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In this paperwe considerthe problemof computingon a local memorymachinethe producty = Ax, where A is
arandomn x n sparsematrix with ©(n) nonzeroelements.To studythe averagecasecommunicatiorcostof this
problem,we introducefour differentprobability measuresn the setof sparsematrices.We prove thaton mostlocal
memorymachineswith p processorsthis computatiorrequiresQ((rn/p) log p) time on the average.We prove that
thesamdower boundalsoholds,in theworstcasefor matriceswith only 2n or 3n nonzercelements.
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1 Introduction

In this paperwe considerthe problemof computingy = Ax, whereA is arandomn x n sparsematrix
with ©(n) nonzeroelementsWe prove that,onmostlocalmemorymachinesvith p processorshis com-
putationrequiresQ((n/p) log p) time in the averagecase.\We alsoprove thatthis computatiorrequires
Q((n/p) logp) time in the worstcasefor matriceswith only 3n nonzercelementsand,underadditional
hypothesesalsofor matriceswith 2n nonzeroelements We prove theseresultsby consideringonly the
communicatiorcost,i.e. thetime requiredfor routingthe component®f x to theirfinal destinations.

The averagecommunicatiorcostof computingy = Ax hasalsobeenstudiedin [10] startingfrom
differentassumptionsln [10] we restrictedour analysisto the algorithmsin which the component®f x
andy arepartitionedamongthe processorsccordingto a fixed schemenot dependingon the matrix A.
However, it is naturalto try to reducethe costof sparsematrix vectormultiplication by finding a ‘good’
partition of the component®f x andy. Sucha partition canbe basedon the nonzerostructureof the
matrix A which is assumedo be known in adwance. This approachis justified if one hasto compute
mary productsinvolving the samematrix, or involving matriceswith the samenonzerostructure. The
developmenbf efficient partitionschemess avery active areaof researchfor somerecentresultssee[3,
4,5,14, 15|

In this paperwe prove lowerboundswhich alsohold for algorithmswhich partitionthe componentsf
x andy on the basisof thenonzerostructureof A. First, we introducefour probability measuresn the
classof n x n sparsematriceswith ©(n) nonzeroelements.Then,we shav thatwith high probability
thecostof computingy = Ax onap-processohypercubes Q((n/p) log p) for every distribution of the
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componentsf x andy amongthe processorsSincethe hypercubecansimulatewith constanslovdown
ary O(p)-processobutterfly, CCC, meshof treesandshufle exchangenetwork, the sameboundshold
for thesecommunicatiometworksaswell (see[7] for descriptionsaandpropertiesof the hypercubeand
of the othernetworksmentionedabove).

Our resultsare basedon the expansionpropertiesof a bipartite graphassociatedvith the matrix A.
Expansiorpropertiesaswell astherelatedconcepof separatordyave playeda majorrolein thestudyof
thefill-in generatedy GaussiarandCholesly factorizationof arandomsparsematrix (se€/1, 8, 11, 12]),
but to our knowledge this is thefirst time they have beenusedfor the analysisof parallelmatrix vector
multiplicationalgorithms.

We establisHowerbounddor thehypercubassuminghefollowing modelof computation Processors
have only local memoryand communicatewvith oneanotherby sendingpacketsof informationthrough
thehypercubdinks. At eachstep,eachprocessors allowedto performaboundedamountof local com-
putation,or to sendonepacketof boundedengthto anadjacenprocessofwe arethereforeconsidering
theso-calledveakhypercube).

This paperis organizedasfollows. In section2 we introducefour differentprobabilitymeasuresnthe
setof sparsenatrices andthe notion of the pseudo-gpandergraph. We alsoprove thatthe dependenc
graphassociatedvith a randommatrix is a pseudo-gpanderwith high probability. In section3 we
studythe averagecostof sparsematrix vectormultiplication,andin section4 we prove lower boundsfor
matriceswith 3n and2n nonzercelementsSection5 containssomeconcludingremarks.

