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1 Introduction

The purposeof this article is to give a bijective proof for Stanlg’s hook-contenformula [15, Theo-
rem 15.3]for a certainplanepartition generatingfunction. In orderto be ableto statethe formulawe
have to recall somebasicnotionsfrom partitiontheory A partition is a sequence = (A, Ao, ..., )

with Ay > Ay > --- > X, > 0, for somer. The Ferrers diagram of A is anarrayof cellswith r left-

justified rows and \; cellsin row 4. Figurel.ashows the Ferrersdiagramcorrespondingo (4, 3, 3,1).

Theconjugateof A is thepartition (X1, ..., A} ) where)’ is thelengthof the j-th columnin the Ferrers
diagramof A. We labelthecell in thei-th row andj-th columnof (the Ferrersdiagramof) A by the pair
(i,7). Also, if wewrite p € A wemean'p is acell of \'. Thehooklengthh, of acell p = (i, j) of Xis
(Ai = J) + (A —4) + 1, thenumberof cellsin thehookof p, whichis the setof cellsthatareeitherin

thesamerow asp andto theright of p, or in the samecolumnasp andbelow p, p included. The content
¢, ofacellp = (i,j) of Aisj —i.
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FWEF, grantP10191-PHY
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Figurel
Givenapartition A = (A, A2, ..., ), areverseplanepartition of shapeA is afilling P of thecells

of A with integerssuchthatthe entriesalongrows andalongcolumnsareweakly increasing.Figurel.b
displaysa reverseplanepartition of shape(4, 3,3, 1). A reverseplanepartitionis calledcolumn-strictif
in additioncolumnsarestrictly increasing.Figure 1.c displaysa column-strictreverseplanepartition of
shape(4, 3,3, 1). We write P, for theentryin cell p of P. We call thesumof all theentriesof a reverse
planepartition P thenormof P, anddenoteit by n(P).

Now we arein the positionto stateStanlg’s hook-contenformula[15, Theoreml5.3].

Theorem 1 (Stanley). LetA = (A1, A2, ..., A,) beapartition anda beaninteger > r. Thegenerting
function’3" ¢"F), whee the sumis over all column-strictreverse plane partitions P of shape) with
entriesbetweerl anda, is givenby

1— qa.—i—c,o

IR
q 1 H 1 _ th . (11)
PEA

Stanlg/ provedthis theoremby showing thatthe generatingunctionin questionequalsa determinant,
andthenevaluatedthe determinantHowever, sucha proof doesnot explain why the generatingunction
equalssucha nice product. In particular it doesnot give ary clue why in (1.1) the hook lengthsand
contentsappear The desireto have an explanationfor thesephenomenongrovidesthe motivation for
thesearchfor a bijective proof of thisresult. A bijective proof for Stanlg’s Theoreml wasgivenearlier
by Remmeland Whitney [10]. Thoughbeinga significantadvance,one cannotclaim thatthis proofis
really enlighteningor explainsformula(1.1)in asatisfyingway. Asidefrom makinguseof theinvolution
principle of GarsiaandMilne [2] (which createdijectionsin anindirectway), it wasbasedn bijections
thatmimickedrecurrenceelationswhichis certainlynotthe mostdirectrouteto attacktheproblem.Our
proof of Theoreml explainsthe appearancef hooklengthsandcontentsn a straight-forvardway:. It is
basedon the Hillman—Grasshlgorithm[3] andon Schitzenbeger’s[14] jeu detaquin. It doesnot need
theinvolution principle. However, the carefulreademwill noticethatwe setup a bijection betweentwo
setsof objectsthataredifferentfrom thosefor which RemmelandWhitney setup their bijection. In order
to find a bijectionbetweerthe setsthatRemmelandWhitney consideralsowe have to usetheinvolution
principle. However, theresultingbijectionis considerablysimplerthanRemmelandWhitney's.

We remarkthata bijective proof of Theoreml for one-ravedshapedi.e. the caseof (ordinary)parti-
tionswith < A; parts,eachpart< a) canbefoundin Sagans paper[11, proof of Theorem8]. However,
this proof is differentfrom our proof whenrestrictedto one-raved shapes Besidesthis proof doesnot
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seemto generalizeto arbitraryshapes.In the samepaper which hasbijective proofsof hook formulas
asits theme,alsothe problemof finding a bijective proof of MacMahons productformula[7, Sec.429,
proofin Sec.494]for the generatingunction of planepartitionsof rectangulashapesvith boundeden-
triesis posed.SinceMacMahons formulais actuallycontainedn Theoreml (whichis seenby aneasy
transformatiorof planepartitionsinto column-strictreverseplanepartitions),our bijectionalsoprovides
asolutionto this problem.SeealsoSection4.

Our paperis organizedasfollows. In Section2 our bijective proof of Theorem1l is described. (A
completeexamplefor our bijectionis carriedout in the appendixof this paper). Then,in Section3, we
discusssomerelatedbijections.In particular it is therewherewe explain how our bijection describedn
Section2 canbe usedto provide a muchsimpler(involution principle-basedbijection betweenthe sets
that Remmeland Whitney usein their bijective proof [10] of Theoreml. Finally, in Section4, we list
somemoreplanepartitionformulasthatalsodesireto receive bijective proofs.

In conclusionof the Introduction,a few commentson the relation of the presentwork to the recent
beautiful bijective proof [8] of the Frame—Robinson—Thrallook formula for the numberof standard
Youngtableawof agivenshapeby Novelli, PakandStoyanovskii (announcedh [9]) arein order Clearly,
the Novelli-Pak—Styanovskii algorithmaswell asour algorithmdescribedn Section2 arebasedon jeu
detaquin(amodifiedjeu detaquinin ourcase).Still, | amnot ableto nameanimmediatedirectrelation.
However, | discoveredthatit is possibleto megethe Novelli-Pak—Stganorskii ideaof how to keeptrack
of thehookswith the modifiedjeu detaquinideaof this paperto obtaina new bijective proof of thehook-
contentformula (1.1), which alsoavoids the involution principle. (In fact,it setsup a bijection between
the setsRemmeland Whitney considerin their paper[10].) This will be the subjectof a forthcoming
publication[5].

2 Bijective proof of Stanley’s hook-content formula
First, we rewrite (1.1) in theform (hereCRPPis shortfor ‘column-strictreverseplanepartition’)

1 T i 1
Z qn(P)) . H T qa+_cp = qu=1 WA H 1= g (2.1)

P aCRPPof shapex PEA PEA
with 1<entries<a

Letuscall anarbitrary filling of the cellsof A with nonn@ativeintegersatabloid of shapeA. Further
more,let us definethe hookweightwy, (T") of atabloid T' of shape) by Zpa T, - h,, andthe content
weightw,.(T) of atabloid T by Zpa T, - (a + ¢,). Thentheright-handsideof (2.1) is the generating
functiony”, ¢™(#0)g»»(Tr) wherethesumis overall pairs(Py, Tr), with Py beingthe“minimal” column-
strictreverseplanepartitionof shape\ with entries> 1, i.e. the column-strictreverseplanepartitionwith
all entriesin row ¢ equalto i for all 2, andwith T'g varyingover all tabloidsof shape\. Similarly, theleft-
handsideof (2.1)is the generatindunction 3 ¢™(Fz) g<(Tt)  wherethe sumis over all pairs(Pr, Tr,),
with Py, varyingover all column-strictreverseplanepartitionsof shape\ with entriesbetweenl anda
andTy, varyingover all tabloidsof shape\. Sothetaskis to setup abijectionthatmapsa right-handside
pair (P, Tr) to aleft-handsidepair (P, T1), suchthatn(Py) + wy (Tr) = n(Pr) + w(Ty).

