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ABSTRACT. We discuss secondary (and higher) characteristic classes for
algebraic vector bundles with trivial top Chern class. We then show that
if X is a smooth affine scheme of dimension d over a field k of finite 2-
cohomological dimension (with char(k) # 2) and F is a rank d vector
bundle over X, vanishing of the Chow-Witt theoretic Euler class of E is
equivalent to vanishing of its top Chern class and these higher classes. We
then derive some consequences of our main theorem when k is of small
2-cohomological dimension.
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1 INTRODUCTION

Suppose k is a field having characteristic unequal to 2, X = Spec(A) is a d-
dimensional smooth affine k-scheme and £ is a vector bundle of rank r over X . There
is a well-defined primary obstruction to £ splitting off a free rank 1 summand given
by “the” Euler class e(€) of £ (see [Morl2, Theorem 8.2], [Fas08, Chapitre 13] and
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8 ARAVIND ASOK AND JEAN FASEL!

[AF13], which shows two possible definitions coincide for oriented vector bundles).
When r» = d, Morel shows that this primary obstruction is the only obstruction to
splitting off a trivial rank 1 summand, and we will focus on this case in this article.
Because the Euler class is defined using Chow-Witt theory, which is not part of an
oriented cohomology theory (say in the sense of [[LMO07]), it is difficult to compute
in general. The vanishing of the Euler class implies the vanishing of the top Chern
class cq(€) in CHY(X) [AF14c, Proposition 6.3.1], though the converse is not true
in general. It is therefore natural to try to approximate e(&) using structures defined
only in terms of oriented cohomology theories. More precisely, we now explain the
strategy involved in studying such “approximations” as developed in Section 2.2.

If X is as above, let us fix a line bundle £ on X . One can define the £-twisted unram-
ified Milnor-Witt K-theory sheaf KLI}/IW(E), which is a sheaf on the small Nisnevich

site of X. The L-twisted Chow-Witt group CH d(X , L) can be defined as the Nis-
nevich cohomology group H¢(X, K)W(L£)). With £ as above, the Euler class e(€)
lives in this group with £ = det £Y.

If K}}/I is the d-th unramified Milnor K-theory sheaf, then by Rost’s formula
HYX,KM) =2 CHY(X). There is a natural morphism of sheaves on X of the

form KW (£) — K3, which furnishes a comparison morphism CA‘I;Td(X, L) —
CH?(X) whose study is the main goal of this paper.

By a result of F. Morel, the kernel of the morphism of sheaves KYW (L) — K} is
the (d + 1)st power of the fundamental ideal in the Witt sheaf (twisted by £), denoted
I9+1(L). The sheaf 191 (L) is filtered by subsheaves of the form I"(£) for r > d+ 1:

Loty c1tl (L) L c T (L) c KW ().

This filtration induces associated long exact sequences in cohomology and gives rise
to a spectral sequence E(L, MW)P? computing the cohomology groups with coeffi-
cients in KMV (L).

When p = d = dim(X), we obtain a filtration of the group
HYX,KMW(L)) by subgroups F"HY(X,KNW (L)) for n € N such that
FOHYX, KYWY(L) = HYX,KMW(L)) and where the successive subquo-

tients F"HY(X, KMW(L))/Fr T HY(X, KMW (L)) are computed by the groups
E(L,MW)%+" arising in the spectral sequence. If furthermore k has finite 2-
cohomological dimension, then only finitely many of the groups (£, MW)%4+" are
nontrivial and we obtain the following theorem.

THEOREM 1 (See Theorem 2.2.6). Suppose k is a field having finite 2-cohomological
dimension (and having characteristic unequal to 2). Suppose X is a smooth k-scheme
of dimension d and suppose L is line bundle on X. For any o € HY(X,K}W (L)),
there are inductively defined obstructions V(o)) € E(L, MW)%L9+" for n > 0 such
that o = 0 if and only if 9" () = 0 for any n > 0.

The groups E(L£, MW)5? are cohomology groups with coefficients either in K} or
in Ké\/[ /2 for j > d + 1, and thus they are theoretically easier to compute than the
cohomology groups with coefficients in KY'"; this is the sense in which we have
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SECONDARY CHARACTERISTIC CLASSES ... 9

“approximated” our original non-oriented computation by “oriented” computations.
The upshot is that if k£ has finite 2-cohomological dimension, we can use a vanishing
result from [AF14b] (which appeals to Voevodsky’s resolution of the Milnor conjec-
ture on the mod 2 norm-residue homomorphism) to establish the following result.

COROLLARY 2. Let k be a field having 2-cohomological dimension s (and having
characteristic unequal to 2). If X is a smooth affine k-scheme of dimension d and
& & = X is a rank d-vector bundle on X with c4(E) = 0, then & splits off a trivial
rank 1 summand if and only if U™(E) = 0 forn < s — 1.

The problem that arises then is to identify the differentials in the spectral sequence,
which provide the requisite “higher obstructions”, in concrete terms. To this end, we
first observe that there is a commutative diagram of filtrations by subsheaves

So——I(L) ——= T (L) —— . ——= T (L) —= K}V (L)

| |

co—= 1) ——= TN (L) ——  —— T (L) ———T4(L).

The filtration on the bottom gives rise to (a truncated version of) the spectral sequence
Pardon studied [Par, 0.13]; this spectral sequence was further analyzed in [Tot03].
Totaro showed that the differentials on the main diagonal in the E5-page of the Pardon
spectral sequence are given by Voevodsky’s Steenrod squaring operation Sq?. Using
the diagram above, we see that the differentials in the spectral sequence we define
are essentially determined by the differentials in the Pardon spectral sequence, and
we focus on the latter. We extend Totaro’s results and obtain a description of the
differentials just above the main diagonal as well and, more generally, the differentials
in our L-twisted spectral sequence (see Theorem 4.1.4).

We identify, using the Milnor conjecture on the mod 2 norm-residue homomorphism,
the (mod 2) Milnor K-cohomology groups appearing in the pages of the spectral se-
quence above in terms of motivic cohomology groups. Via this identification, the
differentials appearing just above the main diagonal in our spectral sequence can be
viewed as operations on motivic cohomology groups. Bi-stable operations of mod
2 motivic cohomology groups have been identified by Voevodsky [Voel0] (if k£ has
characteristic 0) or Hoyois-Kelly-@stvaer [HK @ 13] (if k has characteristic unequal
to 2). It follows from these identifications that the differentials in question are either
the trivial operation or the (twisted) Steenrod square. In Section 3.3, we compute
an explicit example to rule out the case that the operation is trivial. Finally, we put
everything together in the last section to obtain, in particular, the following result.

