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We here describe a method of removing the e-transitions of a weighted automaton. The existence of a solution for
this removal depends on the existence of the star of a single matrix which, in turn, is based on the computation of the
stars of scalars in the ground semiring. We discuss two aspects of the star problem (by infinite sums and by equations)
and give an algorithm to suppress the e-transitions and preserve the behaviour. Running complexities are computed.
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1 Introduction

Automata with multiplicities (or weighted automata) are a versatile class of transition systems which can
modelize as well classical (boolean), stochastic, transducer automata and be applied to various purposes
such as image compression, speech recognition, formal linguistic (and automatic treatment of natural
languages too) and probabilistic modelling. For generalities over automata with multiplicities see [1] and
[10], problems over identities and decidability results on these objects can be found in [11], [12] and [13].

A particular type of these automata are the automata with e-transitions denoted by k-e-automata which
are the result, for example, of the application of Thompson method to transform a weighted regular ex-
pression into a weighted automaton [14].

The aim of this paper is to study the equivalence between k-c-automata and k-automata. Indeed, we
will present here an algebraic method in order to compute, for a weighted automaton with e-transitions
(choosen in a suited class) an equivalent weighted automaton without e-transitions which has the same
behaviour. Here, the closure of e-transitions implies the existence of the star of transition matrix for . Its
running time complexity is deduced from that of the matrix multiplication in k™*™. In the case of well-
known semirings (like boolean and tropical), the closure is computed in O(n?) [15]. We fit the running
time complexity to the case when & is a ring.

The structure of the paper is the following. We first recall (in Section 2) the notions of a semiring and the
computation of the star of matrices.
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After introducing (in Section 3 ) the notions of a k-automaton and k-e-automaton, we present (in
Section 4 and 5 ) our principal result which is a method of elimination of e-transitions and show particular
cases of series on which our result can be applied. In Section 6 , we give the equivalence between the two
types of automata and discuss its validity. A conclusion section ends the paper.
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2 Semirings

In the following, a semiring (k, ®, ®, 0k, 1) is a set together with two laws and their neutrals. More
precisely (k, @, 0x) is a commutative monoid with 0y, as neutral and (k, ®, 1;) is a monoid with 1, as
neutral. The product is distributive with respect to the addition and zero is an annihilator (0 ® z =
x ® 0 = 0g) [7]. For example all rings are semirings, whereas (N, +, x, 0, 1), the boolean semiring B =
({0,1},V, A,0,1) and the tropical semiring T = (R4 U {oco}, min, +, 0o, 0) are well-known examples of
semirings that are not rings. The star of a scalar is introduced by the following definition:

Definition 1 Let x € k, the scalar y is a right (resp. left) star of x if and only if (x @ y) ® 1, = y (resp.
(y@x) ® 1, = y).

If y € kis a left and right star of x € k, we say that y is a star for x and we write y = z®.

Remark 1 Left or right stars need not exist and need not coincide (see examples below).

Example(s) 1

(1) Fork = C, any complex number x # 1 has a unique star whichis y = (1 —x) 1. In the case |z| < 1,
we observe easily thaty = 1 +x + 22 + - - .

(2) Let k be the ring of all linear operators (R[z] — R[z]). Let X and Y, defined by X (z°) = 1,
X(z™) = 2" —nz" L withn > 0and Y, (") = (n+1) " tz"ltawitha € R. Then XYo+1 =Y,
and an infinite number of solutions exist for the right star (which is not a left star if o # 0).

(3) For k =T (tropical semiring), any number v > 0 has a unique star y = 1.

We can observe that if the opposite —x of x exists then right (resp. left) stars of = are right (resp. left)
inverses of (1 @ (—z)) and conversely. Thus, if they exist, any right star z®+ equals any left star z®! as
¥ =2® @ (1 (—2)) @2%) = (2% @ (1® (—2))) ® 28 = 2®r. In this case, the star is unique.

If Q is a finite set, the space k@*¥ of square matrices with indices in ) and coefficients in k has a
natural semiring structure with the usual operations (sum and product). A (right) star of M € k9*?
(when it exists) is a solution of the equation MY + 1gxg = Y (where 1o is the identity matrix). Let
M € k9%Q be given by
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where a1, € leXQl, aiz € ]CQIXQQ, ag1 € £EQ2%Q1 and ag2 € kEQ2%Q2 gych that Q1+ Q2= Q. Let

N € k9*€ given by
A A
N =
< Ao Ago )

with
A = (a1 + a12a22™a21)” (D
Az = a1t a12422 (2)
Ao = &22*a21A11 (3)
Aso = (a2 + az1a11%a12)" “4)

Theorem 1 If the right hand sides of formulas (1), (2), (3) and (4) are defined, the matrix M admits N
as a right star.

