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In this paperwe considertheproblemof computingon a local memorymachinetheproduct ������� , where � is
a random�	�
� sparsematrix with �
����� nonzeroelements.To studytheaveragecasecommunicationcostof this
problem,we introducefour differentprobabilitymeasureson thesetof sparsematrices.We prove thaton mostlocal
memorymachineswith � processors,this computationrequires����������������������� time on theaverage.We prove that
thesamelowerboundalsoholds,in theworstcase,for matriceswith only  !� or "#� nonzeroelements.
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1 Introduction
In this paperweconsidertheproblemof computing$&%('*) , where ' is a random+�,-+ sparsematrix
with .0/�+21 nonzeroelements.Weprovethat,onmostlocalmemorymachineswith 3 processors,thiscom-
putationrequires45/6/�+2783�1:9<;>=?3�1 time in theaveragecase.We alsoprove that this computationrequires45/@/A+27B3�1�9C;D=23�1 time in theworstcasefor matriceswith only E>+ nonzeroelementsand,underadditional
hypotheses,alsofor matriceswith F>+ nonzeroelements.We prove theseresultsby consideringonly the
communicationcost,i.e. thetime requiredfor routingthecomponentsof ) to theirfinal destinations.

The averagecommunicationcostof computing $G%H'*) hasalsobeenstudiedin [10] startingfrom
differentassumptions.In [10] we restrictedouranalysisto thealgorithmsin which thecomponentsof )
and $ arepartitionedamongtheprocessorsaccordingto a fixedschemenot dependingon thematrix ' .
However, it is naturalto try to reducethecostof sparsematrix vectormultiplicationby finding a ‘good’
partitionof the componentsof ) and $ . Sucha partitioncanbe basedon the nonzerostructureof the
matrix ' which is assumedto be known in advance. This approachis justified if onehasto compute
many productsinvolving the samematrix, or involving matriceswith the samenonzerostructure.The
developmentof efficientpartitionschemesis averyactive areaof research;for somerecentresultssee[3,
4, 5, 14, 15].

In thispaperweprove lowerboundswhichalsohold for algorithmswhichpartitionthecomponentsof) and $ on thebasisof thenonzerostructureof ' . First, we introducefour probabilitymeasureson the
classof +I,J+ sparsematriceswith .K/�+21 nonzeroelements.Then,we show thatwith high probability
thecostof computing$L%M'*) ona 3 -processorhypercubeis 45/@/�+2783�1:9<;D=N3�1 for everydistributionof the
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componentsof ) and $ amongtheprocessors.Sincethehypercubecansimulatewith constantslowdown
any .0/P3�1 -processorbutterfly, CCC,meshof treesandshuffle exchangenetwork,thesameboundshold
for thesecommunicationnetworksaswell (see[7] for descriptionsandpropertiesof thehypercube,and
of theothernetworksmentionedabove).

Our resultsarebasedon the expansionpropertiesof a bipartitegraphassociatedwith the matrix ' .
Expansionproperties,aswell astherelatedconceptof separators,haveplayedamajorrole in thestudyof
thefill-in generatedby GaussianandCholesky factorizationof arandomsparsematrix(see[1, 8, 11, 12]),
but to our knowledge,this is thefirst time they have beenusedfor theanalysisof parallelmatrix vector
multiplicationalgorithms.

Weestablishlowerboundsfor thehypercubeassumingthefollowingmodelof computation.Processors
have only local memoryandcommunicatewith oneanotherby sendingpacketsof informationthrough
thehypercubelinks. At eachstep,eachprocessoris allowedto performa boundedamountof local com-
putation,or to sendonepacketof boundedlengthto anadjacentprocessor(we arethereforeconsidering
theso-calledweakhypercube).

Thispaperis organizedasfollows. In section2 weintroducefour differentprobabilitymeasuresonthe
setof sparsematrices,andthenotionof thepseudo-expandergraph.We alsoprove that thedependency
graphassociatedwith a randommatrix is a pseudo-expanderwith high probability. In section3 we
studytheaveragecostof sparsematrixvectormultiplication,andin section4 weprove lowerboundsfor
matriceswith E>+ and FD+ nonzeroelements.Section5 containssomeconcludingremarks.

2 Preliminaries
Let QR%(S#TVU!W!X�X�X�WYT�Z\[ , and ]^%(S#_DU!W�X�X!X\W`_�ZV[ . Givenan +a,K+ matrix ' , weassociatewith ' adirected
bipartitegraph ba/c'51 , calledthedependencygraph. Thevertex setof ba/c'51 is Qed	] , and /�T�f`WY_Ygh1 is an
edgeof bi/c'j1 if andonly if k�gBfml%Gn . In otherwords,theverticesof ba/c'51 representthecomponentsof )
and $ , andtheedge /�T�f@W`_YgD1po-ba/q'j1 if andonly if thevalue _Yg dependsupon T�f .
Definition 2.1 Let nartsur^v , wyxzv and s?wyrzv . We saythat thegraph bi/c'j1 is an /As�W6wpWY+21 -pseudo-
expanderif for eachset {�|}Q thefollowing propertyholds:+2sF ~(� { �D~ +2sR%2� �

Adj /�{51 � x�w � { �
Notethatwe musthave sNwyr^v , sinceeachsetof s�+ verticescanbeconnectedto at most + vertices.

