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A bijective proof for Stanley’s hook-contentformulafor thegeneratingfunctionfor column-strictreverseplanepar-
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Hillman–GrasslalgorithmandScḧutzenberger’s jeudetaquin.
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1 Introduction

The purposeof this article is to give a bijective proof for Stanley’s hook-contentformula [15, Theo-
rem 15.3] for a certainplanepartition generatingfunction. In order to be ableto statethe formula we
have to recall somebasicnotionsfrom partition theory. A partition is a sequence�������
	��
�������������������
with ��	�������������� �����"!$# , for some% . The Ferrers diagramof � is an arrayof cells with % left-
justified rows and ��& cells in row ' . Figure1.ashows the Ferrersdiagramcorrespondingto �)(��
*+�
*+� � � .
Theconjugateof � is thepartition ����,	 ���������
��,-/.�� where ��,0 is thelengthof the 1 -th columnin theFerrers
diagramof � . We label thecell in the ' -th row and 1 -th columnof (theFerrersdiagramof) � by thepair�)'���12� . Also, if we write 354�� we mean‘ 3 is a cell of � ’. Thehooklength 6�7 of a cell 3��8�)'��91:� of � is�;� &=< 12�?>@����,0 < 'A�B> �

, thenumberof cells in thehookof 3 , which is thesetof cells thatareeitherin
thesamerow as 3 andto theright of 3 , or in thesamecolumnas 3 andbelow 3 , 3 included.ThecontentC 7 of a cell 3D�E�)'��91:� of � is 1 < ' .F
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a. Ferrersdiagram b. reverseplane c. column-strictreverse
partition planepartition

Figure1

Givena partition ���L�;� 	 ��� � �������M��� � � , a reverseplanepartition of shape� is a filling N of thecells
of � with integerssuchthat theentriesalongrows andalongcolumnsareweakly increasing.Figure1.b
displaysa reverseplanepartitionof shape�)(��O*+�
*+� � � . A reverseplanepartitionis calledcolumn-strictif
in additioncolumnsarestrictly increasing.Figure1.c displaysa column-strictreverseplanepartitionof
shape�)(��O*+�
*+� � � . We write NB7 for theentry in cell 3 of N . We call thesumof all theentriesof a reverse
planepartition N thenormof N , anddenoteit by PQ�RNS� .

Now we arein thepositionto stateStanley’shook-contentformula[15, Theorem15.3].

Theorem 1 (Stanley). Let �T�8���
	��
�������������
����� bea partition and U bean integer �V% . Thegenerating
function WYX[Z2\^]=_ , where the sumis over all column-strictreverseplanepartitions N of shape � with
entriesbetween

�
and U , is givenby

Xa`Dbced . & - cgf7�h - � < X�ikj=l9m� < X�n m � (1.1)

Stanley provedthis theoremby showing that thegeneratingfunctionin questionequalsa determinant,
andthenevaluatedthedeterminant.However, sucha proof doesnot explain why thegeneratingfunction
equalssucha nice product. In particular, it doesnot give any clue why in (1.1) the hook lengthsand
contentsappear. The desireto have an explanationfor thesephenomenonsprovidesthe motivation for
thesearchfor a bijectiveproof of this result.A bijectiveproof for Stanley’sTheorem1 wasgivenearlier
by RemmelandWhitney [10]. Thoughbeinga significantadvance,onecannotclaim that this proof is
reallyenlighteningor explainsformula(1.1)in asatisfyingway. Asidefrom makinguseof theinvolution
principleof GarsiaandMilne [2] (which createsbijectionsin anindirectway), it wasbasedon bijections
thatmimickedrecurrencerelations,which is certainlynot themostdirectrouteto attacktheproblem.Our
proof of Theorem1 explainstheappearanceof hooklengthsandcontentsin a straight-forwardway. It is
basedon theHillman–Grasslalgorithm[3] andon Scḧutzenberger’s [14] jeu detaquin. It doesnot need
the involution principle. However, the carefulreaderwill noticethatwe setup a bijectionbetweentwo
setsof objectsthataredifferentfrom thosefor whichRemmelandWhitney setuptheirbijection. In order
to find abijectionbetweenthesetsthatRemmelandWhitney consider, alsowehaveto usetheinvolution
principle.However, theresultingbijectionis considerablysimplerthanRemmelandWhitney’s.

We remarkthata bijective proof of Theorem1 for one-rowedshapes(i.e. thecaseof (ordinary)parti-
tionswith oV��	 parts,eachpart opU ) canbefoundin Sagan’spaper[11, proof of Theorem8]. However,
this proof is differentfrom our proof whenrestrictedto one-rowedshapes.Besides,this proof doesnot
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seemto generalizeto arbitraryshapes.In the samepaper, which hasbijective proofsof hook formulas
asits theme,alsotheproblemof finding a bijective proof of MacMahon’s productformula[7, Sec.429,
proof in Sec.494] for thegeneratingfunctionof planepartitionsof rectangularshapeswith boundeden-
tries is posed.SinceMacMahon’s formulais actuallycontainedin Theorem1 (which is seenby aneasy
transformationof planepartitionsinto column-strictreverseplanepartitions),our bijectionalsoprovides
a solutionto this problem.SeealsoSection4.

Our paperis organizedas follows. In Section2 our bijective proof of Theorem1 is described.(A
completeexamplefor our bijection is carriedout in theappendixof this paper).Then,in Section3, we
discusssomerelatedbijections.In particular, it is therewherewe explain how our bijectiondescribedin
Section2 canbeusedto provide a muchsimpler(involution principle-based)bijectionbetweenthesets
that RemmelandWhitney usein their bijective proof [10] of Theorem1. Finally, in Section4, we list
somemoreplanepartitionformulasthatalsodesireto receivebijectiveproofs.

In conclusionof the Introduction,a few commentson the relationof the presentwork to the recent
beautiful bijective proof [8] of the Frame–Robinson–Thrallhook formula for the numberof standard
Youngtableauxof agivenshapeby Novelli, PakandStoyanovskii (announcedin [9]) arein order. Clearly,
theNovelli–Pak–Stoyanovskii algorithmaswell asour algorithmdescribedin Section2 arebasedon jeu
detaquin(amodifiedjeudetaquinin ourcase).Still, I amnotableto nameanimmediate,directrelation.
However, I discoveredthatit is possibleto mergetheNovelli–Pak–Stoyanovskii ideaof how to keeptrack
of thehookswith themodifiedjeudetaquinideaof thispaperto obtainanew bijectiveproofof thehook-
contentformula (1.1), which alsoavoids the involution principle. (In fact, it setsup a bijectionbetween
the setsRemmelandWhitney considerin their paper[10].) This will be the subjectof a forthcoming
publication[5].