One stepin our bijection was alreadydonemuchearlier In their celebratechaper[3], Hillman and
Grasslconstructedan algorithmicbijection betweertabloidsTr of shape\ andreverseplanepartitions
Pg of shape) with nonnaative entriessuchthat n(Pr) = wy(Tg). If we addsucha reverseplane
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partition Pg to P, cell-wise,thenwe obtaina column-strictreverseplanepartition P of shape\ with
entries> 1, andwe have n(Pg) = n(Py) + n(Pr) = n(Py) + wy(Tr). Thereforethe new taskis to
setup a bijection that mapsa column-strictreverseplanepartition of shape\ with entries> 1 to a pair
(Pr,TL), where Py, is a column-strictreverseplanepartition of shapeA with entriesbetweenl anda,
andwhereT7, is atabloid of shape), suchthat

n(Pr) =n(Pr) +wc(TL). (2.2)

We claim thatthefollowing algorithmperformsthis task.

Algorithm C. Theinput for the algorithmis a column-strictreverseplanepartition Pr of shapei with
entries> 1.
(C0)Set(P,T) := (Pr,0), where0 denoteghetabloid of shape\ with 0 in eachcell.

(C1)If P doesnotcontainary entry> a thenstop. The outputof thealgorithmis (P, T).

Otherwise considerall cornercellsof A (whicharethecellswith noright andbottomneighbourcells).
Choosaall cornercellsthatcontainthemaximalentryof P, andamongall thesepick theleft-most,cell w
say (Notethatthemaximalentryof P mustappeain acornercell of P sinceP is acolumn-strictreverse
planepartition. Hence,in our situationit mustbe > a.) Replaceheentry P, in cellw by P,, — (a + ¢).
Call this entryspecial Continuewith (C2).

(C2) If acolumn-strictreverseplanepartitionis obtainedthencontinuewith (C3).

If not,i.e. if thespecialentry, s say violatesincreasealongrows or strictincreaselongcolumns then
we have thefollowing situation,

2. (2.3)

IS

whereatleastoneof x > s andy > s holds. (Oneof x or y is alsoallowedto be actuallynot there.) If
xz > y thendothemove

Yyl 2.4)
s+1|x
If x <y thendothemove
s—1
(2.5)
Ty

Thenew specialentryin (2.4)is s + 1, the new specialentryin (2.5)is s — 1. Repeaf{C2). (Notethat
alwaysaftereithertypeof movetheonly possibleviolationsof increasalongrows or strictincreasealong
columnsinvolve the new specialentryandtheentryto theleft or/andabove.)

(C3) Let P bethe column-strictreverseplanepartitionjust obtained.If we endedup with the special
entryin cell p thenadd1 to theentryin cell p of T. Thetabloid thusobtainedis the new T'. Continue
with (C1). O
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ExAMPLE C. A completeexamplefor Algorithm C canbe foundin the appendix. Therewe choose
a = 4 andmapthe column-strictreverseplanepartition of shape(4, 3, 3,1) on the left of Figure2 to

the pair on theright of Figure2, consistingof a column-strictreverseplanepartition of shape(4, 3, 3,1)

with entries< 4 anda tabloid of shape(4, 3, 3,1), suchthat the weight property(2.2) holds. In fact,
the norm of the column-strictreverseplanepartition on the left of Figure2 is 49, while the normof the
column-strictreverseplanepartitionon theright is 26 andthe contentweightof thetabloidis 23.

1]1]3]s] 1]1]1]3] [1]o]1]0]
2 2|2 1
— ,
5 303 3
7] 4] 1]
n(.) =49 n(.) =26, w.(.) =23
Figure2

The appendixhasto be readin the following way. First of all, ignoreall doublecircles,andall even
rows in theright columns.Whatthe left columnsshaow is the pair (P, T') thatis obtainedafter eachloop
(C1)-(C2)-(C3). Togetherwith the pair (P, T') afilling of the shape(4, 3, 3,1) is displayedthat shovs
all valuesP, + 4 + ¢, for all cells p with T}, # 0. Thiswill beimportantfor understandingd.emmacC
but canbe ignoredfor the moment.At eachstage the entrythatis choserby (C1) is circled. Theneach
intermediatestepduring theloop (C1)-(C2)-(C3)is displayedin the oddrows of theright columns.The
specialentry is alwaysunderlined. When a column-strictreverseplanepartition is reachedthe special
entryis boxed. The entryin the correspondingell of thetabloidis subsequentlyncreasedy 1 in step
(C3). O

It shouldbe noticedthat,asidefrom adding/subtracting to/from the specialentry, whathappengrom
(2.3)to (2.4), respectiely (2.5), is ajeu detaquinforward move (cf. [14, Sec.2], [13, pp.120/169]).

It is obviousthatthis algorithmmapsPx to apair (P, TL), whereTY, is atabloid of shape\ and P,
is a column-strictreverseplanepartition of shapeX with entries< a. In fact,the entriesof P, haveto
be > 1. Thisis seenasfollows. The only problemcould arisewith our specialentry. However, when
we arrive at (C3), a specialentry < 0 canonly occurin cell (1, 1), becausetherwisestep(C2) wasnot
finished. Eachloop (C1)-(C2)-(C3)of the algorithmstartswith someentry P,, > a in a cornercell w.
It is replacedby P, — (a + ¢,,). Thenit is (possibly)movedaccordingto (2.4) and(2.5). It is easyto
checkthatat eachstageduring performingthe steps(C2), the specialentry; if locatedin cell p, will equal
P, — (a+¢,). Thisis apropertysoimportantthatit hasto berecordedor lateruse,

(specialentryin p) = P, — (a +¢,). (2.6)

Supposave reachcell (1,1). Whenwe arrive at (1, 1), by (2.6) andsincec(; ;) = 0, our specialentry
hasbecomeP,, — a. Butthisis > 1 sinceP,, > a.
Sowe have analgorithmthatmapsright-handsideobjectsPr, of (2.1)to left-handsideobjects( Py, Tr)
of (2.1). Besidesthis mappingsatisfiegsheweightproperty(2.2). Thisis immediatefrom (2.6).
Whatremainss to establistthatour algorithmis actuallya bijection betweerright-handsideandleft-
handsideobjects.Thiswill beaccomplishedby constructinganalgorithm,Algorithm C* below, thatwill
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turn out to be the inverseof Algorithm C. We could exhibit Algorithm C* immediately However, we
preferto provide motivationfor the definition of Algorithm C* first, in form of thefollowing lemma.On
the otherhand,readersvho arenot interestedn the detailscan safely skip the lemmaandjump to the
descriptionof Algorithm C* atthis point.

LemmaC. Let(P,T) beobtainedafter somdoop (C1)-(C2)-(C3)during AlgorithmC. Supposéhatthe
loop terminatedin cell v whenreading (C3). Thenamongall cells p with T, # 0, « is a cell for which
thevalueP, + a + ¢, attainsits minimum andif there are several cells p with T, # 0 whele theminimum
is attained,then+y is theright-mostandtop-mostof those Besidesthere holds

P, + a + c, > max{entriesin P}. (2.7)

PROOF. We prove theassertiondy inductionon the numberof loops(C1)-(C2)-(C3).
The assertionsare certainly true for the pair (P,7') obtainedafter the very first loop (C1)-(C2)-(C3)
from (Pg, 0). Thisis becausehereis only onecell ¢ in T' with T, # 0, and,whatregards(2.7), because

P + a+ ¢ = max{entriesin Pg} > max{entriesin P}, (2.8)

the equalityholding becausef (2.6), the inequalityholding becausef the following facts. In the tran-
sition from Px to P the multisetof entriesremainsthe same exceptfor oneentry, (Pgr).,,, wherew is
the cornercell thatis chosenwhenapplying (C1) to Pg. At the beginning of the loop (C1)-(C2)-(C3)
leadingfrom Pg to P, (Pg)., is replacedby (Pr)., — (a + c,), which is lessthan (Pg),, becausef
a > r >max{—c, : p € A} (recallthata > r is oneof theassumptionin Theoreml.) Thenthespecial
entry(Pr). — (a + ¢,) is (possibly)movedinwardsaccordingto (2.4) and(2.5). At theendof theloop
(C1)-(C2)-(C3)a column-strictreverseplanepartitionis obtainedthereforethe specialentryin the end
hasto be < max{entriesin Pg} in ary case.