Thenotionof a pseudo-expandergraphis similar to thewell known notionof anexpandergraph[2]. We
recallthata graphis an /�s�W@wpWY+21 -expanderif

� { �:~ +2s implies
�
Adj /�{j1 � x�w � { � (hence,all expanders

arepseudo-expanders).
The averagecasecomplexity of sparsematrix vectormultiplication will be obtainedcombiningtwo

basicresults:in this section,weprove thata randomsparsematrix is a pseudo-expanderwith probability
very closeto one, in the next sectionwe prove that computing $e%�'
) on a 3 -processorhypercube
requires45/6/�+2783�1:9<;>=23\1 time if ba/q'j1 is a pseudo-expander.

To studytheaveragecostof a sparsematrix vectormultiplication,we introducefour probabilitymea-
sureson the setof +y,�+ sparsematrices. Eachmeasurerepresentsa different type of sparsematrix
with .K/�+21 nonzeroelements.Althoughthenonzeroelementscanbearbitraryrealnumbers,we assume
thebehaviour of themultiplicationalgorithmsdoesnot dependupontheir numericalvalues.Hence,all
measuresaredefinedon thesetof 0–1matrices,where v representsa genericnonzeroelement.
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1. Let n ~^� U ~ + suchthat
� U + is an integer. We denoteby � U theprobabilitymeasuresuchthat��� SB'�[�l%zn only if thematrix ' hasexactly

� U�+ nonzeroelements;moreover, all � Z:��B� Zh� matrices
with

� UB+ nonzeroelementsareequallylikely.

2. Let n ~��:�
~ + , 3�% �:� 7>+ . We denoteby � �
theprobabilitymeasuresuchthatfor eachentry k>f�g��� S!k f g l%�n:[0%�3 . Hence,we have

��� S�'�[0%�3��\/@v��J3�1 Z��Y� � , where � is thenumberof nonzero
elementsof ' .

3. Let
�D�

beaninteger n ~��D�5~ + . We denoteby � �
theprobabilitymeasuresuchthat

��� S�'�[al%�n
only if eachrow of ' containsexactly

�D�
nonzeroelements;moreover, all � Z�Y� � Z matriceswith

�D�
nonzeroelementsperrow areequallylikely.

4. Let
�D�

beaninteger n ~��D�5~ + . We denoteby � �
theprobabilitymeasuresuchthat

��� S�'�[al%�n
only if eachcolumnof ' containsexactly

�D�
nonzeroelements;moreover, all � Z�Y� � Z matriceswith�D�

nonzeroelementspercolumnareequallylikely.

Theabove measuresareclearlyrelatedsincethey all representunstructuredsparsematrices.We have
chosenthesemeasuressincethey arequitenatural,but of course,they do not cover thewholespectrum
of ‘interesting’sparsematrices. In the following, the expression‘randommatrix’ will denotea matrix
chosenaccordingto oneof theseprobabilitymeasures.

Givenarandommatrix ' wewanttoestimatetheprobabilitythatthegraphba/c'51 is apseudo-expander.
In this sectionweprove thatfor themeasures� U –� �

previously definedsuchprobabilityis very close
to one(Theorem2.6). In thefollowing,wemakeuseof somewell known inequalities.For n ~ � ~ + ,� + �:  ~e¡�¢ +�	£ � (1)

and,for any realnumberT	¤Gv , � v�� vT  m¥ r ¢ �NU (2)

In addition,a straightforwardcomputationshowsthatfor any triplet of positiveintegers ¦-WY+�W�3 suchthat¦G§�3 ~ + wehave � +¨�©3¦  �ª � +¦¨  �NU ~H¡ v�� ¦ + £�« (3)

Lemma 2.2 Let ' bea randommatrix chosenaccording to theprobability measure �Rf , ¬�%Hv>W�X!X�X�W6­ .
If {G|�Q , ®G|}] wehave ��� S Adj /�{j1N¯L®t%t°?[ ~ � v�� � f+a 5± ²�±�± ³´± (4)

Proof. We consideronly ¬p%Hv>WYE , sincethecases¬�%µF�W6­ aresimilar. Let ¶µ%eShk�gBf � T�fmo�{�W`_Yg¨o�®K[ .
We have

� ¶ � % � { ��� ® � andAdj /�{j1?¯·®(%¸° if andonly if k�gBf�%^n for all k�gBf´o&¶ . For theprobability
measure��U , using(3) weget��� S Adj /�{j12¯·®t%�°?[�% � + � � � ¶ �� U +   � + �� U +\  �NU ~ � v�� � U+¨  ± ²�±�± ³¹±
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For theprobabilitymeasure� �
we have Adj /�{j12¯·®t%�° only if the

