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INTRODUCTION

Our work is on the non-smooth unbounded worm domains
Dg = {(21,22) € C* : Re (z1e7"1°8%272) > 0, | log 29%| < B—7/2} g >m/2.

On a bounded version of the domains Dg, given by
0, = {(21,22) D+ e“ngZzz‘Q < 1,|logz9Za| < B — 71'/2} ,

C. Kiselman showed the failure of the Bergman projection to preserve C>(Q,)
[7]. The model domains, Dg, were important in [I], where the first author used
them to show the Diedrich-Fornaess worm domains (constructed in [5]) provide a
counterexample to regularity of the Bergman projection on a smoothly bounded
pseudoconvex domain. In a detailed analysis of the Bergman kernel, Krantz
and the third author, in [§], studied the LP mapping properties of the Bergman
projection on Dg, obtaining the exact range of values of p for which the mapping
is bounded.

WWork of the first author supported in part by the National Science Foundation un-
der Grant No. 1161735. Work of the second author was (partially) supported by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation), grant RU 1474/2
within DFG’s Emmy Noether Programme.
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In this article we look at regularity in terms of Sobolev spaces. We denote by
W#(Dg) the space of functions whose derivatives of order < s are in L?(Dp),
and by W& (Dg) the closure of 7 := C§°(Dg) in W*#(Dg). The first author’s
results on smooth domains relied on the fact (proved in the same paper) that
the Bergman projection on the model domain, Dg, fails to map WZ,(Dg) to
W#(Dg) for large enough s [I]. More precisely, the failure to preserve Sobolev
spaces was proved on subspaces (defined as W?(Dg) below). This was instru-
mental in proving that Condition R, in which for each s > 0 there exists an
M > 0 such that the Bergman projection is bounded as a map from Wng(Q)
to W#(Q) ([3]), fails when Q is the Diederich-Forngess worm domain [4]. We
point out that for a smoothly bounded pseudoconvex domain Condition R is
equivalent to the apparently stronger condition in which the larger domain
WM (Q) replaces W5 (Q). This equivalence also holds on the domains
Dg: the first author constructed a composition of first order operators which
allow us to consider the Bergman projection acting on functions which vanish
to desired order at the boundary, without changing the resulting image of the
projection (see Theorem 2.2 and specifically Theorem 3.1 in [2]).

The question remained whether there exists another (oblique) projection op-
erator which preserves the level of the Sobolev spaces. We construct such an
operator in the present article.

We now state our main result. From the rotational invariance of Dg with
respect to the rotations, pp(z) = (z1,€"22), we can decompose the Bergman
space B(Dg) = L*(Dg) N O(Dg) by

B(Dg) = P B;(Ds),

JEL
where B;(Dg) consists of functions f € B(Dg) satisfying f o pg = €% f. The
space L?(Dg) admits a similar decomposition into subspaces L3(Dg), and we
can define W?(Dg) = L5(Dg) N W*(Dpg).
Our main theorem is grounded on adjustments to factors which imply the
obstruction to regularity of the Bergman projection on worm domains. The
Bergman kernel for each space, Bj(Dpg) is explicitly calculated and expressed
as an integral in the form:

i+1
(&— J—Jgr )€ ie—1_——ie—1
_J+

, _ L i
Kz w) 272 ZQwQ/R sinh [(28 — 7)(¢ Tl)} sinh & o %,

where, with an abuse of notation, we write
Z? _ (Zle—ilongEg)ozeia longEQ_

Such a power of z; is holomorphic on Dg as is easy to see, and it is locally
constant in |zz|, but not constant if « is not an integer and 8 > 7. In fact, in
this case, the fiber over z; is a union of disjoint annuli in 25 and the function
is constant on each such annulus, but not globally constant.

Using the residue calculus, one can compute an asymptotic expansion of the
kernel (see [I]). The poles corresponding to non-integer multiples of i of the
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PROJECTION OPERATORS ON WORM DOMAINS 1209

kernel lead to non-integer powers of z; and w; which ultimately lead to the
obstruction of regularity of the operator.