Thecells~, ¢, w, thejeudetaquinpath
from w to ¢, andthefour regionsdeterminedy ~y.

Figure3

So,let usassumehatthe assertiongretruefor (P, T'), obtainedafter someloop (C1)-(C2)-(C3).Let
~ bethecell wherethe lastloop, which gave riseto (P, T'), terminatedat (C3). Let w be the cell where
the next loop starts,i.e. the cornercell of P chosenby (C1), andlet ¢ bethe cell wherethis next loop
terminatesat (C3). SeeFigure3. Let (P, T) bethe outcomeafterthisloop. Notethatby constructiorthe
cellsp with T, # 0 are¢ andthecellswith T}, # 0. In particular T, # 0 impliesT, # 0.
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Firstwe prove (2.7)for P and(. By (2.6), theentryof P in cell ¢ is
P: =P, —(a+c). (2.9)
Thisimmediatelyimplies
P + a + ¢ = P, = max{entriesin P} > max{entriesin P}. (2.10)

Thelastinequalityfollows from the argumentsthat proved (2.8), justreplacePg by P in the paragraph
after(2.8). Obviously, (2.10)proves(2.7)for P and(, asdesired.

Next we shaw that P, + a + ¢,, evaluatedat cells p with T, # 0, attainsits minimal valueat ¢. By
inductionhypothesis(2.7) holdsfor P andy. Hencewe have

P, +a+ ¢, > max{entriesin P} = P, = P: + a + c. (2.11)
Let p beary cellwith T, # 0. Recallthatthismeansy = ¢ or T, # 0. We wantto shov
P,+a+c,> P +a+c. (2.12)

If p = ¢ thenthereis nothingto shov. Solet p # ¢. Thenwe have T, # 0. By inductionhypothesigor
v, wehave Py + a + ¢, < P, + a + ¢, for all cellswith T, # 0. So,if we supposeP, = P,, thenwe
concludeysing(2.11)

Pp+a+cp=Pp+a+cp2P7+a+cvzpc—|—a—|—cc,

which verifies (2.12) in this case. However, the only entriesthat are changedduring the performance
of the loop (C1)-(C2)-(C3)arelocatedin cells (weakly) to the right and (weakly) belov of cell {, see
Figure3. For thesecellsthereholdsthe following basiccomputation.For corveniencelet ¢ = (iy, j1),

andlet p = (i2, j2) bein thisregionto theright andbelow of ¢, i.e. i1, < i» andj; < j». Then,sinceP
is a column-strictreverseplanepartition,we have

P,+a+c,=P,+a+ (jo—iz)
2(13<+z'2—i1)+a+(j2—i2):13<+a+j2—i1
>Pr4a+ji —ii =P +a+c. (2.13)

Thereforehevalue P, +a+c, for anycell p in theregionto theright andbelow of ¢ isatleastP; +a+c¢,
soalsofor thecellswith T, # 0, which verifies(2.12)in this casefoo. For laterreferencave remarkthat
the computation(2.13)alsoshaws thatthe only cellsin this region for which we could have equalityare
in the samecolumnas(.

Finally we shaw that( is theright-mostandtop-mostamongall cells p with T, # 0 whereP, +a +c,
attainsits minimal value. Let p be a cell with 7, # 0 whereP, + a + ¢, attainsits minimal value. In
particular we have

P,+a+c,=P+a+c. (2.14)

First, supposéhatp is acell with P, # P,. Thenp hasto belocatedin the region (weakly)to theright
and (weakly) below of (. As we notedafter the computation(2.13), the only cells p in this region for
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which we could have equalityin (2.13)lie in the samecolumnas(. ¢ is thetop-mostandright-mostof
thesejn agreementvith our claim.

Themoredelicatecaseis wheny is acell with T, # 0 and P, = P,. Of coursenothingis to shaw for
p = ¢, sowemayassume # (. ThisimpliesT, # 0,andsoP, +a+c, = P, +a+c, > P, +a+c,,
theinequalityholdingby inductionhypothesidor . Combiningthis with (2.11)and(2.14)we areforced
to conclude

P,+a+c,=Py+a+c,=PFP +a+c. (2.15)

We sshallshow that(¢ hasto lie in theregion (weakly)to theright and(weakly)above of  (asis indicated
in Figure3). Since~y wasthe right-mostandtop-mostof all the cells p with T}, # 0 wherethe minimal
valueof P, + a + ¢, is attainedthis would establisithat( is theright-mostandtop-mostof all thecells
p with T, # 0 wheretheminimalvalueof P, + a + ¢, is attained asdesired.

We prove the claim of the previous paragraphby excluding the other three quarterregionsthat are
determinedy the horizontalline andtheverticalline runningthrough~y, seeFigure3.

First,supposehat( liesin theregionstrictly to theright and(weakly)below of v. ThenP, = P,, since
~ wasnotmetduringtheloop (C1)-(C2)-(C3)leadingfrom P to P. However, thenthe basiccomputation
(2.13)applieswith ¢ replacedby «, andp replacedby (. Sincewe assumedhat( is strictly to theright
of v, theremarkbelow (2.13)tells thatactually strict inequalityin (2.13), with the above replacements,
holds,i.e. P; + a + ¢¢ > P, + a + ¢,. Thiscontradicty2.15)becaus®f P, = P,. Thus,thisregionis
excluded.

Next we shawv that{ cannotlie in the region (weakly)to theleft and(weakly) below of v, v excluded.
This would follow immediatelyfrom the claim thatif two successie loops(C1)-(C2)-(C3)startwith the
samesizeof entryin the cornercellschoserby (C1) (which appliesin our casesincetheloop thatleadto
P startedwith anentry P, + a + ¢, in somecornercell, andtheloop thatleadfrom P to P startedwith
P: + a + ¢, bothquantitiesbeingthe sameby (2.15)) thenthe secondpathof moveshasto stayto the
right of thefirst pathof moves.

To checkthis claim, onceagainnotethat both loops startedwith the samesize of entriesin the cells
choserby (C1). By therulesin (C1), this meangthat eitherthe secondoop startedstrictly to the right
of thefirst, or we startedin the samecell, wherein this casethefirst loop startedwith aleft move (2.4).
(Notethatif we startwith anupwardmove (2.5) then,by column-strictnessa smallerentryis movedinto
the cornercell thanhasbeentherebefore.)Now, it is aneasy-to-checkropertyof our modifiedforward
jeu detaquin(C2) thatif the second‘jeu detaquinpath”is to the right of thefirst “jeu detaquinpath”
somevhere,thenit hasto stayto the right from thereon. To male this precise supposehat during the
first loop the specialentry, s; say wentup by (2.5), seethe left half of Figure4. (The arrovs markthe
directionof move of the specialentry,)

during during
Y | 2| firstloop | * | 2 * | 2 | secondoop | * |k
— —
S1 [ * Y|* Y|S2 Y|z
Figure4

Sincerows areweaklyincreasingwe havey < z. Supposéahatduringthe secondoop we reachthecell
neighbouringy and z with a specialentry s, seetheright half of Figure4. Thenthe definition of the
algorithmforcesusto stophereor to move up in the next step(C2). We alreadychecledthatthe second



Bijectiveproof of Stanlg’s hook-contentformula 19

“jeu detaquinpath” startsto theright of thefirst, thereforeit hasto stayto theright always. Soalsothis
regionis excluded.

