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ABSTRACT. Let H be a homology theory for algebraic varieties over
a field k. To a complete k-variety X, one naturally attaches an ideal
Hx (k) of the coefficient ring H (k). We show that, when X is regular,
this ideal depends only on the upper Chow motive of X. This gener-
alises the classical results asserting that this ideal is a birational invari-
ant of smooth varieties for particular choices of H, such as the Chow
group. When H is the Grothendieck group of coherent sheaves, we
obtain a lower bound on the canonical dimension of varieties. When
H is the algebraic cobordism, we give a new proof of a theorem of
Levine and Morel. Finally we discuss some splitting properties of ge-
ometrically unirational field extensions of small transcendence degree.
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1. INTRODUCTION

The canonical dimension of a smooth complete algebraic variety measures to
which extent it can be rationally compressed. In order to compute it, one usu-
ally studies the p-local version of this notion, called canonical p-dimension (p
is a prime number). In this paper, we consider the relation of p-equivalence
[KM13l §3] between complete varieties, constructed so that p-equivalent vari-
eties have the same canonical p-dimension. This essentially corresponds to the
relation of having the same upper motive with F,,-coefficients (see Remark 2.2).
For example two complete varieties X and Y are p-equivalent, for any p, as
soon as there are rational maps X --» Y and Y --» X. In order to obtain
restrictions on the possible values of the canonical p-dimension of a variety, one
is naturally led to study invariants of p-equivalence. We give a systematic way
to produce such invariants (and in particular, birational invariants), starting
from a homology theory. We provide examples related to K-theory and cycle
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modules. We then describe the relation between two such invariants of a com-
plete variety X: its index nx, and the integer dx defined as the g.c.d. of the
Euler characteristics of the coherent sheaves of O x-modules. The latter invari-
ant contains both arithmetic and geometric informations; this can be used to
give bounds on the possible values of the index nx (an arithmetic invariant) in
terms of the geometry of X. For instance, a smooth, complete, geometrically
rational (or merely geometrically rationally connected, when k has characteris-
tic zero) variety of dimension < p—1 always has a closed point of degree prime
to p. Some consequences of this statement are given in

An immediate consequence of the Hirzebruch-Riemann-Roch theorem is that,
for a smooth projective variety X and a prime number p, we have

dim X > (p — 1)(vp(nx) — vp(x(X, Ox)),

(we denote by v,(m) the p-adic valuation of the integer m). When the charac-
teristic of the base field is different from p, a result of Zainoulline states that
X is incompressible in case of equality (this follows by taking p-adic valua-
tions in [ZailO, Corollary (A)]). Here we improve this result, and obtain in
the following bound on the canonical p-dimension of a regular
complete variety X over a field characteristic not p (and also a weaker statement
in characteristic p)

cdimy, X > (p — 1)(vp(nx) — vp(dx)).

We always obtain some bound on the canonical p-dimension, even when it
is not equal to the dimension. By contrast, the result of [Zail0], or more
generally any approach based on the degree formula (see [Mer03|), does not
directly say anything about the canonical dimension of varieties which are not
p-incompressible. One can sometimes circumvent this problem by exhibiting a
smooth complete variety ¥ of dimension cdim, (X) which is p-equivalent to X,
and use the degree formula to prove that Y is p-incompressible (see [Mer03|
§7.3] for the case of quadrics). But this requires to explicitly produce such a
variety Y, and to find an appropriate characteristic number for Y.

Let us mention that the bound above tends to be sharp only when cdim,(X)
is not too large, compared with p (see [Example 6.7).

Another aspect of the technique presented here concerns its application to
the algebraic cobordism 2 of Levine and Morel. Their construction uses two
distinct results known in characteristic zero:

(a) the resolution of singularities [Hir64], and

(b) the weak factorisation theorem [AKMWO02, [W1o03].
Some care is taken in the book [LMO07] to keep track of which result uses merely
@ or the combination of @ and @ most deeper results actually use both.
In [Haul2b], we proved that the existence of a weak form of Steenrod opera-
tions (which may be considered as a consequence of the existence of algebraic
cobordism) only uses @ Moreover, we proved that it suffices, for the purpose
of the construction of these operations, to have a p-local version of resolution of

DOCUMENTA MATHEMATICA 18 (2013) 1555-1572



INVARIANTS OF UPPER MOTIVES 1557

singularities, which has been recently obtained in characteristic different from
p by Gabber. By contrast, it is not clear what would be a p-local version of the
weak factorisation theorem. In the present paper, we extend the list of results
using only @ by proving the theorem below, whose original proof in [LMO07,
Theorem 4.4.17] was based on @ (and . Our approach moreover allows
us to give in a p-local version of this statement, in terms of

p-equivalence.

THEOREM. Assume that the base field k admits resolution of singularities. The
ideal M(X) of Q(k) generated by classes of smooth projective varieties Y, of di-
mension < dim X, and admitting a morphism'Y — X, is a birational invariant
of a smooth projective variety X .