We construct a kernel which, when added to the Bergman kernel, eliminates all
such poles, and in this way we successfully remove the obstruction to regularity
of the Bergman projection on the model domains, Dg, and construct new
projections which preserve the level of Sobolev spaces:

MAIN THEOREM. Let 8 > 7/2, and Dg be defined as above. For all j € Z
there exists a bounded linear projection

T, : L*(Dg) — B;(Dp)
which satisfies
Tj : W5 (Dg) = Wi (Dp)
for every s > 0.

Much of this paper was discussed at collaborative meetings made possible
through invitations extended by the University of Michigan and the Univer-
sita degli Studi di Milano. All authors gratefully acknowledge the support
from these institutions. We also thank the referee for a careful reading of the
article as well as for many helpful suggestions in addition to pointing out an
error in the calculation of the adjoint to the tangential operator, A;, in Section
[ which led to our use of the W, (Dg) Sobolev spaces.

1. THE BERGMAN PROJECTION ON Dg

Following [I], we introduce the domains
Djy = {(21,22) € C?: [Im z; — log 20%| < /2, |log 20Z2| < B — 7r/2}

to aid in our study of the Bergman kernels on Dg. D’B is related to Dg via the
biholomorphic mapping
(1.1) U Dg — Dg

Z1

(21, 22) = (€71, 22).

Let Kp,(z,w) be the Bergman kernel for Dg, and K;(z,w) the reproducing
kernel for B;(Dg); we have the relation

Kp,(z,w) = ZKj(z,w).
J
We calculate K(z,w) using Fourier transforms as in [IJ.
Let Sg denote the strip
Sg:={z=ax+iyecC: |yl < B},
and let w;(y) be the continuous bounded function on the interval Ig := {y :

ly| < B}, given by w; = 7 (eUTDO x5 ) % X /2, where for a > 0, x, =
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X(—a,a), the characteristic function of the interval (—a, a). We denote by || - ||,
the L?(Ss)-norm weighted with the function wj:

1/2
[flle; == </S If(w,y)l%j(y)dwdy) :

We further define the weighted Bergman spaces on the strip Sg by
_ : ) 2
B.,; = {f holomorphic on Sg : || f[|;,, < oo}

For f € B,
few) = [ £+ i) ido
R
satisfies
(12) f(&vy) = eiyngR(g)a

where fR(f) = f(fao)-

Here and throughout we use the notation for complex variables

Z1 =x+ 1y
wy = +iy'.
Define
1 . _
K - = ik(y—w)
j(gayawl) d}](72’b§)e )

where @, refers to the Fourier-Laplace transform of w;, and satisfies
sinh [(28 — 7)(§ — %)} sinh 7€
(€— 558

We note that @; extends to an entire function. We claim that ké corresponds
to the kernel for the orthogonal projection on Dlg according to the following
lemma:

(1.3) (:)j(—Q’L'f) =T

LEMMA 1.1. Let Kj(z,w) denote the reproducing kernel of the space B;(D}).
Then

el ge

/ e (w3
Kj(Z,w) *271.222102/]1% sinh [(Qﬁ —7) (&~ %)] sinh ¢

Proof. Let I' : By — By be a surjective isometry of two Bergman spaces. Let
K (z,w) be the reproducing kernel of the space By and K2(z,w) the kernel for
BQ. Then

(1.4) Ko(z,w) =T, Ki(z,w).
We now apply (L4) to the spaces By = B, and By = Bj(D%). From [1]

1 )
Kj(Zlawl)=5/Rk3(€,y,w1)e”5d«s
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PROJECTION OPERATORS ON WORM DOMAINS 1211

is the reproducing kernel for B,,, and
[':B,, — Bj(D%)
f(z1) = 23 f(21)
is the isometry between Bergman spaces. Thus, by (L4)

K;(z,w) = %zéw%/ k}(&,y,wl)e Sde¢
R

from which the lemma follows. O

2. IMPROVING THE BERGMAN PROJECTION

Crucial to the proof in [I] of the failure of the Bergman projection to preserve
W?(Dg) is the existence of poles of £/({,y,w1) in the { variable whose imagi-
nary part is a non-integer multiple of i. We see from (3] that such poles of
k}(€,y,w1) are due to the zeros of w;(—2i§) at (j +1)/2 + ikm /(28 — =) for k
a non-zero integer. In this section we deal with this obstruction by adding a
correction term which eliminates such poles.