Proof.  Suppose, without loss of generality, that Q@ = [1,n]y; n = p+ q; @1 = [1,p]n; Q2 =
[p+ 1,p + gq]n. We have to show that N is a solution of the equation My + 1, «,, = y. By computation,

one has
ain a2 A Ag lpxp Opx
MN 4+ 1= pxp Ypxg
* < as a2 ) ( Az Aso >+ ( Ogxp  lgxq >

_ a11Ai1 + a12421 + 1pxp  a11d12 + a124a
ag1A11 + ag2Aa a21A12 + aznAos + lgxg

where 0, is the zero matrix in kP> 9. We verity the relations (1), (2), (3) and (4) by:

.
ann A +a12do + 1pxp = anndin +a12a55a021 411 + Lpxp =
%k
Aq1(a11 +aizag2™a21) + 1pxp = An
ES
a11Ai2 + a2l = anaii a2l + a1l =
* *
(a11a11 + 1)a12A22 = ai1"a12da = Ao
*
ao1 A1 + a0l = aAun + axnantan i =
* *
(14 a2a22")a21 A1 = az* a2 A = An
*
a1 A1z + a2l +1gxq = a21a117 612422 + a2l + 14xq =
*
(a22a21a117a12)Aga + 1gnq = A
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Remark 2
(i) In [8] and [16], similar formulas are expressed for the computation of the inverse of matrices when
k is a division ring (this can be extended to the case of rings).

It must be emphasized that the converse of Theorem (1), of course, does not hold as shows the
example below (the coefficients are taken in a ring and here the star is unique).

11\ . (2 -1
M:<1 —1) M_<1 0) ®

However, if the formulas are defined at each step of the computation (see below for a formalization
of this), it provides a recursive way to compute a star of a matrix.

(ii) Similar formulas can be stated in the case of a left star. The matrix N is the left star of M with

* *
A = (@11 + ai12a22%a21)
*
A1z = Ar1a12a22
*
Az = Agzasian

* *
Az = (a22 + az1a11"a12)

(iii) When all their terms are defined, formulas above (as well as (1), (2), (3) and (4)) are valid with
matrices of any size with any block partitionning. Matrices of even size are often, in practice,
partitionned into square blocks but, for matrices with odd dimensions, the approach called dynamic
peeling is applied. More specifically, let M € k™*™ a matrix given by

M = aip a2
a1 a2
where n € 2N + 1. The dynamic peeling [9] consists of cutting out the matrix in the following way:

a1 isa(n—1) x (n— 1) matrix, a1z is a (n — 1) x 1 matrix, az1 isa 1 x (n — 1) matrix and ass
is a scalar.

If desired, formulation of Theorem (1) can be seen as recursive in essence. In this respect, it implies
that stars of submatrices could be already computed by the same scheme. This type of computation will
be formalized by the notion of admissible tree of computation which we describe below.

Let @ be a finite set and .A[Q)] be the set of binary trees with leaves in (). It can be defined by the grammar

AlQl = Q@ + (AlQ], AlQ]) (©)

or, if one prefers a graded version

{ AQl = @
A0Q] = X, (AQL A[Q)) if n > 2.

Now, the list of leaves of a tree T' € A,,[Q)] is a word [v(T") € Q™ defined by

W(T) = TifT e A[Q]
w(T) = Ilv(Th)lv(T2) (concatenation) if T' = (11, T»).
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The set of leaves of 1" is then alph(lv(T")), where alph(w) is classically the alphabet of the word w.
We will say that T € A[Q)] is an admissible tree of computation for M € k@*@ if

1. the word {v(T) is standard (with no repetition) and contains all the indices (i.e. |lv(T")| = |Q| and
alph(lv(T)) = Q)

2. if |Q| = 1 (thus M € k9*@ ~ kis a scalar), M admits a star in k9*?