The structure of the paper is as follows. In we define the notion of p-
equivalence, and describe its relation with canonical p-dimension. In [Secfion 3|
we introduce a (non-exhaustive) set of conditions on a pair of functors which are
expected to be satisfied by a pair homology/cohomology of algebraic varieties.
We verify these conditions for K-theory, cycles modules, and algebraic cobor-
dism. In [Section 4] we explain how to construct an invariant of p-equivalence
classes starting from any pair satisfying the conditions of [Section 31 We dis-
cuss each of the three situations mentioned above. In we provide a
relation between nx and dx, which are invariants produced by the method of
[Section 3l This yields the lower bound for canonical dimension. In [Section 6]
we provide examples, and compute the lower bound in some specific situations.
In [Section 7 we adopt the point of view of function fields, and consider splitting
properties of geometrically unirational field extensions.

2. p-EQUIVALENCE

We denote by k a fixed base field. A variety will be an integral, separated,
finite type scheme over Speck. The function field of a variety X will be
denoted by k(X). When K is a field containing k, we also denote by K its
spectrum, and for a variety X we write Xg for X X K. The letter p will
always denote a prime number.

A prime correspondence, or simply a correspondence, Y ~~ X is a diagram of
varieties and proper morphisms Y < Z — X, where the map Y — Z is gener-
ically finite. The degree of this map is the multiplicity of the correspondence.
Following [KM13| §3], we say that two varieties X and Y are p-equivalent if
there are correspondences Y ~» X and X ~» Y of multiplicities prime to p. It
is equivalent to require that each of the schemes Xj,(y) and Yy (x) have a closed
point of degree prime to p.

Note that a rational map Y --» X between complete varieties gives rise to
a correspondence Y ~» X of multiplicity 1 (by taking for Z the closure in
X % Y of the graph of the rational map). Thus two complete varieties X and
Y are p-equivalent, for all p, as soon as there are rational maps ¥ --» X and
X --»Y. Therefore we can use p-equivalence to find birational invariants (as
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in [Corollary 4.10)), but of course birational equivalence is a much finer relation
(see for example [Remark 4.6)).

We will in general restrict our attention to complete regular varieties. In
this case the relation of p-equivalence becomes transitive (this can be proved
using [KMO06, Lemma 3.2]). A consequence of a theorem of Gabber [ILOL
X, Theorem 2.1] is that, when the characteristic of k is not p, any complete
variety is p-equivalent to a projective regular variety (of the same dimension).

Let X be a complete regular variety. Its canonical p-dimension cdim,(X) can
be defined as the least dimension of a closed subvariety Z C X admitting a
correspondence X ~» Z of multiplicity prime to p [KMO06, Corollary 4.12].

It is proven in [KM13| Lemma 3.6] that smooth p-equivalent varieties have the
same canonical p-dimension. A slight modification of the arguments used there,
together with Gabber’s theorem, yields the following statement.

PROPOSITION 2.1. Assume that the characteristic of k is different from p. Let
X be a complete regular variety. Then cdim,(X) is the least dimension of a
complete reqular variety p-equivalent to X .

REMARK 2.2 (Upper motives). Let X be a complete smooth variety. A sum-
mand of the Chow motive of X with IF,-coefficients is called upper if it is defined
by a projector of multiplicity 1 € F,, [Karl3, Definition 2.10].

If two smooth complete varieties have a common upper summand with [Fp-
coefficients, then they are p-equivalent. The converse is true if the varieties are
geometrically split and satisfy Rost nilpotence [Karl3l Corollary 2.15].

3. RING THEORIES AND MODULES

We denote by Ab the category of abelian groups. Let V be a full subcategory of
the category of varieties and proper morphisms, and Reg a full subcategory of
V, which unless otherwise specified (in B:2]) will consist of the regular varieties
in V. Let R and H be two (covariant) functors V — Ab. For a morphism f
of V, we denote by f, either of the two corresponding morphisms in Ab. We
consider the following conditions on R and H.

CONDITIONS 3.1. Let X € V and S € Reg. Let f: X — S be a proper,
dominant, generically finite morphism of degree d.

(R1) The group R(S) has a structure of an associative ring with unit 1g.
(R2) Tt is possible to find an element u € R(X) such that the element f.u—
d - 1g is nilpotent in the ring R(S).

(H1) There is a morphism of abelian groups
RX)®H(S) = H(X) ; zQ®s—x-ys.
(H2) The group H(S) has a structure of a left R(S)-module such that
felx g s) = (fux) - s.
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We now describe some classical examples of such functors R and H. In all
cases, R and H will correspond to cohomology theories, and satisfy additional
properties which are logically irrelevant here. We tried to be provide minimal
conditions making the proof of [Lemma 4.1l below work.

3.1. QUILLEN K-THEORY. (See [Qui73| §7]) Let V be the category of varieties
and proper morphisms, and let X € V. We let R(X) be the Grothendieck
group K((X) of the category of coherent sheaves of Ox-modules, and H(X)
be the m-th K-group K/, (X) of this category.

