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Controllability of affine right-invariant systems
on solvable Lie groups
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The aim of this paper is to present some recent results on controllability of right-invariant systems on Lie groups.
From the Lie-theoretical point of view, we study conditions under which subsemigroups generated by half-planes in
the Lie algebra of a Lie group coincide with the whole Lie group.
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1 Introduction
First we recall definitions and state our problem.

LetG be a real connected Lie group,L be its Lie algebra (i.e. the set of all right-invariant vector fields
onG). For anyA;B1; : : : ; Bm 2 L we consider the correspondingaffine right-invariant system

� = fA+

mX
i=1

uiBi j 8i ui 2 Rg

Theattainable setA for the system� is a subsemigroup ofG generated by one-parameter semigroups
f exp(tX) j X 2 �; t � 0 g The system� is calledcontrollableif A = G.

We seek conditions which characterize controllability of the system� in terms of the Lie groupG, Lie
algebraL and vector fieldsA, B1, . . . ,Bm.

Invariant control systems on Lie groups were first considered in 1972 by Brockett [1] and Jurdjevic and
Sussmann [2] for the following reasons:

� Some mechanical systems evolve naturally on Lie groups, e.g. the group SO(3) is a state space for
a rigid body rotating around its centre of mass.
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� Invariant systems generate control systems on the homogeneous spaces of Lie groups. If� is an
invariant system on a Lie groupG, G=H is a homogeneous space ofG, and� : G ! G=H is
a natural projection, then we can define��(�) – a control system onG=H which is a projection
of �. It is well known that controllability of� on G implies controllability of��(�) on G=H.
For example, ifG � GL(n) is a Lie group acting transitively onRn n f0g, then we can take
G=H = R

n n f0g, and��(�) is a bilinear system

_x = Ax+

mX
i=1

uiBix; ui 2 R; x 2 R
n n f0g

The structure of this paper is as follows. In Sect. 2 we recall some known results about invariant
systems on Lie groups. In Sect. 3 we give a controllability test for the hypersurface invariant systems.
And in Sects. 4 and 5 we present and discuss controllability results for invariant systems on solvable Lie
groups. The complete proofs of the theorems of Sects. 3–5 are given elsewhere [3, 4].

2 Known Results

2.1 Rank Condition

The basic properties of attainable sets for invariant systems were studied by Jurdjevic and Sussmann [2].
Here we recall some of them.

The system� is said to satisfy therank controllability conditionif the Lie algebra generated by the
system coincides withL:

Lie (�) = Lie (A;B1; : : : ; Bm) = L

The important role of this condition is established by the following theorem.

Theorem 2.1 (Theorem 7.1 [2])The rank controllability condition is necessary for controllability of�.
If G is compact or if� is homogeneous(i.e.A = 0), this condition is also sufficient.

Unfortunately, in the general case the rank condition is not sufficient for controllability, and substantial
work was performed to obtain controllability conditions for invariant systems on various particular classes
of Lie groups.

2.2 Lie Saturation

In 1981, Jurdjevic and Kupka [5] proposed an efficient method of investigation of controllability, and ap-
plied it to invariant systems on simple and semi-simple Lie groups. This method is based on the technique
of Lie saturation, which may be stated as follows.

Given an invariant system�, there is defined a new system LS(�) called Lie saturation of�:

LS(�) = Lie (�) \ fX 2 L j exp(tX) 2 A 8t � 0 g

A sufficient controllability condition in terms of Lie saturation was given:

Theorem 2.2 (Proposition 6 [5])If LS(�) = L, then� is controllable.
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There is no algorithm to construct LS(�), but several nice properties are established which make it
possible to extend� and construct a chain of lower estimates of LS(�):

� � �1 � : : : � �N � : : : � LS(�) � L

These properties are as follows (Proposition 5 [5]):

� LS(�) is a convex closed cone inL;

� if �X, �Y 2 LS(�), then�[X;Y ] 2 LS(�);

� if �X, Y 2 LS(�), thenexp(s adX)Y 2 LS(�) for all s 2 R;

� if X 2 LS(�) and one-parameter subgroupfexp(tX) j t 2 Rg is periodic, then�X 2 LS(�).

Thus, if we manage to construct an extension�N of the system� such that�N = L, then we can
conclude that LS(�) = L, and� is controllable.

Extensive controllability conditions for invariant systems on simple and semi-simple Lie groups were
obtained with the help of the Lie saturation technique by Jurdjevic and Kupka [5], and in subsequent
papers by Gauthier and Bornard [6], Gauthieret al. [7] and Assoudi and Gauthier [8, 9].

2.3 Systems on Nilpotent Groups
There were almost no results on invariant systems on Lie groups different from simple and semi-simple
groups. One of the possible reasons is that there is little known about the structure of Lie algebras except
for simple and semi-simple algebras.