We assume initially that j = —1. To keep the notation that integral operators
are defined by integrating functions against conjugates of functions of two vari-
ables (the kernel), we will work with terms in the kernel coming from @, (2i¢),
observing that @;(—2i§) = w;(2i§). The goal in this section then is to find a
function, denoted by h(¢,y), defined in C x I5 such that h(€,y), cancels the
poles of the function

1

I 3
@—1(2i‘f)e ’

(2.1)

at £ = ikvg, for k a non-zero integer, and vg = /(28 —m). The function fz(&, y)
will have an inverse transform which is orthogonal to B,, , and satisfy certain
L? estimates which will be used in Section [3] to construct an integral operator.
To ease notation we set

k2V§ 52

J— J— k 67 762
(&) = (—1) (Qﬁ—ﬂ)ﬂsinh(ﬂf)e k€ Z.
We define
. (e, y) = TEQEETZ

& —ikvg

We note that the pole of 1) at { = ikvg, for k a non-zero integer is the
same as the pole of hy. Our aim is to sum hj over k in order to produce a
function which will be used to eliminate all such poles of (2II). The following

proposition shows that we can sum over k.
To keep track of the poles, we introduce the set P of all poles:

P = {ikvg : k #0}U{ik: k # 0}.
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PROPOSITION 2.1. Let hy, (&,y) be defined as above. The infinite sum
> hi(&,)
20

converges in L>(Ig) to a function iz(f, -) uniformly in & on compact subsets of
C\P.

Let B, = UB(ikvg;r) denote the union of balls centered at elements of P for
some fized radius r > 0. Let U be any neighborhood of P containing B,.. Then
on C\U x I

(2:3) [1(&, )| < [gfem s el mmifee],
with the constant of inequality depending only on U.
Proof.

(e = Yo O

k0 k40 § —ikvg
is a sum of terms of the form
ey ax(€)

k0
where
L k202 12— Ree? —7| Reg|
(O] S peBlgPe e E#0.
Inequality (Z3) is then a consequence of

e an(§)e ke

k

< PN " ag (¢
P

< |¢|2e Re€® g(B—m) Ret|

(& y)| =

We note for f € B, ,:

[ [ it = [ [ alene faeo s
RJIg R/ Ig

o Tk (5) R e?ikVByw
B /R £ ity 2O Vzﬁ l(y)dy] “

:O’

where we use the representation of f in (I2]) in the first step, and the fact that
flﬂ e?*vsyy 1 (y)dy = &—1(—2kvg) = 0 in the last.

We collect the essential properties, which follow directly from the above, of the
kernel function h(x,y) in the following theorem:
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PROJECTION OPERATORS ON WORM DOMAINS 1213

THEOREM 2.2. There exists h(x,y) € L2,_ (Sg) with the following properties:
(i) For each y € Ig, the poles of

- 1
h(é,y) + ————e Y
&y + 5 26
with respect to & lie at only integer multiples of i.
(i4) The kernel given by
1 1 —
W (2 w) = [ Hemetag
R

2T ZQEQ

is orthogonal to the space B_1(Dj) in the sense that H'(-,w) L B_1(Dj).
(i4i) Let U be any neighborhood of P containing B, for some r > 0. Then on
C \ U x Ig

(& )| S lgfPe e ePmines],
with the constant of inequality depending only on U.