� ® � rows correspondingto ® do
notcontainnonzeroelementsin the

� { � columnscorrespondingto { . By (3) weget��� S Adj /�{j12¯·®t%�°?[*%»º � +¨� � { ��D�   � +�D�   �?U@¼ ± ³�± ~ � v�� �D�+	 5± ²¹±@± ³¹± ½
Lemma 2.3 Let {t|�Q ,

� { � %�� , andassume(4) holds.Ifn¾ru¿Lrtv>W s�+F ~ � ~ s�+�W � f�¤ FsÀ¿·Á v��Â9<;>=m/@v���s?wN1AÃ (5)

then �¹� S �Adj /�{j1 ��~ wN�\[¾r � v�� � f+K  �DÄ Z���Å �hÆAÄ UY�ÈÇ Æ
Proof. Firstnotethat �¹� S �Adj /�{j1 ��~ wN�\[5% ��� S �Adj /6{j1 �D~µÉ wN��Ê�[
We have that

�
Adj /�{j1 ��~ËÉ wN��Ê only if thereexists a set Ì®Í|R] , with

� Ì® � %Î+&� É wN��Ê , suchthat
Adj /�{j12¯ Ì®t%t° . Sincethereare � ZZ��pÏ�Å �8Ð � sets® of size +i� É wN��Ê , if (4) holds,wehave��� S �Adj /�{j1 �D~ wN�\[ ~ � ++i� É wN��Ê8  � v�� � f+i  �>Ä Z��¹ÏÑÅ �BÐ`Æ
By (1) wehave�¹� S �Adj /�{j1 ��~ wN�\[ ~ � ¢ ++i� É wN��Ê�  Z��pÏ�Å �8Ð � v�� � f+i  �>Ä Z��¹ÏÑÅ �8Ð`Æ Ç � v�� � f+K  �>Ä Z��¹ÏÑÅ �BÐ`Æ�Ä UY�ÈÇ Æ~ � ¢ ++i�ÂwN�   Z��¹ÏÑÅ �BÐ � v�� � f+   �DÄ Z��pÏ�Å �8Ð`Æ Ç � v�� � f+   �>Ä Z���Å �hÆAÄ UY�2Ç Æ
Hence,weneedto show that ¢ ++i�JwN� � v�� � f+K  � Ç rGv
Since+2sÀ7DF ~ � ~ +2s , using(2) weget¢ ++a��wN� � v�� � f+K  � Ç ~ ¢ ++i��+2s?w � v�� � f+K 	ÒhÓ`Ô� r ¢ UY�ÖÕ6× ÔYÒ�v��&s?w
Thiscompletestheproofsincethehypothesis(5) on

� f impliesthat¢ UY� Õ6× ÔYÒ� ~ v���s?w ½
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Lemma 2.4 Supposethat thehypothesesof Lemma2.3hold. If� f�¤ � vp§Â9<;>= ­s   v/@v���¿\1B/6v��Is?wN1 (6)

thentheprobability that there existsa set {Ø|^Q with
� { � %e� such that

�
Adj /�{j1 �?~ wN� is lessthanF � � .

Proof. Theprobability that a setof size � is connectedto lessthan wN� verticesis given in Lemma2.3.
Sincethereexist � Z � � of suchsets,wehave��� S#Ù\{ suchthat

�
Adj /�{j1 �D~ wN�\[ r � + ��  � v�� � f+K  �DÄ Z���Å �hÆAÄ UY�ÈÇ Ær ¡ ¢ +�·£ � � vp� � f+   �>Ä Z���Å �hÆAÄ UY�ÈÇ Æ

Therefore,weneedto prove that ¢ +� � v�� � f+   Ä Z��\Å �#ÆAÄ U`�2Ç Æ ~ vF (7)

Since Z�Ú� ~ � ~ +2s , wehave¢ +� � v�� � f+K  Ä Z���Å �hÆAÄ UY�ÈÇ Æ ~ F ¢s � v�� � f+K  Z Ä U`�2ÚDÅ ÆAÄ UY�ÈÇ Æ~ Fs ¢ UY� � × Ä UY�ÈÚDÅ ÆAÄ UY�ÈÇ Æ (8)

From(6) wehave 9<;D= ­s §�v�� � f`/6v��&s?wN1B/6vm�Â¿�1 ~ n
hence ­s ¢ UY� � × Ä UY�ÈÚDÅ ÆAÄ UY�ÈÇ Æ ~ v
TheLemmafollowsby comparingthis lastinequalitywith (7) and(8).