Ayala and Vergara [10] introduced the notion of a symplectic vector, and gave a necessary controlla-
bility condition in terms of this notion. Ayala Bravo [11] applied this condition and obtained a complete
characterization of controllability for affine systems on nilpotent simply connected Lie groups:

Theorem 2.3 (Theorem 3.6 [11])LetG be a nilpotent simply connected Lie group. Then the system� is
controllable iffLie (B1; : : : ; Bm) = L.

3 Hypersurface Systems
The main aim of this paper is to study invariant systems on solvable Lie groups. However, we first
consider a particular class of invariant systems – hypersurface systems. Controllability conditions for this
class are given in Theorem 3.1; they are important in themselves, and will be applied to obtain necessary
controllability conditions for systems on solvable Lie groups (Corollary 3.1).

A nonlinear control system on a smooth manifoldM

� : _x = A(x) +

mX
i=1

uiBi(x); ui 2 R; x 2M

is called ahypersurfaceif we have

dimLie (B1; : : : ; Bm)(x) = dimM � 1 8x 2M
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Roughly speaking, hypersurface systems have(n� 1) independent inputs andn-dimensional state space.
Such systems received a substantial attention (see, for example, Bacciotti and Stefani [12], Hunt [13,
14] and Basto Goncalves [15]). The main idea is that for a hypersurface system� the state space
M is stratified into codimension one foliation by the maximum integral manifolds of the distribution
Lie (B1; : : : ; Bm)(x).

Now let us consider a hypersurface invariant system�, i.e. we suppose that the Lie algebraL0 =

Lie (B1; : : : ; Bm) is a codimension one subalgebra ofL. Denote byG0 the connected Lie subgroup of
G corresponding toL0. It follows from the right-invariance of the fieldsA(x) andB1(x); : : : ; Bm(x)

that the fieldA(x) does not intersectG0 in both directions. This idea makes it possible to obtain a
controllability test for hypersurface invariant systems:

Theorem 3.1 Suppose thatdimL0 = dimL � 1.

1. If G0 is closed inG, then� is controllable iffA =2 L0 andG=G0 = S1.

2. If G0 is not closed inG, then� is controllable iffA =2 L0.

Remark. This theorem generalizes an analogous result obtained by Ayala Bravo [11] under the additional
assumption thatL0 is an ideal ofL (Proposition 3.3 [11]).

It easily follows from the above theorem that hypersurface systems cannot be controllable on simply
connected Lie groups. The reason is that a simply connected Lie group is separated into two disjoint
components by the codimension one layerG0. If we take any invariant system� on a simply connected
Lie group and manage to extend it to a hypersurface system�1 � �, then� is not controllable.

Corollary 3.1 LetG be simply connected. Suppose that there exists a codimension one subalgebra ofL

containingL0. Then the system� is not controllable.

The idea of search for a hypersurface extension is a key one in the subsequent necessary conditions for
systems on solvable simply connected Lie groups.

4 Completely Solvable Lie Groups
First we consider invariant systems on a subclass of solvable Lie groups appropriate for generalization of
the test of Ayala Bravo [11] for nilpotent groups (Theorem 2.3). The sense of this test is that the drift
termA cannot help to control the system� = fA+

Pm

i=1 uiBig, i.e. the system� is controllable if and
only if the system without drift term�0 = f

Pm

i=1 uiBig is controllable. The ‘if’ part is obvious: we can
take sufficiently greatui for the system� and move almost along the trajectories of the system�0. So the
nontrivial part of the proof is the ‘only if’ part.

A (real) Lie algebraL is calledcompletely solvableif for anyX 2 L the adjoint operator adX : L! L

has only real eigenvalues. Any completely solvable Lie algebra is solvable. A Lie group with completely
solvable Lie algebra is called completely solvable.

Theorem 4.1 Suppose thatG is completely solvable and simply connected. Then

� is controllable onG iff Lie (B1; : : : ; Bm) = L (�)
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The main idea of the proof of this theorem is that in a completely solvable Lie algebraL any proper
subalgebra can be extended to a codimension one subalgebra ofL. Hence, any affine system can be
extended to a hypersurface system (which is noncontrollable by Corollary 3.1).

Example 1. Let T(n) denote the Lie group ofn � n triangular matrices with positive diagonal entries.
T (n) is connected, simply connected, and completely solvable. So Theorem 4.1 applies to invariant
systems on T(n) or any connected subgroups of T(n).

Remark. Consider the following increasing chain of classes of Lie groups:

Commutative� Nilpotent � Completely solvable� Solvable

Suppose that Lie groupG is connected and simply connected. It is obvious that the property (*) is satisfied
for commutativeG. Theorem 2.3 establishes that (*) holds for nilpotentG, and Theorem 4.1 states that
(*) is true for completely solvableG. The results of the following section (in particular, Example 2) imply
that (*) is not valid for general solvableG.