2 Bijective proof of Stanley’s hook-content formula
First,we rewrite (1.1) in theform (hereCRPPis shortfor ‘column-strictreverseplanepartition’)q r

] aCRPPof shape-
with 	�s entriess i

X Z2\^]t_vu � f7�h - �� < X iMj=l m �VX ` bc^d . & - c f7�h - �� < X�n m � (2.1)

Let uscall anarbitrary filling of thecellsof � with nonnegativeintegersa tabloidof shape� . Further-
more,let us definethe hookweight w n �Rxy� of a tabloid x of shape� by W 7�h - xz7{�a6�7 , andthe content
weight w l �)xy� of a tabloid x by W 7�h - x 7 �2�;U|> C 7 � . Thentheright-handsideof (2.1) is thegenerating

function WYX[Z}\^]a~
_�X[�
��\^�[�+_ , wherethesumisoverall pairs �RN?���Ox�� � , with N?� beingthe“minimal” column-
strict reverseplanepartitionof shape� with entries� �

, i.e. thecolumn-strictreverseplanepartitionwith
all entriesin row ' equalto ' for all ' , andwith x � varyingoverall tabloidsof shape� . Similarly, theleft-
handsideof (2.1) is thegeneratingfunction W�X Z2\e]��:_ X �
�k\^�[�:_ , wherethesumis over all pairs �;N?�g�Oxz��� ,
with NB� varyingover all column-strictreverseplanepartitionsof shape� with entriesbetween

�
and U

and x�� varyingoverall tabloidsof shape� . Sothetaskis to setupabijectionthatmapsaright-handside
pair �RN � �Ox � � to a left-handsidepair �;N?� �Oxz��� , suchthat PQ�RN � �=>�w n �)x � �Q�pPQ�;N?�t�=>�w l �)xz�t� .

Onestepin our bijection wasalreadydonemuchearlier. In their celebratedpaper[3], Hillman and
Grasslconstructedanalgorithmicbijectionbetweentabloids xz� of shape� andreverseplanepartitions�N?� of shape� with nonnegative entriessuchthat PQ� �NB�Q����w n �Rx�� � . If we addsucha reverseplane



14 C. Krattenthaler

partition
�N � to N � cell-wise,thenwe obtaina column-strictreverseplanepartition N � of shape� with

entries � �
, andwe have PQ�RN � �{��PQ�RN � � >pPQ� �N � �S�8PQ�RN � � >�w n �)x � � . Thereforethe new taskis to

setup a bijection thatmapsa column-strictreverseplanepartitionof shape� with entries � �
to a pair�RNB�g�vxz�z� , where N?� is a column-strictreverseplanepartition of shape� with entriesbetween
�

and U ,
andwherexz� is a tabloidof shape� , suchthatPQ�;N � �Q�VPQ�RNB�t�=>�w l �Rx��t�M� (2.2)

We claim thatthefollowing algorithmperformsthis task.

Algorithm C. The input for the algorithmis a column-strictreverseplanepartition N � of shape� with
entries� �

.
(C0) Set �;N��vxy�������;N � ����� , where � denotesthetabloidof shape� with # in eachcell.

(C1) If N doesnotcontainany entry !�U thenstop.Theoutputof thealgorithmis �;N��vxy� .
Otherwise,considerall cornercellsof � (whicharethecellswith noright andbottomneighbourcells).

Chooseall cornercellsthatcontainthemaximalentryof N , andamongall thesepick theleft-most,cell �
say. (Notethatthemaximalentryof N mustappearin acornercell of N sinceN is acolumn-strictreverse
planepartition.Hence,in oursituationit mustbe !�U .) Replacetheentry N?� in cell � by N?� < �RU�> C ��� .
Call this entryspecial. Continuewith (C2).

(C2) If a column-strictreverseplanepartitionis obtainedthencontinuewith (C3).
If not, i.e. if thespecialentry, � say, violatesincreasealongrowsor strict increasealongcolumns,then

we havethefollowing situation, �
� � � (2.3)

whereat leastoneof � !�� and

� ��� holds. (Oneof � or

�
is alsoallowedto beactuallynot there.) If� ! � thendo themove �

��> � � � (2.4)

If � o � thendo themove � < �� � � (2.5)

Thenew specialentry in (2.4) is ��> �
, thenew specialentry in (2.5) is � < �

. Repeat(C2). (Note that
alwaysaftereithertypeof movetheonly possibleviolationsof increasealongrowsor strict increasealong
columnsinvolve thenew specialentryandtheentryto theleft or/andabove.)

(C3) Let N bethecolumn-strictreverseplanepartition just obtained.If we endedup with thespecial
entry in cell 3 thenadd

�
to the entry in cell 3 of x . The tabloid thusobtainedis the new x . Continue

with (C1). �
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EXAMPLE C. A completeexamplefor Algorithm C canbe found in the appendix. Therewe chooseU ��( andmapthe column-strictreverseplanepartition of shape�R(��
*+�O*�� � � on the left of Figure2 to
thepair on theright of Figure2, consistingof a column-strictreverseplanepartitionof shape�)(��O*+�
*+� � �
with entries o�( anda tabloid of shape�)(��O*��O*+� � � , suchthat the weight property(2.2) holds. In fact,
thenormof thecolumn-strictreverseplanepartitionon the left of Figure2 is (:¡ , while thenormof the
column-strictreverseplanepartitionon theright is ¢ J andthecontentweightof thetabloidis ¢�* .� � * K¢ * (H I KI

£¥¤
¦§§§§¨
� � � *¢ ¢ ¢* * ((

�
� # � #� # #* � #�

©�ªªªª«
PQ�A�¬�­�p(�¡ PQ�A�¬�Q�®¢ J �?w l �v� �Q�¯¢�*

Figure2

Theappendixhasto be readin the following way. First of all, ignoreall doublecircles,andall even
rows in theright columns.Whattheleft columnsshow is thepair �RN��Oxy� that is obtainedaftereachloop
(C1)-(C2)-(C3). Togetherwith the pair �;N��vxy� a filling of the shape�R(��O*��O*�� � � is displayedthat shows
all valuesNB7y>�(|> C 7 for all cells 3 with xz7±°��# . This will be importantfor understandingLemmaC
but canbe ignoredfor themoment.At eachstage,theentry that is chosenby (C1) is circled. Theneach
intermediatestepduringtheloop (C1)-(C2)-(C3)is displayedin theoddrows of theright columns.The
specialentry is alwaysunderlined.Whena column-strictreverseplanepartition is reached,the special
entry is boxed. Theentry in thecorrespondingcell of the tabloid is subsequentlyincreasedby

�
in step

(C3). �
It shouldbenoticedthat,asidefrom adding/subtracting

�
to/from thespecialentry, whathappensfrom

(2.3) to (2.4), respectively (2.5), is a jeudetaquinforward move(cf. [14, Sec.2], [13, pp.120/169]).
It is obviousthat this algorithmmapsNB� to a pair �RN � �vx � � , where x � is a tabloidof shape� and N �

is a column-strictreverseplanepartitionof shape� with entries o$U . In fact, the entriesof N � have to
be � �

. This is seenasfollows. The only problemcouldarisewith our specialentry. However, when
we arrive at (C3), a specialentry o@# canonly occurin cell � � � � � , becauseotherwisestep(C2) wasnot
finished. Eachloop (C1)-(C2)-(C3)of the algorithmstartswith someentry N � !$U in a cornercell � .
It is replacedby N?� < �RUD> C �z� . Thenit is (possibly)movedaccordingto (2.4) and(2.5). It is easyto
checkthatat eachstageduringperformingthesteps(C2), thespecialentry, if locatedin cell 3 , will equalN=� < �;U²> C 7[� . This is a propertysoimportantthatit hasto berecordedfor lateruse,