2 Preliminaries

LetX = {z1,...,z,},andY = {y1, ..., y, }. Givenann x n matrix A, we associatavith A adirected
bipartitegraphGG(A), calledthe dependencgraph Thevertex setof G(A) is X UY, and(z;, y;) isan
edgeof G(A) if andonly if a;; # 0. In otherwords,the verticesof G(A) representhecomponent®f x
andy, andtheedge(z;, y;) € G(A) if andonly if thevaluey; dependsiponz;.

Definition 2.1 Let0 < « < 1, 8 > 1 andag < 1. We saythatthegraphG(A) is an(«, 3, n)-pseudo-
expanderif for eachsetl/ C X thefollowing propertyholds:

= <1< na = |Adj(U)] > B|U|

Notethatwe musthave a3 < 1, sinceeachsetof an verticescanbe connectedo at mostn vertices.
Thenotionof a pseudo-gpandemgraphis similar to thewell known notionof anexpandergraph[2]. We
recallthata graphis an («, 8, n)-expandefif |U| < na implies|Adj (U) | > g|U| (henceall expanders
arepseudo-gpanders).

The averagecasecompleity of sparsematrix vector multiplication will be obtainedcombiningtwo
basicresults:in this sectionwe prove thata randomsparsematrix is a pseudo-gpandewith probability
very closeto one, in the next sectionwe prove that computingy = Ax on a p-processohypercube
requires2((n/p) log p) timeif G(A) is apseudo-gpander

To studythe averagecostof a sparsematrix vectormultiplication, we introducefour probability mea-
sureson the setof n x n sparsematrices. Eachmeasuraepresents differenttype of sparsematrix
with ©(n) nonzeroelements Althoughthe nonzeroelementsanbe arbitraryreal numbersye assume
the behaiour of the multiplication algorithmsdoesnot dependupontheir numericalvalues. Hence all
measurearedefinedon the setof 0—1 matriceswherel represents genericnonzeroelement.
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1. Let 0 < d; < n suchthatdin is aninteger. We denoteby M the probability measuresuchthat
Pr{A} # 0 only if thematrix A hasexactly d; n nonzeroelementsmorewer, all (d’i) matrices
with d;n nonzercelementsareequallylikely.

2. Let0 < dy < n, p = d2/n. We denoteby M, theprobabilitymeasuresuchthatfor eachentrya;;
Pr {a;; # 0} = p. Hencewe have Pr {A} = p*(1 — p)"2_k, wherek is the numberof nonzero
elementf A.

3. Letds beaninteger( < d3 < n. We denoteby M3 theprobabilitymeasuresuchthatPr {A} # 0
only if eachrow of A containsexactly d3 nonzeroelementsmorewer, all ((Z’)” matriceswith ds
nonzercelementgperrow areequallylikely.

4. Letd, beaninteger0 < d4 < n. We denoteby M, theprobabilitymeasuresuchthatPr {A} # 0
only if eachcolumnof A containsexactly d, nonzercelementsmorewer, all ((Z)” matriceswith
d4 nonzercelementgercolumnareequallylikely.

The abore measuregareclearly relatedsincethey all representinstructuregparsematrices.We have
chosernthesemeasuresincethey arequite natural,but of course they do not cover the whole spectrum
of ‘interesting’ sparsematrices. In the following, the expressionrandom matrix’ will denotea matrix
choseraccordingo oneof theseprobabilitymeasures.