Finally, we examineif ¢ couldbelocatedin theregionstrictly to theleft and(weakly)above of v. Once
more the computation(2.13) with p replacedby ~, appliesand,togetherwith the remarkbelow (2.13)
(notethat we assumedy to be strictly to the right of ¢), implies P, + a + ¢, > P + a + ¢¢, which
contradicty2.15)becausef thesimplefactP, > P,.

This completegheproofof theLemma. O

FromLemmacC it is pretty obviouswhattheinversealgorithmof Algorithm C couldbe.

Algorithm C*. Theinputfor thealgorithmis a pair (P, L), wherePy, is acolumn-strictreverseplane
partitionof shape\ with entriesbetweenl anda, andwhereTy, is atabloid of shape\.
(C*0) Set(P,T) := (Pr,TL).

(C*1) If T' = 0 thenstop. Theoutputof thealgorithmis P.

Otherwise considerall cells p with T, # 0. Amongthesechoosethe cellsfor which P, 4+ a + ¢, is
minimal,andamongall thesepick theright-mostandtop-mostcell { say (Obsenethatamongtwo cells
attainingthe samevalueof P, + a + ¢, oneis always (weakly) to the right and (weakly) above of the
other, againbecausef the computation(2.13) with P replacedoy P, andthe remarkbelow (2.13) So
theright-mostandtop-mostof thesedoesexist.) Replacetheentry Py in cell by P; + a + ¢¢. Call this
entryspecial Continuewith (C*2).

(C*2) If thespecialentry, s say is locatedin a cornercell of A thencontinuewith (C*3).
If not, thenwe have thefollowing situation,

S|T
(2.16)
1Y)
(Oneof z or y is alsoallowedto be actuallynotthere.)If 2z < y thendothemove
TS
(2.17)
Y]
If x >y thendothemove
T
Ay (2.18)
S

Thenew specialentryin eithercasds s. Repea(C*2).

(C*3) Let P bethe column-strictreverseplanepartition just obtained.(Thefactthatindeeda column-
strictreverseplanepartitionis obtainedwill be provedin thesubsequerntemmacC*.) Subtractl from the
entryin cell ¢ of T'. Thetabloidthusobtaineds thenew T'. Continuewith (C*1). O
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ExAMPLE C*. A completeexamplefor Algorithm C* canbefoundin the appendix.Therewe choose
a = 4 andmapthe pair on theright of Figure 2, consistingof a column-strictreverseplanepartition of
shape(4, 3,3, 1) with entries< 4 anda tabloid of shape(4, 3, 3,1), to the column-strictreverseplane
partitionof shapg(4, 3, 3, 1) ontheleft of Figure2, suchthattheweightproperty(2.2) holds.lt is simply
the inverseof the examplefor Algorithm C givenin ExampleC. Therefore herethe appendixhasto be
readin thereversedirection,andin the following way. First of all, ignoreall singlecircles,andall odd
rows in theright columns.Whatthe left columnsshow is the pair (P, T') thatis obtainedaftereachloop
(C*1)-(C*2)-(C*3) togethemwith afilling of the shape(4, 3,3, 1) thatshavs all valuesP, + 4 + ¢, for
all cellsp with T, # 0. At eachstage the entrythatis chosenby (C*1) is doubly circled. Theneach
intermediatestepduring the loop (C*1)-(C*2)-(C*3) is displayedin the evenrows of theright columns.
The specialentryis alwaysdoubly underlined.Whena column-strictreverseplanepatrtition is reached,
the specialentry is doubly boxed. The entry in the correspondingell of the tabloid is subsequently
decreasedy 1 in step(C*3). O

Again, it shouldbe noticedthat(2.17)and(2.18)areexactly jeu de taquin backward moves(cf. [14,
Sec.2], [13, pp- 120/169]),which reversethe forward moves(2.4) and(2.5), respectiely, exceptfor the
subtraction/additionf 1 in (2.4)and(2.5).

In orderto show that Algorithm C* is alwayswell-defined,we have to confirm thatwhenarriving at
(C*3) we always obtaineda column-strictreverseplanepartition. This is establishedn the following
lemma. Besides,this lemmacontainsthe factsaboutAlgorithm C* that are neededto prove that the
Algorithms C andC* areinversesf eachother

Lemma C*. Let(P,T) beobtainedafter someloop (C*1)-(C*2)-(C*3) during Algorithm C*. Thenfor
all cellsp with T, # 0 there holds

P, 4+ a + ¢, > max{entriesin P}. (2.19)

Also, P is a column-strictreverseplanepartition. Besidesif w is thecornercell thatcontainedhespecial
entryat theendof theloop (C*1)-(C*2)-(C*3) thatleadto P, thenw is theleft-mostcornercell in P that
containsthe maximalentryof P.

PrRoOOF. We provetheassertion®y inductionon the numberof loops(C*1)-(C*2)-(C*3).
To begin with, we know thatwhenwe startwith Algorithm C* we have a pair (P, T), whereP is a
column-strictreverseplanepartitionwith entriesbetweenl anda. Sofor anycell p = (i, j) we have

P,+a+c, =P, jta+tcqy
>it+a+(j—1)
>a
> max{entriesin P}. (2.20)

Sotheassertion2.19)andthe assertiorthat P is a column-strictreverseplanepartitionhold at the very
beginning. Thiswill suffice for the startof theinduction.

As induction hypothesidet us assumethat the assertionsf the Lemmaaretrue for (P, T') andall
precedingpairs occuringin step(C*3) during the processof the algorithm, except of coursethat the
assertioraboutthe cornercell w doesnot hold for theinitial pair (becausét doesnot make sensdor the
initial pair).
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Let ¢ be the cell wherethe loop (C*1)-(C*2)-(C*3) startsfrom (P, T), i.e. the cell thatis chosen
by applying (C*1) to (P, T'), andlet x be the cornercell wherethe loop stopsat (C*3). SeeFigure5.
Furthermorelet (P, T) betheoutcomeafterthisloop. Then,by definitionof thealgorithmwe have

P,c =FP;+a+c. (2.21)

Note that, alsoby definition of the algorithm, the cells p with T, # 0 arethosewith T, # 0, except
possiblyfor ¢. In particular T, # 0 impliesT, # 0.

Thecellsv, w, ¢, &, thejeudetaquinpaths
from « to w andfrom ¢ to .

Figure5

Firstwe prove (2.19)for P. Letp beary cell differentfrom s with T, # 0. By definitionof (C*2) we
have P, > P,. Besideswe alreadysav that7, # 0 impliesT, # 0. Therefore py constructiorof ¢ in
(C*1), we have

P,+a+c,>P,+a+c, > P +a+c. (2.22)

Notethat(2.22)alsoholdsfor p = & sinceby (2.21)wehave P, + a + ¢, = (P +a+¢¢) +a+ cx >

Pr+a+c¢, theinequalitybeingtruebecausef a > r > max{—c, : p € A} (recallthata > r isoneof the
assumption#é Theoremil.) Also by constructiorof ¢, wehaveT, # 0, andhenceby inductionhypothesis
(2.19)that P; + a + c¢¢ > max{entriesin P}. ThisimpliesthatP; + a + ¢, = max{entriesin P} since
thesetof entriesof P is thesameasthesetof entriesin P exceptfor thespecialentry P; + a + ¢, created
in (C*1) andfinally locatedin cell x in P. Hence,(2.22)proves(2.19)with P replacecby P, asdesired.