We denote by K,,,(X) the m-th K-group of the category of locally free coherent
sheaves on X. The tensor product induces a morphism

(1) Kn(X)o Ki(X)—> K (X)) ; zy—zNy.
When S is regular, the map — N [Og] induces an isomorphism
(2) s Km(S) = Kp,(S).

With m = 0, the combination of () and ([Il) gives|(R1)| (here 15 = [Og]).
When f: X — S is a morphism, we have a morphism f*: K,,(S) — K, (X),
and we can define

K{(X)®@ K, (S) = K, (X) ; z®@s—axps=fropg'(s)Nuz,

proving |(H1)l Then [(H2)|follows from the projection formula.
We prove [(R2)| for v = [Ox]. The element x = f.u — d - [Og] belongs to the

kernel of the restriction to the generic point morphism K{(S) — K{(k(S)) (see
e.g. [Haul3d, Lemma 2.4]). This amounts to saying that its unique antecedent
y € Ko(S) under @) (with m = 0) has rank zero. Thus for any n, its n-th power
y™ belongs to the n-th term of the gamma filtration. The image by @) (with
m = 0) of this term is contained in the n-th term of the topological filtration
[SGA6L Exposé X, Corollaire 1.3.3]. The latter vanishes when n > dim S, hence
so does z™.

3.2. CHOW GROUPS AND CYCLE MODULES. Let us sketch how Chow groups
and cycle modules can be made to fit into this framework, although the situ-
ation is somewhat degenerate. Let V be the category of varieties and proper
morphisms, and R be the Chow group CH. The property is satisfied with
u = [X], since f.[X]=d-[9].

Let M be a cycle module [Ros96, Definition 2.1]. We let H(—) = A.(—; M) be
the Chow group with coefficients in M [Ros96, p.356].

When M is Quillen K-theory, the conditions [(R1), (H1) and [(H2) are verified
in [Gil81) §8] using Bloch’s formula.

Taking for Reg the subcategory of smooth varieties, is classical. When
X — S is a morphism, with S a smooth variety, the pairing

CH(X)® A (S; M) — A (X; M)

is defined by sending = ® s to ¢g*(x xi s). Here we use the cross product
of [Ros96l §14], and g* is the pull-back along the regular closed embedding

DOCUMENTA MATHEMATICA 18 (2013) 1555-1572



1560 OLIVIER HAUTION

g: X — X X S given by the graph of f, defined as the composite

AL (X i S M) 22 AL (v, M) P2 AL (X M,

where J(g) is the deformation homomorphism [Ros96, §11] and p* the iso-
morphism induced by the flat pull-back along the normal bundle p: N,
Ts xg X — X to g [Ros96l Proposition 8.6]. Thenm is easily verified.

3.3. ALGEBRAIC COBORDISM. Assume that k admits resolution of singulari-
ties. In this paper, this will mean that k satisfies the conclusion of [LMOT,
Theorem A.1, p.233]. Note that it implies that k is perfect. Let V be the
category of quasi-projective varieties and projective morphisms. Then Reg is
the full subcategory of smooth quasi-projective varieties. We take for R = H
the algebraic cobordism Q of [LM07]. We prove properties [(R1), |_L [(H2),
and, under the additional assumption that f is separable, we prove
Property [(R1)|is a classical property of Q. We now prove |(H1)l We have by
[LMO7, Lemma 2.4.15]

QX) = co}:im QY),

where the colimit is taken over the category C of projective X-schemes Y which
are smooth k-varieties; if g: Y — Z is a morphism in C, the transition map
is the push-forward g.: Q(Y) — Q(Z). Then for Y € C, we can make Q(S)
act on Q(Y") using the pull-back along ¥ — S and the ring structure on Q(Y").
The map g. is easily seen to be Q(S)-linear using the projection formula. This
gives an action on the colimit

(3) QX) @ Q) = QUX),

proving Then propertyfollows formally from the projection formula
in the smooth case.

For any T' € V, we consider the subgroup Q(7)(™ of Q(T) generated by the
images of g., where g runs over the projective morphisms W — T whose
image has codimension > n in 7. When T = S is smooth, one checks, using
reduction to the diagonal and the moving lemma [LMO7, Proposition 3.3.1],
that the subgroups {Q(S)™,n > 0} define a ring filtration on Q(S). Since
Q(S)dm X+ — 0 any element of Q(S)™) is nilpotent. Let u be the class in
Q(X) of any resolution of singularities of X. Since f separable, the element
f«u — d - 1g vanishes when restricted to some non-empty open subvariety of S
by [LMO7, Lemma 4.4.5]. By the localisation sequence [LMQ7, Theorem 3.2.7],
this means that this element belongs to Q(S)™), proving [[R2)]

Let us mention that the pair (R, H) = (Q(—), Q(—)(m)) satisfies[Condifions 3.1
with f separable in m (where Q(T) () = Q(T) 4™ T=m)) Indeed the main
point is to see that the map (B]) descends to a map

QX) @ QM(8) = M (X).

This can be seen using the fact that pull-backs along morphisms of smooth
varieties respect the filtration by codimension of supports, a consequence of
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the moving lemma mentioned above. When n = 1, this can also be proved
directly, using the fact that f is dominant and the localisation sequence.