Givenarandommatrix A we wantto estimateheprobabilitythatthegraphGG(A) is apseudo-gpander.
In this sectionwe prove thatfor themeasuresvi;— M, previously definedsuchprobabilityis very close
to one(Theorem?2.6). In thefollowing, we makeuseof somewell known inequalitiesFor0 < k < n,

)<
(1 - l) <ot 2)

In addition,a straightforwarccomputatiorshovs thatfor ary triplet of positive integersm, n, p suchthat

m+ p < nwehave
(7)) <=3y ©

Lemma2.2 Let A bea randommatrix chosenaccoding to the probability measue M;, i = 1,... /4.
IfU C X,V CY wehave

and,for ary realnumberz > 1,

n

NLalY
Pr{Adj(U)NV = ¢} < (1 — i) (4)

Proof. We consideronly i = 1, 3, sincethecases = 2,4 aresimilar. Let Q = {a;;|z; € U,y; € V}.
Wehave |Q| = |U||V| andAdj (U) NV = ¢ if andonlyif a;; = 0 for all a;; € Q. For the probability
measureM,, using(3) we get

Pr{Adj (U)NV = ¢} = <n2 - |Q|) (dnlzn)_l . (1 ~ ﬂ)lUllvl

din n
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notcontainnonzercelementsn the|U| columnscorrespondingo U. By (3) we get

Pr{Adi (U) NV = ¢} = [(” — vl

W)

Lemma2.3 LetU C X, |U| = k, andassumé4) holds.If

For the probability measureM sz we have Adj (/) NV = ¢ only if the|V| rows correspondingo V' do
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0< A<, O;—ngkgan, di > — [ - log (1 — a)] (5)
then .
d. k(n—ﬁk)(l—A)
Pr{ladi ()| < k) < (1- %)
Proof. Firstnotethat

Pr{|Adj (U) | < Bk} = Pr{|Adj(U) | < |Bk]}
We have that |Adj (I7) | < |Bk] only if thereexistsasetV C Y, with |V| = n — | k], suchthat
Adj (U) NV = ¢. Sincethereare (n_’fﬁkj) setsV of sizen — | Bk|, if (4) holds,we have
Pe{ladi ()| < ) < (]
n
By (1) we have

n

Pr{|Adj (U)[ < Bk}

A\
N
3
aE
=
o
N—
3
|
=
iy
TN
—
|
3
Y
Z

x>
=
|
=
>
TN
—
| &
x>
=
E}
|
—
=
x>
Py
=
=
o
|
>
=

n
en n—|pk] d; k(n
< 12
- n — Bk
Hence we needto shav that

kX
en d;
1—-— 1
n— K ( ) -
Sincena/2 < k < na, using(2) we get
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Lemma 2.4 Suppos¢hatthehypothesesf Lemma2.3hold. If

4 1
2 (4o 3) ©

thenthe probability that there existsa set/ C X with |U| = & sud that |Adj (U) | < Sk is lessthan
27k,

Proof. The probabilitythata setof sizek is connectedo lessthan gk verticesis givenin Lemmaz2.3.
Sincethereexist (}) of suchsetswe have

k n

\ k(n—BR)(1=1)
() (-%)

N (n=Bk)(1=-2)
T(1-2) <s )

n PN
Pr {30 suchthat|Adj (U) | < Bk} < < ) (1 - —Z)

Thereforewe needto prove that

Since™* < k < na, wehave

en i\ (PRI 9% g\ "(1=eB)(1-23)
297 = 20-)

n « n
< 2 -di(1-ap)(1-2) ®)
T«
From(6) we have A
log = + 1 —di(1 - af)(1 - A) <0
04
hence 4
Zelmd(-ef)(1-2) <
«
TheLemmafollows by comparinghis lastinequalitywith (7) and(8). |
NotethatLemma2.4holdsonly if both (5) and(6) hold. Thatis, d; mustsatisfy
d; > i[1 log (1—ap)], {1+1 H____ L 9)
e 7 N o) 1—N(1—ap)

for somed < A < 1. It is easyto verify thatby taking

7 with v = 2(1 — ag) [1 — log (1 — af)]

A= ,
v+ a(l+log?)

the two argumentsof the max functionin (9) areequal. By substitutingh with ), we obtainthat (9) is
equialentto

1+1logd

d; > t o8

2
- 1—ap a

+—[1—log(1l—ap)]
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Lemma2.5 Let A beann x n randommatrix for which (4) holds. If