Now we prove that P is a column-strictreverseplanepartition. If P; + a + ¢, > max{entriesin P}
thenthis assertiorcertainlyholds,since P, = P; + a + ¢, istheonly new entryin P. Notein particular
thatby (2.20)we arein this caseatthevery beginning.

By inductionhypothesis(2.19)holdsfor ¢, sotheonly othercaseis

P + a + ¢¢ = max{entriesin P}. (2.23)

Obsenrethattheonly difficulty ariseswvhenwe reachcornercell x attheendof aloop (C*1)-(C*2)-(C*3)
from above,andwhenin addition P, = P, holds. In this casecolumn-strictnessf P would be violated.
We have to shaw thatthis casecannotoccut
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Let (P',T") bethe pair preceding(P, T, i.e. (P,T) is obtainedby applyingoneloop (C*1)-(C*2)-
(C*3) to (P',T"). As we justnoted,(P’,T") exists,sinceif (P,T) weretheinitial pair we would notbe
in this casebecaus®f (2.20) Furthermorelet v bethe cell wherethis loop starts,andlet w bethecorner
cell whereit stops,seeFigure5. By definitionof thealgorithmwe have

P, =P, +a+c,. (2.24)
Now, by inductionhypothesisandthedefinition of thealgorithm,
P + a + ¢, = max{entriesin P}. (2.25)

Furthermore,thereholdsPC’ < P, by the definition of (C*1) if { # w, butalsoif { = w because
of (2.24) andthe inductionhypothesig2.19) for P’ andp = ~. Hence,againby definition of (C*1),
P +a+cy < Pl +a+c < P+ a+ c. Combiningthiswith (2.23)and(2.25) we areforcedto
conclude

P 4+a+c, =P +a+tc (=P +a+c). (2.26)

Thereforeagainby definitionof (C*1), ¢ lies (weakly)to theleft and(weakly)below of v, asis indicated
in Figure5.

It is aneasy-to-checkropertyof backwardjeu de taquin(C*2) thatif the secondjeu detaquinpath”
is to the left of thefirst “jeu de taquinpath” somevhere,thenit hasto stayto theleft from thereon.To
be precise supposehatduring thefirst loop (C*1)-(C*2)-(C*3) the specialentry, s; say wentdown by
(2.18) seetheleft half of Figure6. (Again, thearrons markthe directionof move of the specialentry,)

during during
* | 81 | firstloop | * S9 secondoo
stoop Zi Y | secondoop j Yy
zZly 2| * 2 | * *

Figure6

Sincerows areweaklyincreasingwe have z < y. Supposéahatduringthe secondoop we reachthecell
neighbouringy and z with a specialentry s, seetheright half of Figure6. Thenthe definition of the
algorithmforcesusto stophereor to move down in the next step(C*2).

Wealreadysaw thatthesecondjeu detaquinpath”startsat, whichis (weakly)to theleft and(weakly)
below of v, the startingcell of thefirst “jeu de taquinpath”. Thereforeif we supposehatthe first path
doesnotmeet(, we areto theleft of thefirst pathwhenwe startthe secondpath. Then,if attheendof the
secondpathwe reachthe samecornercell asthefirst pathdid, we have to reachit from theleft. As noted
above, thisguaranteethat P is a column-stricreverseplanepartition. If we do notreachthesamecorner
cell, thenwe reacha cornercell  to theleft. In this caseour inductionhypothesidor w, the cornercell
thatwasreachedat the endof thefirst path,saysthat P, is strictly lessthan P,, = max{entriesin P}.
Therefore,by using (2.21) and (2.23) we have P, < max{entriesin P} = P,. Hence,P will be a
column-strictreverseplanepartition,regardlesgrom which directionwe reachectell «.

Now we have to considerthe only remainingcasethatthefirst path,startingat vy, meets(. In this case,
¢ would have to lie in the samecolumnas+y (andbelow). First supposehat( is left by thefirst pathby
a downwardmove. In this case by (2.18) we would have P, > P/, which contradicty(2.26) Sothe
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first pathhasto leave ¢ by aright move. Hence we areto theleft of thefirst pathat the beginningof the
secondpath. Thus,the above considerationapply again.

Finally, we prove that x is theleft-mostcornercell in P thatcontainsthe maximalentryin P. Thisis
trivially trueif P, +a + ¢ > max{entriesin P}, againby remembering2.21) Notethatthisinequality
is in particulartrue at the very beginning of Algorithm C*, becausen this case(2.20) holdsevenfor all
cells p, soalsofor ¢. Becausef theinductionhypothesig2.19) theonly othercaseis P; + a + ¢¢ =
max{entriesin P}. Sincewe are not at the very beginning, we are allowed to assumethat this last
assertionof LemmaC* holdsfor P andw. However, we alreadyconsideredhe caseF; + a + ¢ =
max{entriesin P} before(see(2.23) andshavedthatthe “jeu detaquinpath” leadingfrom ¢ to k has
to stayto theleft of the “jeu detaquinpath” leadingfrom « to w. Hencek is (weakly)to the left of w.
By inductionhypothesisw wastheleft-mostcornercell containingthe maximalentryof P. Sok, which
by (2.21)containsP; + a + ¢, = max{entriesin P} in P, is the left-mostcornercell of P containing
max{entriesin P} (= max{entriesin P}), asdesired.

This completegheproofof theLemma. O

FromLemmasC andC* it is abundantlyclearthatthe Algorithms C andC* areinversesof eachother
Thisfinishesthe bijective proof of (2.1).

3 Related bijections

In this sectionwe discussijectionsrelatedto thebijectionin Section2. It is mainly intendedo senethe
true puristamongcombinatorialists.

It is two itemsthat we wantto addressn this section. First, one might argue that we did not prove
Theoreml directly, but thevariant(2.1). Well, aswe shaow in thefirst partof this section|t is notdifficult
to constructa bijective proof of Theoreml directly, i.e. of

- 1
(P)) = Zimride : gt
q" )—q || =g [T —q*), 3.1)

P aCRPPof shapex PEX PEAX
with 1<entrieXa

by usingour Algorithms C andC*. Secondly RemmelandWhitney [10], in thefirst bijective proof of
Stanleg’s hook-contenformula Theoreml, gave an involution principle-basedijective proof for even
anothewariantof Theoreml, namely

) qn(P)) 1re] = = T]la+ ¢, (3.2)

P aCRPPof shapex PEAX PEA
with 1<entriexXa

where[n] := 1+ ¢+ ¢® + --- + ¢™ . While we do not know how to constructa direct bijection (in

the senseof avoiding the involution principle) for (3.2), we areableto find a much simplerinvolution

principle-basedijective proof of (3.2) by usingour Algorithms C andC*. Thisis subjectof the second
partof this section.