We also denote the horizontal lines
Sy = {R + it}
for t € R. From the Theorem 1i1), we have in particular, on any given St

such that S; N P = 0, fz(&,y) satisfies the following estimates uniformly, i.e.
with constant of inequality independent of ¢:

(2.4) /1 5

We begin this section with some integral estimates for our constructed correc-
tion term. We let H'(z,w) be as in Theorem Due to the Z, ' factor in

H'(z,w), the operator determined by the kernel, H'(z,w), will have its action
restricted to the L2, (Dj) component of a given function in L*(D7)

We use the equivalence between Bergman spaces given in Lemma [ in the
proof of the next proposition: for G € B_1(Dj), G is of the form G = g(z1)25

where g € B, ,, and [|Gl5_,(py) = ll9]l5

ﬁ(f, y) ‘2 dy < |§|4e*2R65262(ﬁ7ﬂ')|Re§\.

3. MAPPING PROPERTIES

w_q1"

PROPOSITION 3.1. Let > w/2, and H' be the integral operator

H'f(w) = . fRH! (z,w)dV (2),

where L1
’ _ 7 i(z—w1)€
W (zw) = 3o [ €
Then
H': L*(Dj) — B_1(D}),
and

B fll5_y (o) S I lle2 o)
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Proof. We write Djy = R x d’ﬂ, where
dy ={(y,22) € R x C: |y —log 20Za| < /2, |log 20Za| < B — 7/2}.
Then,

H'f (w)

—z(z wy)€
o /D = [ heme e )ave)

/ / / (&, y)e™ T E f (2, y, zp)dadedydV (z2)
27Tw2 a, Z9

= zwlf
N 27'(' w2 /d’ 2;2 / 5 y f(& yaZQ)dgdde(22>

We use a decomposition of f according to

=Y 5. i) € LD)).

Using the orthogonality of powers of zo (over circular regions) we can isolate
any f; by integrating through z}. This is used in the third step below where
after integrating over zo only f_1(z) terms remain:

2

HH/fH%,l(Db)

“w ),
47T2 Is JR

T an?

/ —i/5(6,y)e“‘)ff(ﬁ,y,22)d€dde(Z2)
dy 22 JR

B._,

2
/ , L [ e y)evee e f(¢.y, z)dedydV (z2)

2

dr'w_1(y")dy'

(G eV 1G22 )dydV (22)

d¢w_1(y")dy’

I

(e
(/.

From Theorem [Z2] (ii) and ([24) we have that

i y>\2w1<y>dy> x

1(¢,y, 2’2)‘2 dde(22)> 62“] d¢w_1(y")dy'.

¢,y ‘ wo1(y)dy < |¢|1e 2R 25 -mIRec],

Ip
We continue with our estimate of ||H'f|| p_ L(D})!

Ao % | / [F1(Cow20)| iy (20) 427 20—l (~2ic)dc

S Hf—l”L?(Dza)’
where the last estimate follows by the fact that the term
|¢[*e=2%e2(B=m)IClg_1 (—2i¢) is bounded with respect to C. O
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We recall the biholomorphic mapping V¥ : Dg — Dg from ([J). Through a
change of variables ¥~=! H’ induces an integral operator on L?(Dg): g
(goW)det(¥—1)", (U~1)" being the complex Jacobian of (¥ 1), is an isometry
between L*(Dg) and L?(Dj), and in fact since ¥ is biholomorphic, between
Bergman spaces (see also (IL4])). In this regard, we define the kernel

(3.1) H(z,w) = H (T2, ),

zZ1w1
using the fact that det(¥=1(2))" = %
Let H be the integral operator
Hf(w) = fYH(z,w)dV (z),
Dg

where H(z,w) is given by BI)).
Then as a result of Proposition [3.I] we have the following

COROLLARY 3.2. We have that
H: L*(Dg) — B-1(Dp),
and
1B 5y ps) S IfllLz (y)-
We now define the projection operator T_; as
T ,=P_;+H,
where P_; : L?(Dg) — B_1(Dg) is the orthogonal projection operator.

4. PROPERTIES OF THE PROJECTION T_;
THEOREM 4.1. Let §> /2 and T_1 =P_; + H. Then
T_,: L*(Dg) — B_1(Djp).
Furthermore, T_1 is a projection, and has the regularity property
(4.1) T_1: W5 (D) — WEi(Dg)  Vk,
and
IT-1fllwe (0 S I fllwepy)
for f € WE(Dg).
Proof. The mapping from L?(Dg) to B_1(Dg) follows from the corresponding
properties of P_; and H (see Corollary B.2)).