1+log 2
4o Ltiont
- 1—ap

+ 211~ log (1 - ag)] (10)

thegraphG(4) isan (a, 3, n)-pseudo-epandemwith probability greaterthan 1 — 2!~

Proof. ThegraphG(A) isnotan(a, 3, n)-pseudo-gpandeonly if thereexistsasetl/ C X with na/2 <
|U| < na suchthat|Adj (U) | < g|U|. By Lemma2.4,we know that

lna]
Pr{G(A) is notapseudo-gpander} < Z 27k

k=[na/2]
Therefore,
Pr {G(A) is apseudo-epandej > 1 — 27 [ =] (Z 2‘i) >1-—27%
i=0
O
Theorem 2.6 Let A bea randommatrix chosenaccoding to the probability measue M; ¢ = 1, ... ,4.
If
4> L tlosg 211 Zlog (1 11
Z_W+E —log (1 — af)] (11)
thegraphG(A) isan (a, 3, n)-pseudo-gpandemwith probability greaterthan 1 — 2~ %*
Proof. Theprooffollowsby Lemmas2.2and2.5. O

As anexample for o = %, 8= % inequality(11) becomesl; > 13.65 . ... Theorem2.6tells usthat,
underthis assumption(7(A) is an (3, 12, n)-pseudo-epandemwith probability 1 — 2'~%. Similarly, if
d; > 15.08... G(A) isa(Z, 2, n)-pseudo-gpandemith probabilitygreatethan1 — 2'~%.

If G(A) is an(a, g, n)-pseudo-gpanderthen,givenU C X suchthatra/2 < |U| < na thereare
morethang|U| valuesy; thatdependonthevaluesz; € U. Similarly, if G(AT) is an(a, 3, n)-pseudo-
expandergivenV C Y, a/2 < |V| < a, thevaluesy; € V dependuponmorethang|V| valuesz;. By

symmetryconsiderationsve have thefollowing corollaryof Theoren.6.

Corollary 2.7 Let A bearandommatrix chosenaccoding to the probability measue M; i = 1,... 4.
If d; satisfieq11), thenthe graph G(A7T) is an («, 3, n)-pseudo-gpanderwith probability greaterthan
1—21-5% o

3 Study of the Average Case Communication Complexity

Let A beann x n sparsematrix, andlet p < n. In this sectionwe prove alower boundon the average
casecompleity of computingtheproducty = Ax onap-processohypercubeOur analysiss basedn
the costof routing the component®f x to their final destination.Thatis, we consideronly the costof
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routing, to the processothatcomputesy;, the valuesz;’s for all « suchthata;; # 0. A majordifficulty
for establishinga lower boundis thatwe cancomputepartialsumsp; = a;;, 2, + - - - + a;;, 25, during
therouting processin this case py moving asinglevaluep; we can‘move’ severalz;’s. However, since
thea;;'s canbe arbitrary we assumehatthe partialsump; = a;;, 2, + - - - + a;;, %;, canbeusedonly
for computingthe j-th componeny; .

In theprevioussectionwe have shavn thatarandonmmatrixis apseudo-gpandemwith high probability.
Thereforeto establisranaveragecaseresultit sufficesto obtainalowerboundfor this classof matrices.

In thefollowing, we assumehatthereexist two functionsF,, F, mapping{1,2,... ,n}into{0,... ,p—
1} suchthat
1. fori=1,...,n,thevaluez; isinitially containeconlyin processonumberF, (i);
2. for j = 1,...,n, atthe endof the computationthe value y; is containedin processomumber
Fy(3)-

In the following, F;!(k) will denotethe set{z; |F.(i) = k}, thatis, the setof all component®of x
initially containedn processok. Similarly, Fy—l(k:) will denotethe component®f y containedn pro-
Cessolk.