4. THE SUBGROUP Hx (k)

In this section, (R,H) will be a pair of functors V — Ab satisfying
We assume that the base k belongs to V, and therefore to
Reg. If X € V is complete, its structural morphism x: X — k is then in V. We
consider the subgroup

Hx (k) =im (z.: H(X)— H(k)) C H(k).
In all examples considered in this paper, Hx (k) is actually an R(k)-submodule
of H(k).
LEMMA 4.1. Let S € Reg and X € V. Let f: X — S be a proper, dominant,
generically finite morphism of degree d. Then the map
for HX)®Z[1/d] = H(S) ® Z[1/d]
18 surjective.

Proof. Using m, choose u € R(X) such that f,u — d - 1g is nilpotent. The
element f,u is then invertible in the ring R(S) ® Z[1/d]. The lemma follows,

since we have by for any s € H(S),
fe (u “f ((f*u)_1 . s)) =s. a

We denote by Z,) the subgroup of Q consisting of those fractions whose de-
nominator is prime to p.

PROPOSITION 4.2. Let X,Y be complete varieties, with X € V and Y € Reg.
Let Y ~~ X be a correspondence of multiplicity prime to p (resp. let Y --+ X
be a rational map). Then, as subgroups of H(k) ® Zy) (resp. H(k)),

Hy(k’) ®Z(p) C Hx(k’) ®Z(p) (resp. Hy(k’) C Hx(k'))

Proof. Let Y < Z — X be a diagram giving the correspondence (resp. the cor-
respondence of multiplicity 1 associated with the rational map). By[Lemma 4.1]
we have

Hy(k?) ® Z(p) C Hz(k) X Z(p) (resp. Hy(k?) C Hz(k))
Since there is a proper morphism Z — X, we have
Hz(k)CHx(k') O

COROLLARY 4.3. Assume that two complete varieties Y, X € Reg are p-
equivalent. Then, as subgroups of H(k) ® Z,), we have
Hy (k) @ L) = Hx (k) © Zp).-

COROLLARY 4.4. Let Y, X € Reg be two complete varieties. Assume that there
are rational maps Y --+» X and X --»Y. Then Hy (k) = Hx (k) as subgroups
of H(k).

We now come back to the examples of theories given in Section 3l
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4.1. CHOW GROUPS. We have CH(k) = Z, and for a complete variety X,
CHx(k) = TLXZ,

where nx is the index of X, defined as the g.c.d. of the degrees of closed points
of X. We denote the p-adic valuation of nx by

np(X) = vp(nx).

We will need the following slightly more precise version of
when R = H = CH.

ProproOSITION 4.5. Let X and Y be complete varieties, with Y regular. Let
Y ~» X be a correspondence of multiplicity m. Then

nx | m-ny.

Proof. Let Y L 79 X bea diagram giving the correspondence. Let y €
CHy(Y) be such that deg(y) = ny. Using B2 we have

nx | degog.([Z]-ry) = degofi([2]-ry) = deg((f:[Z])-y) = deg(m-y) = ey

4.2. CYCLE MODULES. Let M be a cycle module, H(—) = A.(—; M), R=CH
(see §3.2). We have A, (k; M) = M (k). For a complete variety X, we claim
that the subgroup Hx (k) of M (k) is the image of the morphism

(4) D ML) = Mk),

L/keFx

where Fx is the class of finite field extensions L/k such that X (L) # 0. In-
deed the image of A, (X;M) — A, (k; M) vanishes when n > 0. The group
Ap(X; M) is by definition a quotient of the direct sum of the groups M (k(z)),
over all closed points z of X. Moreover, for each such x, the extension k(x)/k
belongs to Fx, and the map M (k(x)) — Ao(X; M) — Ao(k; M) = M(k) is
the transfer for the finite field extension k(x)/k. Conversely, if L/k € Fx, then
there is a closed point z of X such that k(z)/k is a subextension of L/k. Thus
M(L) — M(k) factors through M (k(x)) — M (k). This proves the claim, and
additionally shows that Fx may be replaced in (@) by the set of residue fields
at closed points of X.

asserts that, when X is smooth (or merely regular when M is
Quillen K-theory), the subgroup Hx (k) ® Zy) of M (k) ® Z) only depends on
the p-equivalence class of X.

REMARK 4.6. The group Ag(X; M) itself is known to be a birational invariant
of a complete smooth variety X (see |[Ros96, Corollary 12.10] and [KM13]
Appendix RC]).

DOCUMENTA MATHEMATICA 18 (2013) 1555-1572



INVARIANTS OF UPPER MOTIVES 1563

4.3. GROTHENDIECK GROUP. We have K(j(k) = Z, and when X is a complete
variety,
(K) x (k) = dxZ,

for a uniquely determined positive integer dx. The integer dx is the g.c.d. of
the integers

X(X,G) = (=1)"dimy H'(X,G),
where G runs over the coherent sheaves of Ox-modules. We denote the p-adic
valuation of dx by

dp(X) = vp(dx).
Let us record for later reference a consequence of

PROPOSITION 4.7. Let X and Y be complete varieties, with Y regular. Let
Y ~» X be a correspondence of multiplicity prime to p. Then

dp(X) < dp(Y).