That T_; is a projection follows from P_; being a projection and from the
restriction of H to B_;(Dg) being equivalently 0 (from Theorem [Z2]4i.):

T, =P>, +P_H+HP_, + H*
=P _;+H
=T_;.
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Since T_ f is holomorphic, to prove @I we estimate the L? norm of holomor-
phic derivatives of T_;f. Also, T_ f is of the form g(w, |wa|)wy ', where the
function g(ws, |w2|) is holomorphic and locally constant in ws, so its derivatives
in we are zero and we only need to estimate the derivatives with respect to the
first variable. To prove the theorem we thus show

ak

(4.2) H—kT—1f

<
awl ~ Hf—lHWk(Dg)a

L?(Dg)

for f € WE(DQ)

The domain D’B is related to Dg via the biholomorphic mapping ¥. We can
then read off the kernels attached to the domain Dg from the transformation
formula applied to the corresponding kernels on D, as in ([Z.I). We have the
relations

1
K 1(z,w) = e K (2, 0 lw)
1 =1 -1
H(z,w) lelﬂ (T~ z, w)
1
T_l(Z, ’LU) = — T—/l(\ll_lza \I]_lw)a
zZ1wq

where K_1, H, T_1 (vresp. K" |, H', T,) are the kernels for, respectively, P_1,
H, T (resp. P, H', T ;).

Using integration by parts, we relate %T,l f to k' order derivatives falling

on f.
From above, we have

T*lf(w) = tl(zaw)f(z)dv(z)v

Dg

where

e 1 1 1 . .
— ——if—1 i&—1
7:1(2,’[1)) 2T Eg’wg /ﬂg(@_l(?tf) 1 el

e o~ g2 25

By virtue of the factor z, ! in 7_;(z, w), all action is isolated on f_;(z). Thus,

T i f(w) = i T-1(z,w) f(2)dV (2)
= T-1(z,w)f-1(2)dV (2).
Dg
Furthermore,
k k
(4.3) P o= [ LG dvi),

k
8w1 Dg 8w1
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and
%221@@ /R(ié —1)(i§ —2)--- (i — k) (ﬁzﬁflwfm
(4.4) + h(&, (log 2, — 1Og21)/21‘),21_1'5/2‘121—1'5/2%6k1) dc.

Our strategy is roughly as follows: we use shifts of contours of integration to
write the integrands of ([{4) using derivatives with respect to z1; we make sure
Fubini’s theorem applies with respect to the z and ¢ integrals and then we
take the z; derivatives outside the ¢ integrals; finally we can then perform an
integration by parts in the z; variable in ([Z3).
When shifting the contour of integration, in order to verify that Fubini’s theo-
rem applies, we work with the two cases, each of which determines a different
direction of shift:

i) |wi| <z

’LZ) |Zl| < |’LU1|
To illustrate the cases, we consider integrals of the form

bo(w1) = /U - /I RRSCEEMRICTIC!

where 0,,, will be either
&
W€&—1)(E—-2) - (i§—k)——s—7 | =—
(i€ = 1016 =2)-++ (i€~ 1) 57— (5]
or
. . . s o 1 wi \*
(i€ = 1)(i§ — 2) -+ - (i§ — k)h(§, (log 21 —logZ1) /2) —== | — ] >
Ziwy |21]
and the domain of integration U will be either Dg(\{|Jw1| < |z1]} or
DsN{|z1] < Jw1]}. Using the estimates for w_;(2i€) and the estimate in (23]
for fL, we have

4 el s [ 12— () 1raeiavee),

We see Fubini’s theorem applies in case i) when ¢ < 0 and in case i) when
t > 0. The signs of ¢ correspond to shifts in the lower- and upper half planes,
respectively.

We now proceed to the write an expression for the kernel aa—ulj,fT_l (z,w) in terms
of derivatives with respect to the z variable, corresponding to the two cases. It
will be shown in both cases we are lead to the same expression.