3. o if |Q > 2,set T = (T1,T3) and Q; = lw(T;) (i = 1,2) then T} is admissible for the

submatrix M | 01 x0, and T2 is admissible for the submatrix M/ | Qax s’

e formulas above (1), (2), (3) and (4) are defined for the partitionning QQ = Q1 + Q2.

The conditions above assures that the recursive computation of Theorem (1) is defined at each step and,
in this case, we will say that the star of M is computed along the (admissible) tree of computation 7'

Theorem 2 Let k be a semiring, M € k%> a square matrix and T a tree of computation admissble for
M. Then, the right star of a matrix of size n € N can be computed in O(n*) operations with.:

e w < 3ifkisnotaring,
o w <2808 ifkisaring,

o w <2376 ifkis a field.

Proof. Forn = 2™ € N, let Tg , 7% and T}, denote the number of operations &, ® and ® in k that
the addition, the multiplication and the star of matrix respectively perform with an input of size n. Then

T35 =1 -
Ty =2T,) |+ 8T | +4Tr_, 2

'+ =220m=1) If kis a ring, using Strassen’s algorithm
for the matrix multiplication [19], it is known that at most 12'°%2(7) operations are necessary. If k is a field,
using Coppersmith and Winograd’s algorithm [3], it is known that at most n237% operations are necessary.
Suppose that 7%, = 2(m~1«_The solution of the recurrence relation (7) is

by Theorem 1. For arbitrary semiring, one has 7'

(6+2¢71) 8.2m
—+
-4  2v—4

1
4™ 4 5(m +1)4™ —
where the leading term is 2™, g

Remark 3 In some situations, any tree T with |Q| leaves and standard lv(T) is admissible. This is the
case, for example, of matrices of series without constant term (matrices of proper series [1]).
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The running time complexity for the computation of the right (resp. left) star of a matrix depends on T,
Tg and T, but it depends also on the representation of coefficients in machine. In the case k = Z for
example, the multiplication of two integers is computed in O(m log(m) log(log(m))), using FFT if m
bits are necessary [18].

Theorem 3 With the same hypotheses as in (2) (M € k9*® a square matrix and T a tree of computation
admissible for M), the space complexity of the right star of a matrix of size n € N is O(n?log(n)).

Proof. Forn = 2™ € Nand k a semiring, let £, denote the space complexity of operation * that the
star of matrix perform with an input of size n. Then

Ei=1
Er, =12-22m"1 4 4p* | ®

The solution of the recurrence relation (8) is

—5-4™ 4 (6m + 6)4™

where the leading term is m - 4™. g

The running of the algorithm needs the reservation of memory spaces for the resulting matrix (the star
of the input matrix) and for intermediate results stored in temporary locations.

Let k{(X2)) be the set of noncommutative formal series with X as alphabet (i.e. functions on the free
monoid X* with values in k). It is a semiring equipped with + the sum and - the Cauchy product.

We denote by «(?) and (?)« the left and right external product respectively. The star (?)* of a formal
series is well-defined if and only if the star of the constant term exists [10, 1].

When ¥ is finite, the set RAT,(X) is the closure of the alphabet X by sums, external and Cauchy
products and the star.

3 Automata with multiplicities

Let X be a finite alphabet and k be a semiring. A weighted automaton (or linear representation) of
dimension 7 on ¥ with multiplicities in k is a triplet (A, i, ) where:

o )\ € k'*" (the input vector),
e 1 : 3 — k™" (the transition function),
e v € k"*! (the output vector).

Such an automaton is usually drawn as a directed valued graph (see Figure 1). A transition (7, a, j) €
{1,...,n} x ¥ x {1,...,n} connects the state 7 with the state j. Its weight is ;(a),;. The weight of the
initial (final) state ¢ is \; (respectively ;). The mapping p induces a morphism of monoids from ¥* to
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al3 all
b|1 b|4

all

Figure 1: A N-automaton
kE™*™_ The behaviour of the weighted automaton .4 belongs to k{(X)). It is defined by:

behaviour(A) = Z (Ap(u)y)u.

uex*

More precisely, the weight (behaviour(A), u) of the word w in the formal series behaviour(.A) is the
weight of u for the k-automaton A (this is an accordance with the scalar product denotation (S|u) := S(u)
for any function S : ¥* — k [2]).