4.4. ALGEBRAIC COBORDISM. We say that two varieties X and Y are separably

p-equivalent if there are diagrams of projective morphisms Y L7 5 X and
X & 7' = Y such that f and ¢ are both separable and generically finite of
degrees prime to p. For a projective variety X, and an integer n > 0, we write
Qx (k)™ for the subgroup of Q(k) generated by classes of smooth projective
varieties Y admitting a morphism Y — X with image of codimension > n. In
particular Qx (k) = Qx (k).

PROPOSITION 4.8. Assume that k admits resolution of singularities. Let Y and
X be smooth projective varieties of the same dimension, which are separably
p-equivalent. Then, as subgroups of Q(k) ® Zyy, for n > 0,

Proof. Let d be the common dimension. The proposition follows by applying
(more precisely the analog statement for separably p-equivalent
varieties) with R = Q and H = Q(—)4—p) (defined at the end of §3.3). O

For a projective variety X, let M(X) C Q(k) be the ideal generated by the
classes of smooth projective varieties Y of dimension < dim X admitting a
morphism ¥V — X. We have M(X) C Qx(k)V); when k admits weak factori-
sation, this inclusion is an equality [LMOT7, Theorem 4.4.16].

PRrROPOSITION 4.9. Assume that k admits resolution of singularities. Let Y
and X be two smooth projective varieties of the same dimension. If there are
rational maps X -—»Y and Y --» X, then Qx (k)™ = Qy (k)™ as subgroups
of Q(k), for any n. Moreover, M(X) = M(Y) as ideals of Q(k).

Proof. The first statement follows by taking R = Q and H = Q(—)(dim x—n)
in (which only requires the validity of for f bira-

tional, and in particular separable).
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Let V' be a smooth projective variety of dimension d. The subgroup Q.4(k) C
Q(k) generated by the classes of smooth projective varieties of dimension < d
is a direct summand of (k) (indeed Q(k) is the quotient of the free group
generated by the classes of smooth projective varieties, by relations respecting
the dimensional grading). Let m<q: Q(k) — Q<q(k) be the projection. The
subgroup m4Qy (k) is generated by the elements 7 4[U], where U runs
over the smooth projective varieties admitting a non-dominant morphism to
V. The element m4[U] is equal to [U] if dimU < d, and vanishes otherwise.
So m<aQy (k)™ is the subgroup of Q(k) generated by the classes of smooth
projective varieties of dimension < d admitting a morphism to V' (necessarily
non-dominant), while M (V') is the ideal generated by the same elements. Thus
M (V) is the ideal of Q(k) generated by 74Qy (k)(*), and the second statement
follows from the first, with n = 1. O

The corollary below was proved in |[LMO7, Theorem 4.4.17, 1.] under the
additional assumption that k admits weak factorisation.

COROLLARY 4.10. Assume that k admits resolution of singularities. The ideal
M(X) of Q(k) is a birational invariant of a smooth projective variety X .

5. RELATIONS BETWEEN nx AND dx

We have the obvious relation dx | nx. When dim X = 0, we have nx = dx. A
consequence of the next theorem is that d,(X) = n,(X) when dim X < p — 1.

THEOREM 5.1. Let X be a complete variety. Assume that one of the following
conditions holds.

(i) The characteristic of k is not p.
(i) We have dim X < p(p — 1).
(iii) The variety X is reqular and (quasi-)projective over k.

Then

dim X
p—1 ] ’

Proof. For and we may assume that X is projective over k by Chow’s
lemma. Indeed if X’ — X is an envelope [Ful98| Definition 18.3], then it follows
from [Ful98, Lemma 18.3] that nx = nxs and dx = dx-. The group K{(X)
is generated by the classes [Oz], where Z runs over the closed subvarieties of
X. Therefore dx is the g.c.d. of the integers x(Z,0z), for Z as above. In
particular, we can find a closed subvariety Z of X such that

dp(X) = vp(x(Z,0z)).
We now claim that, under the assumption |(i)| or we have,

np(X) < dp(X) + |

dim Z
(5) my(2) < u(x(2,02)) + [T2T ]
This will conclude the proof, since n,(X) < n,(Z), and dim Z < dim X.

DOCUMENTA MATHEMATICA 18 (2013) 1555-1572



INVARIANTS OF UPPER MOTIVES 1565

If we assume then dim Z < p(p — 1), and (@) follows from [Haul2al Propo-
sition 9.1]. But the argument of loc. cit. can also be used in the situation
Namely, we let 7,,: K\(—) = CH,(—)®Q be the map of [Ful98, Theorem 18.3]
(it is the homological Chern character, denoted ch,, in [Haul2al). Let z: Z — k
be the structural morphism of Z. Then by [Ful98, Theorem 18.3 (1)]

(6) X(Za OZ):TOOZ*[OZ] :Z*OTQ[OZ].