(specialentryin 3 ) �®N � < �RU²> C 7 �k� (2.6)

Supposewe reachcell � � � � � . Whenwe arrive at � � � � � , by (2.6) andsince C \ 	k³ 	 _ �8# , our specialentry
hasbecomeN � < U . But this is � �

sinceN � !´U .
Sowehaveanalgorithmthatmapsright-handsideobjectsN?� of (2.1)to left-handsideobjects�;N � �vx � �

of (2.1). Besides,this mappingsatisfiestheweightproperty(2.2). This is immediatefrom (2.6).
Whatremainsis to establishthatour algorithmis actuallya bijectionbetweenright-handsideandleft-

handsideobjects.Thiswill beaccomplishedby constructinganalgorithm,Algorithm C* below, thatwill
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turn out to be the inverseof Algorithm C. We could exhibit Algorithm C* immediately. However, we
preferto providemotivationfor thedefinitionof Algorithm C* first, in form of thefollowing lemma.On
the otherhand,readerswho arenot interestedin the detailscansafelyskip the lemmaandjump to the
descriptionof Algorithm C* at thispoint.

Lemma C. Let �;N��vxy� beobtainedaftersomeloop (C1)-(C2)-(C3)duringAlgorithmC. Supposethat the
loop terminatedin cell µ whenreaching (C3). Thenamongall cells 3 with xz7"°��# , µ is a cell for which
thevalue NB7t>�U­> C 7 attainsits minimum,andif thereareseveral cells 3 with xz7¥°�V# where theminimum
is attained,then µ is theright-mostandtop-mostof those. Besides,thereholdsN=¶{>�U·> C ¶¸�´¹¸º[»�¼ entriesin ND½�� (2.7)

PROOF. We provetheassertionsby inductionon thenumberof loops(C1)-(C2)-(C3).
The assertionsarecertainlytrue for the pair � �N¥� �x�� obtainedafter the very first loop (C1)-(C2)-(C3)

from �RNB���
�
� . This is becausethereis only onecell ¾ in
�x with

�xz¿¥°�V# , and,whatregards(2.7), because�N ¿ > U²> C ¿ �V¹¥º�»�¼ entriesin N � ½S� ¹¸º[»�¼ entriesin
�ND½�� (2.8)

theequalityholdingbecauseof (2.6), the inequalityholdingbecauseof the following facts. In the tran-
sition from N � to

�N the multisetof entriesremainsthe same,exceptfor oneentry, �RN � ��� , where � is
the cornercell that is chosenwhenapplying(C1) to N � . At the beginning of the loop (C1)-(C2)-(C3)
leadingfrom N � to

�N , �;N � �A� is replacedby �RN � ��� < �;UD> C �z� , which is lessthan �;N � �A� becauseofUÀ��%Á!�¹¸º[»
¼ < C 7 ��3À45�z½ (recallthat U�� % is oneof theassumptionsin Theorem1.) Thenthespecial
entry �RNB�Q� � < �RUS> C � � is (possibly)movedinwardsaccordingto (2.4)and(2.5). At theendof theloop
(C1)-(C2)-(C3)a column-strictreverseplanepartition is obtained,thereforethespecialentry in theend
hasto be o´¹¸º�»�¼ entriesin NB��½ in any case.

............................

....

....

....

....

....

....

....

....

....

....

....
........

....

....

....

....

....

....

....

....

....

µ �
¾

Thecells ¶ , ¿ , � , thejeudetaquinpath
from � to ¿ , andthefour regionsdeterminedby ¶ .

Figure3

So,let usassumethat theassertionsaretruefor �RN��vx²� , obtainedaftersomeloop (C1)-(C2)-(C3).Letµ bethecell wherethe last loop, which gave rise to �RN��vx²� , terminatedat (C3). Let � be thecell where
the next loop starts,i.e. the cornercell of N chosenby (C1), andlet ¾ be the cell wherethis next loop
terminatesat (C3). SeeFigure3. Let � �NÀ� �x�� betheoutcomeafterthis loop. Notethatby constructionthe
cells 3 with

�x 7 °�V# are ¾ andthecellswith x 7 °�p# . In particular, x 7 °�p# implies
�x 7 °�®# .
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First we prove(2.7) for
�N and ¾ . By (2.6), theentryof

�N in cell ¾ is�NB¿²�®N � < �RU·> C ¿��M� (2.9)

This immediatelyimplies�NB¿�> U·> C ¿²�pN � ��¹¸º�»
¼ entriesin ND½·��¹¥º�»�¼ entriesin
�ND½:� (2.10)

The last inequalityfollows from theargumentsthatproved(2.8), just replaceN � by N in theparagraph
after(2.8). Obviously, (2.10)proves(2.7) for

�N and ¾ , asdesired.

Next we show that
�N 7 >�UÁ> C 7 , evaluatedat cells 3 with

�x 7 °��# , attainsits minimal valueat ¾ . By
inductionhypothesis,(2.7)holdsfor N and µ . HencewehaveN ¶ > U²> C ¶ �´¹¥º�»�¼ entriesin ND½y�®N=��� �N ¿ > U²> C ¿ � (2.11)

Let 3 beany cell with
�xz7¥°�V# . Recallthatthismeans3D�®¾ or xz7¥°�®# . We wantto show�NB7�> U·> C 7S� �N ¿ > U²> C ¿ � (2.12)

If 3���¾ thenthereis nothingto show. Solet 3±°��¾ . Thenwe have xz7�°�@# . By inductionhypothesisforµ , we have N ¶ >�US> C ¶ o¯NB7�>�US> C 7 for all cellswith x�75°�Â# . So,if we supposeN?7¥� �NB7 , thenwe
conclude,using(2.11),�N 7 >�U·> C 7 �®N 7 >�U·> C 7 ��N?¶²> U²> C ¶À� �N?¿�>�U{> C ¿a�
which verifies (2.12) in this case. However, the only entriesthat arechangedduring the performance
of the loop (C1)-(C2)-(C3)are locatedin cells (weakly) to the right and(weakly) below of cell ¾ , see
Figure3. For thesecells thereholdsthefollowing basiccomputation.For convenience,let ¾À���)' 	 ��1 	 � ,
andlet 3����)' � ��1 � � bein this region to theright andbelow of ¾ , i.e. ' 	 op' � and 1 	 o 1 � . Then,since

�N
is a column-strictreverseplanepartition,wehave�NB7�> U²> C 7²� �N?7Ã> U²>®�^1 �Ã< ' � ��@� �N ¿ >�' �Ã< ' 	 �t>�U·>V�e1 �Ã< ' � �Q� �N ¿ > U²>Ä1 �Ã< ' 	� �N ¿ >�U{>±1 	�< ' 	 � �N ¿ > U²> C ¿ � (2.13)

Thereforethevalue
�N 7 >DUz> C 7 for anycell 3 in theregionto theright andbelow of ¾ is at least

�NB¿2>DUt> C ¿ ,
soalsofor thecellswith

�x 7 °�V# , whichverifies(2.12)in thiscase,too. For laterreferenceweremarkthat
thecomputation(2.13)alsoshows that theonly cells in this region for which we couldhave equalityare
in thesamecolumnas ¾ .