½
NotethatLemma2.4holdsonly if both(5) and(6) hold. Thatis,

� f mustsatisfy� f�¤yÛ©ÜhÝ*Þ Fs�¿	Á v��J9<;>=*/6v���sNwN1�Ã�W � vp§Â9<;D= ­sm  v/6v��&¿\1B/6vm�&s?wN12ß (9)

for somenKr�¿	rGv . It is easyto verify thatby takingà¿a% áá §�s � vp§�9<;D= �Ú � W with á %�F�/@v��Âs?wN1 Á v��&9<;D=Ö/6v���sNwN1�Ã
the two argumentsof the Û©Ü�Ý function in (9) areequal. By substituting¿ with

à¿ , we obtainthat (9) is
equivalentto � f ¤ vp§�9<;D= �Úv��&s?w § Fs Á v��Â9<;>=m/Yv��&s?wÀ1�Ã
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Lemma 2.5 Let ' bean +-,-+ randommatrix for which (4) holds.If� f�¤ vp§I9<;>= �Úv���s?w § FsÂÁ v��J9<;D=*/@v���s?wN1AÃ (10)

thegraph ba/c'51 is an /As�W6wpWY+21 -pseudo-expanderwith probabilitygreaterthan v��&F UY� ÒhÓ�Proof. Thegraphba/q'j1 is notan /�s�W6wpW`+21 -pseudo-expanderonly if thereexistsaset {t|�Q with +2s�7>F ~� { ��~ +2s suchthat
�
Adj /�{51 �D~ w � { � . By Lemma2.4,weknow that��� S!ba/c'51 is nota pseudo-expander[ ~ ÏPZ�Ú Ðâ�hãpä Z�Ú:å ��æ F � �

Therefore, ��� S!bi/c'j1 is a pseudo-expander[5xGv��&F ��ç Ó`Ò�mè
é-êâ f ã2ë F �\fcì ¤tv���F UY� Ó`Ò� ½
Theorem 2.6 Let ' bea randommatrixchosenaccording to theprobability measure � f ¬´%µv>W�X!X�X�W6­ .
If � f�¤ vp§I9<;>= �Úv���s?w § Fs Á v��J9<;D=*/@v���s?wN1AÃ (11)

thegraph ba/c'51 is an /As�W6wpWY+21 -pseudo-expanderwith probabilitygreaterthan v��&F UY� ÒhÓ�Proof. Theproof followsby Lemmas2.2and2.5.

½
As anexample,for s�% U� W6wJ% U@íU@î inequality(11) becomes

� f ¤Gv!E�X�ï>ðmX�X!X . Theorem2.6 tells usthat,
underthis assumption,ba/q'j1 is an / U� W U�íU�î WY+21 -pseudo-expanderwith probability v
�}F UY� Ó � . Similarly, if� fN¤Gv!ð�X nDñmX�X!X\ba/c'51 is a / �î W î� WY+21 -pseudo-expanderwith probabilitygreaterthan v���F U`� Ó ò .If ba/q'j1 is an /�s�W@wpWY+21 -pseudo-expander, then,given {e|¸Q suchthat +2s�7>F ~ó� { �\~ +2s thereare
morethan w � { � values_Yg thatdependon thevaluesT�f�oÂ{ . Similarly, if bi/c'môp1 is an /As�W6wpWY+21 -pseudo-
expander, given ®^|�] , s�7>F ~z� ® ��~ s , thevalues_YgKoy® dependuponmorethan w � ® � valuesT�f . By
symmetryconsiderationswehave thefollowing corollaryof Theorem2.6.

Corollary 2.7 Let ' bea randommatrixchosenaccording to theprobabilitymeasure �Rf2¬N%¸v>W�X!X�X�W6­ .
If
� f satisfies(11), thenthegraph ba/c'�ô¹1 is an /�s�W@wpWY+21 -pseudo-expanderwith probability greaterthanvp��F U`� Ò�Ó�

½
3 Study of the Average Case Communication Complexity
Let ' bean +�,J+ sparsematrix, andlet 3 ~ + . In this sectionwe prove a lower boundon theaverage
casecomplexity of computingtheproduct$-%�'
) ona 3 -processorhypercube.Ouranalysisis basedon
thecostof routing the componentsof ) to their final destination.That is, we consideronly thecostof
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routing,to theprocessorthatcomputes_ g , thevaluesT f ’s for all ¬ suchthat k g8f l%^n . A majordifficulty
for establishinga lowerboundis thatwecancomputepartialsums3>g�%¸k�gBf � T�f � § ª�ª!ª §�k�gBfcõhT�föõ during
theroutingprocess.In thiscase,by moving asinglevalue3Dg wecan‘move’ several T�f ’s. However, since
the k�gBf ’s canbearbitrary, we assumethatthepartialsum 3>g0%Gk�g8f � T�f � § ª!ª�ª §�k!g8fcõ!T�fcõ canbeusedonly
for computingthe ÷ -th component_Yg .

