;’&) “r<el < ﬁg% (3.23)
Define for any £(t) € =
Ge(t) = aED" " Qelt) = ¢ [ ge(s)ds (3:24)

and consider the family of half-linear equations

(' (t)*) = qe(t)x(t)™, &) € B (3.25)
Using (3.22), (3.23) and (3.24) we see that for ¢t > T
Qelt) < (TLK(;% (3.26)

Since 6(t) — 0, an application of Proposition 2.2 shows that every mem-
ber of the family (3.25) possesses for ¢ > T an increasing RV (1) solution
X¢(t) of the form

¢
Xe(t) = exp {/ (1 - Qs(2+ %(S))w ds} (3.27)
T
where we(t) is a solution of the integral equation
¢
welt) = 5 / Fe(s, we(s))ds. (3.28)

T
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Here F¢(t,w) stands for the function

Fe(t,we) =1+ (1 + i) we — (1 — Qe(t) + w5)1+é. (3.29)

Since by (2.13)
1
Fe(t,we) < (1 + a) Qe
there follows from (3.28) and (3.26)

t
K 1
welt) < ¢ ‘” 8= @/5 (3.30)
T
Now, we define the mapping ¥ : C[t,00) by
VE(t) = Xe(t) for t>T (3.31)

and, as before, show that it satisfies the hypotheses of the Schauder-Tychonoff
theorem.
(i) ¥(2) C
By using (
given by (3.27

t t
Xe(t) < exp{/<1+ |wg<s>|>idj} < exp{/ (1+ A¢
T

3.3 ) we obtain the following estimate for the solution X¢(t)
)

2 [ 5oz ) &
o))

T
(3.32)
where C(«) is some positive constant and
. K(a+1)
~(TL(T))P~=

Further, by integrating partially in the last integral we get

/t(;?/sé(z)dz) ds < /té(zz)dz
T T

T

and so by (3.32) and (3.20) and choosing 7" in such a way that AC(«) <1,
there follows

for t>T. (3.33)
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On the other hand, since X'(t) increases, and for e.g. Q¢(t) < 1/4

xu(o) 2 xyr) = LGOI (

3\ Ve 1
T > T

.34
2 % (3.34)

for t > T and all £(t) € Z, we easily have the lower bound

1

3 a
Xe(t) > (m) : (3.35)

Whence (i) holds

(ii) ¥(ZE) is relatively compact in C[T, 00).

The local uniform boundedness follows from (i). We get local equicon-
tinuity as follows: From (3.34), (3.33) and since e.g. |we(t)| < 1 for all
&(t) e Eand t > T, one gets

w 1/ 1/a
(3)7 = xt0 < xep PO L2020

Then, an application of the Arzela-Ascoli lemma proves (ii).

(iii) The continuity of ¥ can be proved in the following manner. We
let {£,(t)} be a sequence in Z converging to £(t) € E as n — oo uniformly
on compact subintervals of [T, 00), and prove that {¥¢,(¢)} converges to
UE(t) uniformly on any compact subinterval of [T, 00). Arguing as in the
proof of the continuity of ® in Theorem 3.1, it suffices to verify that the two
sequences

L, ()~ we()] and 1104, (6) - Q)

converge to 0 uniformly on compact subintervals of [T,00). The second
sequence can be handled easily. To deal with the first sequence, using (3.28)
and the inequality

e (50, (5)) = Felos we(o)] < (1+ ) g, ()~ we(o)

+ <1 + ;) Mo, (1) = we()] + Q. (1) = Qe(®)]), - ma = <4> ’

we obtain

lwe, (t) — we(t)| <

+]Q

[ 1Fe (5,06, (5) = Fes,ues)lds— (3.36)
T
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< Mo
-t

[ 1w, (5) = welslds + 5 [ 1Qe, () — Qels)lds,
T T

where
My,=(1+a)(l+my), No=1+a.

¢
The substitution z(t) = [ |wg, (s) — we(s)|ds transforms (3.36) into
T

(:Si)l = tf\];:il /t Qe () — Qe(s)|ds,
T

which, integrated over [T, t], yields

t
Z(t) < ]]\\ZtMa/ |Q£n(82A;aQ£(S)|dS (337)
T

Using (3.37) in (3.36), we have

t t
_ N,
e, ()] < Noeie [ 1L ZC g B [igg (9)-Qetolas.
T T

or

t t
tia‘wgn(t)_wﬁ(t” S NatMafNa ‘an(sij\;an(S)‘dS+7f]\\f;j¥/’Q&L(S)_Qg(s)‘d&
T

T

for ¢ > T'. This shows that |we, (t) —we(t)|/t* — 0 uniformly on any compact
subinterval of [T, 00), and establishes the continuity of W.