Finally weshow that ¾ is theright-mostandtop-mostamongall cells 3 with
�x 7 °�p# where

�N 7 >TU�> C 7
attainsits minimal value. Let 3 be a cell with

�x 7 °�8# where
�N 7 >�UÁ> C 7 attainsits minimal value. In

particular, we have �NB7�> U·> C 7²� �N ¿ > U²> C ¿ � (2.14)

First, supposethat 3 is a cell with
�N 7 °�ÂN 7 . Then 3 hasto belocatedin theregion (weakly) to theright

and(weakly) below of ¾ . As we notedafter the computation(2.13), the only cells 3 in this region for
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which we couldhave equalityin (2.13)lie in thesamecolumnas ¾ . ¾ is the top-mostandright-mostof
these,in agreementwith our claim.

Themoredelicatecaseis when 3 is a cell with
�xz7¥°�V# and

�NB7²�®N?7 . Of course,nothingis to show for3D�®¾ , sowemayassume35°�¯¾ . This implies x�7¸°�V# , andso
�NB7g>±U�> C 7²�VN?7 >±U�> C 7·��N ¶ >±U�> C ¶ ,

theinequalityholdingby inductionhypothesisfor µ . Combiningthiswith (2.11)and(2.14)weareforced
to conclude NB7�> U{> C 7y�®N ¶ >�U{> C ¶ � �N ¿ > U²> C ¿ � (2.15)

Weshallshow that ¾ hasto lie in theregion(weakly)to therightand(weakly)aboveof µ (asis indicated
in Figure3). Since µ wastheright-mostandtop-mostof all thecells 3 with x 7 °�$# wheretheminimal
valueof N 7 >�U{> C 7 is attained,this would establishthat ¾ is theright-mostandtop-mostof all thecells3 with

�x 7 °�®# wheretheminimalvalueof
�N 7 > U·> C 7 is attained,asdesired.

We prove the claim of the previous paragraphby excluding the other threequarterregions that are
determinedby thehorizontalline andtheverticalline runningthroughµ , seeFigure3.

First,supposethat ¾ lies in theregionstrictly to theright and(weakly)below of µ . Then N ¶ � �N ¶ , sinceµ wasnotmetduringtheloop(C1)-(C2)-(C3)leadingfrom N to
�N . However, thenthebasiccomputation

(2.13)applieswith ¾ replacedby µ , and 3 replacedby ¾ . Sincewe assumedthat ¾ is strictly to theright
of µ , the remarkbelow (2.13)tells thatactuallystrict inequalityin (2.13), with the above replacements,
holds,i.e.

�N ¿ >�U·> C ¿ ! �N ¶ > U{> C ¶ . This contradicts(2.15)becauseof N ¶ � �N ¶ . Thus,this region is
excluded.

Next we show that ¾ cannotlie in theregion (weakly)to theleft and(weakly)below of µ , µ excluded.
This would follow immediatelyfrom theclaim that if two successive loops(C1)-(C2)-(C3)startwith the
samesizeof entryin thecornercellschosenby (C1) (whichappliesin ourcasesincetheloopthatleadtoN startedwith anentry N=¶·>�U·> C ¶ in somecornercell, andtheloop thatleadfrom N to

�N startedwith�N?¿�>�US> C ¿ , bothquantitiesbeingthesameby (2.15)) thenthesecondpathof moveshasto stayto the
right of thefirst pathof moves.

To checkthis claim, onceagainnotethatboth loopsstartedwith the samesizeof entriesin the cells
chosenby (C1). By the rulesin (C1), this meansthateitherthe secondloop startedstrictly to the right
of thefirst, or we startedin thesamecell, wherein this casethefirst loop startedwith a left move (2.4).
(Notethatif westartwith anupwardmove(2.5)then,by column-strictness,asmallerentryis movedinto
thecornercell thanhasbeentherebefore.)Now, it is aneasy-to-checkpropertyof our modifiedforward
jeu de taquin(C2) that if the second“jeu de taquinpath” is to the right of the first “jeu de taquinpath”
somewhere,thenit hasto stayto the right from thereon.To make this precise,supposethat during the
first loop thespecialentry, � 	 say, wentup by (2.5), seethe left half of Figure4. (Thearrows mark the
directionof moveof thespecialentry.)� Å

�/	 Æ
during

first loop< ¤ Æ ÅÇ� Æ Æ Å� ���
during

secondloop< ¤ Æ Æ� Ç Å
Figure4

Sincerowsareweaklyincreasing,we have

� o Å
. Supposethatduringthesecondloop we reachthecell

neighbouring

�
and

Å
with a specialentry ��� , seethe right half of Figure4. Thenthe definition of the

algorithmforcesusto stophereor to moveup in thenext step(C2). We alreadycheckedthat thesecond
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“jeu detaquinpath” startsto theright of thefirst, thereforeit hasto stayto theright always.Soalsothis
region is excluded.

Finally, weexamineif ¾ couldbelocatedin theregionstrictly to theleft and(weakly)aboveof µ . Once
morethe computation(2.13), with 3 replacedby µ , appliesand,togetherwith the remarkbelow (2.13)
(note that we assumedµ to be strictly to the right of ¾ ), implies

�N=¶D>¯U¸> C ¶�! �N?¿{>VU¸> C ¿ , which
contradicts(2.15)becauseof thesimplefact N?¶À� �N=¶ .

Thiscompletestheproof of theLemma. �
FromLemmaC it is prettyobviouswhattheinversealgorithmof Algorithm C couldbe.

Algorithm C*. Theinput for thealgorithmis a pair �RNB� �vxz�z� , where N?� is a column-strictreverseplane
partitionof shape� with entriesbetween

�
and U , andwherexz� is a tabloidof shape� .

(C*0) Set �;N��vxy�Ã�¬���RNB� �vxz�z� .
(C*1) If xV�V� thenstop.Theoutputof thealgorithmis N .
Otherwise,considerall cells 3 with x 7 °�$# . Among thesechoosethecells for which N 7 >�U|> C 7 is

minimal,andamongall thesepick theright-mostandtop-most,cell ¾ say. (Observethatamongtwo cells
attainingthe samevalueof N 7 >pUÁ> C 7 oneis always(weakly) to the right and(weakly) above of the
other, againbecauseof thecomputation(2.13), with

�N replacedby N , andthe remarkbelow (2.13). So
theright-mostandtop-mostof thesedoesexist.) Replacetheentry NB¿ in cell ¾ by N?¿Ã>�U·> C ¿ . Call this
entryspecial. Continuewith (C*2).