If holds, then [Haul2al Theorem 4.2] says that the element pldim Z/(p=1)] .
70[Oz] € CHo(Z) ®Q belongs to the image of CHo(Z) ®Z(,), hence can written
as b® A\71, with X an integer prime to p, and b € CHg(Z). Thus:

dim Z

{ p—1
Using (6)), this gives ().
Now we assume We identify the groups K (X) and Ko(X) using (@), and
take a € Ko(X). Let z: X — k be the structural morphism of X. Since z is
quasi-projective and X regular, the morphism z is a local complete intersection
(i.e. factors as a regular closed embedding followed by a smooth morphism);
let T, € Ko(X) be its virtual tangent bundle. We apply the Grothendieck-
Riemann-Roch theorem [Ful98] Theorem 18.2], and get in Q = K{(k) ® Q =
CH(k) ® Q the equalities

| + vp(z0 0 [O2]) = v (z:b) = my(2),

(7) xxa = chox,a = x, o Td(T;) o cha.

Here ch is the Chern character, with components ch™: Ky(X) - CH"(X)®Q,
and Td = )", Td" is the Todd class. By [Haul2a, Lemma 6.3], the morphism

p/ =Yl pd™(T,): CH*(X)®Q — CH*™"(X) 2 Q
sends the image of CH*(X) ® Z,) to the image CH**"(X) ® Z(,). The degree
zero component of pldimX/(=Dl . Tq(Ty) o cha is

dim X
Z (p[(dimX—n)/(p—l)] i TddimX*”(Tx)) o (p[n/(p—l)] . ch™ a) € CHy(X) ® Q.

n=0

By [Lemma 5.2] and the remark above, this element belongs to the image of
CHo(X) ® Z(,y — CHo(X) ® Q. Using (@), we obtain,

[dimX

p—1

| + vp(waa) > my ().
The statement follows, since we can choose a such that v,(z.a) = dp(X). O

LEMMA 5.2. Let X be a variety, and ch: Ko(X) — CH(X) ® Q the Chern
character. Then for all integers n and elements a € Ko(X), we have

p/ =1 k™ g € im (CH™(X) ® Zy) — CH'(X) ® Q).

DOCUMENTA MATHEMATICA 18 (2013) 1555-1572



1566 OLIVIER HAUTION

Proof. This follows from the splitting principle. In more details, we proceed ex-
actly as in [Haul2a, Lemma 6.3], using that ch factors through the operational
Chow ring tensored with Q, and that for a line bundle L,

chfz] =Y 2 (nL')n O
n>0

REMARK 5.3. From the proof, we see that the statement of [Lemma 5.2] may
be improved: the exponent [n/(p — 1)] can be replaced by [(n —1)/(p — 1)].

PROPOSITION 5.4. Let X be a complete regular variety. Then

dim, (X) > (p—1) - (np(X) — dp(X)) if k has characteristic # p,
cdim,, =\ (p—1) -min(p,n,(X) —dp(X)) if k has characteristic = p.

Proof. Let Z C X be a closed subvariety admitting a correspondence X ~» Z of
multiplicity prime to p, and such that dim Z = c¢dim,(X). By
we have dp(Z) < d,(X). Since there is a morphism Z — X, we have n,(X) <
n,(Z). We conclude by applying [Theorem 5.11[(1)] to the complete variety
Z. O

6. EXAMPLES

In view of it may seem desirable to find conditions on a complete
variety X that give upper bounds for d,(X).

PROPOSITION 6.1. Let X be a complete smooth variety. Assume that there is
a field extension l/k, and a complete smooth l-variety Y such that X; x; Y is
a rational l-variety. Then dx = 1.

Proof. Tt will be sufficient to prove that x(X,Ox) = £1. While doing so, we
may extend scalars, and thus assume that k = [. The variety Z = X x; Y is
then rational. Since the coherent cohomology groups of the structure sheaf are
birational invariants of a complete smooth variety [CR1I, Theorem 3.2.8], so is
its Euler characteristic. The structure sheaf of the projective space has Euler
characteristic equal to 1, hence x(Z,0z) = 1. Since x(Z,0z) = x(X,0x) -
x(Y, Oy) by [Ful98, Example 15.2.12], we are done. a

COROLLARY 6.2. Let X be a complete, smooth, geometrically rational variety.
Then dx = 1.

EXAMPLE 6.3 (Projective homogeneous varieties). Let X be a complete,
smooth, geometrically connected variety, which is homogeneous under a semi-
simple linear algebraic group. Then X is geometrically rational. Thus by

we have dy = 1.

PROPOSITION 6.4. Assume that k has characteristic zero. Let X be a complete,
smooth, geometrically rationally connected variety. Then dx = 1.