Example(s) 2 The behaviour of the automaton A of Figure 1 is

behaviour(A) = Z 3lulat1glvlogq,

u,vEX*

Let u = aba. Then, its weight in A is:

Ap(u)y = Apla)p(b)p(a)y
31 10 31 0
=(3 0)(0 1)(0 4)(0 1)(1):21'

The set REC (X)) is known to be equal to the set of series which are the behaviour of a k-automaton. We
recall the well-known result of Schiitzenberger [17]:

RECk(X) = RAT,(X).
A k-e-automaton A, is a k-automaton over the alphabet . = ¥ U & (see Figure 2). We must keep the

reader aware that € is considered here as a new letter and that there exists an empty word for ¥ = (X U&)*
denoted here by . The transition matrix of € is denoted piz.

Example(s) 3 In Figure 2, the behaviour of the automaton A is

behaviour(A.) = 18¢ <Z Qi(ag)i> € = 18&(2aé)*¢.

ieN
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Figure 2: A N-e-automaton

4 Algebraic elimination
Let ® be the morphism from ¥} to £* induced by

{ O(z)=z ifzrel,
o(&) =e.

It is classical that the morphism & can be uniquely extended to the polynomials of £(X.) as a morphism
of algebras k(X.) — k(X) by, for P a polynomial,

®(P)=0(Y (Plupu)= Y ( D (Plv)u ©

uex* ueX* d(v)=u

as, in this case, the sum

> (Pl (10)

P (v)=u

is finite-supported and then well defined. But, we remark that the set of preimages of
U= 0a103...a, by ®is
{v|PW) =u} =¢€"a1€%ag - £¥ané” (11)

This shows that, in this case, all preimages are infinite and we will discuss on the convergence of the sum

Z@(v):u <P|U>
BIn the sequel, we will extend formula (9) in two ways:

1. To the series for which the sum (10) remains with finite support (this set is larger than the polyno-
mials and includes also the behaviours of e-automata with an acyclic e-transition matrix). We will
call them ®-finite series (FF series).

2. Having supposed the semiring endowed with a topology (or, at least, an “infinite sums” function)
we define the set of series for which the sums (10) converge (this definition covers the behaviour of
classical boolean e-automata). We will call them ®-convergent series (FC series).

After these extensions, we will prove that the behaviour of the automaton obtained by algebraic elimina-
tion is the image by ® (the erasure of ¢) of the behaviour (in k((X.))) of the initial automaton.
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5 FF and FC series
5.1 FF (®-finite) series
Let S € k((X:)) be a formal series, we recall that the support of S is given by:
supp(S) = {v € X% : (S,v) # 0}.
We will call (FF) the following condition:
(FF) Forany u € ¥*, the set supp(S) N (®~1(w)) is finite.

If the formal series S satisfies (FF), we say that it is ®-finite. The set of ®-finite series in k((3.)) is
denoted (k((2<))) o -finite-

Theorem 4 The set (k{((X:)))d-finire is closed under +, -, a(?) and (7)o

Proof. Assupp(S1+.52) C supp(S1) U supp(S2), supp(aS1) C supp(S1) and supp(S;«) C supp(S1)
for 51,52 € k({(X.)) and a € k, the stability is shown for +, «(?) and (?)a.
Now, for the Cauchy product, one can check that :

supp(S1.52) N @~ (u) C | (supp(S1) N @~ (wr))(supp(S2) N &~ (us)) (12)
which is a finite set if S1, 52 € (k{{(2:)))d-finite- O

Remark 4
e Every polynomial is ®-finite.

o The star S* need not be ®-finite even if .S is ®-finite. The simplest example is provided by S = €.

Next, we show that @ : k(X.) — k(X) can be extended to k((¥c)) 4_finite @S @ polymorphism.

Theorem 5 For any S, T € (k({X:)))®-finite,

D(S+T)=2(S)+d(T), (ST) = 2(S)2(T)
P(aS) = a®(S), ®(Sa) = 2(5)a

If S* is D-finite, ®(S™) is a star of ©(S). In particular, if (S) has no constant term, one has

D(57) = (®(9))"
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Proof. For sum and Cauchy product, we obtain the result by the following relations:

Yoo(S+Twy= Y (Swve Y (T

ved—1(u) vEP 1 (u) VP~ (u)
oosto= Y (Y Swe Y (Tw)
wED—1(u) u=ujuz ped=1(uy) ve® 1 (uz)

Then ®(S*) is a solution of the equation Y = ¢ + ®(S)Y as S* = ¢ + SS*, and then ®(S*) = &(S)".
g

A P-finite series may be not rational.