(C*2) If thespecialentry, � say, is locatedin a cornercell of � thencontinuewith (C*3).
If not, thenwe have thefollowing situation,

� �� � (2.16)

(Oneof � or

�
is alsoallowedto beactuallynot there.)If �TÈ �

thendo themove� �� � (2.17)

If � � � thendo themove � �� � (2.18)

Thenew specialentryin eithercaseis � . Repeat(C*2).

(C*3) Let N bethecolumn-strictreverseplanepartitionjust obtained.(Thefactthatindeeda column-
strict reverseplanepartitionis obtainedwill beprovedin thesubsequentLemmaC*.) Subtract

�
from the

entryin cell ¾ of x . Thetabloidthusobtainedis thenew x . Continuewith (C*1). �
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EXAMPLE C* . A completeexamplefor Algorithm C* canbe found in theappendix.Therewe chooseU5�E( andmapthepair on the right of Figure2, consistingof a column-strictreverseplanepartitionof
shape�)(��O*��O*+� � � with entries o�( anda tabloid of shape�)(��O*+�
*+� � � , to the column-strictreverseplane
partitionof shape�)(��
*+�
*+� � � on theleft of Figure2, suchthattheweightproperty(2.2)holds.It is simply
the inverseof theexamplefor Algorithm C givenin ExampleC. Therefore,heretheappendixhasto be
readin the reversedirection,andin the following way. First of all, ignoreall singlecircles,andall odd
rows in theright columns.Whattheleft columnsshow is thepair �RN��Oxy� that is obtainedaftereachloop
(C*1)-(C*2)-(C*3) togetherwith a filling of theshape�)(��O*��O*+� � � that shows all valuesN 7 >�(·> C 7 for
all cells 3 with x 7 °��# . At eachstage,the entry that is chosenby (C*1) is doubly circled. Theneach
intermediatestepduringthe loop (C*1)-(C*2)-(C*3) is displayedin theevenrows of theright columns.
Thespecialentry is alwaysdoublyunderlined.Whena column-strictreverseplanepartition is reached,
the specialentry is doubly boxed. The entry in the correspondingcell of the tabloid is subsequently
decreasedby

�
in step(C*3). �

Again, it shouldbenoticedthat (2.17)and(2.18)areexactly jeu de taquinbackward moves(cf. [14,
Sec.2], [13, pp. 120/169]),which reversetheforwardmoves(2.4)and(2.5), respectively, exceptfor the
subtraction/additionof

�
in (2.4)and(2.5).

In orderto show that Algorithm C* is alwayswell-defined,we have to confirm thatwhenarriving at
(C*3) we alwaysobtaineda column-strictreverseplanepartition. This is establishedin the following
lemma. Besides,this lemmacontainsthe factsaboutAlgorithm C* that are neededto prove that the
AlgorithmsC andC* areinversesof eachother.

Lemma C*. Let �;N��vxy� beobtainedafter someloop (C*1)-(C*2)-(C*3) during AlgorithmC*. Thenfor
all cells 3 with x 7 °�®# thereholds N?7�>�U·> C 7·�´¹¸º�»
¼ entriesin ND½�� (2.19)

Also, N is a column-strictreverseplanepartition. Besides,if � is thecornercell thatcontainedthespecial
entryat theendof theloop (C*1)-(C*2)-(C*3) that leadto N , then � is theleft-mostcornercell in N that
containsthemaximalentryof N .

PROOF. We provetheassertionsby inductionon thenumberof loops(C*1)-(C*2)-(C*3).
To begin with, we know that whenwe startwith Algorithm C* we have a pair �RN��Oxy� , where N is a

column-strictreverseplanepartitionwith entriesbetween
�

and U . Sofor anycell 3D���)'���12� we haveN?7�>�U·> C 7y�VN \ &R³ 0 _ >�U{> C \ &)³ 0 _�´'z>�U{>V�e1 < 'A�!�U!´¹¸º�»
¼ entriesin ND½�� (2.20)

Sotheassertion(2.19)andtheassertionthat N is a column-strictreverseplanepartitionhold at thevery
beginning.This will suffice for thestartof theinduction.

As induction hypothesislet us assumethat the assertionsof the Lemmaare true for �RN��Oxy� andall
precedingpairs occuringin step(C*3) during the processof the algorithm, except of coursethat the
assertionaboutthecornercell � doesnot hold for theinitial pair (becauseit doesnot make sensefor the
initial pair).
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Let ¾ be the cell wherethe loop (C*1)-(C*2)-(C*3) startsfrom �RN��Oxy� , i.e. the cell that is chosen
by applying(C*1) to �RN��vx²� , andlet É be the cornercell wherethe loop stopsat (C*3). SeeFigure5.
Furthermore,let � �N¥� �x�� betheoutcomeafterthis loop. Then,by definitionof thealgorithmwehave�NgÊÁ�pNB¿�> U·> C ¿�� (2.21)

Note that, alsoby definition of the algorithm, the cells 3 with
�xz7�°�Ë# arethosewith xz7�°�Ë# , except

possiblyfor ¾ . In particular,
�x�7¸°�V# implies xz7¥°�p# .

¾ �
µ

É
Thecells ¶ , � , ¿ , Ê , thejeu detaquinpaths

from ¶ to � andfrom ¿ to Ê .

Figure5

First we prove(2.19)for
�N . Let 3 beany cell differentfrom É with

�xz7¸°�®# . By definitionof (C*2) we
have

�NB7¥�¯NB7 . Besides,we alreadysaw that
�xz7"°�Â# implies x�7"°��# . Therefore,by constructionof ¾ in

(C*1), we have �N 7 > U{> C 7 ��N 7 >�U{> C 7 ��N?¿�>�U{> C ¿�� (2.22)

Notethat(2.22)alsoholdsfor 3¥�¯É sinceby (2.21)we have
�N Ê >´U²> C Ê �E�;N ¿ >�U·> C ¿ �?> U{> C Ê �N ¿ >{U�> C ¿ , theinequalitybeingtruebecauseof U¸�´%D!�¹¥º�»�¼ < C 7·��3�4��t½ (recallthat U�� % isoneof the

assumptionsin Theorem1.) Alsobyconstructionof ¾ , wehave x ¿ °�p# , andhenceby inductionhypothesis
(2.19)that N ¿ >�U{> C ¿ �´¹¸º�»�¼ entriesin ND½ . This impliesthat N ¿ > U²> C ¿ �V¹¸º[»
¼ entriesin

�ND½ since
thesetof entriesof

�N is thesameasthesetof entriesin N exceptfor thespecialentry NB¿=>5UÌ> C ¿ created
in (C*1) andfinally locatedin cell É in

�N . Hence,(2.22)proves(2.19)with N replacedby
�N , asdesired.

Now we prove that
�N is a column-strictreverseplanepartition. If N?¿�>�US> C ¿¸!@¹¸º[»�¼ entriesin ND½

thenthis assertioncertainlyholds,since
�NgÊ|�VNB¿­>ÍU²> C ¿ is theonly new entryin

�N . Notein particular,
thatby (2.20)we arein this caseat theverybeginning.