Proof. We proceed as in the proof of and assume that X is
rationally connected. Then the groups H*(X, Ox) vanish for i > 0 by [Deb01]
Corollary 4.18, a)], and therefore x(X,Ox) = 1. O
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REMARK 6.5 (Decomposition of the diagonal). The statement of
is more generally true (still in characteristic zero, for X
smooth complete) under the assumption that the diagonal decomposes, i.e.
that there is a zero-cycle z on X whose degree N is not zero, and a non-empty
open subvariety U of X, such that the cycles [U] xj z and N - [['yy] are rationally
equivalent on U xj X, where I'yy C U xj X is the graph of U — X. This is
the case when CHy(Xq) = Z, where € is an algebraic closure of k(X)) (see e.g.
the introduction of [Esn03]).

EXAMPLE 6.6 (Complete intersections). Let H be a complete intersection of
hypersurfaces in P™ of degrees 1, ,dp,, with 61 + -+« + 8, < n. When H
is smooth, it is Fano, hence geometrically rationally chain connected. If, in
addition, k has characteristic zero, the variety H is geometrically rationally
connected, and shows that x(H,Og) = 1. Alternatively, a
direct computation shows that this is true in general (in any characteristic, for
possibly singular H). This can be used to produce other sufficient conditions
on a complete variety X for the equality dx = 1, namely:

— X becomes isomorphic to such an H after extension of the base field,

— or X is smooth and becomes birational to such a smooth H after extension
of the base field.

EXAMPLE 6.7 (Hypersurfaces). Let H be a regular hypersurface of degree p

and dimension > p — 1. By we have d,(H) = 0. Assume that
H has no closed point of degree prime to p. Then by we have
cdim,(H) > p—1.

In case dim H = p — 1, this bound is optimal, and H is p-incompressible (see
also [Mer03, § 7.3] and Example 6.4]). A more general statement was
proved in [Haul2al Proposition 10.1].

When p = 2, we have cdimg(H) > 1. This bound is sharp when dim H = 2, as
can be seen by taking for H an anisotropic smooth projective Pfister quadric
surface. In general this is far from being sharp: in characteristic not two, it is
known that cdima(H) = 2" — 1, where n is such that 2" —1 < dim H < 2"+1 -1

(see [Mer03l § 7]).

EXAMPLE 6.8 (Separation). Let X and Y be complete varieties, with X regular.
Assume that the degree of any closed point of Y is divisible by p, that d,(X) =0
(see in particular [Example 6.6 and [Proposition 6.4), and that

dimY <p—-1<dimX.

Then the degree of any closed point of Y (x) is divisible by p. (Indeed, assuming
the contrary, there would be a correspondence X ~~ Y of degree prime to p.

Then d,(Y) = 0 by [Proposition 4.7] hence n,(Y") = 0 by [Theorem 5.11)

PROPOSITION 6.9. Let f: Y --+ X be a rational map between complete reqular
varieties. Let F' be the generic fiber of f, considered as a k(X)-variety. Then
(1) If dp(F) =0 then d,(X) = d,(Y).
(i1) We have ny(X) < np(Y) < np(X) + np(F).
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Proof. Let us prove The map f induces a correspondence Y <~ Z NS¢

with ¢ birational. By [Lemma 4.1l we have dy = dz.
We now prove the equality d,(X) = d,(Z). We have a cartesian square

F—t -z

)

(X) —= X

Since dp,(F') = 0, there is v € K{(F) ® Z,) such that
l*U =1¢€ Z(p) = K(/)(k/’(X)) X Z(p)

Since p*: K((Z) — K{(F) is surjective (by the localisation sequence), we can
find u € K((Z) ® Zp) such that p*u = v. Then we have

n*ohwu=1l.0p"u=10lLv=1=n"0x].

It follows that the element h,u—[Ox] is in the kernel of n*, hence is nilpotent;
therefore h,u is invertible in Ky(X)®Z,). We can now conclude that d,(X) =
dy(Z), as in [Lemma 4.1

The first inequality in follows from To prove the second,
note that F C Yj(x) and use [Lemma 7.5 below. O

EXAMPLE 6.10. Let p be an odd prime. Let H be a regular hypersurface of
degree p and dimension p — 1, with n,(H) = 1. Let X be a regular complete
variety admitting a rational map X --» H, whose generic fiber F' is also a
hypersurface of degree p and dimension p — 1.

We have d,(F) = d,(H) = 0 by and therefore d,(X) = 0
by [Proposition 6.9 Moreover n,(F) < 1 by [Theorem 5.1 hence by
[Proposition 6 1)}, we have 1 <, (X) < 2.

We use [Proposition 5.4} If n,(X) = 2, then cdim,(X) = dim X = 2(p — 1). If
np(X) = 1, then cdim,(X) > p — 1. This bound is sharp: if n,(F) = 0, then
X and H are p-equivalent, hence have the same canonical p-dimension; but
cdim,(H) =dimH =p— 1.

7. INVARIANTS OF FUNCTION FIELDS

DEFINITION 7.1. Let K/k be a finitely generated field extension. Let M be a
regular projective variety such that k(M) contains K as a k-subalgebra with
[k(M) : K] finite and prime to p. We define d,,(K/k) := d,(M) and n,(K/k) :=
ny,(M). By [Lemma 7.4 below, and these integers do not depend
on the choice of M. If there is no such M, we set d,(K/k) = ny(K/k) = o0
(by Gabber’s theorem, this may only happen in characteristic p).