Example(s) 4 The series in N{(X))

is not rational and however ®-finite.

We recall that a matrix M € k™*™ is nilpotent if there exists a positive integer N such that MV = 0.
Proposition 1 Let S be a rational series in k{{¥.)) with (\, u,~y) a linear representation of S.

i) If w is nilpotent then S is ®-finite.

ii) Conversely, if S is ®-finite, k a field and (A, p,7y) is of minimal dimension then . is nilpotent.

Proof. i) With the notations of the theorem, suppose that there is an integer N such that (€)Y = 0,,x .
Then, for u = ajas - - - a; one has

DASy= > (S|Eard™ g™ - arE™) =

P (v)=u ng, ni, -+nx€EN

S @) p(an) (@)™ plaz)p(E)" - - par) (@)™ =

no, ni, ~-npEN

S @)™ plan) (@)™ plag)p(@)" - - plar) p(E) "y

ng, ni, NN
which is obviously finite.

ii) If (A, p,y) is of minimal dimension n, then there exists words (u;)1<i<n, (Vj)i1<j<n in X such
that the n x n matrices

L= ) and G = (u(v1)y  po2)y - p(on)y) (13)
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are regular (L is a block matrix of n lines of size 1 x n and G is a block matrix of n columns of size n x 1;
indeed, L and G are n x n square matrices.) [1].
Now, for 1 < 4,5 < n the family

((Sluic™vj))nz0 = (Ap(ui) (€™ ) p(v;)7)nz0 (14)

as a subfamily of ((S[v))(v)=d(u;v;) Must be with finite support. This implies that (Lu(€")G)y>0 is
with finite support. As L and G are invertible, y(£) must be nilpotent. O
5.2 FC (d-convergent) series

If we want to go further in the extension of ® (and so doing to cover the - boolean - classical case), we
must extend the domain of computability of the sums (10) to (some) countable families.
Many approaches exist in the literature [10], mainly by topology, ordered structure or “sum” function.
Here, we adopt the last option with a minimal axiomatization adapted to our goal.
The semiring k£ will be supposed endowed with a sum function sum taking some (at most) countable
families (a;);es (called summable) and computing an element of k denoted sum;c; a;. This function is
subjected to the following axioms:

BCS1. —If (a;);ey is finite, then it is summable and

suMm;cr a; = Z a; (15)
el

CS2. —If (a;)ier and (b;);cs are summable, so is (a; + b;);cr and

sum;er a; + by = (sumer a;) + (sumier b;) (16)
CS3. —1If (a;)ies and (b;);e s are summable, so is (a;b;)(; j)erx. and

SUM(; jyerx s aibj = (sumier a;)(sumje s by) (17)

CS4. —1If (a;) ey is summable and I = Lixca J) is partitionned in finite subsets. Then (Zje‘,A a;)reA
is summable and

sumies a; = sumyen (Y a;) (18)
JEJIN

CS5. —If I = UxeaJ with A finite and each (a;);e.7, is summable. Then so is (a;);er and

SUM;cyr a; = E SUMjcy, aj (19)
A€EA

CS6. — If (a;)ics is summable and ¢ : J +— I is one-to-one then (a4(;));je. is summable and
S5UMicr G = SUMjc g A (5) (20)

Definition 2 A semiring with sum function (as above) which fulfills CS1..6 will be called a CS-semiring.



62 Gérard H. E. Duchamp, Hatem Hadj Kacem and Eric Laugerotte

If k is a CS-semiring, the semiring of square matrices k™*" will be equipped with the following sum
function:
A family (M®);c; of square matrices will be said summable iff it is so componentwise i.e. the n?

families (Mf(,ls))ie 1 (for 1 < r s < n) are summable. In this case, the sum of the family is the matrix L

such that, for 1 < r;s < n, L,s = sum;¢; MT(Q (i.e. the sum is computed componentwise). It can be
easily checked that, with this sum function, k™*™ is a CS-semiring.

Remark 5 Let k be a topological semiring (i.e. k is endowed with some Hausdorff topology T such that
the two binary operations - sum and product - are continuous mappings k X k +— k). We recall that a
Sfamily (a;);cr is said summable with sum s iff it satisfies the following property, where B(s) is a basis of
neighbourhoods of s.