The Schauder-Tychonoff theorem then guarantees the existence of a
function &(t) € = such that &y(t) = Xg,(t) for ¢ > T. This means that
&o(t) satisfies

(&()%) = ag (D€ (D)™ = a(t)éo ()" & (1) = a(& (), t=>T,

that is, £o(t) is a solution of equation (A) on [T, 00). It is clear that &y() is a
regularly varying function of index 1. Thus (A) possesses an RV (1)-solution,
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with the wanted upper bound due to (3.23) and with an representation of
the form (3.27). (QED)

Example 3.2. Let a < § and consider the equation

o 1\t
@) =020, a0) = oy () 33

o0
It is clear that (3.38) has a trivial RV (1)-solution since q(t) satisfies [ t°q(t)dt <
oo. (cf. Proposition 1.2). It also satisfies (3.22) with L(¢) = logt¢ where
0(t) = 1/logt. (In this case condition (3.22) implies the former one i.e.
(1.5)). However, equation (3.38) also has a nontrivial RV (1)-solution x(t) =
tlogt.

Like in the case of slowly varying solutions, we shall restrict further the
coefficient ¢(t) to obtain an additional information on nontrivial RV (1)-
solutions.

We prove

Theorem 3.4. Suppose that q(t) € RV (-5 — 1) i.e. of the form

q(t) = t7B71L*(t) and such that f%(t)dt converges. Then, for any non-
trivial RV(1) solution X (t) of equation (A) (8 > «) there holds for t — oo

. -
ﬁ_o‘/L (S)ds] . (3.39)

a—p
=t

o0

X(t)~t [B;a/sﬁq(s)ds

t

« S

t

P roof. Suppose equation (A) has a nontrivial RV (1)-solution X (t) =
ty(t), implying y(t) € SV and y(t) = X(t)/t — oo, as t — oco. Hence,
integrating on both sides of (A) over (T, t) one obtains

1
t =
L* B
w0~ | [EOLa]
s
T
where, due to Karamata theorem, Proposition 1.8 (iii), the right hand side

function is a slowly varying function.
Another integration and the use Proposition 1.8 (i), leads to

X(t)wt[/L*(s)y(S)ﬂds]a, as t — 00,

S
T
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so that
t

1
L oo1"
y(t) ~ { / Lslyls) ds] .
s
T
To determine the behaviour of y(t) put

t

Z(t) — /L*(s)y(s)ﬂds
T

S

so that y(t) ~ z(t)é and

A(t) L)
2(t)B/e t
Noting that § > «, and z(t) — oo as t — 00, an integration over [t,c0)
leads for t — o0, to

and (3.39) follows.

4. Sub-half-linear equation

4.1. Slowly varying solutions. Sub-half-linear equations of the form
(A) with o > (3 are under consideration.

Let M(t) be a normalized slowly varying function on [a,c0) which de-
creases to 0 ast — oo

M(t):bexp{/dis)ds}, t>a,b>0. (4.1)
This implies
i) = tj\zél((tt)) <0, and /(S(Ss)ds = —00. (4.2)

Theorem 4.1. Suppose that there exists a constant K > 0 such that

o0

Q) :== to‘/q(s)(M(s))ﬁ*O‘ds < K(—0(t))* for all large t. (4.3)
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Then, equation (A) possesses a decreasing slowly varying solution x(t) such
that x(t) > M(t) for all large t.

P roof Choose T > a so that, in addition to (4.3), the following
inequalities hold for ¢t > T

K(M(T)* P <1, (4.4)

(1 + ;) (—5(8)° <1, (4.5)

where [ € (0,1) is a given constant.
We denote by = the set of continuous positive nonincreasing functions
&(t) on [T, 00) satisfying

1>£(t) > Aj\j((;)), t>T (4.6)
For any £(t) € 2 define
delt) = a0, Q) =1 [ agls)is, (4.7

and consider the family of half-linear equations
((@'()™) = qe(®)(x()™,  £(t) € = (4.8)
Since &(t)P~ < (M (t)/M(T))?~, using (4.7), (4.4) and (4.3), we have
Qe(t) < K(M(T)* P (=8(1)™ < (=4(1))". (4.9)

Because of (4.3) Proposition 2.1 is applicable, and each equation of (4.8) has
a decreasing SV-solution w¢(t) of the form

l’g(t) = exp {_/ (QE(S) _S'Uﬁ(s))l/ads} s T’ (410)

T

where vg(t) satisfies

[ve(s) — Qe(s)[ o
ot / Sa+1 ds, (4.11)
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and 0 < vg(t) < (—5(t))1+§ for t > T'. We note that x¢(t) is decreasing and
satisfies

1> ze(t) > eXp{—/Qf(ss)ads} > exp{/(s(ss)ds} - Aj\j((;)) (4.12)
T

T

We now define the mapping ® : = — C[T, ) by
BE(H) = welt), =T, (4.13)

and want to show that the Schauder-Tychonoff fixed point theorem is ap-
plicable to .