Theorem 3.1 Let A beamatrixsud that G(A) isan(«, 3, n)-pseudo-gpandemwitha = 1/2, 2 < 8 <
2. If conditions1-2hold,andfor 0 < h < p, |Fy—1(h)| = |n/p| or [n/p], anyalgorithmfor computing
theproducty = Ax ona p-processohypecuberequires((n/p) log p) time

Proof. The two functions F;, F, definea mappingof the verticesof GG(A4) into the processor®f the
hypercubelf theedge(z;, y;) belongsto G(A) (thatis, a;; # 0) thevaluey; dependsiponz;. Hence,
thevaluez; hasto bemovedfrom processof; (i) to processof (j).

For1 < k < logp we considerthe setof dimensionk links of the hypercube(that is, the links
connectingprocessorsvhoseaddressesliffer in the k-th bit). If the dimensionk links are remaoved,
the hypercubes bisectednto two setsH,, H, with p/2 processorgach. Fromthe hypothesion F,, it
followsthatatthe endof thecomputatioreachsetcontainsatmost(p/2) [n/p] < 2n/3 valuesy;’s.

We canassumehat H; initially containsatleastn/2 valuesz;’s (if not, we exchangetherolesof H,
andHs). A valuex; € H; canreachH, eitherby itself or insidea partialsum}" a;,x),. Notethata
valuez; thatreachedd, by itself canbe utilized for the computatiorof several y;’s, but we assumehat
eachpartialsumcanbe utilized for computingonly oney; .

Let n; denotethenumberof valuesz; € H; thattraversethedimensionk links by themseles,andlet
ny bethe numb4er0f partial sumsthattraversethe dimensionk links. We claim thatmax(ni, n2) > en

wheres = %.

If ny < en, weconsidetthesetX; of thevaluesz; € H; thatdo nottraversethe dimensionk links by
themseles.We have

~ n n n
|X1|__2 77,1_2 En 6(ﬂ—|—1) ( )
SinceG(A) is apseudo-gpanderand
n,_M _n
4= 6(6+1) ~ 2
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we have thatmorethan 577y — 4t valuesy; € H dependnthevaluesz; € X;. Wehave

75n 2n 6—-4(8+1)

—_—— =N/ = £&n

6(6+1) 3 6(6+1)

thatis, morethanen valuesy; € H» dependuponthevaluese; € X,. Moreover, thevaluesz; € X; can
reachH, only insidethe n, partial sumsthattraversethe dimensionk links. Sinceeachpartial sumcan
beutilized for the computatiorof only oney;, we have thatn, > en asclaimed.

This provesthat Q(n) itemsmusttraversethe dimensionk links. Sincethe sameresultholdsfor all
dimensionsthe sumof the lengthsof the pathstraversedby the datais ©(n log p). Sinceat eachstepat
mostyp links canbetraversedthecomputatiorof y = Ax require2((n/p) logp) time. m]

Theorem 3.2 Let A be a matrix sud that G(A”) is an (a, 3, n)-pseudo-gpandemwith o = 1/2, £ <
B < 2. If conditions1-2hold, and, for 0 < h < p, |F; (k)| = [n/p] or [n/p], any algorithm for
computingheproducty = Ax ona p-processohypecuberequires)((n/p) log p) time

Proof. Let H,, H, denotethe setsobtainedby removing the dimensionk links of the hypercube From
thehypothesi®n F, followsthatinitially eachsetcontainsatmost(p/2) [n/p] < 2n/3 valuesz;’s. We
canassumehatattheendof thecomputationd,; containsatleastn /2 valuesy;’s (if notwe considerH, ).
Letni, na Sbeciefinedasin theproofof Theoren3.1. Clearly, it sufficesto prove thatmax(ni, ng) > en

with ¢ = %

If ny < en, weconsidetthesetY; of thevaluesy; € H, thatarecomputedentirelyinside 4». Thatis,
yn € Y onlyif nopartialsum>_ ap;z; traverseghedimensionk links. We have

|~ > n S . n
- _ L L LI
=g ey 6(3+1)
SinceG(AT) is apseudo-gpandeythevaluesy; € Y, depencbn morethan6(’;’@f1) — 22 valuesr; € H;.