(VV € B(s)) (3F Cfinite 1) (VF') (F C F' Cpinite I => Y _a; € V). @1
icF’
In this case the axioms CS12456 are automatically satisfied for the preceding (usual) notion of summa-
bility.
Example(s) 5 Below some examples of CS-semirings which are metric semirings (i.e. the notion of
summability and the sum function are given as in Remark (5)).

1. The fields Q, R, C with their usual metric.
2. Any semiring with the discrete topology, given by the metric d(x,y) = 1 ifx # y and d(x,z) = 0.

3. The extended integers (N U {400}, +, X) with the Frechet topology given by the metric d(n, m) =
11— L and d(+00,n) - 1

m n'

homomorphism x +— %5 from [0, +oc0lg to [0, 1]g i.e. with d(z,y) = |77 — ;%] and with

4. The (min, plus) closed half-ray ([0, +00]g, min, +) with the metric transported by the rational
+
xz+1 y+1

ﬁ.l|w:+oo =1L
Let S € k({3.)) be a formal series, we will call (FC) the following condition:
(FC) Forany u € ¥*, the (countable) family ((S|v))yeca—1(y) is summable.

If the formal series S satisfies (FC), we say that it is ®-convergent. The set of ®-convergent series in
E((X¢)) is denoted k{((3X:)) d-conv-

It is straightforward that a ®-finite series is $-convergent. We have now a theorem similar to Theorem (4)
for k{((3¢)) ®-conv-
Theorem 6 The set k{{3.))&.con is closed under +, -, a(?) and (?)cv.

Proof. Stability by +, «(?) and (?)« is straightforward using the axioms CS123. Let us give the details
of the proof for the Cauchy product. We have to prove that, for every S, T € k{({(X:))p.cony and u € X*,
the (countable) family

(<ST|U>)UE<I>*1(U) = (<ST|U>)<I>(U):U (22)
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is summable.
From the definition of the Cauchy product we have the finite sums

(STlw) = (Slor){Tv2)

and, from CS4, the summability would be a consequence of that of the family
((Slv1)(T'|va)) Bl = ((Slo1)(Tv2)) @(v1v2=u)
(with the same sum). This family can be partitionned in a finite sum of families (with the same sum)

|—|u1u2:u(<8|vl><T|U2>)'ule<1>*1<u1) (23)

voe®—1(ug)

each of which, by CS3, is summable. Thus, by CSS5, the family (23) is summable and hence summability
of (22) (with the same sum) follows. ([l
Next, we show that @ : (k{((X.)))a-conv — k{(X)) is a polymorphism.

Theorem 7 Forany S, T € (k{({X:)))®-con

(S +T) = B(S) + B(T) , B(ST) = B(5)P(T)
B(aS) = a®(S) , B(Sa) = B(S)a
(

If S* is ®-conv, ®(S™*) is a star of ©(S). In particular, if (S) has no constant term, one has

B(57) = (®(5))"

Proof. The proof is similar to that of Theorem (5), using the axioms of CS-semirings. t

In the sequel, as in the classical case, the summability of (1(£)™),en will play a central role. We will
then call closable a square matrix M € k™*™ such that the family (M ™), cy is summable. Note that, in
this case, the sum sum, ey M" is a two-sided (we could say “topological”) star of M.

For example, with the boolean semiring endowed with the discrete topology, every M € B™*™ is closable
. N k. .

(i.e. the sequence Sy = ), M" is stationnary).

We have the following theorem, very similar to (1).

Proposition 2 Let S be a rational series in k({X.)) (k a CS semiring) with (X, u,~y) a linear representa-
tion of S.

(i) If u(€) is closable then S is ®-convergent.
(ii) Conversely, if S is ®-convergent, k = R, C and (\, p,~y) minimal then (1(€) is closable.

Proof. The proof (i) is similar to that of Theorem (1). The first computation of (ii) is similar, but, to
conclude, we use the property (which holds in R and C) that a family is summable iff it is absolutely
summable (because of CS6) and then subfamilies of summable families are summable. U
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6 Equivalence

We now deal with an algebraic method to eliminate the e-transitions from a weighted c-automaton A..
The result is a weighted automaton with behaviour ®(behaviour(.A. )).

Theorem 8 Let k be a CS semiring and A. = (X, 1,7y) be a weighted e-automaton with weights in k.
We suppose that (€) is closable. Then

i) the series behaviour(A.) is ®-convergent.
ii) there exists a (algorithmically constructible) weighted automaton A = (X', 1’ ,~") such that

behaviour(A) = ®(behaviour(A.)).