By inductionhypothesis,(2.19)holdsfor ¾ , sotheonly othercaseisN ¿ >�U·> C ¿ �p¹¸º�»�¼ entriesin ND½�� (2.23)

Observethattheonly difficulty ariseswhenwereachcornercell É at theendof a loop(C*1)-(C*2)-(C*3)
from above,andwhenin addition NBÊD� �NgÊ holds.In this casecolumn-strictnessof

�N wouldbeviolated.
We have to show thatthiscasecannotoccur.
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Let �;N·,��vx�,e� be the pair preceding�RN��Oxy� , i.e. �;N��vxy� is obtainedby applyingoneloop (C*1)-(C*2)-
(C*3) to �RN·,��Ox�,^� . As we just noted, �;N·,;�Ox�,^� exists,sinceif �RN��vx²� weretheinitial pair we would not be
in thiscasebecauseof (2.20). Furthermore,let µ bethecell wherethis loopstarts,andlet � bethecorner
cell whereit stops,seeFigure5. By definitionof thealgorithmwe haveN=�5�pN ,¶ > U²> C ¶ � (2.24)

Now, by inductionhypothesisandthedefinitionof thealgorithm,N ,¶ >�U·> C ¶ �p¹¸º[»�¼ entriesin ND½�� (2.25)

Furthermore,thereholds N·,¿ o�N ¿ , by the definition of (C*1) if ¾$°��� , but also if ¾V��� because
of (2.24) and the inductionhypothesis(2.19) for N·, and 3´�Îµ . Hence,againby definition of (C*1),N·,¶ >�UD> C ¶ oEN·,¿ >pU|> C ¿ o$N ¿ >VU|> C ¿ . Combiningthis with (2.23)and(2.25), we areforcedto
conclude N ,¶ >�U{> C ¶ �VN ,¿ > U{> C ¿ �9�VN ¿ > U²> C ¿ �k� (2.26)

Therefore,againby definitionof (C*1), ¾ lies(weakly)to theleft and(weakly)below of µ , asis indicated
in Figure5.

It is aneasy-to-checkpropertyof backwardjeu detaquin(C*2) thatif thesecond“jeu detaquinpath”
is to the left of thefirst “jeu de taquinpath” somewhere,thenit hasto stayto the left from thereon.To
beprecise,supposethatduring thefirst loop (C*1)-(C*2)-(C*3) thespecialentry, � 	 say, wentdown by
(2.18), seetheleft half of Figure6. (Again,thearrowsmarkthedirectionof moveof thespecialentry.)

Æ � 	Å � during
first loop< ¤ Æ �Å Ï Æ � � �Å Æ

during
secondloop< ¤

Å �Ï Æ Æ
Figure6

Sincerowsareweaklyincreasing,we have

Å o �
. Supposethatduringthesecondloop we reachthecell

neighbouring

�
and

Å
with a specialentry � � , seethe right half of Figure6. Thenthe definition of the

algorithmforcesusto stophereor to movedown in thenext step(C*2).
Wealreadysaw thatthesecond“jeu detaquinpath”startsat ¾ , whichis (weakly)to theleft and(weakly)

below of µ , thestartingcell of thefirst “jeu de taquinpath”. Therefore,if we supposethat thefirst path
doesnotmeet¾ , weareto theleft of thefirst pathwhenwestartthesecondpath.Then,if at theendof the
secondpathwereachthesamecornercell asthefirst pathdid, wehaveto reachit from theleft. As noted
above,thisguaranteesthat

�N is acolumn-strictreverseplanepartition. If wedonot reachthesamecorner
cell, thenwe reacha cornercell É to theleft. In this caseour inductionhypothesisfor � , thecornercell
thatwasreachedat the endof thefirst path,saysthat NBÊ is strictly lessthan N � ��¹¸º[»�¼ entriesin ND½ .
Therefore,by using (2.21) and (2.23) we have NgÊ È ¹¸º[»�¼ entriesin ND½�� �NgÊ . Hence,

�N will be a
column-strictreverseplanepartition,regardlessfrom which directionwe reachedcell É .

Now wehaveto considertheonly remainingcasethatthefirst path,startingat µ , meets¾ . In thiscase,¾ would have to lie in thesamecolumnas µ (andbelow). First supposethat ¾ is left by thefirst pathby
a downwardmove. In this case,by (2.18), we would have NB¿±!�N·,¿ , which contradicts(2.26). So the



Bijectiveproof of Stanley’shook-contentformula 23

first pathhasto leave ¾ by a right move. Hence,we areto theleft of thefirst pathat thebeginningof the
secondpath.Thus,theaboveconsiderationsapplyagain.

Finally, we prove that É is theleft-mostcornercell in
�N thatcontainsthemaximalentry in

�N . This is
trivially trueif N ¿ >ÄUÃ> C ¿ !´¹¸º[»�¼ entriesin ND½ , againby remembering(2.21). Notethatthis inequality
is in particulartrueat thevery beginningof Algorithm C*, becausein this case(2.20)holdsevenfor all
cells 3 , soalsofor ¾ . Becauseof the inductionhypothesis(2.19), theonly othercaseis N ¿ >�UÁ> C ¿ �¹¥º�»�¼ entriesin ND½ . Sincewe are not at the very beginning, we are allowed to assumethat this last
assertionof LemmaC* holds for N and � . However, we alreadyconsideredthe caseNB¿²>®U¥> C ¿T�¹¥º�»�¼ entriesin ND½ before(see(2.23)) andshowedthat the“jeu detaquinpath” leadingfrom ¾ to É has
to stayto the left of the “jeu de taquinpath” leadingfrom µ to � . Hence É is (weakly) to the left of � .
By inductionhypothesis,� wastheleft-mostcornercell containingthemaximalentryof N . So É , which
by (2.21)containsN ¿ >�U|> C ¿ �$¹¥º�»�¼ entriesin ND½ in

�N , is the left-mostcornercell of
�N containing¹¥º�»�¼ entriesin

�ND½ ( �p¹¸º[»
¼ entriesin ND½ ), asdesired.
Thiscompletestheproof of theLemma. �
FromLemmasC andC* it is abundantlyclearthattheAlgorithmsC andC* areinversesof eachother.

Thisfinishesthebijectiveproof of (2.1).

3 Related bijections
In thissectionwediscussbijectionsrelatedto thebijectionin Section2. It is mainly intendedto servethe
truepuristamongcombinatorialists.

It is two itemsthat we want to addressin this section. First, onemight arguethat we did not prove
Theorem1 directly, but thevariant(2.1). Well, asweshow in thefirst partof thissection,it is notdifficult
to constructa bijectiveproof of Theorem1 directly, i.e. ofq r

] aCRPPof shape-
with 	ks entriess i

X Z}\^]t_ u �pXa` bc^d . & - c f7�h - �� < X n m � f7�h - � � < X iMj=l m �k� (3.1)

by usingour Algorithms C andC*. Secondly, RemmelandWhitney [10], in thefirst bijective proof of
Stanley’s hook-contentformula Theorem1, gave an involution principle-basedbijective proof for even
anothervariantof Theorem1, namelyq r

] aCRPPof shape-
with 	ks entriess i

X Z2\e]t_�u � f7�h -�Ð 6�7�Ñz�VX `Ábc^d . & - c f7�h -2Ð U²> C 7�Ñ�� (3.2)

where Ð P�Ñy��� � >VX²>®X � >Â������>pX Z}Ò 	 . While we do not know how to constructa direct bijection (in
the senseof avoiding the involution principle) for (3.2), we areableto find a muchsimpler involution
principle-basedbijective proof of (3.2)by usingour AlgorithmsC andC*. This is subjectof thesecond
partof this section.