Case 7). By construction of the term h in Section [ the integrand exhibits
poles only at integer multiples of i, of which those at —i,—2i,...,—ik are
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1218 D. E. BARrRETT, D. EHsaNi, M. M. PELOSO

cancelled. We therefore deform the contour of integration in (£4) to R — ik.
The contribution of the sides of the contour are null due to the exponential
decay in £ of the integrand.

We now work with the contour of integration in (4] deformed to R — ik. We
first consider

1 1

- & — iE— i z( 1 zf k—1
o | (6= =2) (i€~ DT d€ =
11 ; 1\ )l 1 ZoiC—ho1yic-1
s L = D+ k=2 (10 s &
We use
; _ (_1)}’@1 (g_ik)2
w_1(2i(¢ —ik)) 7 sinh[(283 — 7)(¢ — ik)] sinh(w¢)’
hence
(iIC+k-—1)(EC+Ek—-2)--- (iC)Efigfkqwigq
w;(2i(¢ — ik)) ! !
_ el (¢ — ik)(¢ — ik)
= (D Soh[2B = )¢ — #h)]smb(n0)

G+ Kk — 1)(iC + k — 2) -+ (iC)Z] T+ ™!

_ kL (€ —ik)(iC)
= () @B = M = ik smh(n0)

(¢ —ik)(iC + & — 1) -+ (i€ + 1)7 < h it
1 (¢ —ik)¢ ok it i

% %1 wy

~ wsinh[(28 — 7)(C — ik)] sinh(7() 97, F
For the integral above we thus have
11 _ . 1
| e=ntie =2 - k) —zm

%Eg’wg
- (¢ — k)¢ P ity
272 Zows /]R sinh[(283 — 7)(¢ — ik)] sinh(7¢) 57, * Z dc.

—iC— 1wz§ k— 1d§

Similarly, we work with

Fo [ (€= 1)(ig D) (i€~ (G g — logz)/20)x
R—ik

(4.6) —
Z;i£/27155i5/2w§§—k—1d6

2T Zows

Let us write

h(€, (log z1 — logZ1)/2i) = g(&, 21),

sinh(m¢)
and note that ¢g(, z1) has the property

Atg(Ea 21) = Oa
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. f_11/2i+ é1/2i |
Z1 0z 21 071

The integrand in (£6) can thus be written according to

where

(i¢ +k— 1)+ k —2)--- (iQ)h(C — ik, (log z1 — logZ1)/2i)x
Z§—iq—k)/2—155—1'4—1@)/210;@1

_ S .
—(—1) mg(c_lk,21)x
(C+ )¢+ — 1) (i + 1)\ 167 R/2m15(=ic=k) 2, ji¢—1
__ ¢ ,
= mg@ — ik, z1) X

k
2 1/2i+ 21 1/2i L iC/2=12=iC/2, iC—1
) 0n \=) o0m) b
_ #g(( ik, Zl)(At)kzl—ig‘/QflzlfiCNwziC—l-

Therefore,

O 11
i<t o TGV () = — 5=

1 (¢ —ik)¢ O i1 e
[ lE I e s

/R mg@ — ik, 21) (M) 2y P Pl T G o (2)dV (2).

We remark that, as outlined above, the ¢ and z integrations can be switched
(just consider the integral ¢y in ([H)).
Case ii). We begin by writing (@4]) in the form:

o ——— 1 1
a—’LU]fT_l(Z’w) - %2211)2
/ (—1)k &+ ik)(&) a_kz—iﬁ-i-(k—l)wi{flfkjL
x| 7 sinh[(28 —7)(§)]sinh(r¢) o7F ! '

e ik

k _—i&/24+k/2—1_—i&/24+k/2 if—k—
(U g 96 =) (A0 o B g,

1

which is also obtained by deforming the contour of integration to R+ ¢k (using
that the sides of the contour give no contributions in the same manner as that
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of case 7)) of the following integral

1 1 ¢(¢ —ik) PL et e
T on /R [; sinh [(28 — 7)(¢ — ik)] sinh(7¢) Q—E’le w*
+ mg@ — ik, z1) (At)k Z;iC/Zflz;iC/;wiC,l ac.