Proof. The point i) is a reformulation of Proposition (2). Remark that, if (1(€)™)nen is summable its
sum is a (two sided) star of 1(€) that, for convenience, we will denote 1(£)*.
Let B be the behaviour of A, one has

2B = T (X Brp= T (Y e
uES* &(v)=u ueEX* P(v)=u
Let, now u = ajas - - - a, € X*, one has

Yooy =AY p@Fua)uE) - plan)p@)t)y =

D(v)=u ko,k1,---kn€N
A(E) plar) pw(€)” - - - plan) (€)™ y = A(u(€) " p(ar)) ((€) " p(az)) - - - (1(€)" plan ) (1e(€)"y)

the conclusion follows taking, for all a € %,

(N, 1'(a),y") = (A, u(€)" pla), p()™).

O
Let k be a semiring and A. = (\, p1,y) a k-c-automaton with S € k({X.))) -conv as behaviour. Theorem
(2) gives the lower bounds if the set of coefficients is the semiring & (resp. ring, field).

Proposition 3 We suppose that, in k™*", stars are unique. Let (A, j1,7y) a k-e-automaton such that j1(€)
admits a tree of computation and is closable, then the complexity of the elimination of e-transitions which
produces the weighted automaton A = (X', i’ , "), is O(n*).

Proof. The unique matrix p} given by the algorithm of Theorem (1) satisfies the relation:

pr = pEpl T e p o L.

for all m > 0. In fact, by induction,
prum e pm e = (T e D+ L=t 1=t

As (™) men is summable, one has p* = > ™. Nextset ' = A\, v/ = pkv and p/(a) = pip(a) for
each letter a € X. g
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Figure 3: A B-c-automaton

Remark 6 One could also with the same result set \' = Auf, p/(a) = p(a)pk for each letter a € X and

vy =1.

In the following, we have an example of a boolean automaton with e-transitions.

Example(s) 6 The linear representation of Figure 3 is:

0
0
A=(100 0)p=]|
0
0
and vy = (1)
1
By computation:
11 11
«_| 01 11
Fe= 10 0 1 0
0 0 01
0 1 1
N 0 1 1
/(b) :U‘E//'(b) 0 0 0
0 00

e R

1

100 1100 0010
01 0 000 0 01 1 1
00 1 [MD=]109 000 H=|0g 00 o0
00 0 000 1 000 1
1101
(100 0)w@=pu@=| 00 0ol
00 0 1
1
!,k 1
andy' =pzy=1 | |
1

The resulting boolean automaton is presented in Figure 4 and its linear representation is (A, p’, v').
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Figure 4: A B-automaton

Figure 5: A Q-g-automaton
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Figure 6: A Q-automaton

In the next example, our algebraic method is applied on a Q-c-automaton.

Example(s) 7 The linear representation of Figure 5 is:

00 0 0 0 3 00 00 3 0
0 0o 1 o 0O 0 0 O 0 0 00
A=(1 0 0 0),p:= 0%%0 ,p(a) = 000 1 . pu(b) = 0100
00 0 0 00 0 0 00 0 0
0
0
and’y—0
1
By computation:
1 0 00 0 3 00
fos1 - . 1o o0 o0 3
pz = 0%20 L N=(10 0 0),4p(a)=pipa)= 00 o0 1|
08 01 00 0 0
00 1o 0
) o L o0 o0 . 0
pb)=pzp®) = o § o o |ady =pv=1| 4
00 0 0 1

The resulting automaton is presented in Figure 6 and its linear representation is (A, u’,~").

7 Conclusion

Algebraic elimination for e-automata has been presented. The problem of removing the e-transitions
is originated from generic e-removal algorithm for weighted automata [15] using Floyd-Warshall and
generic single-source shortest distance algorithms. Here, we have the same objective but the methods and
algorithms are different. In [15], the principal characteristics of semirings used by the algorithm as well
as the complexity of different algorithms used for each step of the elimination are detailed. The case of
acyclic and non acyclic automata are analysed differently. Our algorithm here works with any semiring
(supposing only that i (€) is closable and with unique star) and the complexity is unique for the case of
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acyclic or non acyclic automata. This algorithm is even more efficient when the considered semiring is a
ring.
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