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Abstract

A compatible equivalence relation on a semigroup S is called a con-
gruence. Wallace proved that if R is a closed congruence defined on
a compact topological semigroup S then S/R with the quotient topol-
ogy and the standard multiplication is a topological semigroup. In this
work Wallace’s result is proved for a more general class of topological
semigroups; namely, o-compact and locally compact semigroups.
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Resumen

Una una relacién de equivalencia compatible en un semigrupo es
llamada congruencia. Wallace probé que si R es una congruencia ce-
rrada definida en un semigrupo topolégico compacto S entonces S/R
con la topologia cociente y la multiplicacién estandar es un semigrupo
topoldgico. En este trabajo se prueba el resultado de Wallace para una
clase mas general de semigrupos topoldgicos, a saber los o-compactos y
localmente compactos.

Palabras y frases clave: Congruencia, semigrupo topolégico, aplica-
cién cociente, aplicacién saturada, o-compacto, localmente compacto.

1 Introduction

A relation R on a semigroup S is said to be left [Right] compatible if (a,b) € R
and z € S imply (za,zb) € R [(az,bx) € R], and compatible if it is both left
and right compatible.
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A compatible equivalence relation on a semigroup .S is called a congruence.
Observe that an equivalence R on a semigroup S is a congruence if and
only if (a,b) € R and (¢,d) € R imply (ac,bd) € R.

Theorem 1. Let S be a semigroup and let R be a congruence on S. Then
S/R is a semigroup under the multiplication defined by m(x)w(y) = ©(zy) and
m S —S/R is a surmorphism.

It is useful to observe that if R is a congruence on a semigroup S and m,
m’ are the multiplication on S and S/R respectively then m’ is the unique
multiplication on S/R such that the following diagram conmutes:

(S/R) x (S/R) —™— S/R

wx | |«

S xS - S

If R is a congruence on S, which is closed on S x S we will call it a closed
congruence.

If f: X =Y is a function from a space X to a space Y and A C X, then
A is said to be f-saturated if f=1(f(A)) = A.

If f: X —Y is surjective, then f is said to be a quotient map if W being
open [closed] in Y is equivalent to f~!(W) being open [closed] in X. Observe
that a quotient map is necessarly a continuous surjection. It is clear that each
open continuous surjection from X onto Y is a quotient map.

If X is a space, Y is a set, and f: X — Y is a surjection, then we can
define a topology on Y by declaring a subset W C Y to be open if and only
if f~1(W) is open in X. This topology is called the quotient topology on Y
induced by f. Note that if Y is given the quotient topology induced by f then
f is a quotient map.

If R is a congruence on a semigroup S, we give S/R the quotient topology
induced by the natural map m: S —S/R.

We want now to present an example of a topological semigroup S and a
closed congruence R on S such that S/R is not a topological semigroup, since
S/ R fails to be Hausdorff.

Let S be a Hausdorff space which is not normal and define multiplication
on S by (z,y) — x. Then S is a topological semigroup. Let A, B be two
disjoint closed subsets os S such that each open set containing A meets each
open set containing B, and let R = A(S)UA X AUB x B. Then R is a closed
congruence on S but S/R is not a topological semigroup, since it fails to be
Hausdorff. Observe that multiplication on S/R is continuous.
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2 Results

We proceed to establish a sequence of lemmas which will be used to demon-
strate that if S is a locally compact, o-compact semigroup and R is a closed
congruence on S, then S/R is a topological semigroup. This result was estab-
lished for compact semigroups in [1].

Lema 1. Let S be a topological semigroup and let R be a closed congruence
on S such that m x m: S x S —S/R x S/R ia a quotient map. Then S/R is a
topological semigroup.

Proof. Let m denote multiplication on S and m’ multiplication on S/R. Then
the diagram,

(S/R) x (S/R) —™— S/R

mﬂ Tw

S xS — S

m
commutes. Since 7w om is continuous and 7 X 7 is a quotient map we get that
m/ is continuous. Since R = 7 x 7~ 1(A(S/R)) is closed and 7 x 7 is a quotient
map we have that A(S/R) is closed. Hence S/R is a Hausdorff topological
space. O

Lema 2. Let R be a closed equivalence on a space X and let K be a compact
subset of X. Then w1 (n(X)) is closed.

Proof. Let m: X x K — X denote the first projection. Then 7~ !(7(K)) =
m1((X x K)N R) is closed. O

Lema 3. Let X be a compact Hausdorff space and let R be a closed equivalence
on X. Then:

a) m X —X/R is closed.

b) if V is an open subset of X, then Vg = {x € X : 7~ Y(w(x)) C V} is open
and m-saturated.

c) If A is a closed w-saturated subset of X and W is an open subset of X
such thatA C W, then there exists an open w-saturated subset U and a
closed m-saturated subset K such that ACU C K C W.

d) X/R is Hausdorff.
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Proof. To prove a) let C' be a closed subset of X. Then C is compact, and
hence 7= (7(C)) is closed. Since 7 is a quotient, 7(C') is closed, so 7 is closed.