By constructionthesevaluesz;’s musttraversethe dimensionk links by themseles.Hence

7 2
n1>¢——n:6n

6(B+1) 3
O

By combiningTheorems3.1 and 3.2 with a resulton the compleity of balancingon the hypercube,
it is possibleto prove that the computationof y = Ax requiresQ((n/p) logp) time evenif thereare
processorsontaining®(n/p) componentsf x ory.

Lemma 3.3 Supposehat n itemsare distributedoverthe p processor®f a hypecube,andlet m bethe
maximurmumberof itemsstoredin a single processar Thee existsan algorithm BALANCE that redis-
tributesthe itemssothat eat processoicontains[n/p] or |n/p| items.Therunningtime of BALANCE

isO ('m logl/2 p + log? p) .

Proof. See[13, Theorenb]. O
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We alsoneedthe corverseof this lemma. Given a distribution of n itemsover p processorsvith no
morethanm itemsperprocessarthereexistsanalgorithmUNBALANCE thatconstructsuchdistribution
startingfrom an initial settingin which eachprocessorcontains[n/p] or [n/p| items. The algorithm
UNBALANCE is obtainedby executingthe operationf the algorithm BALANCE in the oppositeorder

henceits runningtime is againO (m log!/? p + log® p) :
In thefollowing we usethe notationf(n) = o(g(n)) to denotethatfor ary ¢ > 0, thereexistsn, such
thatf(n) < cg(n) forall n > ng.

Theorem 3.4 Let A be a matrix sut that G(A) is an («, 3, n)-pseudo-gpanderwith « = 1/2, % <
B < 2. If conditions1-2 hold, and, for 0 < h < p, |F; (k)| = O((n/p)log” p) with 0 < w <
1/2, plogp = o(n), any algorithm for computingthe producty = Ax on a p-processothypecube
requiresQ((n/p) log p) time

Proof. Assumeby contradictiorthatthereexistsanalgorithmSPARSEPROD for computingy = Ax such
that:

(@) therunningtime of SPARSEPROD is t(n, p) with t(n, p) = o((n/p) log p),
(b) attheendof thecomputatioreachprocessocontainsO((n/p) log” p) componentg;’s.

Clearly, usingthe procedureBALANCE, we cantransformSPARSEPROD into analgorithmin which at
the endof the computatioreachprocessocontains[n/p] or [n/p| component®f y. Therunningtime
of this new algorithmis

0 ((n/p) log® plog'/? p+log” p + t(n, p))
thatby hypothesiss o((n/p) log p). Thisis impossibleby Theorens3.1. O
Usingthe procedurdJNBALANCE andTheorenm3.2,it is straightforwardo prove thefollowing result.

Theorem 3.5 Let A be a matrix such that G(AT) is an («, 3, n)-pseudo-gpandemwith o = 1/2, & <
B < 2. If conditions1-2 hold, and,for 0 < h < p, |F;'(h)] = O((n/p)log® p) with 0 < w <
1/2, plogp = o(n), any algorithm for computingthe producty = Ax on a p-processothypecube
requiresQ((n/p) log p) time O

We cansummarizeheresultsof this sectionasfollows: if thecomponent®f oneof thevectorsx ory
aredistributed'evenly’ (in thesensef Theorems3.4and3.5)amongthe processorshe datamovement
requiredfor computingy = Ax takesQ((n/p) log p) time with high probability. Theresultholdsfor the
weakhypercubend,afortiori, for thehypercubimetworkshatcanbeemulatedvith constanslowdowvn
by the hypercube.

Note thatno hypothesidiasbeenmadeon how the nonzeroentriesof A arestored.Thatis, all lower
boundshold evenif eachprocessorcontainsin its local memoryall nonzeroelementsof the matrix A.
Moreover, sincetheseresultshold for ary pair of function F,, F,,, we have that the knowledgeof the
nonzerostructureof A doesnot helpto reducethe averagecostof the computation.