In theprevioussection,wehaveshown thatarandommatrixis apseudo-expanderwith highprobability.
Therefore,to establishanaveragecaseresultit sufficesto obtaina lowerboundfor thisclassof matrices.
In thefollowing,weassumethatthereexist two functionsø ¥ WYø?ù mappingS�vDW`F�W!X�X!X�W`+?[ into Shn�W�X!X�X�WA3m�vh[ suchthat

1. for ¬N%¸v>W�X!X�X�WY+ , thevalue T f is initially containedonly in processornumberø ¥ /A¬�1 ;2. for ÷I%úvDW!X�X�X�W`+ , at the endof the computationthe value _Yg is containedin processornumberø ù /<÷>1 .
In the following, ø �NU¥ /A��1 will denotethe set ShT f � ø ¥ /�¬A1a%û�\[ , that is, the setof all componentsof )
initially containedin processor� . Similarly, ø �NUù /A��1 will denotethecomponentsof $ containedin pro-
cessor� .
Theorem 3.1 Let ' bea matrixsuch that ba/c'51 is an /�s�W@wpWY+21 -pseudo-expanderwith s-%¸v!7DF , �� r�wÂrF . If conditions1–2hold,andfor n ~tü rÂ3 , � ø �?Uù / ü 1 � % É +2783�Ê or ç +27B3 è , anyalgorithmfor computing
theproduct $J%�'
) ona 3 -processorhypercuberequires 45/6/�+2783�1:9<;>=23\1 time.

Proof. The two functions ø ¥ WYø ù definea mappingof the verticesof ba/q'j1 into the processorsof the
hypercube.If theedge /AT�f6W`_Yg>1 belongsto ba/c'51 (that is, k�g8fjl%Gn ) thevalue _Yg dependsupon T�f . Hence,
thevalue T�f hasto bemovedfrom processorø ¥ /A¬�1 to processorø ù /<÷>1 .

For v ~ � ~ 9<;>=N3 we considerthe set of dimension � links of the hypercube(that is, the links
connectingprocessorswhoseaddressesdiffer in the � -th bit). If the dimension � links are removed,
thehypercubeis bisectedinto two sets ý¨U!W`ý � with 3�7DF processorseach.Fromthehypothesison ø ù it
followsthatat theendof thecomputationeachsetcontainsat most /�3\7>F>1 ç +27B3 è ~ F>+27DE values_Yg ’s.

We canassumethat ý U initially containsat least +27DF valuesT f ’s (if not,weexchangetherolesof ý U
and ý � ). A value T f o�ý U canreach ý � eitherby itself or insidea partial sum þRk g!ÿ T ÿ . Note that a
value T f that reachesý � by itself canbeutilized for thecomputationof several _ g ’s,but weassumethat
eachpartialsumcanbeutilizedfor computingonly one _ g .

Let +?U denotethenumberof valuesT�f�oLý¨U thattraversethedimension� links by themselves,andlet+ � bethenumberof partialsumsthat traversethedimension� links. We claim that Û©ÜhÝ\/�+?U!WY+ � 1 x � +
where� % � Å:� �í Ä Å��?U Æ .

If +?U ~ � + , weconsidertheset ÌQ
U of thevaluesT�f�o-ý¨U thatdonot traversethedimension� links by
themselves.Wehave � ÌQ U � ¤ + F ��+ U ¤ + F � � +	% � +ï�/cw
§Mv!1 (12)

Sinceba/c'51 is apseudo-expander, and + ­ ~ � +ï�/cw
§�v�1 ~ + F
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wehave thatmorethan
� ÅhZí Ä Å��?U Æ � � Z� values_ g oJý � dependon thevaluesT f o ÌQ U . We have

� wN+ï�/cw
§Mv!1 � F>+E %�+ � w	�Â­�/qw�§�v�1ï�/cw
§Mv!1 % � +
thatis,morethan � + values_Yg�o-ý � dependuponthevaluesT�f�o ÌQ
U . Moreover, thevaluesT�f�o ÌQ¨U can
reachý � only insidethe + � partialsumsthattraversethedimension� links. Sinceeachpartialsumcan
beutilized for thecomputationof only one _ g , wehave that + � x � + asclaimed.

This provesthat 45/A+21 itemsmusttraversethe dimension� links. Sincethe sameresultholdsfor all
dimensions,thesumof thelengthsof thepathstraversedby thedatais 45/A+
9C;D=N3�1 . Sinceat eachstepat
most3 links canbetraversed,thecomputationof $-%M'*) requires45/@/A+27B3\1:9<;>=23�1 time.

½
Theorem 3.2 Let ' bea matrix such that ba/q'mô¹1 is an /�s�W@wpWY+21 -pseudo-expanderwith s�%Hv!7DF , �� rwGrØF . If conditions1–2 hold, and, for n ~óü r^3 , � ø �NU¥ / ü 1 � % É +2783�Ê or ç +27B3 è , any algorithm for
computingtheproduct $-%M'*) ona 3 -processorhypercuberequires 45/6/�+2783�1:9<;>=?3�1 time.