5 General Solvable Lie Groups
Now we restrict ourselves by the single-input systems

� = fA+ uB j u 2 Rg

as the case of general solvable Lie groups is much more complicated. It turns out that there exist strong
necessary conditions for the system� to be controllable on solvable simply connected Lie groups (see
Theorem 5.1 below). And if these necessary conditions are satisfied, there exist generic sufficient condi-
tions which guarantee controllability (Theorem 5.2).

5.1 Notation
To state the controllability results precisely we need some notation.
Derived subalgebra and the second derived subalgebra:

L(1)
= [L;L]; L(2)

= [L(1); L(1)
]

Complexifications ofL, L(1), andL(2):

Lc = L
 C ; L(1)
c = L(1) 
 C ; L(2)

c = L(2) 
 C

Adjoint representations:
ad : L! End(L); adc : Lc ! End(Lc)

Spectrum of adB in L(1) :

Sp(1) = f a 2 C j Ker(adcBjL(1)
c

� aId ) 6= f0g g

Spectrum of adB in L(2) :

Sp(2) = f a 2 C j Ker(adcBjL(2)
c

� aId ) 6= f0g g
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5.2 Necessary Conditions
The necessary controllability conditions are obtained with the help of Corollary 3.1. Solvable Lie algebras
possess a great number of codimension one subalgebras, and it is often possible to extend the system� to
a hypersurface system and show noncontrollability of�.

Theorem 5.1 Suppose thatG is solvable and simply connected. Let the spectrumSp(1) be simple. If� is
controllable, then:

1. dimL(1)
= dimL� 1;

2. B =2 L(1);

3. Sp(2) \R= Sp(1) \R.

5.3 Sufficient Conditions
We obtain sufficient controllabilty conditions with the help of the Lie saturation technique. To show
that LS(�) = L we consider the eigenvectors of the operator adBjL(1) and construct a chain of these
eigenvectors which generateL(1) step-by-step.

Theorem 5.2 Suppose thatG is solvable. Let the spectrumSp(1) be simple and all necessary conditions
of Theorem 5.1 be satisfied. Suppose also that:

1. vectorA has nonzero components in all eigenspaces ofadBjL(1) ;

2. Sp(1) � fRez > 0g or Sp(1) � fRez < 0g or Sp(1) \R= ;.

Then the system� is controllable.

Example 2. Let G = E(2) be the Euclidean group of motions ofR2. E(2) is connected but not simply
connected. It can be represented as a group of3� 3 matrices of the form

0
@ c11 c12 b1

c21 c22 b2
0 0 1

1
A ; C = (cij) 2 SO(2); b =

�
b1
b2

�
2 R2

whereC is the rotation matrix andb is the translation vector. The corresponding matrix Lie algebraL is
spanned by the matricesA1 = E13, A2 = E23 andA3 = E21 �E12. We haveL(1)

= span(A1; A2) and
L(2)

= f0g; therefore,L is solvable.
Consider the system� = fA + uB j u 2 Rg on ~E(2) – the simply connected covering of E(2). A

complete characterization of controllability of� on ~E(2) with the help of the above results:

Proposition 5.1 The system� is controllable on~E(2) if and only if vectorsA,B are linearly independent
andB =2 span(A1; A2).

Really, ifB 2 span(A1; A2), then the system� can be extended to a hypersurface system

�1 = fA+ v1A1 + v2A2 j v1; v2 2 Rg

so� is noncontrollableby Corollary 3.1. If the vectorsA andB are linearly dependent, then Lie(A;B) 6=
L, the rank controllability condition is violated, and� is noncontrollable by Theorem 2.1. Finally, if
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B =2 span(A1; A2) and vectorsA, B are linearly independent, then all conditions of Theorem 5.2 are
satisfied, hence� is controllable on~E(2).

It would be interesting to compare controllability conditions for~E(2) with the following conditions
for E(2) (these conditions are easily obtained with the help of the controllability test given in Theorem
1 [16]):

Proposition 5.2 The system� is controllable onE(2) if and only if vectorsA,B are linearly independent
andspan(A;B) 6� span(A1; A2).

6 Final Remarks
In addition to the papers cited in this paper, there are very interesting results on controllability of inva-
riant systems on nilpotent and solvable Lie groups obtained via Lie semigroups methods by Hilgertet
al. [17] and Lawson [18]. These results cover general systems, but for affine ones they do not imply the
detailed theory presented in this work. Recently, the author applied this theory to obtain a classification
of controllable systems on small-dimensional simply connected solvable Lie groups [19, 20].
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