4 Matrices with 3n and 2n Nonzero Elements

In the previous sectionwe have shavn that,if A has©(n) nonzeroelementscomputingy = Ax on
a p-processohypercubeakes((n/p) logp) time with high probability. It is interestingto investigate
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whatis the minimumnumberof nonzercelementof A for which this propertyholds. In this sectionwe
give a partialanswelto this question.

Definition 4.1 Let 1 < g < 2. Givenamatrix A, we saythatthegraphG(A) is a 8-weak-e&panderif
for eachset/ C X thefollowing propertyholds:

U= [n/2] = |Adj(U)]|> pIU|

Obviously, all («, 3, n)-pseudo-gpandersvith o > 1/2 areweak-e&pandersut thecorverseis nottrue.
As we will seeweak-&pandercanbestill usedto getlowerboundsfor matrix vectormultiplication. In

addition, the next lemmashaows that thereexist matriceswith only 3n nonzeroelementsvhosedepen-
deng graphis aweak-epander

Lemma4.2 Forall n > 5, ther existsann x n matrix A sud that
1. A= 7 + 79+ 73, Whee my, 7o, w5 are permutationmatrices,
2. bothG(A) andG(AT) are £-weak-epanders.

Proof. Theexistenceof matrix A is establishedh the proof of Theorem4.3in [11]. |

Lemma 4.3 Let A beamatrixwith a constanhumberof nonzeo elementperrow, andsud that G(AT)
is a f-weak-&pander If conditions1—-2of section3 hold, p|n, and,for 0 < h < p, |Fy—1(h)| = n/p,any
algorithmfor computingtheproducty = Ax ona p-processohypecuberequiresQ((n/p) log p) time

Proof. As in the proof of Theorem3.1,it sufficesto prove that,for 1 < k£ < logp, thereareQ(n) items
thatmusttraversethe dimensionk links of the hypercube.

Let H,, H, denotethe setsobtainedoy remaving the dimensionk links. As usual,we canassumehat
H, containsatleastn/2 valuesz;'s. Clearly, then/2 valuesy; € H, depencuponatleast(g — 1)(n/2)
valuesz; € H;. Thesevaluescantraversethedimensionk links eitherby themselesor insidea partial
sum.However, eachpartialsumcancontainonly aconstanhumberof valuesz;, henceQ(n) itemsmust
traversethedimensiork links. O

An analogougproofyieldsthefollowing result.

Lemma4.4 Let A be a matrix with a constanthumberof nonzeo elementgper column,and sud that
G(A) is a g-weak-&pander If conditions1-2of Section3 hold, p|n, and,for 0 < h < p, |[F;1(h)| =
n/p, anyalgorithmfor computingy = Ax ona p-processohypecuberequiresQ((n/p) log p) time O

UsingLemmas4.2-4.4 we caneasilyprovethat,in theworstcasethecomputatiorof y = Ax requires
Q((n/p) log p) time alsofor matriceswith only 3n nonzercelements.

Theorem4.5 For all n > 5, ther existsann x n matrix A with at most3n nonzeo elementssud that,
if thecomponentsf oneof thevectorsx or y are evenlydistributedamongthe processorsanyalgorithm
for computingy = Ax ona p-processohypecuberequires((n/p) log p) time O

Thecaseof matriceswith threenonzercelementperrow appearso betheboundarybetweereasyand
difficult problems.In fact, if a matrix B containsat mosttwo nonzeroelementsn eachrow andin each
column,we canarrangehe component®f x andy sothattheproducty = Ax canbe computednthe
hypercuben O(n/p) time. To seethis, it sufficesto noticethateachvertex of G(B) hasdegreeat most
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two. Hence the connecteccomponentsf G(B) canonly bechainsor ringsandcanbeembeddedh the
hypercubewith constantilation andcongestion.