noting that the contribution from the poles at integer multiples of i are can-
celled due to the differential operators.
Combining the results in cases i) and i), we have

ok — .
Dg a—w]fol(Z,w)f(z) V(Z) -
O e o —
/w1|<|zl a—uﬂf711(z,w)f(z)dV(z) + /w1>z1| a—MT,l(z,w)f(z)dv(z),
where

k
/ a—7'_1(,2,w)f(z:)clV(z:) =

1<z aw’f
2 Jwq|<|21] Zowz
1 (¢ —1k)¢ o ——i¢—1_ -1
lw /R Snh[(26 — m)(C — ik)]sinh(n0) Dz F L Cr F

[ o€ ik (A e Pl | fa)av(e)

and

/ a—k7'_1(,2,7ut))f(,z,')clV(,z) =

1|>z1] awllc
1 1
- —x
27 |wy|>z1] #2W2
1 (¢ —1k)¢ " ——iC—1_ -1
lw /R Sh[(28 = m)(C — ik) smh(n0) oz F L Wr 4ot

| o€~k (a0 e P | fa)av o)

We now use Fubini’s theorem in both case i) and i) to take the derivatives
outside of the ( integrals, and then combine the results above. Before doing
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p=((2) 2 ()" 2
Z1 021 21 071

:aTla

S0, we note

where 1 = |z1], is a tangential differential operator. To calculate the adjoint
of Ay we note for fixed 29, z1 can be written with coordinates t; and dy, dy
representing the distance to the boundary Re ze~#1°8%2%2 = (), via

(4.7) 21 = (t1 +idy)e™
where a = log |23]? — /2. In these coordinates we calculate
9] di o)

51
A= e
/BT &M B+ & 0dy

Then,
X 0 ty 0 dy
W)y =-Mh-g\ = s \ Tm—p
ot \ /B2 +d3 odiy \ /83 + d3
1
G
1
(4.8) = A —.
|21

Furthermore, from the relation (@), we can write

0 0 0
o — + g —,

8—51 - (92’1 8t1

where aq (]z2]) and aq(|z2]) are bounded away from 0 and depend smoothly on
|22].
We recall that that g(&, z1) has the property A;g(€, 21) = 0, and so

9(¢ — ik, ,21)(A,g)sziC/%lEfiC/2 =(Ay)* [zfiq%lfficmg(c —ik,z1)] .

We thus have, after commuting the z derivatives with the ( integrals,

o ———
o, (’)—uﬂfT_l(Z’ w)f(2)dV (z) =
1 1
—5= X
21 Jp, Z2w2
1 o* (¢ —ik)¢ i1 e
[; 9z, " /]R sinh[(28 — 7)(¢ — ik)] sinh(7¢) Zq wy dC+

(4.9) (At)k /R mg(g — ik:,zl)z;ig/%lfficmwic*ldg f-1(2)dV (z).
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Integrating by parts in the first integral on the right in (£9) gives

1 1
T 92 -—X
T Dg ZoW9

o (¢ — ik)C et e
[azlk /R sinh[(26 — 7)(¢ — ik)] sinh(7¢) Z1 wy dC} f-1(2)dV (=)
i

22 Dy Z2W2

. . (¢ —ik)¢ Z—i¢—1
{( 20;,) /]R sinh[(28 — 7)(¢ — ik)] sinh(w¢) 7
1 1 1
= (71)k+ ﬁ /DB ZoW2 8
(4.10)

(¢ —ik)¢ _—ic=1yic-1 00 (o VP V(s
[/R sinh[(28 — 7)(C — ik)] sinh(w¢) ! 1 dC} (a204,)" f-1(2)dV (2).

w?‘ldc} fa(2)dv (2)

Similarly, we perform an integration by parts in the second integral in (3],

using (L3).

1 1 & ¢ . —iC/2-1_—iC/2 -1
27 | 7 (A /Risinh(ﬂg)g(c ik, z1)z, Z, w dCfo1(2)dV (z)
1 1 ¢ . —iC/2—1——iC/2 iC—
—(—1 k+1_/ / B ¢/ ¢/2, ic-1
(1) 27 Dy Z2W2 Rsinh(w()g(g ik, 1)z, 1 wi A X
(4.11)

(Ar + [21) )" foa(2)dV (2).