To prove b), observe that Vg = V — 7~ 1n(X — V). Since 7 is closed, we
have that Vg is open. It is clear that Vg is m-saturated.

To prove c), observe that A C Wr C W, since A is m-saturated. Since A
is normal and Wpg is open, there exists an open set V such that A C V C
VCWrCW. Let U=Vgand K = 7~ '7(V). Then U and K satisfy the
required conditions.

To prove d), let w(z) and 7(y) be distinct points of X/R. Then 7 1m(z)
and 7~ !7(y) are disjoint closed subsets of X. Since X is normal, there exist
disjoint open sets M and N containing 7~ 'm(z) and 7~ !7(y) respectively.
We obtain that 7(Mg) and 7(Ng)are disjoint open subsets of X/R containing
7(x) and 7(y) respectively. O

Lema 4. Let X be a locally compact o-compact space. Then there exists a
sequence {K,} of compact subsets of X such that X =, cn Kn and K, C
Ky .y (the interior of K, yq in X) for eachn € N.

Proof. Let X = J,,cy Cn, where C,, is compact for each n € N. Let K; = C)
and {K; € I} a finite cover of K; by open sets of finite closure. Let Ky =
U;er K- Since Ky U Gy is compact there exists a finite cover {K? : i € I} of
K5 U Cy by open sets with compact closures. Let K3 = J;¢; K?. Continuing
recursively, let K, 11 be a compact subset such that K, UC, C K ;. O

The next result is due to Jimmy Lawson (see [5]). It was communicated
to me while I was his student at Louisiana State University.

Theorem 2. Let S be a locally compact o-compact semigroup and let R be a
closed congruence on S. Then S/R is a topological semigroup.

Proof. We will establish that S/R is a topological semigroup by proving that
7XxmS xS —S/RxS/Ris a quotient map and then applying Lemma 1.

Let @ be a subset of S/R x S/R such that 7 x 771(Q) is open in S x S.
We want to show that @ is open in S/R x S/R. Let (n(a),n(b)) € Q. By
lemma 4, there exists a sequence {K,} of compact subsets of S such that
S =Upen Knand K, C K7, ,,Vn € N.

Assume, without loss of generality that both a and b lie in K;. Let Vp =
7Y (m(a)) N Ky and Wy = 7~ 1(m(b)) N K;. It is easy to see that both V and
Wy are compact subsets of K;. By Wallace theorem, there exist sets G and
T which are open in K; such that Vo x Wy C GxT C 7 x 7~ H(Q)N Ky x K;.
Using lemma 3, we obtain sets V; and W; which are closed in K7, and hence
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compact, and 7|k, -saturated such that V; is a Kj-neighorhood of Vy, W is
a Kj-neighorhood of Wy, Vi C G, and Wy C T. By lemma 2 7= (7(V7)) and
7~ (m(W1)) are closed. Again by Wallace’s theorem, there exist set M and
N which are open in Ky so that

[T (V)N K] x [m (r(W1)) N K] C M x N Crxn Q)N Ky x K.

As above, there are sets V5 and Wy which are closed in Ky (and hence
compact), 7|k,-saturated and such that V5 is a Ka-neigborhood of
7T71(7T(W1)) n KQ, Vo € M and Wy C N.

Define recursively a pair of towered sequences {V,,} and {W,} such that
V., and W, are closed in K,, (and hence compact) and 7|k, -saturated such
that V,, is a K,-neigborhood of 7= (7(V,,_1)) N K,,, W, is a K,-neighorhood
of 71 (m(Wp_1)) N K, and V,, x W,, C 7 x 7~ 1(Q) for each n € N.

Let V =Uy—, Vs and W = {J;2, W,,. It is clear that 7' (7(a)) C V and
71 (m(b)) C W. Observe that V is m-saturated since V = oo, 7= H(w(Vi)),
and similarly W is w-saturated.

To see that V is open, let x € V. Then z € V,, for some n € N. Now V11
is a Ky y1-neighborhood of V,, and V,, C K, . It follows that V,, .1 N K},
is a neigborhood of V;,. Observing that V,, C V.1 N K51 C Vi1 CV, we
see that V' is a neigboprhood of z, and hence it is open.

A similar argument proves that W is open. Finally, (7(a), 7 (b)) € 7(V) x
(W) € Q and 7(V) x n(W) is open since V and W are open w-saturated
subsets of S. O
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