Proof. Let ý¨U!WYý � denotethesetsobtainedby removing thedimension� links of thehypercube.From
thehypothesison ø ¥ followsthatinitially eachsetcontainsatmost /�3�7DF>1 ç +27B3 è ~ F>+27>E valuesT�f ’s. We
canassumethatat theendof thecomputationý � containsatleast+27DF values_Yg ’s(if notweconsiderý¨U ).
Let +?U!WY+ � bedefinedasin theproof of Theorem3.1. Clearly, it sufficesto prove that Û©ÜhÝ�/A+?U#WY+ � 1�x � +
with � % � Å:� �í Ä Å��?U Æ .

If + � ~ � + , weconsidertheset Ì] � of thevalues_ g o-ý � thatarecomputedentirelyinside ý � . Thatis,_hÿKo Ì] � only if nopartialsum þ k:ÿ8f�T�f traversesthedimension� links. We have� Ì] � � ¤ + F �Â+ � ¤ + F � � +	% � +ï�/cwa§�v!1
Sinceba/q'môp1 is apseudo-expander, thevalues_ g o Ì] � dependonmorethan

� ÅhZí Ä Å��?U Æ � � Z� valuesT f oLý U .
By construction,thesevaluesT f ’smusttraversethedimension� links by themselves.Hence+?Umx � wN+ï�/qw�§�v�1 � F>+E % � + ½

By combiningTheorems3.1 and3.2 with a resulton the complexity of balancingon the hypercube,
it is possibleto prove that the computationof $^%R'*) requires45/@/�+2783�1:9<;D=È3\1 time even if thereare
processorscontaining45/A+27B3�1 componentsof ) or $ .

Lemma 3.3 Supposethat + itemsare distributedoverthe 3 processorsof a hypercube,andlet ¦ bethe
maximumnumberof itemsstored in a singleprocessor. There existsan algorithmBALANCE that redis-
tributestheitemssothat each processorcontains ç +27B3 è or

É +2783�Ê items.Therunningtimeof BALANCE

is � ¡ ¦�9<;>= U�å � 3�§y9<;>= � 3 £ .

Proof. See[13, Theorem5].

½
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We alsoneedthe converseof this lemma. Given a distribution of + itemsover 3 processorswith no
morethan ¦ itemsperprocessor, thereexistsanalgorithmUNBALANCE thatconstructssuchdistribution
startingfrom an initial settingin which eachprocessorcontains ç +27B3 è or

É +2783�Ê items. The algorithm
UNBALANCE is obtainedby executingthe operationsof the algorithmBALANCE in theoppositeorder,

henceits runningtime is again� ¡ ¦�9<;D= U@å � 3�§Â9<;>= � 3 £ .

In thefollowing weusethenotation �N/A+21�%	�:/�
È/�+2161 to denotethatfor any �
xtn , thereexists + ë such
that �N/A+21mr
��
È/�+21 for all +	¤�+ ë .
Theorem 3.4 Let ' be a matrix such that ba/q'j1 is an /As�W@wpWY+21 -pseudo-expanderwith sG%�v�7>F , �� rwerÎF . If conditions1–2 hold, and, for n ~Îü rØ3 ,

� ø �?Uù / ü 1 � %��i/@/�+2783�1:9<;D=��Ö3\1 with n ~�� rv!7DF�W53m9<;>=23t%��:/A+21 , any algorithm for computingthe product $µ% '*) on a 3 -processorhypercube
requires 45/@/A+27B3�1�9C;D=N3�1 time.

Proof. Assumeby contradictionthatthereexistsanalgorithmSPARSEPROD for computing$J%�'
) such
that:/�k:1 therunningtimeof SPARSEPROD is �!/�+�WA3�1 with �!/�+�WA3�1�%	�:/Y/�+27B3\1:9<;>=23�1 ,/��B1 at theendof thecomputationeachprocessorcontains�i/@/�+2783�1:9<;D= � 3�1 components_Yg ’s.

Clearly, usingtheprocedureBALANCE, wecantransformSPARSEPROD into analgorithmin whichat
theendof thecomputationeachprocessorcontainsç +2783 è or

É +27B3�Ê componentsof $ . Therunningtime
of this new algorithmis

� ¡ /�+2783�1:9<;>= � 3m9<;D= U�å � 3�§y9<;>= � 3�§��!/A+�W�3\1 £
thatby hypothesisis �:/@/A+27B3�1�9C;D=23�1 . This is impossibleby Theorem3.1.

½
UsingtheprocedureUNBALANCE andTheorem3.2,it is straightforwardto provethefollowingresult.

Theorem 3.5 Let ' bea matrix such that ba/q'mô¹1 is an /�s�W@wpWY+21 -pseudo-expanderwith s�%Hv!7DF , �� rwerÎF . If conditions1–2 hold, and, for n ~Îü rØ3 ,
� ø �?U¥ / ü 1 � %��i/@/�+2783�1:9<;D= � 3\1 with n ~�� rv!7DF�W53m9<;>=23t%��:/A+21 , any algorithm for computingthe product $µ% '*) on a 3 -processorhypercube

requires 45/@/A+27B3�1�9C;D=N3�1 time.