(i) ®(¢) C =. This is a trivial consequence of (4.12).

(ii) () is relatively compact in C[T,00). This follows from the fact
that ®(Z) is locally uniformly bounded and locally equicontinuous on [T, 00).
The uniform boundedness is a direct consequence of the inclusion ®(¢) C E,
while the equicontinuity is assured by the inequality

Qe(t) —vg(t)>1/“ L Qe _ 0
to - t Tt

Q=

0> (@) () = —ae(t) =T,

(iii) ® is continuous. We omit the proof since it is essentially the same
as that of the continuity of ® defined by (3.11) (cf. the proof of Theorem
3.1). Consequently, ® has a fixed point {y(¢t) € Z, which provides a slowly
varying solution z(t) = £(t) of the sub-half-linear equation (A), with the
representation of the form (4.10) satisfying z(t) > M (t) due to (4.6).

If one again restricts the attention to the case q(t) € RV (), it is easily
obtained, due to (4.2) and by the use of Proposition 1.8, (i), that condition
(4.3) implies (1.5) so that equation (A) has a trivial SV-solution. Neverthe-
less it might have also a nontrivial one as it is illustrated by

Example 4.1. Let a > (§ and consider the equation

2
(1)) = q(t)x(t),  q(t) = - (1 ) 4.14
@0 = a0, alt) = g () 1
This equation has a trivial SV-solution and a nontrivial one at the same
time. In fact, by inspection a nontrivial SV function 1/logt satisfies (4.14),

oo [e3
and since ( i q(s)ds) is integrable on [e,c0), the existence of a trivial
t

SV -solution follows from Proposition 1.1.
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By choosing

M(t) = L, for which 0(t) = —L,
logt logt
a simple computation shows that condition (4.3) is fulfilled and so Theorem
4.1 ensures the existence of a slowly varying solution for equation (4.14). No
criterion is available for deciding whether the obtained solution is a trivial
SV -function or a nontrivial one.
The following result provides some further information about the non-
trivial SV-solutions:

Theorem 4.2. Let q(t) € RV(—a — 1) ie. q(t) =t~ 1L(t), then, for
any nontrivial slowly varying solution x(t) of equation (A) (o > (3) there
holds for t — oo,

a—p

x(t) ~ [lef /(Sq(s))l/adS] =

oo 1 acs
a—f / L(s)e ds] . (4.15)
a1+a y S

P roof Let x(t) be a nontrivial SV-solution of equation (A). Then
z(t) — 0 and 2/(t) — 0 as t — oo. Integrating twice over (¢,00) on both
sides of (A), one obtains (4.15).

4.2. Regularly varying solutions of index 1.

Theorem 4.3. Let Equation (A) has an increasing regularly varying
solution of index 1 if

Q(t) == to‘/sﬁ_aq(s)ds —0, as t— oo (4.16)
t

Proof Letme (0, %) be a constant such that

latDatd) (4.17)

Put

Choose T > a so that
v Tt > 1, (4.18)
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and
Q) <m?* for t>T. (4.19)

Let = denote the closed convex subset of C[T', c0) consisting of continuous
nondecreasing function £(t) on [T, 00) such that

E<E() <the, t>T.

(4.20)
Define the functions g¢(t) and Q¢(t) by
() = a0’ Q) =1 [ qels)ds. (421)
t
and consider the family of half-linear equations
(@'()*) = qe(H)z ()™, £(t) € E. (4.22)
Since £(t)P~ < 77 we have for t > T, and each &£(t) € Z,
Qe(t) < Q(t) <m?, (4.23)

and so by Proposition 2.2 each equation of (4.22) possesses for ¢ > T an
RV (1)-solution X¢(t) of the form

. tl@@+w@is’ |
X (1 p{!< ) d} (4.24)

and satisfies |we(t)| < m.

For the definition of F¢(s,w) see (3.29).) It is easy to see that X¢(¢) given
3 3
by (4.24) satisfies

t - (t)< t Ho
Vo= < X -
ap =48 = ’

T
which, in view of (4.18), implies

t < THaXe(t) <the, t>T. (4.25)
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Let us define ¥ to be the mapping which assigns to each £(t) € = the
function WE(t) given by

VE(t) = T Xe(t), t>T. (4.26)

(i) ¥ maps = into itself. This is a trivial consequence of (4.25).