Beforewestart,we introducesomespecialtabloidsto beusedin thecourseof thefollowing bijections.
Let Ó besomefunctionfrom thesetof all cellsof aFerrersdiagram� into theintegers,thatmapsthecell3 to thevalue Ó 7 , say. Thenwe call a tabloid x of shape� a � È Óz� -tabloid if x 7 È Ó 7 for all cells 3�4T� ,
andwecall x a �R# –Óz� -tabloid if x 7 equals# or Ó 7 , for all cells 3À45� . Thesign ÔOÕaÖt�Rxy� of a �R# –Óz� -tabloid
is alwaysdefinedto be � < � � numberof nonzeroentriesin � .
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3.1 Bijective proof of (3.1)

As was already used in Section 2, the Hillman–Grasslcorrespondence[3] bijectively shows thatX ` bc^d . & - c
×�Ø 7�h - � � < X n m � is thegeneratingfunction W X Z2\e]���_ , wherethesumis over all column-strict
reverseplanepartitionsof shape� with entries � �

. Thusthe right-handsideof (3.1) is the generating
function WYÔOÕaÖt�Rxz�g�vX Z2\^]:��_ X Z2\e�/��_ , wherethe sumis over all pairs �RNB���vxz� � , with NB� beinga column-
strict reverseplanepartitionof shape� with entries� �

andwith xz� beinga �;# – �RU�> C �O� -tabloidof shape� (viewing �RU=> C � asafunctionthatmapsacell 3À4T� to U=> C 7 ). Thereis astraight-forwardembeddingof
thesetof column-strictreverseplanepartitionsN of shape� with entriesbetween

�
and U (the“left-hand

sideobjects”in (3.1)) into theabovepairs,namelyby mappingN to �;N��
�
� . Therefore,in orderto prove
(3.1)bijectively, we have to find a sign-reversing(with respectto ÔOÕaÖ=�Rx � � ) andweight-preserving(with
respectto X Z2\^] � _ j Z2\e� � _ ) involution on thesetof all pairs �RN � �vx � � asabove, whereeither N � contains
someentry !�U or wherex � containssomenonzeroentry.

Suchan involution is simply described.Fix sometotal orderingof the cells of � . Considersucha
pair �RNB���vxz� � . Apply Algorithm C to NB� to obtain � �NB��� �xz� � , where

�NB� is a column-strictreverseplane
partitionof shape� with entriesbetween

�
and U andwhere

�xz� is sometabloidof shape� . Pick theleast
cell 3 (in thechosenfixedtotal order)suchthat

�xz� or xz� containa nonzeroentry in this cell. (Notethat
by assumptiontheremustbeat leastonesuchcell.) If theentryis nonzeroin xz� thenreplaceit by # , thus
obtaining x�,� , andadd

�
to theentryin cell 3 of

�x � , thusobtaining
�x�,� . Otherwise,replacethe # in cell 3

of x � by UÌ> C 7 , thusotaining xy,� , andsubtract
�

from theentryin cell 3 of
�x � , thusobtaining

�x � . Apply
Algorithm C* to the pair � �N � � �xy,� � , thusobtaining N·,� . The imageof �RN � �vx � � underour involution is
definedto be �;N·,� �Ox�,� � . Thereadershouldnothaveany difficulty to verify thatthismappingis indeedan
involutionandis sign-reversingandweight-preservingin theabovesense. �
3.2 Bijective proof of (3.2)

First we have to recall the involution principleof GarsiaandMilne [2] (seealso[17, Sec.4.6]). Let Ù
bea finite setwith a signedweight function w definedon it. Furthermore,let Ù¥� and Ù � besubsetsofÙ , bothof which containingelementswith positive signonly. Supposethat thereis a sign-reversingand
weight-preservinginvolution '9� on Ù thatfixesÙ¸� andasign-reversingandweight-preservinginvolution'9� on Ù thatfixes Ù¸� . Thentheremustbeaweight-preservingbijectionbetweenÙ � and Ù¸� . And such
abijectioncanbeconstructedexplicitly by mapping� 4�Ù � to �)' �|Ú '�� � Z � � � whereP is theleastinteger
suchthat �R' �¸Ú '�� � Z � � � is in Ù¸� .

Now we turn to our promisedbijective proof of (3.2). The right-handside of (3.2) canbe seenas
the generatingfunction WYX Z2\^]�~O_ X Z}\^�[�+_ , wherethe sum is over all pairs �RN?���Oxz�B� , with N?� being the
“minimal” column-strictplanepartition with entries � �

asexplainedin Section2, andwith x � being
a � È UD> C � -tabloid of shape� . Call this setof pairs Û � . Similarly, the left-handsideof (3.2) canbe
seenasthegeneratingfunction W X[Z2\e]��:_�X[Z2\^�[�:_ , wherethesumis overall pairs �RNB� �Ox��z� , with NB� being
a column-strictreverseplanepartition of shape� with entriesbetween

�
and U , andwith xz� being a� È 6�� -tabloid.Call this setof pairs Û�� .

Weneedto setupabijectionbetweenthesetwo setsof objects.Wewantto usetheinvolutionprinciple.
Thereforewe have to saywhich choiceswe take for theset Ù , thesignedweight w , thesubsetsÙ � andÙ¥� , andtheinvolutions' � and'�� . Of course,Û � and Û�� shouldcorrespondto Ù � and Ù¸� , respectively,
thelatterbeingsubsetsof thebiggerset Ù , thathasto bedescribednext.
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WedefineÙ to bethesetof all triples �RN��vx 	 �vx � � whereN is acolumn-strictreverseplanepartitionos
shape� with entries� �

, x 	 is a �R# – ¹¥Ü^Ö=¼/6=�OU�> C ½[� -tabloidof shape� , and x � is a � È ¹¸º[»
¼/6=�OU�> C ½/� -
tabloidof shape� . Thesignedweight w on Ù is definedbyw�Ý��RN��Ox 	 �Ox � �OÞ��VÔOÕaÖt�Rx 	 �+X Z2\^]t_ j Z2\^� . _ j Z2\^�
ßv_ � (3.3)

We definethe set Ù¸� to be the subsetof all triples �;N��vx 	 �vx � � , where N is a column-strictreverse
planepartitionof shape� with entriesbetween

�
and U , wherex 	 �¯� , andwherex � is a � È 6
� -tabloid.

Note in particularthat the sign of w�Ý��;N��vx 	 �vx � �OÞ for all thesetriples is ÔOÕaÖ=�����|� �
which is positive.

Obviously, Ù¸� is in bijection with Û�� . Besides,thereholds w Ý �RN��
�=�vx � � Þ �àX Z}\^]t_ j Z}\^��ß
_ , which is
exactlywhatwe need.