THEOREM 3. Let k be a field having 2-cohomological dimension s (and having char-
acteristic unequal to 2). Suppose X is a smooth affine k-scheme of dimension d and
& € — X is a rank d-vector bundle on X with cq(E) = 0. The secondary obstruc-
tion W' (a) to € splitting off a trivial rank 1 summand is the class in the cokernel of
the composite map

Sq?+ei(L)U
rerf

H*YX, KY) — H7Y(X,KY/2) HY(X, K}, /2),
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(the first map is induced by reduction mod 2) defined as follows: choose a lift of the
class e(§) € HY(X, 19" (det &)) and look at its image in H*(X, K\ | /2) under the
map 197 (det £)) — KN | /2. Furthermore: (i) if k has cohomological dimension 1,
then the secondary (and all higher) obstructions are automatically trivial and (ii) if k
has cohomological dimension 2, then the triviality of the secondary obstruction is the

only obstruction to € splitting off a trivial rank 1 summand.

For the sake of perspective, recall that Bhatwadekar and Sridharan asked whether the
only obstruction to splitting a trivial rank 1 summand off a rank (2n+ 1) vector bundle
& on a smooth affine (2n 4+ 1)-fold X = Spec A is vanishing of a variant of the top
Chern class living in a group E(A) [BS00, Question 7.12]. The group Fy(A) housing
their obstruction class is isomorphic to the Chow group of O-cycles on Spec A in some
cases; see, e.g., [B599, Remark 3.13 and Theorem 5.5]. It is an open problem whether
the group Ey(A) is isomorphic to the Chow group of zero cycles in general. A natural
byproduct of their question is whether (or, perhaps, when) vanishing of the top Chern
class is sufficient to guarantee that £ splits off a free rank 1 summand. In view of
Theorem 4.2.1, the sufficiency of the vanishing of the top Chern class is equivalent
to all the higher obstructions vanishing, which from our point of view seems rather
unlikely. Nevertheless, Bhatwadekar, Das and Mandal have shown that when & = R,
there are situations when vanishing of the top Chern class is sufficient to guarantee
splitting [BDMO6, Theorem 4.30].

Remark 4. Throughout this paper, we will assume that k£ has characteristic unequal
to 2, but a result can be established if k has characteristic 2 as well. Indeed, one can
first establish a much stronger version of Corollary 2. More precisely, suppose k is a
perfect field having characteristic 2. If X is a smooth k-scheme of dimension d, and
¢ : & — X is arank d vector bundle on X, then e(§) = 0 if and only if ¢4(§) = 0.
Establishing this result requires somewhat different arguments, and we will write a
complete proof elsewhere.

PRELIMINARIES

When mentioning motivic cohomology, we will assume k£ is perfect. Thus, for sim-
plicity, the reader can assume that k is perfect and has characteristic unequal to 2
throughout the paper. The proof of Theorem 4.1.4 in positive characteristic depends
on the main result of the preprint [HK(13], which, at the time of writing, depends
on several other pieces of work that are still only available in preprint form. We refer
the reader to [FasO8] for results regarding Chow-Witt theory, [MVWO06] for general
properties of motivic cohomology, and [VV99] for results about A'-homotopy theory.
We will consider cohomology of strictly A!-invariant sheaves on a smooth scheme X
(see Section 2.1 for some recollections about the sheaves considered in this paper). In
the introduction, we considered these sheaves on the small Nisnevich site of X, but
below we will consider only sheaves in the Zariski topology. By, e.g., [Mor12, Corol-
lary 5.43] the cohomology of a strictly Al-invariant sheaf computed in the Zariski
topology coincides with cohomology computed in the Nisnevich topology.
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2 A MODIFICATION OF THE PARDON SPECTRAL SEQUENCE

In this section, we recall the definition of twisted Milnor-Witt K-theory sheaves and
various relatives. We then describe a standard filtration on twisted Milnor-Witt K-
theory sheaves and analyze the associated spectral sequence.

2.1 UNRAMIFIED POWERS OF THE FUNDAMENTAL IDEAL AND RELATED
SHEAVES

Let k be a field of characteristic different from 2 and let Smj, be the category of
schemes that are separated, smooth and have finite type over Spec(k). Let W be the
(Zariski) sheaf on Smy, associated with the presheaf X — W (X'), where W (X)) is the
Witt group of X ([Kne77], [Knu91]). If X is a smooth connected k-scheme, then the
restriction of W to the small Zariski site of X admits an explicit flasque resolution,
the so called Gersten-Witt complex C'(X, W) ([BW02], [BGPWO02]):

D Wak@@) = P Walk(z) 2 @ Whlk(x)

reX (1) reX(2) reX3)

Here, Wy(k(x)) denotes the Witt group of finite length Ox ,-modules
([Par82],[BO8&7]), which is a free W (k(x))-module of rank one.

For any n € Z, let I"(k(x)) C W(k(x)) be the n-th power of the fundamental
ideal (with the convention that 1" (k(z)) = W (k(z)) if n < 0) and let I}, (k(x)) :==
I"(k(x)) - Wgi(k(x)). The differentials d; of the Gersten-Witt complex respect the
subgroups I7,(k(z)) in the sense that d;(I},(k(x))) C I}Tl(k(y)) for any i € N,
z e XD, ye X0t and n € Z ([Gil07],[Fas08, Lemme 9.2.3]). This yields a
Gersten-Witt complex C'(X, I7):

@131 dl@p2 @132

zex @ zeX(® zeX®)
for any j € Z which provides a flasque resolution of the sheaf I7, i.e., the sheaf
associated with the presheaf X — HY(C(X,I7)). There is an induced filtration of
the sheaf W by subsheaves of the form:

.CcVclPlc..cIcWw;

the successive quotients are usually given special notation: T =1 JTFL for any
jeN
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12 ARAVIND ASOK AND JEAN FASEL!

The exact sequence of sheaves
0— I 1T T —o0

yields an associated flasque resolution of iy by complexes C (X, ij) [FasO7, proof of
Theorem 3.24] of the form:

PhXx)>~ P T k@)2 @ T k@)~ @ T k@) >....

zeX ) zeX(2) zeX(3)

The subscript fl appearing in the notation above has been dropped in view of the
canonical isomorphism

T (k(w)) = 17 (k(@))/ T k() — T, (k@) / T} (k(2)) =: Ty (k(x))

induced by any choice of a generator of Wy (k(x)) as W (k(z))-module ([Fas08,
Lemme E.1.3, Proposition E.2.1]).