Beforewe start,we introducesomespecialtabloidsto be usedin the courseof thefollowing bijections.
Let f besomefunctionfrom the setof all cellsof a Ferrersdiagram) into theintegers,thatmapsthecell
ptothevaluef,, say Thenwe call atabloidT of shape\ a(< f)-tabloidif T, < f, for all cellsp € A,
andwe call T a (0—f)-tabloid if T, equals) or f,, for all cellsp € A. Thesignsgn(T") of a (0—f)-tabloid
is alwaysdefinedto be (_l)numbemf nonzeroentriesin T'
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3.1 Bijective proof of (3.1)

As was already usedin Section 2, the Hillman—-Grasslcorrespondencg¢3] bijectively shavs that
gi=1iXi / Hpex(l — ¢"r) is thegeneratingunction 3 ¢*(P®), wherethe sumis over all column-strict
reverseplanepartitionsof shape\ with entries> 1. Thusthe right-handsideof (3.1) is the generating
function 3" sgn(Tr)g™"») ¢"(Tr) | wherethe sumis over all pairs (Pg, Tr), With Pg beinga column-
strictreverseplanepartitionof shape\ with entries> 1 andwith T beinga (0—(a + ¢))-tabloidof shape
A (viewing (a+c) asafunctionthatmapsacell p € Atoa+c,). Thereis astraight-forvardembeddingf

thesetof column-strictreverseplanepartitionsP of shape\ with entriesbetweenl anda (the“left-hand

sideobjects”in (3.1)) into theabove pairs,namelyby mappingP to (P, 0). Thereforejn orderto prove

(3.1) bijectively, we have to find a sign-reversing(with respecto sgn(7'g)) andweight-preservingwith

respecto ¢"(Fr)+n(Tr)) involution on the setof all pairs (Pg, Tr) asabove, whereeither Py contains
someentry > a or whereTr containssomenonzeroentry,

Suchan involution is simply described.Fix sometotal orderingof the cells of A\. Considersucha
pair (Pr, Tr). Apply Algorithm C to Pg to obtain(Pg, Tr), where Py, is a column-strictreverseplane
partitionof shape\ with entriesbetweenl anda andwhereT is sometabloid of shape). Picktheleast
cell p (in the choserfixedtotal order)suchthatTy or Ty containanonzercentryin this cell. (Notethat
by assumptiortheremustbeatleastonesuchcell.) If theentryis nonzeran Ty thenreplacet by 0, thus
obtainingT}, andadd1 to theentryin cell p of T, thusobtainingTy,. Otherwisereplacethe0 in cell p
of Tg by a + ¢,, thusotainingT’y,, andsubtractl from theentryin cell p of Tg, thusobtainingZz. Apply
Algorithm C* to the pair (Pg,Ty), thusobtainingPg. Theimageof (Pg,Tg) underour involution is
definedto be (Py, Ty). Thereadershouldnothave ary difficulty to verify thatthis mappingis indeedan
involution andis sign-reversingandweight-preservingn theabose sense. O

3.2 Bijective proof of (3.2)

First we have to recall the involution principle of GarsiaandMilne [2] (seealso[17, Sec.4.6]). Let X
be afinite setwith a signedweightfunctionw definedonit. Furthermorelet X1 and Xr be subsetof
X, both of which containingelementswith positive signonly. Supposehatthereis a sign-rezersingand
weight-preservingnvolutioniz, on X thatfixes X ;, andasign-reversingandweight-preservingnvolution
ir on X thatfixes X g. Thentheremustbeaweight-preservingijectionbetweenX; and X g. And such
abijectioncanbe constructeaxplicitly by mappinge € X, to (if o ig)™(z) wheren is theleastinteger
suchthat(ig o ig)™(z) isin Xg.

Now we turn to our promisedbijective proof of (3.2). The right-handside of (3.2) canbe seenas
the generatingfunction 3 ¢"(F0)¢"(Tr) wherethe sumis over all pairs (P,, Tr), with P, beingthe
“minimal” column-strictplanepartition with entries> 1 asexplainedin Section2, andwith Tr being
a (< a + c¢)-tabloid of shape). Call this setof pairsOg. Similarly, the left-handside of (3.2) canbe
seenasthegeneratindunction Y ¢"(¥2) ¢™(Tt) wherethe sumis overall pairs(P, T},), with P, being
a column-strictreverseplanepartition of shapel with entriesbetweenl anda, andwith 77, beinga
(< h)-tabloid. Call this setof pairsOy. .

We needto setup abijectionbetweerthesetwo setsof objects.We wantto usetheinvolutionprinciple.
Thereforewe have to saywhich choiceswe take for the set X, the sighedweightw, the subsetsX;, and
Xg, andtheinvolutionsiy, andig. Of courseO 1, andOg shouldcorrespondo X, andX g, respectiely,
thelatterbeingsubset®f thebiggerset X, thathasto bedescribechext.
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We defineX to bethesetof all triples (P, T, T?) whereP is acolumn-strictreverseplanepartitionos
shape\ with entries> 1, T* is a (0—min{h, a + c})-tabloidof shape\, and7? is a (< max{h,a + c})-
tabloidof shape\. Thesignedweightw on X is definedby

w((P,T",T?)) = sgn(T") g" (P74, (3.3)

We definethe set X, to be the subsetof all triples (P, T*,T?), where P is a column-strictreverse
planepartition of shape\ with entriesbetweenl anda, whereT! = 0, andwhereT? is a (< h)-tabloid.
Note in particularthat the sign of w((P, Tl,TZ)) for all thesetriplesis sgn(0) = 1 which is positive.
Obviously, X, is in bijectionwith O,,. Besidesthereholdsw((P,0,T?)) = ¢*+(T*) which is
exactly whatwe need.

We definethe set X i to be the subsetof X consistingof all triples (P, T!, T?), whereT! = 0 and
whereT? is a (< a + c)-tabloid. Again, the sign of w((Py, T*,T?)) for all thesetriples is positive.
Obviously, X is in bijectionwith O, andw((Py,0,T2)) = ¢"(P)+n(T*) which is exactly whatwe
need.

For definingtheinvolutionsi, andigr we fix atotal orderingof the cellsof A, aswe did beforein the
bijective proof of (3.1).

Firstwe definetheinvolutioniy, thatfixes Xr,. Let (P, T, T?) beatriple in X thatis notin X7, i.e.
P containsanentry > a or T'* containsa nonzeroentry. We distinguishbetweertwo cases For thefirst
casewe assumehatthereis acell p in A with

hy <Ty +T; <a+cy. (3.4)

Without lossof generality let p betheleastsuchcell in ourfixedtotal order Notein particular that(3.4)
impliesh,, < a+c,, andthereforeby definitionof T'* andT® wehaveT; = 0 orh,, and0 < T? < a+c,.
If T} = 0 thenwereplaceT’s by h,, thusobtainingl™, andwereplacel’? by T? — h,, thusobtainingZ™.
If T} = h, thenwe replaceT, by 0, thusobtainingT", andwe replaceT; by T + h,, thusobtaining
T2. It is easyto checkthatbecausef (3.4) in both casesT; will bea (0—min{h, a + c})-tabloid and
T? will bea (< max{h,a + c})-tabloid. We definei, ((P,T*,T?)) to be (P, T!,T?). Obviously, there
holdsw((P,T",T?)) = —w((P,T*,T?)), asrequired.

In the secondcase;i.e. if we have atriple (P, T',T?) where(3.4)is falsefor ary cell p, thenin the
first stepwe transform(P, T, T?) into aquadruple(P’, S°, S*, S?), whereP' is acolumn-strictreverse
planepartition of shape\ with entriesbetweenl anda, S° is atabloid of shape), S! is a (< h)-tabloid
of shape\, andS? is a (0—(a + c))-tabloidof shape), suchthat

w((P,T",T?)) = sgn(§?) g7 =S tn(SH (s, (3.5)

The pair (P, S°) is obtainedby applying Algorithm C to P. S! and S? are obtainedby doing the
following operationon T" and T for eachcell p in X. If h, > a + ¢, theninterchangel; andT}.
If h, < a+ ¢, andif T} + T < h, (whichimpliesT, = 0) thenagaininterchangel’, andT. If
h, < a+c, andif T) + T > a + ¢, (whichimpliesT, = h,) thenreplaceT, by T, + T, — (a + ¢,)
andTp2 by a + ¢,. By asimplecase-by-casanalysighefollowing factscanbechecled: Thenew tabloid
Stisa (< h)-tabloid andthe new tabloid S? is a (0—(a + c))-tabloid,in all cases.Therelation(3.5) is
satisfied. Also, this transformatiorcanbe reversed.Finally, 7* # 0 if andonly if S? # 0 underthis
transformation.
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In the secondstep,we choosethe leastcell p in our fixedtotal ordersuchthatSS or Sf, is nonzero.If
52 is nonzerathenreplaceS? by 0, thusobtainingS?, andadd1 to S9, thusobtainingS®. If S2 is 0 then
replaceS? by a + c,, thusobtainingS?, andsubtractl from S9, thusobtainingS®. Finally, in thethird
stepwe applytheinverseof theabove transformatiorto (P, 5°, S!, S?), thusobtaining(P, T', T?). We
defineir, (P, T%,T?)) to be (P,T*,T?). By constructionwe have w((P,T*,T?)) = —w(P,T*,T?),
asrequired.