½
Wecansummarizetheresultsof thissectionasfollows: if thecomponentsof oneof thevectors) or $

aredistributed‘evenly’ (in thesenseof Theorems3.4and3.5)amongtheprocessors,thedatamovement
requiredfor computing$J%M'*) takes45/6/�+2783�1:9<;>=?3�1 timewith highprobability. Theresultholdsfor the
weakhypercubeand,a fortiori , for thehypercubicnetworksthatcanbeemulatedwith constantslowdown
by thehypercube.

Note thatno hypothesishasbeenmadeon how thenonzeroentriesof ' arestored.That is, all lower
boundshold even if eachprocessorcontainsin its local memoryall nonzeroelementsof the matrix ' .
Moreover, sincetheseresultshold for any pair of function ø ¥ WYø?ù , we have that the knowledgeof the
nonzerostructureof ' doesnot helpto reducetheaveragecostof thecomputation.

4 Matrices with ��� and ��� Nonzero Elements
In the previous sectionwe have shown that, if ' has .K/A+21 nonzeroelements,computing$^%R'
) on
a 3 -processorhypercubetakes45/6/�+27B3\1:9<;>=23�1 time with high probability. It is interestingto investigate
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whatis theminimumnumberof nonzeroelementsof ' for which this propertyholds.In this sectionwe
givea partialanswerto thisquestion.

Definition 4.1 Let varGw�r^F . Givena matrix ' , we saythat thegraph ba/c'51 is a w -weak-expanderif
for eachset {G|�Q thefollowingpropertyholds:� { � % É +27>F>ÊÂ%2� �

Adj /�{j1 � x}w � { �
Obviously, all /As�W6wpWY+21 -pseudo-expanderswith s�¤Gv!7>F areweak-expandersbut theconverseis not true.
As wewill see,weak-expanderscanbestill usedto get lowerboundsfor matrixvectormultiplication.In
addition,the next lemmashows that thereexist matriceswith only E>+ nonzeroelementswhosedepen-
dency graphis a weak-expander.

Lemma 4.2 For all +·¤}ð , there existsan +·,©+ matrix Ì' such that

1. Ì't%	� U §�� � §�� � , where � U W � � W�� � are permutationmatrices,

2. both ba/c'51 and ba/c'�ô¹1 are !" -weak-expanders.

Proof. Theexistenceof matrix Ì' is establishedin theproofof Theorem4.3 in [11].

½
Lemma 4.3 Let ' bea matrixwith a constantnumberof nonzero elementsperrow, andsuch that ba/q'môp1
is a w -weak-expander. If conditions1–2of section3 hold, 3 � + , and,for n ~�ü rÂ3 ,

� ø �?Uù / ü 1 � %t+2783 , any
algorithmfor computingtheproduct $L%M'*) ona 3 -processorhypercuberequires 45/@/�+2783�1:9<;D=N3�1 time.

Proof. As in theproof of Theorem3.1, it sufficesto prove that,for v ~ � ~ 9<;>=23 , thereare 45/�+21 items
thatmusttraversethedimension� links of thehypercube.

Let ý U W`ý � denotethesetsobtainedby removing thedimension� links. As usual,wecanassumethatý U containsat least+27>F valuesT f ’s. Clearly, the +27>F values_ g oLý � dependuponat least /cw	��v!1B/A+27>FD1
valuesT�f�o&ý¨U . Thesevaluescantraversethedimension� links eitherby themselvesor insidea partial
sum.However, eachpartialsumcancontainonly aconstantnumberof valuesT�f , hence,45/A+21 itemsmust
traversethedimension� links.

½
An analogousproof yieldsthefollowing result.

Lemma 4.4 Let ' be a matrix with a constantnumberof nonzero elementsper column,and such thatba/c'51 is a w -weak-expander. If conditions1–2of Section3 hold, 3 � + , and,for n ~^ü r�3 ,
� ø �NU¥ / ü 1 � %+27B3 , anyalgorithmfor computing$-%M'*) ona 3 -processorhypercuberequires 45/@/A+27B3�1�9C;D=N3�1 time.

½
UsingLemmas4.2-4.4,wecaneasilyprovethat,in theworstcase,thecomputationof $-%�'
) requires45/@/A+27B3�1�9C;D=23�1 time alsofor matriceswith only ED+ nonzeroelements.

Theorem 4.5 For all +L¤uð , there existsan +-,	+ matrix Ì' with at most E>+ nonzero elements,such that,
if thecomponentsof oneof thevectors) or $ are evenlydistributedamongtheprocessors,anyalgorithm
for computing$-% Ì'*) ona 3 -processorhypercuberequires 45/6/�+2783�1:9<;>=?3�1 time.