We concludethis sectionby studyingthe compleity of sparsematrix vectormultiplicationwhenwe
requirethat,fori = 1,... , n,thevaluey; is storedn thesameprocessocontaininge;. A typicalsituation
in which this requirementmustbe met,is whenthe multiplicationalgorithmis utilized for computingthe
sequenca**t1) = Ax(¥) generatedy aniterative method. Note that, usingthe notationof section3,
this requirements equivalentto assuminghat 7, = F,.

Theorem 4.6 Let# bethe classof matrix vectormultiplicationalgorithmssud that, fori = 1,... , n,
thevaluey; is storedin the sameprocessorcontainingz;. For all n > 5, there existsann x n matrix B
sud that

1. each row andead columnof B containsat mosttwo nonzeo elements,

2. if the componenbf x are evenly distributed,any algorithmin # for computingy = Bx ona
p-processohypecuberequiresQ((n/p) logp) time

Proof. By Lemmas4.2 and4.4,we know thatthereexists a matrix A suchthatthe communicatiorcost
of computingy = Ax is Q((n/p) log p) time (notethat this boundholdsfor the algorithmsnot in #).
Moreover, weknow thatA = 7 + 7 + 73, Wherer; , 7o, 5 arepermutatiommatrices.Now considetthe
matrix A’ = 77 ' A. Sincethemultiplicationby a permutatiomnatrixdoesnotrequireary communication
(for thealgorithmsnotin #!), the communicatiorcostof computingy = A’x is Q((n/p) log p). Since
A'x = x + Bx, ary algorithmin # for computingBx canbe usedfor computingA’x with no extra
communicatiorcost. It followsthatary algorithmin # for computingBx requires2((n/p) log p) time.
This completeshe proof,since B is equalto the sumof two permutatiomrmatrices. O

5 Concluding Remarks

Oneof themostchallengingproblemsin thefield of distributedcomputingis to find gooddatadistribu-
tionsfor irregularproblems.In this paperwe have analysedheissueof datadistributionfor the problem
of sparsematrix vectormultiplication. We have performedan averagecaseanalysisby introducingfour
differentprobabilitymeasuresnthesetof n x n matriceswith ©(n) nonzercelementsWe have shovn
that, on average,computingy = Ax on mary ©(p)-processonetworksrequires((n/p) logp) time.
Theresultholdsfor ary balancedlistribution of thecomponent®f x andy amongthe processors.

A parallelalgorithmfor computingthe producty = Ax, whereA isan x n matrixwith O(n) nonzero
elementshasbeengivenin [9]. Thealgorithmrunsin O((n/p) logp) time on a p-processohypercubic
network. Theresultsof this paperestablishthe ‘averagecase’optimality of the algorithmin [9] for the
classof unstructuredanatrices However, ourresultsdonotrule outthepossibilitythattheproducty = Ax
canbecomputedn o((n/p) log p) timefor importantclasse®f matricesvhicharenot pseudo-gpanders.
Typical examplesarethe matricesarisingin finite elementsandfinite differencediscretizatiorof partial
differentialequationgor which O (n/p) multiplicationalgorithmsexist (seefor example[6, Ch. 11]).

Thereareseveralpossibleextensionf ourresultswhich desere furtherinvestigation.n our analysis
we have considerednly the costof routing eachvaluez; to the processorén chage of computingthe
valuesy;’swhich dependuponz;. It is naturalto askif onecouldgetmoregenerakesultsby takinginto
accounglsothecomputatiorcost,which,asthenumberof nonzercelementgrows, maywell exceedthe
costof communication.Anotherinterestingopenproblemis whetherwe canbreakthe Q((n/p) log p)
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lower boundby allowing processor$o containmultiple copiesof the component®f x. To befair, our
algorithm should producemultiple copiesof the componentof y so thatit can be usedto compute
sequencesf thekind x5 +1) = Ax (),
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