To finish the proof we note that the proof of PropositionB.1], with fz(&, y)e e
replaced with

(€ — i) -
sinh[(28 — 7)(§ — k)] sinh (7€)

may be followed to show that the operator from (£I0) with kernel

1 (¢ —ik)¢ S
/DB ZoWa /]R sinh[(28 — 7)(¢ — ik)] sinh(m¢) Z1 wy dC

maps L?(Dg) to L2 (Dg). Similarly, the proof of Proposition B1] shows that
the operator with kernel

1 1 ¢ ) —iC/2-1_—iC)2 iC—1
- ik .
2T Zaws /R sinh(7() 9(¢ — ik, 21)z Z1 wy ¢
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occurring in (@II) maps L?(Dg) to L?,(Dg). We have estimates for the term
in @II) when f € W5 (Dg):
Z [l2a]*FeAg f oy 2Dy

a<k

S Z H'zl|_k+aA(tlf—1HL2((D1X(DQDB) + ||f—1||Wk(Dg)

a<lk
—k+a Ao
S Z Ht1 Aj fﬂHLZ((Dlxc)mDﬁ) + ”f*l”Wk(Da)
a<k
SIf-1llwr oy
where D := {|z1] < 1}, the variable ¢; is as in [@7]), and the last step follows

from Theorem 1.4.4.4 in [6] (with a slight variation in the argument we can
also apply Theorem 11.8 in [9] which holds for smooth domains).

Then, together ({I0) and (1) show

ak —k+a Ao
Tt Salwnon + X Nl A g,
1 L2(Dp) a<k
SIf-1llwe(pg)-
The estimate in ([{2)) is verified, completing the proof of the theorem. O

5. THE CASE j # —1
We construct operators
T; : W5(Dg) — W) (Dg)  Vk,

for the cases j # —1 as follows.
We let @; be the projection from L?*(Dg) to L? (Dg) given by

1 [ . i
Qjf(21,22) = %/ f(z1,€%2)e90dp.
Then we take the operator T; to be given by
Tf =w " Toa(577'Q;f).

For each T, due to properties of the operator T_;, we have a theorem similar
to Theorem ETt

THEOREM 5.1. Let 8 > n/2, and Dg be defined as above. For all j € Z there
exists a bounded linear projection

T, : L*(Dg) — B;(Dp)
which satisfies
T; : W5(Dg) = WF(Dg)  Vk,
and
1T flwr sy S WFllwepg)-

This proves the Main Theorem.
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6. REMARKS

We end with a few remarks. We first note that in our proof of Theorem (L1l we
worked with Sobolev spaces, W¥ for integer k. The general case for all s > 0
follows by interpolation.

Secondly, there are infinitely many projection operators which have the same
regularity properties as our constructed projection in the Main Theorem. Other
projections can be constructed for instance by changing the factor 74(£) in
Section [2] with the replacement of the term e~¢ with another e=™¢" for any
positive integer m. Then the rest of the arguments could be followed verbatim.
By [2], if the Bergman projection were to map C§°(Dg) continuously into
C*>(Dg) (it does not) then we would automatically have continuity from the
larger space C*°(Dg) as well. Thus, it would be of interest to find an improve-
ment to the projection, along the lines presented here, which preserves W7 (Dg)
for all s > 0.

We lastly note that, while it would be ideal to obtain an operator which would
map W# to itself, without the restriction to the space W7, by summing the
operators in Main Theorem over 7, the dependence of the norms in Theorem [5.1]
on j prohibit the convergence of such a summation. Following the calculations
of the proof of Proposition Bl leads to the estimates for the norms of T;:

sinh[(j +1)(8 — 7/2)]
Jj+1 '
This exponential growth of the estimates thus prohibits us from using results

such as the Cotlar—Stein almost orthogonality lemma to conclude any conver-
gence of a sum over the operators T);.

1751 <
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