Suppose now that X is a smooth k-scheme and £ is a line bundle on X. One may
define the sheaf W (L) on the category of smooth schemes over X as the sheaf asso-
ciated with the presheaf {f : Y — X} — W(Y, f*L), where the latter is the Witt
group of the exact category of coherent locally free O x-modules equipped with the
duality Homp (-, £). The constructions above extend to this “twisted” context and
we obtain sheaves I/ (L) for any j € Z and flasque resolutions of these sheaves by
complexes that will be denoted C(X, T/ (L)).

There are canonical isomorphisms I’ = 17(£) /I7+1(£) and we thus obtain a filtration
.CU(L)cP (L) C...CI(L) C W(L) and long exact sequences

0— V(L) — V(L) —T —0. (2.1.1)

Let F}, be the class of finitely generated field extensions of k. As usual, write K (F)
for the n-th Milnor K -theory group as defined in [Mil70] (with the convention that
KM(F) = 0if n < 0). The assignment F' — KM(F) defines a cycle module in
the sense of [R0s96, Definition 2.1]. We denote by K}\f the associated Zariski sheaf
([Ros96, Corollary 6.5]), which has an explicit Gersten resolution by flasque sheaves
([Ros96, Theorem 6.1]). The same ideas apply for Milnor K-theory modulo some
integer and, in particular, we obtain a sheaf KM /2.

For any F' € Fj and any n € N, there is a surjective homomorphism s,
KM(F)/2 — T"(F) which, by the affirmation of the Milnor conjecture on quadratic
forms [OVV07], is an isomorphism. The homomorphisms s,, respect residue homo-
morphisms with respect to discrete valuations (e.g. [Fas08, Proposition 10.2.5]) and
thus induce isomorphisms of sheaves KM /2 — I forany n € N.

For any n € Z, the n-th Milnor-Witt K -theory sheaf KM can (and will) be defined
as the fiber product

|

KM T
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SECONDARY CHARACTERISTIC CLASSES ... 13

where the bottom horizontal morphism is the composite KM — KM /2 % T" and
the right-hand vertical morphism is the quotient morphism. It follows from [Mor04,
Théoréme 5.3] that this definition coincides with the one given in [Mor12, §3.2].

If £ is a line bundle on some smooth scheme X, then we define the £-twisted sheaf
KMW(L£) on the small Zariski site of X analogously using L-twisted powers of the
fundamental ideal. Again, the resulting sheaf has an explicit flasque resolution ob-
tained by taking the fiber products of the flasque resolutions mentioned above ([Fas07,
Theorem 3.26]), or by using the Rost-Schmid complex of [Mor12, §5]. The above
fiber product square yields a commutative diagram of short exact sequences of the
following form:

0 ——1I"1(L) —= KMW (1) KM 0 (2.1.2)
0 — I" (L) —=1"(L) T 0.

2.2 THE PARDON SPECTRAL SEQUENCE

Continuing to assume k is a field having characteristic unequal to 2, let X be a smooth
k-scheme and suppose L is a line bundle over X. The filtration

L) cPHL) C...CI(L) cW(L)

yields a spectral sequence that we will refer to as the Pardon spectral sequence. We
record the main properties of this spectral sequence here, following the formulation of
[TotO3, Theorem 1.1].

THEOREM 2.2.1. Assume k is a field having characteristic unequal to 2, X is a
smooth k-scheme, and L is a line bundle on X. There exists a spectral sequence
E(L)S? = HP(X,T') = HP(X,W(L)). The differentials d(L), are of bidegree
(1,7 — 1) for r > 2, and the groups HP (X, Tq) are trivial unless 0 < p < q. There
are identifications H?(X,T') = CH?(X)/2 and the differential d%° : H?(X,T") —
HPHY(X, Tp+1) coincides with the Steenrod square operation Sq* as defined by Vo-
evodsky ([VoeO3b]) and Brosnan ([Bro03]) when L is trivial. Finally, if k has finite
2-cohomological dimension, the spectral sequence is bounded.

Proof. All the statements are proved in [Tot03, proof of Theorem 1.1] except the last
one, which follows from the cohomology vanishing statement contained in [AF14b,
Proposition 5.1]. O

Remark 22.2. We will describe the differential d(£)% : HP(X,T') —
HP (X, TPH) for £ nontrivial in Theorem 3.4.1.

Since W(£) = I°(L) by convention, truncating the above filtration allows us to
construct a spectral sequence abutting to the cohomology of I/ (£) for arbitrary j > 0:

cIt(L) cI L) C L c BHY(L) C E(L).
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The resulting spectral sequence E'(L, j)P+9 is very similar to the Pardon spectral se-
quence. Indeed, E(L,j)57 = 0if ¢ < j and E(L,5)5? = E(L)5Y otherwise.
Similarly d(£,7)5% = 0if ¢ < j and d(£,5)5? = d(L)5? otherwise. We call
this spectral sequence the j-truncated Pardon spectral sequence and it will be one of
the main objects of study in this paper. Using the description of the F»-page of this
spectral sequence and the associated differentials, the proof of the following lemma is
straightforward (and left to the reader).

LEMMA 2.2.3. Assume k is a field having characteristic unequal to 2 and suppose
X is a smooth k-scheme of dimension d. There are identifications E(L,d)%? =
CH*(X)/2 and, for any n > 1, B(L,d)%4" = BE(L)L+" ifm < n + 1 and
exact sequences

A
B(L)) " = B > B(L, )" ———0,

Using the monomorphism I'+1(£) C K?dw (L) described in the previous section, we
can consider the filtration of T/!(L£) as a filtration of K}"V(L£) of the form:

LLcI(L) cTTNL) L c PR (L) c KY(L).

Once again, the spectral sequence E(L£, MW)P»? associated with this filtration is very
similar to the j-truncated Pardon spectral sequence. Indeed, there are identifications
E(L,MW)34 = E(L,j)y? if ¢ # j and E(L,MW)y”? = H?(X,K}"). In order
to describe the terms E(L£, MW)Z4 in the situation of interest, we first need a few
definitions.

Consider the commutative diagram of sheaves with exact rows from Diagram 2.1.2

0 — T+ (L) —= KMW(L) — K} —0

|

0—= V(L) —=T(L) — =T — 0.