An alternative definition of n,(K/k) can be found in [Mer03, Remark 7.7].
Note that, when X is a complete variety, we have (by and
[Proposition 4.5)

dp(X) < dp(k(X)/k)  and  np(X) <np(R(X)/F),
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with equalities when X is regular (by Lemma 7.4).

REMARK 7.2. This process can be used more generally to define invariants
Hy i, (k) @ Z(p), when the pair (R, H) satisfies

REMARK 7.3 (Geometrically unirational field extensions). When k has charac-
teristic zero, it is possible to have some control on d,(K/k) without explicitly
introducing a variety M as in [Definition 7.1 Namely assume that there is a
field extension I/k such that the ring K ®. [ is contained in a purely transcen-
dental field extension of I. Then d,(K/k) = 0 for any p. (Indeed by Hironaka’s
resolution of singularities [Hir64], there is a smooth projective variety M with
function field K. Then M is geometrically unirational, hence geometrically

rationally connected, and dy = 1 by [Proposition 6.4})

LEMMA 7.4. Let X1 — X < X5 be a diagram of varieties and proper mor-
phisms, generically finite of degree prime to p. Then X1 is p-equivalent to
Xs.

Proof. Consider the cartesian square

XIi)XQ

X1~ X
We claim that X’ has an irreducible component which is generically finite
of degree prime to p over Xj; this component then gives a correspondence
X3 ~» Xy of multiplicity prime to p, and the lemma follows by symmetry.
Since f; is generically finite and dominant, and X; is integral, the generic fiber
of f; is the spectrum of K; := k(X;) (for i = 1,2). The ring B = K1 ®p(x) K>
is artinian, and its spectrum is the generic fiber of go. Write B = By X --- X By,
with B; an artinian local ring with residue field L; (for j =1,---,n). We have

(K2 : k(X)] = dimg, B=Y_dimg, B; = » [L; : K1]-length B;

j=1 j=1
(for the last equality, use e.g. [Ful98, Lemma A.1.3], replacing A, B, M with
K1, Bj, Bj). But the leftmost integer is prime to p by hypothesis. It follows
that for some j the integer [L, : K1] is prime to p. The closure of Spec L; in
X'’ then gives the required irreducible component. O

LEMMA 7.5. Let X and M be complete varieties, with M regular. Then
np(X) < np(Xpeary) +np(M).

Proof. Write E = k(M). Let L/ E be a finite field extension such that X g (L) #
0 and vp[L: E] = np(Xg). Then the closure of the image of the map induced
by an L-point of Xg

SpecL — Xg = (SpecE) x;, X = M x3 X
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gives a correspondence M ~» X, whose multiplicity is [L: E]. By
we have

np(X) < vplL: E]+ np(M) = ny(Xp) + np(M). O

PROPOSITION 7.6. Let K/k be a finitely generated field extension. Let X be a
complete variety. Then

np(X) < np(Xi) + np(K/E).

Proof. We may assume that there is a projective regular variety M with [k(M) :
K finite and prime to p (otherwise the statement is empty). Since n, (X)) <
ny(Xk), the statement follows from [Lemma 7.5 O

PROPOSITION 7.7. Let K/k be a finitely generated field extension. Then
tr.deg(K/k)}
p—1
Proof. As above, we may assume that there is a smooth projective variety

M such that [k(M) : K] is prime to p, and we apply [Theorem 5.1 [(iii)] with
X =M. O

np(K/k) < dp(K/k) +

COROLLARY 7.8. Let K/k be a field extension of transcendence degree < p—1,
with d,(K/k) =0. Then ny(K/k) = 0.

COROLLARY 7.9. Let K/k be a field extension of transcendence degree < p—1.
Assume that d,(K/k) =0 (see in particular[Remark 7.3). Then
(i) The relative Brauer group ker(Br(k) — Br(K)) has no p-primary tor-
sion.
(ii) Let a be a pure symbol in KM (k)/p. Assume that k has characteristic
zero. If axg =0 then a = 0.

Proof. We have n,(K/k) = 0 by To prove[(i)} let A be central

simple k-algebra of p-primary exponent. Take for X the Severi-Brauer variety
of A. Then for any field extension [/k, the class of A ® [ vanishes in the
Brauer group of [ if and only if n,(X;) = 0. By we have
np(Xk) = np(X), and |(i)| follows.

To prove one can take for X a complete generic p-splitting variety [SJOG]
for o, and argue as above. a

ExaMpPLE 7.10. Let D be a non-trivial p-primary central division k-algebra,
and K/k a splitting field extension for D. Assume that K is the function field
of a complete, smooth, geometrically rational variety (or more generally that

d,(K/k) = 0). [()] says that tr.deg(K/k) > p — 1. One may ask

whether we always have
tr.deg(K/k) > ind(D) — 1.

In other words, has the Severi-Brauer variety of D the smallest possible di-
mension among the complete, smooth, geometrically rational varieties whose
function field splits D?
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