We leave it to thereadetto verify thatiy, is a sign-rezersingandweight-preservingwith respecto the
signedweight(3.3)) involutionon X \ X|,.

The definition of iz proceedsn a similar spirit. Let (P, T, T?) beatriple in X with either P being
differentfrom P, or T containinganonzeroentry.

Again,we distinguishbetweertwo casesFor thefirst casewe assumehatthereis acell p in A with

a+c, <Ty+T; <h,. (3.6)

Without loss of generality let p be the leastsuchcell in our fixed total order Note in particular that
(3.6)impliesa + ¢, < h,, andthereforeby definitionof 7" and7* we have T, = 0 or a + c,, and
0 < T? < hy. If T} = 0 thenwe replaceT, by a + ¢,, thusobtainingT", andwe replaceT’; by
T? — (a + ¢,), thusobtainingT?. If T} = a + ¢, thenwe replaceT’, by 0, thusobtainingT*, andwe
replacel’; by T? +a+c,, thusobtainingT™. It is easyto checkthatbecausef (3.6)in bothcased will
bea (0-min{h, a + c})-tabloidandT? will bea (< max{h,a + c})-tabloid. We definei, ((P,T*,T?))
tobe (P, T",T?). Obviously, thereholdsw ((P, T*,T?)) = —w((P,T*,T?)), asrequired.

In theseconctasej.e. if wehaveatriple (P, T, T?) where(3.6)is falsefor ary cell p, thenin thefirst
stepwe transform(P, T1, T?) into aquadruple( Py, S°, S*, 52), whereS° is atabloid of shape), S! is
a(< (a + c))-tabloid of shape\, andS? is a (0—h)-tabloid of shape\, suchthat

w((P,T",T?)) = sgn(§?) g"Fo)+Hen(S)+n(SHn(sh) (3.7)

The pair (P, S°) is obtainedfrom P by usingthe Hillman—Grasshklgorithmasdescribedn Section2.
S! andS? areobtainedby doingthefollowing operatioron T and7™ for eachcell pin X. If a+c¢, > h,
theninterchangdl’y andT. If a + ¢, < h, andif T, + T} < a + ¢, (whichimpliesT, = 0) thenagain
interchangd’) andT;. If a+c, < h, andif T} +T; > h, (whichimpliesT, = a+c,) thenreplaceT,
by Tp1 + Tp2 —h, andTp2 by h,. Similarly asabove, by asimplecase-by-casanalysishefollowing facts
canbechecled: Thenew tabloidsS! isa (< (a + ¢))-tabloid andthe new tabloid S? is a (0—h)-tabloid,
in all casesTherelation(3.7)is satisfied.This transformatiorcanbereversed. And, T # 0 if andonly
if S? # 0 underthis transformation.

In the secondstep,we choosethe leastcell p in our fixedtotal ordersuchthatSS or Sg is nonzero.If
52 is nonzerothenreplaceS? by 0, thusobtaining 52, andadd1 to S9, thusobtainingS®. If S2 is 0
thenreplaceS? by h,, thusobtainingS?, andsubtractl from S9, thusobtainingS®. Finally, in the third
stepwe applytheinverseof theabove transformatiorto (P’, 5°, S!, S?), thusobtaining(P, T', T?). We
defineig ((P,T",T?)) to be (P, T*,T?). By constructionwe have w((P,T*,T?)) = —w(P,T*,T?),
asrequired.

Also here,we leave it to the readerto verify thatip is a sign-reversingandweight-preservingwith
respecto the signedweight(3.5)) involutionon X \ Xg. O
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4 Conclusion

Thereare mary otherproductformulasfor plane partition generatingunctions,andonly for a few of
themcombinatorialproofsareknown. However, mary of theformulasfor which no combinatorialproof
is known allow nicecombinatoriaformulations.Thereforethereshouldalsobenicecombinatoriaproofs
thatexplain theseforms of the formulas. Below we list afew candidateshatdesireto be proved combi-
natorially.

(1) In [4] it is proventhatthe numberof planepartitionsof agivenstaircaseshapewith boundedentries
is aproductinvolving thehook-lengthandsomegeneralizedontentf thestaircaseshapels it possible
to extendtheideasof Section2 to this case?0f coursejt cannotbethateasysincetheredoesnot exist a
weightedversionof thisresult.

(2) Countingplanepartitionssubjectto varioussymmetriesacquireda lot of attentionduring the past
25years.Thereare10 symmetryclassegseethe surey in Stanlg’s paper{16]), for eachof whichthere
is a nice productformula. Now all the formulasare proven (exceptfor the g-analogueof Case4; the
formulasthatwere only conjecturechat the time of [16] areprovedin [1, 6, 18]). Casel, MacMahons
generatindunction[7, Sec.429,proofin Sec.494]for planepartitionsof rectangulashapewith bounded
entries,is easilyseento be containedn Theoreml. Thereforethis paperprovidesa bijective proof for
Casel. In all othercaseghe existing proofsareto the moreor lesserextentnon-combinatorial Case2,
the generatingunction for symmetricplanepartitionsof squareshapewith boundedentries,looks like
a promisingcandidateto be proved combinatorially This is becausesymmetricplanepartitionscanbe
seenasshiftedplanepartitions,by forgettingaboutone half of the symmetricplanepartition, wherethe
entriesof the shiftedplanepartition off the diagonalcontrilbute twice their sizeto the norm. Thereexists
a shiftedversionof the Hillman—Grasskorrespondencelueto Sagar11, Sec.3,4], thatwould provide
theanalogudor thefirst stepin our bijectionin Section2. Soit remainsto find the shiftedanalogue®f
Algorithms C andC*. Thoughthereis alsoa shiftedversionof jeu detaquin(cf. [12]), it doesnotseem
to helphere. And thefactthatthereis a nice productformulafor the generatingunctionfor symmetric
planepartitionsof squareshapeonly (andnotfor anarbitraryfixedsymmetricshapeaddsto theevidence
thata new ideais neededn this case.

On theotherhand,in all the Casesl—4the formulascanbe written in a form suchthatthe productis
indexedby the boxesof theregionin which the planepartitionsunderconsideratiorarecontainedwhich
is a highly combinatorialdescription. So there mustbe bijective proofs explaining theseforms of the
formulas.

Acknowledgement. This work was carriedout while the authorvisited the University of California at
SanDiego. He thanksthe University of Californiaandin particularAdriano Garsiafor makingthis visit
possible. Besides he is indebtedto Adriano Garsiafor drawing his attentionto the problemof finding
“nice” combinatorialproofsof hookformulas.

Appendix

Theappendixcontainsacompleteexamplefor AlgorithmsC andC* for A = (4, 3,3, 1) anda = 4, setting
up a mappingbetweenthe two sidesof Figure2. Seethe specificdescriptiongivenin ExamplesC and
C* of how to readthefollowing tables.