The right vertical homomorphism K;VI — T’ is described in the previous subsection
and yields, in particular, a homomorphism H7~(X,K}') — H7~!(X, T’) whose
image we denote by Ga(j). Now, H'=(X,T') = E(L,)" = E(£),™" and
there is a differential

AOL 5 B0 — B
We set G3(j) := Ga(j) Nker(d(£)} ") and write G3(5) for its image in E(L)} .
There is also a differential

O BER — B

and we set G4(j) := Gs(j) Nker(d(£)}~"7) and define G4(j) to be its image in
E([,)ffl’j . Continuing inductively, we can define a sequence of subgroups G, (j) C
E(L)J~% for any n > 2.
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LEMMA 2.2.4. If k is a field having characteristic unequal to 2, and X is a smooth
k-scheme of dimension d, then there are isomorphisms E(L,MW)%d = CHY(X),
and E(L, MW)g_l’d = HY(X, KA. Furthermore, for any integer n > 1, there
are identifications E(L, MW)&dtn = B(L)Ld+n jfm < n + 1 and exact sequences
of the form

_ d(c)d b

Grr(d) —— B(L) S B(L, MW+ —.0.

n+1

Proof. The morphism of sheaves KY'W (L) — I¢(L) is compatible with the filtra-
tions:

So——I(L) ——= T L) —— . ——= T L) ——= K}V (L)

| |

co—— 1L —— T (L) ——  ——= T (L) ———=T4(L)

In particular, the induced maps of quotient sheaves are simply the identity map, except
at the last spot where they fit into the commutative diagram

0 —=IY(L) —= KMW (L) — K} —=0

|

0 —I1(L) ——=T1%(L)

I —0

The result now follows from the definition of the groups G;(d) and Lemma 2.2.3. O

Remark 2.2.5. By construction, there are epimorphisms E(L,MW)L4tm  —
E(L,d)%4+" for any n > 0. Indeed, G,1(d) is, by definition, a subgroup of
E ([,)erll’d and the diagram

Grii(d) —— B(L)> " —~ B(L, MW)ddtn 5 0

n+1
l ‘ |

|
EL) M Byt — = B(L,d)bdt —— 0

Y
n+1 n+1

commutes.
Suppose that X is a smooth k-scheme of dimension d such that the Chow group of
0-cycles CH4(X) is 2-torsion free. In that case, we claim that the dotted arrow in
the above diagram is an isomorphism. To see this, observe that the exact sequence of
sheaves

0 —2KY — KY — K}/2—0

yields an exact sequence

HI7Y X KN — HI-Y(X KN /2) — HY(X, 2K}) —
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16 ARAVIND ASOK AND JEAN FASEL!
— HI(X,KY) — HY(X, K} /2) — 0.

The epimorphism K} 3 2K)' yields an isomorphism HY(X,KY) —
HY(X, QKQ/I) and we deduce the following exact sequence from Rost’s formula
and the definition of G (d):

0 — Go(d) = HN(X, KN /2) = CHY(X) -2 CHY(X) — CHY(X)/2 — 0.

Since CHY(X) is 2-torsion free, it follows that Go(d) = H* (X, K} /2) and by
inspection we obtain an identification G, 11 (d) = E(E)i:rll’d. We therefore conclude

that the dotted arrow in the above diagram is an isomorphism.

THEOREM 2.2.6. Suppose k is a field having characteristic unequal to 2 and finite
2-cohomological dimension, X is a smooth k-scheme of dimension d and L is a line
bundle over X. For any a € HY(X,KNW (L)) there are inductively defined obstruc-
tions U™ (a) € E(L, MW)L4H" for n > 0 such that o = 0 if and only if ¥"(a) = 0
foranyn > 0.

Proof. The filtration
oIty et ) L c TN (L) < KYWY (L)

to which the spectral sequence E(L,MW)P¢ is associated yields a filtration
FrHY( X, KYW(L)) for n > 0 of the cohomology group H%(X, KW (L)) with
FOR(X, KW (£)) = H(X, KYW (L)) and

FrHYX, K™Y (L)) = Im(HY(X, 17 (L)) — HY(X, K3V (£)))
for n > 1.  Further, F"HY(X,KYW(L))/F""' HYX,KYWY(L)) =

E(K,MW_)gg”" and the cohomological vanishing statement of [AF14b, Propo-
sition 5.1] implies that only finitely many of the groups appearing above can be
non-trivial. If we define the obstructions ¥ (<) to be the image of « in the successive

quotients, the result is clear. O

The above result gives an inductively defined sequence of obstructions to decide
whether an element of H%(X, K}MW (L)) is trivial. Our next goal is to provide a
“concrete” description of the differentials appearing in the spectral sequence. Lem-
mas 2.2.3 and 2.2.4 imply that these differentials are essentially the differentials in the
Pardon spectral sequence, and it is for that reason that we focus on the latter in the
remaining sections.

3 SOME PROPERTIES OF THE DIFFERENTIALS

In this section, we establish some properties of the differentials in the Pardon spectral
sequence and thus the spectral sequence constructed in the previous section abutting
to cohomology of twisted Milnor-Witt K-theory sheaves. We first recall how these
differentials are defined and then show that, essentially, they can be viewed as bi-
stable operations in motivic cohomology.
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3.1 'THE OPERATION P, ;

Suppose X is a smooth k-scheme and £ is a line bundle on X. Recall that for any
j € N, the sheaf I/ (£) comes equipped with a reduction map I/ (£) — I’ and that
there is a canonical isomorphism K;VI /2 — T/; we use this identification without
mention in the sequel. The exact sequence

0 — T (L) —TL —T —0

yields a connecting homomorphism
H(X,T) 25 H+H (X, T+ (L))

The reduction map gives a homomorphism

HTY X, UTYL)) — HTH(X, T,
Taking the composite of these two maps yields a homomorphism that is precisely the
differential d(L)5”? . We state the following definition in order to avoid heavy notation.
DEFINITION 3.1.1. If X is a smooth scheme, and £ is a line bundle on X, write

®; 0 H(X, V) — HTYX, T

for the composite of the connecting homomorphism 0z, and the reduction map just
described. If £ is trivial, suppress it from the notation and write ®; ; for the resulting
homomorphism. Anticipating Theorem 4.1.4, we sometimes refer to ®; ; » as an
operation.

When i = j, via the identification I7 =2 K?A/Q, the map ®;,; can be viewed as
a morphism Ch*(X) — Ch*"(X), where Ch*(X) = CH*(X)/2. As stated in
Theorem 2.2.1, Totaro identified this homomorphism as Sq?. More generally, we
observe that the homomorphisms ®; ; ~ are functorial with respect to pull-backs by
definition.