½
Thecaseof matriceswith threenonzeroelementsperrow appearsto betheboundarybetweeneasyand

difficult problems.In fact, if a matrix # containsat mosttwo nonzeroelementsin eachrow andin each
column,wecanarrangethecomponentsof ) and $ sothat theproduct$Â%�'*) canbecomputedon the
hypercubein �a/c+2783�1 time. To seethis, it sufficesto noticethateachvertex of ba/�#�1 hasdegreeat most
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two. Hence,theconnectedcomponentsof ba/�#¾1 canonly bechainsor ringsandcanbeembeddedin the
hypercubewith constantdilation andcongestion.

We concludethis sectionby studyingthe complexity of sparsematrix vectormultiplicationwhenwe
requirethat,for ¬2%¸v>W�X!X�X�WY+ , thevalue_�f isstoredin thesameprocessorcontainingT�f . A typicalsituation
in which this requirementmustbemet,is whenthemultiplicationalgorithmis utilized for computingthe
sequence)�ÄP� �?U Æ*% '*)�Ä��hÆ generatedby an iterative method.Note that,usingthenotationof section3,
this requirementis equivalentto assumingthat ø ¥ $ ø ù .
Theorem 4.6 Let % betheclassof matrix vectormultiplicationalgorithmssuch that, for ¬�%ev>W�X�X!X�WY+ ,
thevalue _ f is storedin thesameprocessorcontainingT f . For all +�¤�ð , there existsan +�,-+ matrix Ì#
such that

1. each row andeach columnof Ì# containsat mosttwononzero elements,

2. if the componentof ) are evenly distributed,any algorithm in % for computing$z% Ì#5) on a3 -processorhypercuberequires 45/@/A+27B3\1:9<;>=23�1 time.

Proof. By Lemmas4.2 and4.4,we know that thereexistsa matrix Ì' suchthat thecommunicationcost
of computing$�% Ì'
) is 45/Y/A+27B3�1�9C;D=23�1 time (notethat this boundholdsfor the algorithmsnot in % ).
Moreover, weknow that Ì't%	� U §&� � §&� � , where� U W � � W � � arepermutationmatrices.Now considerthe
matrix '('�%	� �NUU Ì' . Sincethemultiplicationby apermutationmatrixdoesnotrequireany communication
(for thealgorithmsnot in % !), thecommunicationcostof computing$�%G')'<) is 45/6/�+2783�1:9<;>=23\1 . Since'('P)t%H)-§*#5) , any algorithmin % for computing #5) canbe usedfor computing')'C) with no extra
communicationcost.It followsthatany algorithmin % for computing# ) requires45/Y/�+2783�1:9<;>=23\1 time.
Thiscompletestheproof,since # is equalto thesumof two permutationmatrices.

½
5 Concluding Remarks
Oneof themostchallengingproblemsin thefield of distributedcomputingis to find gooddatadistribu-
tionsfor irregularproblems.In thispaperwehave analysedtheissueof datadistributionfor theproblem
of sparsematrix vectormultiplication. We have performedanaveragecaseanalysisby introducingfour
differentprobabilitymeasureson thesetof +·,L+ matriceswith .K/�+21 nonzeroelements.Wehave shown
that, on average,computing$G%H'*) on many .K/C3\1 -processornetworksrequires45/6/�+27B3\1:9<;>=23�1 time.
Theresultholdsfor any balanceddistributionof thecomponentsof ) and $ amongtheprocessors.

A parallelalgorithmfor computingtheproduct$-%�'
) , where' is a +¨,�+ matrixwith �a/�+21 nonzero
elements,hasbeengivenin [9]. Thealgorithmrunsin �a/@/A+27B3�1�9C;D=23�1 time on a 3 -processorhypercubic
network. Theresultsof this paperestablishthe ‘averagecase’optimality of thealgorithmin [9] for the
classof unstructuredmatrices.However, ourresultsdonotruleoutthepossibilitythattheproduct$J%M'*)
canbecomputedin �:/`/A+27B3\1:9<;>=23�1 timefor importantclassesof matriceswhicharenotpseudo-expanders.
Typical examplesarethematricesarisingin finite elementsandfinite differencediscretizationof partial
differentialequationsfor which �a/A+27B3�1 multiplicationalgorithmsexist (seefor example[6, Ch.11]).

Thereareseveralpossibleextensionsof our resultswhichdeserve furtherinvestigation.In ouranalysis
we have consideredonly thecostof routingeachvalue T f to the processorsin charge of computingthe
values_ g ’swhichdependupon T f . It is naturalto askif onecouldgetmoregeneralresultsby takinginto
accountalsothecomputationcost,which,asthenumberof nonzeroelementsgrows,maywell exceedthe
costof communication.Anotherinterestingopenproblemis whetherwe canbreakthe 45/6/�+2783�1:9<;>=23\1
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lower boundby allowing processorsto containmultiple copiesof the componentsof ) . To be fair, our
algorithmshouldproducemultiple copiesof the componentsof $ so that it can be usedto compute
sequencesof thekind )�Ä�� �?U ÆÀ%u'*)�Ä��hÆ .
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