(ii) ¥(E) is relatively compact. The inclusion ¥(Z) C = implies that
U(Z) is locally uniformly bounded on [T,00). For any £(t) € Z we easily
have

ey < 2t 1>,

which shows that ¥(Z) is locally equicontinuous on [T, 00). The conclusion
then follows from the Arzela-Ascoli lemma.

(iii) ¥ is continuous. Letting {&,(¢)} be a sequence in Z converging to
£(t) € Z uniformly on compact subintervals of [T',00), we have to prove
that {W&,(t)} converges to WE(t) uniformly on any compact subinterval of

[T, 00). Since
o] [(12Qe ) +ug (0N
(e

_exp{/t(1_Q€(Sl+w§(5))‘ids}|

T

(W& (t) — WE(t)| = T

(1= Qels) + we(s)\ =
( )

SO&

Q=

ds, t>T,

SO&

1= Qe(s) + we, (5)
StuT/‘( 6(0) e o))

to show the continuity of ¥ it suffices to verify that the sequences

1 1
1, ()~ Qe(®)] and |, (1) — we(t) (427)
converge to 0 uniformly on compact subintervals of [T, 00). We need only

to deal with the second sequence in (4.27). A straightforward computation
leads to the inequality

e, () ~we(t)] < 2 [ e, ()= wels)lds+ [ Qe (5) - Qels)lds, (4.28)
T T
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¢
for t > T, where k = 14+ 1. Putting 2(t) = [ |we,(s) — we(s)|ds, (4.28) is
T

<jfg?>/ = t2l]j+1 /t|Q£n(5) — Q¢(s)|ds,
T

whence it follows that

t s t
z(t) < tzk/ 82]k€+1/ |Q¢, (1) — Qe(r)|drds < tzl‘/ Qe (5) — Qé(s)’ds, t>T.
T T

252k
T

transformed into

(4.29)
Using (4.29) in (4.28), we obtain

1 kit / Qe (s) — Qe(s)]

t
k
e, (1) —we(8)] < 5o ds+ oy [ 1Qe, (5) - Qels)lds,
T

for ¢ > T', which ensures that |we, (t)|/t* — 0 uniformly on every compact
subinterval of [T, 00). Thus, ¥ is a continuous mapping. Consequently, by
the Schauder-Tychonoff fixed point theorem ¥ has a fixed point &y(¢t) € Z,
which by definition satisfies

Eo(t) =T Xg,(t), t>T. (4.30)

From (4.30) we conclude that
((1)°) = T2 (XL, (%) = T qg, (1) Xey (6)°
= e, ()(T" Xgy (1)) = ago ()0 (8)* = a(t)éo(t)”
for ¢ > T, which means that £y(¢) is a solution of equation (A) on [T, 00).
It is obvious that &y(t) is a regularly varying function of index 1 with the
representation of the form (4.24). (QED)
Example 4.2. Let a > 8 and consider the equation

@) = a0z, a(t) = 21, (4.31)

where L(t) is a slowly varying function such that
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Since
[oe)

L(t
ta/sﬂ*aq(s)ds ~ L) —0, t— oo,
a
t

Theorem 4.3 implies that (4.31) has a regularly varying solution of index
1. In view of Proposition 1.4, this solution is automatically a nontrivial one

o0
because [ tPq(t)dt = oco.
If we choose in particular

r(t)(loglog t)*—A~1
logt

L(t) =

1 1 a—1
with r(t) = « <1 — ) (1 + ) , Theorem 4.3 is still ap-
logt logtloglogt

plicable, giving the existence of a nontrivial RV (1)-solution. Indeed ¢ loglog ¢
is such a solution.

If one restricts () to the Karamata class as in previous cases, one can
obtain further information on solutions:

Take ¢(t) =t"L(t) wherey is a constant and L(¢) is a slowly varying
function. Condition (4.16) then reduces to

1
a—(y+5+1)

Q(t) ~ L) — 0.

This is possible if a) v+ 8+ 1 < 0and if b) y+ B+ 1 =0 and L(t) — 0.
Then an application of Propositions 1.2 and 1.4 leads to the conclusion that
the RV (1)-solution whose existence is proved in Theorem 4.3, is a trivial
one in case a) and a nontrivial one in case b), provided that L(t)/t = tP¢(t)
is not integrable on [a, c0).

In the later case we obtain

Theorem 4.4. Suppose that q(t) € RV (—f — 1) i.e. q(t) = t=P~1L(t)
and L(t) — 0 then, for any nontrivial RV (1)-solution of equation (A) (o >
() there holds for t — oo

a-p [ T fems e, ]
x(t) ~t { sﬁq(s)ds] =t [ ds] .
a T/ a 7[ s

For the proof an argument similar to the proof of Theorem 3.3 is used.
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