3.2  BI-STABILITY OF THE OPERATIONS ®; ;

We now study bi-stability, i.e., stability with respect to P'-suspension, of the opera-
tions @; ;. If X is a smooth scheme, we then need to compare an operation on X and
a corresponding operation on the space X AP'. The reader unfamiliar to this nota-
tion can take the following ad hoc definition. If F is a sheaf, then H*(X P!, F) is
defined to be the cokernel of the pull-back homomorphism

HY(X,F) — HY (X x P F).

In case F = I, we use the projective bundle formula in I7-cohomology (see, e.g.,
[Fas13, §4]) to identify this group in terms of cohomology on X . Indeed, we have an
identification

HZ(X X Plvij) = Hi(Xa ij) S Hi_l(X7 ij_l) : EI(O(_l))7
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18 ARAVIND ASOK AND JEAN FASEL!

where ¢1(O(—1)) is the first Chern class of O(—1) in H}(X, K} /2) = CHY(X)/2.
Unwinding the definitions, this corresponds to an isomorphism of the form

HY(X AP TV)>2 g~ (X, T

that is functorial in X. Using this isomorphism, we can compare the operation ®; ;
on H' (X AP, 17) with the operation ®;_1 ;_; on H*~1 (X, I771).

PRroproOSITION 3.2.1. There is a commutative diagram of the form

) - Dy ) _.
Hi(X AP 1) — HiHL (X APY, TP

l l

H (X, V) —— Hi(X,T),

i—1,5—1
where the vertical maps are the isomorphisms described before the statement.

Proof. The operation ®; ; is induced by the composite morphism of the connecting
homomorphism associated with the short exact sequence

0— P ST ST —0

and the reduction map I’t! — I/+1. The contractions of I? and I/ are computed in
[AF14a, Lemma 2.7 and Proposition 2.8] and our result follows immediately from the
proofs of those statements. |

Remark 3.2.2. Because of the above result, we will abuse terminology and refer to
®; ; as a bi-stable operation.

3.3 NON-TRIVIALITY OF THE OPERATION ®;_1 ; ¢

Our goal in this section is to prove that the operation ®;_1 ; is nontrivial. By definition,
the operation ®; _; ; can be computed as follows: given an element o € H*~!(X, T%),
we choose a lift to C*~(X,I%), apply the boundary homomorphism to obtain an
element d;_1(o) € C%(X,I') which becomes trivial under the homomorphism
C'(X,I") — CUX,T) (since a is a cycle). There exists thus a unique lift of
di—1(a) € C*(X,T"1), which is a cycle since d;d;_; = 0. Its reduction in H*(X, T?)
is ®;_1 ;() by definition. We use the identification H'~!(X,I%) = H=1(X,KM/2)
and the computations of Suslin in the case where X = S L3 to provide explicit gen-
erators. More precisely, [SusO 1, Theorem 2.7] shows that H'(SL3, K}'/2) = 7Z/2,
H?(SL3, K} /2) = Z/2. We begin by finding explicit generators of the groups con-
sidered by Suslin and transfer those generators under the isomorphisms just described
to obtain explicit representatives of classes in H'(SL3,12) and H?(SL3,I%). Then,
we explicitly compute the connecting homomorphism and the reduction. Our method
and notation will follow closely [Sus91, §2].

For any n € N, let Q2,1 C A?" be the hypersurface given by the equation
Z?:l z;y; = 1. Let SL, = Spec(k[(tij)1§i,j§n]/<det(tij) — 1)) and write
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an = (tij)1<i,j<n for the universal matrix on SL,, and (t")1<; j<, for its inverse
a, 1. Forn > 2, we embed SL,,_; into SL,, as usual by mapping a matrix M to
diag(1, M), and we observe that the quotient is precisely QQ2,,—1 by means of the ho-
momorphism f : SL, — Qa,_1 given by f*(x;) = t1; and f*(y;) = t**. Now
Q2r—1 is covered by the affine open subschemes U; := D(x;) and the projection
f : SL, — Q2,1 splits over each U; by means of a matrix v, € E,(U;) given
for instance in [Sus91, §2]. The only properties that we will use here are that these
sections induce isomorphisms f~1(U;) ~ U; x SL,,_1 mapping (an)‘fq(Ui)v;l to
diag(1, a—1). Recall next from [Gil81, §2], that one can define Chern classes

¢it Ki(X) — H'(X,K}},/2)

functorially in X. In particular, we have Chern classes ¢; : Ki(SL,) —
HY(SL,,K},/2) and we set d; , := ¢;(cv,).

The stage being set, we now proceed to our computations. We will implicitly use the
Gersten resolution of the sheaves KM /2 in our computations below. Observe first that
the equations zo = ... = x,, = 0 define an integral subscheme Z,, C Q2,,—1, and
that the global section x; is invertible on Z,,. It follows that it defines an element in
(KM/2)(k(Z,)) and a cycle 6,, € H" 1(Q2,—1, KM).

LEMMA 3.3.1. For any smooth scheme X, the H* (X, KM /2)-module H* (Q2,,_1 X
X, KM /2) is free with basis 1, 0,,.
Proof. Apply the proof of [Sus91, Theorem 1.5] mutatis mutandis. |

Since Q3 = SLo, we can immediately deduce a basis for the cohomology of SLs.
However, we can reinterpret 6, as follows.

LEMMA 3.3.2. If X is a smooth scheme, then H*(SLy x X,KM/2) is a
free H*(X,KM/2)-module generated by 1 € H°(X,K}/2) and d1o €
H'(SLy, K} /2).

Proof. Again, this is essentially [Sus91, proof of Proposition 1.6]. O

Before stating the next lemma, recall that we have a projection morphism f : SL3 —
Qs yielding a structure of H*(Qs5, KM /2)-module on the cohomology of SL3.

LEMMA 3.3.3. The H*(Q5, KM/2)-module H*(SL3, KM /2) is free with basis 1
and d173.

Proof. Using Mayer-Vietoris sequences in the spirit of [Sus91, Lemma 2.2], we see
that it suffices to check locally that 1 and d; 3 is a basis. Let U; C (Q2,,—1 be the open
subschemes defined above. We know that we have an isomorphism f~1(U;) ~ U; x
S Lo mapping (Oég)‘f—l(Ui)’y,L-_l to diag(1, «a). The Chern class ¢; being functorial,
we have a commutative diagram

K1(SLs) —=— H'(SLs, K} /2)

/| I

Ky (f~1(U) —= H' (f~H(U:), KY'/2)

C1
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where the vertical homomorphisms are restrictions. We thus see that i*(d;3) =
7:*(61(043)) = 61(7:*(0[3)). Since vi € Eg(UZ), we see that Cl(i*(ag)) = cl(p*ag) =
p*dy 2 where p : f71(U;) — SLo is the projection. The result now follows from
Lemma 3.3.2. O

Combining Lemmas 3.3.2 and 3.3.3, we immediately obtain the following result.