C. Krattenthaler

—~ —~
—~ - = -
) ol &l ol
[¢'e} o0 ™ [yel
| < ~ om | <t b~ | <] ~ ool| <t | I~
—| o| = — | en]| ool — ol o — | | w»
|~ o] =] — | ~] | ~ Tl o < — | | ] 1~
< < )
—~
< 1; < ll_« 3% ﬂ_,&
o o o o ) @)
N—r' N—r N—r' N—r N—r
00 o — [ o) ®
e o | < | [o9] o |~ | = | ~ | < | b~ N ]~
—| ;] > —| ™| ~ —| | —| | o —| »| o —| »| 0
— | [ ] ~ — [ o] w] ] — | [ o] ] — | [ o] ~ 125@_ 125m_
o ) = ) = )
@) ¢ @) ¢ @) ¢
= = =
| — | I |
S = =
ol o] ©
o o] — ol o —
e e IR IHE IHNE
o]l o] =] o ol oo 2]
0000_ | | | | | | | | | | | |
— e =
©
=TT ®
| <+ | @ |~
—| »] ~ 13@ il oCH S
— | [ o] ] — | [ o] ] ERIEE)

28



29

e &
) )
~ | =] o ~ | =] o
—| o[ » — | »|
- ~| — | =~
—
—~ M~
N 1@
i o
N—r N—r
M en ] )
~| | o i
— | | < —| »
—| o o | X
<
\AJ 1@
o 3
py ™
™ ol N [~
— 0 — %)
— 0 — %)

(C1) [2|3]4

P

0100
0|1(0

4

3

1 [1]2]3] [o]o[1]o]

5 (5@

Bijectiveproof of Stanlg’s hook-contentformula

C3
€
(3)
)

()

5[5

1]1]2]3]

(2.5) |2]3]4

o

1)1]2]3]

(2.18)|2|3]4
1 123|

25) [2]3]4

e

1)1]2]3]

(2.18)|2|3]4
5/5(5

6

[|5]5
3Bl[5(5

—
—

515

515

11]2]3]

(C1) [2|3]4

Y

1[1]2]3]

(C*3) | 2 [3]4

—

11]2]3]
2(34
4155
1 [1]2]3]

c*3) | 2 |3]4

—

5[5|5

(C*3) |2|3] 4
1)

—

C

(

T Ts]]
T[]

0]0(0
1{1]0
010]0
211]0

3|4
®)|5|5
3|4

@55

1 [1]2]3] |o]o]1]o]
1 [1]2]3] |o]o]1]o]




30

C. Krattenthaler

1123\0 10\ 1]1]2(3 1(1]2|3 1(1]2(3
2 (3|4 c1) |2(3]4| (24) |2|3|4] (@5) |2]1]4] (24
34| [ojojo] |y @4 [2)3]4] @9 [21]4] @9
®|5®| |[3]1]0 3|5(1 3|2(5 3|35
4 1 4 4 4
—|—|8|- 1 23\ 11]2(3 1(1]2(3
S * 17)(2(3|4 18)|2(5|4 :
©3) |2]3]4] @1n|2]3]4] (218)[2[5]4] (217
5(8]|— 3 3/5|5 3|3|5
5] 4] 4 4
1 23|
2.4 4| (c3
24) |2 €3
3(3]5
4
1(1]2|3
: 4 *
(2175 €D
3|3|5
4



Bijectiveproof of Stanlg’s hook-contentformula 31

1123|0010‘ 111(2]3 1111213 1{1(=1(3
214 1 Cl) (2]2|4 2.5) |2|2 2.5) |22 2 2.4
oo] |y 29) [2]2[0] (29 (24)
3(3|® 31110 3131 3|34 313
4 1 4 4 i
—|—=18]|— 1123| 111|123 111153
5(—|— (C*3) |2]2|4| (2.18)(2|2]5| (2.18)|2]2]|2| (2.17)
— — = — —
5(6|— 3|3 /(5] 3|34 3|34
5] 4 4 4
1913‘ 113‘
24) 12|22 24) 12(2|2 C3
(24) (24) (€3
3|34 3|34
4 4
115|113 51113
*
(217)[2]2]2] (217)|2]2]2| (C*1)
3|34 3|34
4 4
@113|1010|
21(2|2 1{010
3134 3|10
4
5|—|7|—
5—|—
5|6|—
5]




32

C. Krattenthaler

References

[1]
(2]

(3]

[4]

5]

[6]

[7]

(8]

9]

(10]

(11]
(12]

(13]
(14]
(15]
(16]
(17]

(18]

G. E. Andrews, PlanepartitionsV: Thet.s.s.c.p.pconjectue, J. Combin.TheorySer.A 66 (1994),28—39.

A. M. GarsiaandS. C. Milne, Methodfor constructingbijectionsfor classicalpartition identities Proc.Nat.
Acad.Sci.U.S.A.78 (1981),2026-2028.

A. P Hillman andR. M. Grassl Reverseplanepartitionsandtableauhooknumbes, J. Combin.TheorySer A
21 (1976),216—221.

C. Krattenthaler A determinantevaluation and someenumeation resultsfor plane partitions in: Number
TheoreticAnalysis, E. Hlawka, R. F. Tichy (eds.),Lect. Notesin Math. 1452, SpringefVerlag, Berlin, New
York, 1990,pp.121-131.

C. KrattenthalerAnotherinvolution principle-freebijective proof of Stanlg’s hook-contenformula, preprint.

G. Kuperbeg, Symmetriesf planepartitionsandthepermanent-determinantethod J. Combin.TheorySer A
68 (1994),115-151.

P. A. MacMahon,CombinatoryAnalysis CambridgeUniversity Press 1916;reprintedby ChelseaNew York,
1960.

J. C. Novelli, I. M. Pak andA. V. Stoyanarsii, A direct bijective proof of the hook-lengthformula Discrete
Math. Theoret.ComputerSciencel (1997),053—-067.

I. M. PakandA. V. Stoyanorskii, A bijective proof of the hook-lengtiformulaandits analoggues Funkt. Anal.
Priloz. 26, no. 3 (1992),80-82;Englishtranslationin Funct.Anal. Appl. 26 (1992),216—-218.

J.B. RemmelandR. Whitney, A bijective proof of the hookformulafor the numberof column-stricttableaux
with boundecentries Europ.J. Combin.4 (1983),45-63.

B. E. SaganEnumeation of partitionswith hooklengthsEurop.J. Combin.3 (1982),85-94.

B. E. Sagan Shiftedtableaux,Schur Q-functions,and a conjectue of R. Stanlg, J. Combin.TheorySer A 45
(1987),62-103.

B. E. Sagan,Thesymmetrigroup, Wadsworth & Brooks/Cole Pacific Grove, California, 1987.

M.-P. Schitzenbeger, La correspondancede Robinson in: Combinatoireet Repesentationdu Groupe
Symétrique,LectureNotesin Math., vol. 579, SpringerVerlag, Berlin—Heidelbeg—Newv York, 1977,pp. 59—
113.

R. P. Stanle/, Theoryandapplicationsof planepartitions: Part 2, Stud.Appl. Math 50 (1971),259-279.

R. P. Stanlg, Symmetrie®f planepartitions J. Combin. Theory A 43 (1986),103-113;Erratum44 (1987),
310.

D. StantonandD. White, ConstructiveCombinatorics UndeigraduateTexts in Math., SpringerVerlag, New
York, Berlin Heidelbeg, Tokyo, 1986.

J.R. StembridgeTheenumeation of totally symmetrigplanepartitions Adv. in Math. 111 (1995),227-245.