COROLLARY 3.3.4. We have H*(SL3,K3'/2) = Z/2-dy 3 and H*(SL3, K}/2) =
Z[2- [*(03).

The cycle f*(03) is very explicit. Indeed, it can be represented by the class of the
global section #17 in (K} /2)(k(z1)) where 27 is given by the equations t1 = t13 =
0. We now make d; 3 more explicit. Recall that g = (t;5) is the universal matrix
on SL3 and o' = (t7) is its inverse. In particular, we have 2321 titik = 65 =

5
Syt

LEMMA 33.5. Ify € SL is defined by the ideal (t*3) and y, € SLY is defined
by the ideal (t12), then a generator for the group H'(SLs, K5 /2) = 7,/2, is given
by the class of the symbol

€= {t"} + {t13}
in K (k(y1))/2 & K{' (k(y2)) /2.

Proof. The image of {¢13} under the boundary map in the Gersten complex is the
generator of K}/ (k(z1))/2 where z; is the point defined by the ideal I; := (15, 13),
while the image of {¢t!?} is the generator of K} (k(22))/2 where 2 is the point
defined by the ideal Iy := (t12 t!3). It suffices then to check that z; = 23 to conclude
that £ is a cycle.

The equality Z;’:l t17¢;1 = 1 shows that t!! is invertible modulo I and we deduce
from Z?Zl tt;5 = 0 that t12 € Io. Similarly, we deduce from Z?Zl tltis =0
that ¢13 € I and therefore I; C I>. Reasoning symmetrically we obtain that Io C I,
proving the claim.

Since ¢ is a cycle, it defines a class in H*(SL3, K3!'/2) = Z/2 and it suffices thus
to show that the class of £ is non trivial to conclude. Consider the embedding (of
schemes, but not of group schemes) g : SLy — SL3 given by

u u 0 -1 0
11 12
— U1l 0 U112
Uu21 U222 0
u21 U22

Since this morphism factors through the open subscheme SLs[t15] = f~(Us) and
the inverse of the above matrix is given by the matrix

0w —ui2
1 0 o0 |,
0 —u21 un
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it follows that g* (&) is represented by the class of {ua2} in KM (k(s))/2, where s is
given by uj2 = 0. One can then verify directly that this cycle equals the generator
dy 2 given in Lemma 3.3.2, and it follows that £ # 0. |

PROPOSITION 3.3.6. The operation ®;_1 ; is non-trivial.

Proof. We compute the effect of the operation @1 » on elements of H*(S Lz, K3/2).
By definition, ® » is the composite

H'(SL3, K} /2) = H'(SL3,1?) — H?*(SL3,1?) —
— H?*(SL3,T%) = H*(SL3,K3}'/2)

where the left-hand map is the boundary homomorphism associated with the exact
sequence of sheaves

0—I —T1*—1*—0
and the right-hand map is the projection associated with the morphism of sheaves
I? — I®. We will show that ®; 5 is an isomorphism by showing that the explicit
generator of H'(S L3z, K3'/2) constructed in Lemma 3.3.5 is mapped to the explicit
generator of H2(S L3, K}!/2) constructed in Corollary 3.3.4.
Recall from Section 2.1 the Gersten resolution C(X, I7) of the sheaf I/, which takes
the form

k(X)) ~ @ it k@) % @ k@)~ @ k@) -...

zeX ) zeX(2) zeX(3)

where X is a smooth scheme, and I}l_l(k(x)) = 71 (k(z)) - Wn(Ox ). Take
X = SLs.

An explicit lift of the generator of H!(SL3, K3!/2) given in Lemma 3.3.5 is of the
form

(—1,t") - pr+ (—1,t13) - p2

where p1 @ k(y1) — Exty, o (E(y1), Ox.y,) is defined by mapping 1 to the

Koszul complex Kos(t'?) associated with the regular sequence #2, and similarly

p2 ¢ k(y2) — Ex‘c}gxﬂ2 (k(y2), Ox,y,) is defined by 1 — Kos(t12). Using [Fas08,
Section 3.5], the boundary d; of the above generator is of the form v; + v, where

v k(z) — Ext?gxwz (k(2),0x.2)
is defined by 1 — Kos(t'3,¢12) and
ve  k(z) — Ext?gxwz (k(2),0x.2)

is defined by 1 — Kos(t12,t13). Recall from the proof of Lemma 3.3.5 that ¢! €
O% , and it follows thus from the identities Z?Zl t'9t;, = 0 for k = 1,2 that we

have
t12 B _t32/t11 _t22/t11 t13
t13 - _t33/t11 _t23/t11 t12 .

DOCUMENTA MATHEMATICA - EXTRA VOLUME MERKURJEV (2015) 7—29



22 ARAVIND ASOK AND JEAN FASEL!

Now t3ota3 — tastszz = —t'! and t*1t1; = 1 modulo (t'2,#13) and we therefore get
vi+vo=(1,t1) v =((1,1)+ (=1,t11)) - 1

A simple computation shows that (1,1) - 14 is the boundary of ((1,%13) ® (1,%13)) -
p2 and therefore vanishes in H?(SLs,I3). Now the class of (—1,#11) - v in
H?(SL3,I%) = H?(SL3,K}!/2) is precisely a generator as shown by Corollary
3.3.4. Thus, @1 5 : H'(SL3, K3 /2) — H?(SL3, K}'/2) is an isomorphism. O

3.4 IDENTIFICATION OF ®;_; ; »

If £ is a line bundle over our smooth k-scheme X, we write ¢ (£) for its first Chern
class in H' (X, KM/2) = CH'(X)/2.

THEOREM 3.4.1. For any smooth scheme X, any i,j € N and any line bundle L
over X, we have
D= (q)iyj JrEl(ﬁ)U).

Proof. In outline, the proof will proceed as follows. We consider the total space of
the line bundle £ over X. By pull-back stability of the operation and homotopy in-
variance, we can relate the operation ®@; ; » with the operation ®; ; on the total space
of the line bundle £, with a twist coming from the first Chern class of the line bundle
via the various identifications. To establish the result, we track the action of ®; ; » on
suitable explicit representatives of cohomology classes through the identifications just
mentioned; for this, we use symmetric complexes and some ideas of Balmer.

As in the proof of Proposition 3.3.6, we consider the Gersten-Witt complex of X
(filtered by powers of the fundamental ideal) C'(X, 17 (L£)):

POEHX) L @ POk S @ PRk S

reX (1) reX (2)

In the case where £ = Oy, we will drop £ from the notation. Recall that there is an
exact sequence of complexes

0— C(X, V(L)) — C(X, V(L)) — C(X,T) — 0.

If « € HY(X,T7), then ®; ; () is defined as follows. If o/ € C*(X,T/(L)) is any
lift of a, then its boundary d*(a’) € C*T1(X,T/(L)) is the image of a unique cycle
B € CY(X,PH1(L)). The reduction of 3 in CF(X, I7H1) is precisely ®; ; 2 (c).
Letus observe nextthatif p : L — X is the total space of £, then p induces morphisms
of complexes p* ([FFas08, Corollaire 9.3.2]) fitting into the following commutative
diagram:

0 —= C(X,17+1(L)) O(X, V(L)) — O(X, ) —= 0

if lf I

0——C(L, VUt (p*L)) —= C(L,V (p*L)) —= C(L,IV) —— 0.
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By homotopy invariance, the vertical morphisms induce isomorphisms on cohomol-
ogy groups by [Fas08, Théoréeme 11.2.9]. We use these identifications to replace X
by L in what follows.

Now, let us recall how to obtain explicit representatives for elements of H Z'(X , v );
this involves the formalism of [BW02]. Let « € H*(X,1?) and let o’ € C*(X,17) be
a lift of . Under the equivalences of [BW02, Theorem 6.1, Proposition 7.1], &’ can
be seen as a complex P, of finitely generated O x-locally free modules, together with
a symmetric morphism (for the i-th shifted duality)

Y : Py — T'Hom(P,, Ox)

whose cone is supported in codimension > i + 1. By definition, d; (') is the local-
ization at the points of codimension ¢ + 1 of the symmetric quasi-isomorphism on
the cone of v (constructed for instance in [BWO02, Proposition 1.2]), after dévissage
([BWO2, Theorem 6.1, Proposition 7.1]).

The first Chern class of p* £ appears in a natural way using this language. We want
to choose a representative of ¢;(p*£) in H'(L, K} /2) = H(L,T). A lift of this
element to H'(L,I(p*L)) can be described as follows. The zero section

s: 0, —p'L

can be seen as a symmetric morphism O, — Homoe, (Or, p*L), which is an iso-
morphism after localization at the generic point of L, and whose cone is supported in
codimension 1. It follows that s can be thought of as an element of C°(L, W (p*L)).
The class of dg*a(s) can be viewed as an element of H'(L,I(p*L)), and its projec-
tion in H(L,TI) = Pic(L)/2 is precisely the first Chern class of p* £ ([Fas13, proof
of Lemma 3.1]).

To lift an element o € H*(X,17) to an element o/ in C*(X,1/(L)), we will first find
alift o € C*(X,17) and then multiply by s in a sense to be explained more carefully
below to obtain our lift ’. A Leibniz-type formula can then be used to compute the
boundary of this product and derive the formula in the statement of our theorem.
Using the product structure (say the left one) on derived categories with duality of
[GNO3], we can obtain an element of C*(L, T/ (p*L)) lifting p*a € H*(L,17) using
the symmetric morphism

p Y @ s p*Po — T'Hom(p* Pe,p*L).

The degeneracy locus of p*1) in the sense of [Bal0O5, Definition 3.2] is, by definition,
the support of its cone, which has codimension > 7 + 1 in L. The degeneracy locus of
s has codimension 1 in L and intersects the degeneracy locus of p* transversally.
Now, we are in a position to apply the Leibniz formula of [BalO5, Theorem 5.2] (while
the hypotheses of the quoted result are not satisfied in our situation, the proof of
[FasO7, Propostion 4.7] explains why the formula continues to hold in the case where
the intersection of degeneracy loci is transversal). Since we will momentarily consider
the sheaf I whose cohomology groups are 2-torsion, we can ignore signs, in which
case the Leibniz formula gives the equality:

&P @ s) = di(p"e) © s +p Y @ df “(s) (34.1)
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in O+ (L, T (p"L)).

Since p*a € H'(L,T’) and p*¢ ® s lifts p*a in C*(L,17(p*L)) it follows that
dP" “(p*1p @ s) actually belongs to C+1(L,Ti+1(p*L)). For the same reason, we
have d;(p*) € C*TH(L,T7+1) and then d;(p*y) ® s € C*HL(L, VT (p*L)). Thus
P @ db F(s) is in CFL(L, VT (p* L)) as well. It follows that all three terms in
(3.4.1) define classes in C*+1(L, T7+1). The left term yields a class in H**!(L, T/ +1!)
which is ®; ; - £ (p*«) by definition. The middle term projects to ®; ;(p*«) and the
right-hand term to the class p*a - ¢;(p* L) in H*F(L, 7). O

4  DIFFERENTIALS, COHOMOLOGY OPERATIONS AND THE EULER CLASS

Having established the basic properties of the differentials in the Pardon spectral se-
quence, we now pass to their identification with known operations on motivic coho-
mology.

4.1 DIFFERENTIALS IN TERMS OF MOTIVIC COHOMOLOGY

Let us first recall some notation. Write H7 for the Zariski sheaf associated with the
presheaf U — H} (U, 7Z/2). For integers p, g, write H%(X, Z/2) for the motivic co-
homology groups with Z /2 coefficients as defined by Voevodsky (see, e.g., [MV W06,
Lecture 3]); these groups are by construction hypercohomology of certain complexes
of Zariski sheaves. We begin by recalling a result of Totaro [Tot03, Theorem 1.3].

THEOREM 4.1.1. Suppose k is a field having characteristic unequal to 2, and X is a
smooth k-scheme. For any integer j > 0, there is a long exact sequence of the form:

o= HFI"Y X 7)2) — HY 9 (X, 7)2) —

— HY (X, HI) — HHITLI-1(X 7/2) — ... ;

b

this exact sequence is functorial in X.

Comments on the proof. This result requires Voevodsky’s affirmation of Milnor’s con-
jecture on the mod 2 norm residue homomorphism [ Voe(O3a] as well as the Beilinson-
Lichtenbaum conjecture, which is equivalent to the Milnor conjecture by results of
Suslin-Voevodsky and Geisser-Levine. The functoriality assertion of the statement
is evident from inspection of the proof (it appears by taking hypercohomology of a
distinguished triangle). O

We will use the above exact sequence in the guise established in the following result.

COROLLARY 4.1.2. For any i € N and any smooth scheme X over a perfect field k
with char(k) # 2, the above sequence induces an isomorphism

H> 0N (X 7,/2) ~ HY (X, T'HY)

that is functorial in X.
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Proof. The exact sequence of Theorem 4.1.1 reads as follows for j =4+ 1

.= H2HLi(X,7,/2) — H2HH (X, 7,/2) —

— HY(X, HH) = H* 24X, 7/2) — ...

Since k is perfect, we have H?''(X,7/2) = 0 for any p > 2i + 1 by [MV W06, The-
orem 19.3] and from this we can conclude that the middle arrow is an isomorphism.
Since the exact sequence is functorial in X, it follows immediately that the isomor-
phism just mentioned has the same property. Now, the affirmation of the Milnor con-
jecture on the mod 2 norm residue homomorphism also implies that K%H /2 can be
identified as a sheaf with H**!, while the affirmation of the Milnor conjecture on
quadratic forms yields an identification of sheaves K%H 2 = [*+1, Combining these
isomorphisms yields an isomorphism H**1 = T*+! and therefore an identification of
cohomology with coefficients in these sheaves functorial in the input scheme. O

Voevodsky defined in [VoeO3b, p.  33] motivic Steenrod operations Sq?* :
HP=2:47%(X,7,/2) — HP9(X,7Z/2). The resulting operations are bi-stable in the
sense that they are compatible with P!-suspension in the same sense as described in
the previous section. Via the isomorphism of Corollary 4.1.2, we can view Sq¢? as an
operation

Sq*: H (X, I') — H'(X,I'M),

which is again bi-stable in the sense that it is compatible with P!-suspension.
The algebra of bistable cohomology operations in motivic cohomology with Z/2-
coefficients was determined by Voevodsky in characteristic 0, [Voe10] and extended
to fields having characteristic unequal to 2 in [HK@13]. Using these results, we may
now identify the operation ®;_1 ; described in Definition 3.1.1 in more explicit terms.

COROLLARY 4.1.3. We have an identification ®;_; ; = Sq2.

Proof. The operation ®;_; ; is bistable by Proposition 3.2.1, commutes with pull-
backs by construction, and changes bidegree by (2,1) so it is pulled back from a
universal class on a motivic Eilenberg-Mac Lane space. On the other hand, the group
of bi-stable operations of bidegree (2, 1) is isomorphic to Z/2 generated by Sq?: if k
has characteristic zero, this follows from [Voe 10, Theorem 3.49], while if k has char-
acteristic unequal to 2, this follows from [HK(?) 13, Theorem 1.1]. Since the operation
®;_1,; is non-trivial by Proposition 3.3.6, it follows that it must be equal to Sq¢?. [

The next result is an immediate consequence of Corollary 4.1.3 and Theorem 3.4.1.
THEOREM 4.1.4. Suppose k is a field having characteristic unequal to 2, and X is a

smooth k-scheme. For any integer i > 0, and any rank r vector bundle £ : £ — X,
the operation (Sq* + 1 (£)U) coincides with ®;_1 ; et ¢-
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4.2 THE EULER CLASS AND SECONDARY CLASSES

The Euler class e(&) of a rank d vector bundle § : £ — X is the only obstruction
to splitting off a free rank 1 summand, and it lives in H¢(X, KYW (L)) where £ =
det £. Now, the Euler class is mapped to the top Chern class ¢4(€) in CH?(X) under
the homomorphism H(X,KYW(£)) — H4(X,K}) = CHY(X) induced by the
morphism of sheaves KY'W(£) — K} and it follows that the vanishing of e(€)
guarantees vanishing of c4(€) in CHY(X) (see [AF14c, Proposition 6.3.1] for this
statement).

The vanishing of the top Chern class does not, in general, imply vanishing of the Euler
class, as shown by the example of the tangent bundle to the real algebraic sphere of
dimension 2. For vector bundles with vanishing top Chern class, we can use Theorem
2.2.6 to decide whether its Euler class vanishes, provided we work over a field &
of finite 2-cohomological dimension. In the next theorem, we denote by ¥ (&) the
obstruction classes U™ (e(€)) of Theorem 2.2.6 associated to the Euler class e(&).

THEOREM 4.2.1. Suppose k is a field having finite 2-cohomological dimension, X
is a smooth k-scheme of dimension d and & : € — X is a rank d vector bundle on X
with cq(E) = 0. The vector bundle & splits off a trivial rank 1 summand if only if, in
addition, V" (&) = 0 forn > 1.

As mentioned in the introduction, the advantage of the computation of these higher ob-
struction classes over the computation of the Euler class is that the cohomology groups
involved are with coefficients in cycle modules in the sense of Rost, which are a priori
more manageable than cohomology with coefficients in more exotic sheaves such as
Milnor-Witt K -theory. Moreover, Corollary 4.1.2 shows that the differentials, at least
in some range, can be identified with Steenrod operations, which are arguably more
calculable. The obvious weakness of this approach is the appearance of the groups G
defined in Section 2.2, though see Remark 2.2.5 for a counterpoint. Continuing with
the assumption that our base field & has finite cohomological dimension one can show
that establishing the vanishing of finitely many obstructions (depending on the coho-
mological dimension) are sufficient to guarantee vanishing of all obstructions. The
next result completes the verification of Corollary 2 from the introduction.

COROLLARY 4.2.2. Assume k is a field of 2-cohomological dimension s, X is a
smooth k-scheme of dimension d and & : £ — X is a rank d-vector bundle over X
with ¢q(E) = 0. The vector bundle & splits off a trivial rank 1 summand if and only if
U(E)=0forn < s—1.

Proof. In view of the definition of the higher obstructions U™(€), it suffices to show
that H¢(X,17) vanishes for j > d + r. This is [AF14b, Proposition 5.2], together
with the identification of Nisnevich and Zariski cohomology with coefficients in I/
explained in [AF14b, §2]. O

Finally, combining all of the results established so far, we can complete the verification
of Theorem 3.
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Completion of proof of Theorem 3. To identify the secondary obstruction W' as the
composition in the statement, we begin by observing that the group E(£, MW )%d+1
is the cokernel of the composite map

Sq*+e (L
HI1 (X, K —— it (x, Ky 2) 2

HY(X,Kgl,/2)

in view of Lemma 2.2.4 and Theorem 4.1.4.

If k£ has cohomological dimension < 1, it follows immediately from Corollary 4.2.2
that the top Chern class is the only obstruction to splitting a free rank 1 summand.

If £ has cohomological dimension < 2, Theorem 4.2.1 says in this context that the
Euler class of F (take £ = det(E)) is trivial if and only if the top Chern class and the
first obstruction class in E(£, MW)%4+1 vanish. O
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