We definetheset Ù¸� to be thesubsetof Ù consistingof all triples �RN?�a�vx 	 �vx � � , where x 	 �8� and
where x � is a � È UÀ> C � -tabloid. Again, the sign of w Ý �RN?���Ox 	 �vx � � Þ for all thesetriples is positive.

Obviously, Ù¸� is in bijection with Û�� , and w�Ý��RN?�����t�Ox � �OÞÀ�8X Z2\^]�~O_ j Z2\^�
ßv_ , which is exactly what we
need.

For definingtheinvolutions '�� and ' � we fix a total orderingof thecellsof � , aswe did beforein the
bijectiveproof of (3.1).

First we definethe involution '�� thatfixes Ù¸� . Let �RN��Ox 	 �Ox � � bea triple in Ù that is not in Ù¸� , i.e.N containsanentry !¯U or x 	 containsa nonzeroentry. We distinguishbetweentwo cases.For thefirst
caseweassumethatthereis acell 3 in � with6 7 o x 	7 >�x �7 È U{> C 7 � (3.4)

Without lossof generality, let 3 betheleastsuchcell in ourfixedtotalorder. Notein particular, that(3.4)
implies 6�7 È U�> C 7 , andthereforeby definitionof x 	 andx � wehave x 	7 �V# or 6�7 , and #Do�x �7 È U�> C 7 .
If x 	7 �®# thenwereplacex 	7 by 6�7 , thusobtaining

�x 	 , andwereplacex �7 by x �7 < 6�7 , thusobtaining
�x � .

If x 	7 �E6 7 thenwe replacex 	7 by # , thusobtaining
�x 	 , andwe replacex �7 by x �7 >�6 7 , thusobtaining�x � . It is easyto checkthatbecauseof (3.4) in both cases

�x 	 will be a �R# – ¹DÜeÖz¼[6t�
UÁ> C ½[� -tabloid and�x � will bea � È ¹¥º�»�¼/6=�OU²> C ½[� -tabloid. We define '9��Ý
�RN��Ox 	 �Ox � �OÞ to be �RN�� �x 	 � �x � � . Obviously, there
holds w Ý �RN��vx 	 �vx � � Þ � < w Ý �RN�� �x 	 � �x � � Þ , asrequired.

In the secondcase,i.e. if we have a triple �RN��vx 	 �vx � � where(3.4) is falsefor any cell 3 , thenin the
first stepwe transform �RN��Ox 	 �Ox � � into aquadruple�RN , �
á � �
á 	 �
á � � , where N , is a column-strictreverse
planepartitionof shape� with entriesbetween

�
and U , á � is a tabloidof shape� , á 	 is a � È 6
� -tabloid

of shape� , and á � is a �;# – �;U{> C �v� -tabloidof shape� , suchthatw Ý �RN��Ox 	 �vx � � Þ �®ÔvÕ�Öt�;á � �}X Z2\^]tâe_ j � � \eã ~ _ j Z2\äã . _ j Z2\äã ß _ � (3.5)

The pair �;N·,;��á � � is obtainedby applying Algorithm C to N . á 	 and á � are obtainedby doing the
following operationon x 	 and x � for eachcell 3 in � . If 6�7��LU¸> C 7 then interchangex 	7 and x �7 .
If 6�7 È UD> C 7 andif x 	7 >Vx �7 È 6�7 (which implies x 	7 �Î# ) thenagaininterchangex 	7 and x �7 . If6 7 È U·> C 7 andif x 	7 >Íx �7 ��U{> C 7 (which implies x 	7 �V6 7 ) thenreplacex 	7 by x 	7 >�x �7 < �RU·> C 7 �
and x �7 by UÃ> C 7 . By asimplecase-by-caseanalysisthefollowing factscanbechecked:Thenew tabloidá 	 is a � È 6
� -tabloidandthenew tabloid á � is a �;# – �;U|> C �v� -tabloid, in all cases.Therelation(3.5) is
satisfied.Also, this transformationcanbe reversed.Finally, x 	 °��� if andonly if á � °��� underthis
transformation.
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In thesecondstep,we choosethe leastcell 3 in our fixedtotal ordersuchthat á �7 or á �7 is nonzero.Ifá �7 is nonzerothenreplaceá �7 by # , thusobtaining
�á � , andadd

�
to á �7 , thusobtaining

�á � . If á �7 is # then
replaceá �7 by US> C 7 , thusobtaining

�á � , andsubtract
�

from á �7 , thusobtaining
�á � . Finally, in thethird

stepweapplytheinverseof theabovetransformationto �RN·,�� �á � �
á 	 � �á � � , thusobtaining � �N¥� �x 	 � �x � � . We
define '���ÝO�;N��vx 	 �vx � �vÞ to be � �N¥� �x 	 � �x � � . By constructionwe have w�Ý��;N��vx 	 �vx � �OÞÁ� < w|� �N¸� �x 	 � �x � � ,
asrequired.

We leave it to thereaderto verify that '�� is a sign-reversingandweight-preserving(with respectto the
signedweight(3.3)) involutionon ÙæåÌÙ¸� .

Thedefinitionof ' � proceedsin a similar spirit. Let �RN��vx 	 �vx � � bea triple in Ù with either N being
differentfrom N � or x 	 containinga nonzeroentry.

Again,we distinguishbetweentwo cases.For thefirst caseweassumethatthereis acell 3 in � withU²> C 7So�x 	7 >Íx �7 È 6�7�� (3.6)

Without lossof generality, let 3 be the leastsuchcell in our fixed total order. Note in particular, that
(3.6) implies U¸> C 7 È 6 7 , andthereforeby definition of x 	 and x � we have x 	7 ��# or U¸> C 7 , and#poLx �7 È 6�7 . If x 	7 ��# thenwe replacex 	7 by U¸> C 7 , thusobtaining

�x 	 , andwe replacex �7 byx �7 < �;U|> C 7/� , thusobtaining
�x � . If x 	7 ��U|> C 7 thenwe replacex 	7 by # , thusobtaining

�x 	 , andwe
replacex �7 by x �7 >ÀUg> C 7 , thusobtaining

�x � . It is easyto checkthatbecauseof (3.6)in bothcases
�x=	 will

bea �R# – ¹¥ÜeÖt¼[6t�
U�> C ½/� -tabloidand
�x � will bea � È ¹¸º[»
¼/6=�OU�> C ½[� -tabloid.Wedefine'�� Ý �RN��vx 	 �vx � � Þ

to be �;N�� �x 	 � �x � � . Obviously, thereholds w�Ý
�RN��Ox 	 �vx � �OÞ�� < w�ÝO�;N�� �x 	 � �x � �vÞ , asrequired.
In thesecondcase,i.e. if wehaveatriple �;N��vx 	 �vx � � where(3.6)is falsefor any cell 3 , thenin thefirst

stepwe transform �RN��Ox 	 �Ox � � into a quadruple�;N � �
á � �
á 	 �
á � � , where á � is a tabloidof shape� , á 	 is
a � È �;U²> C �v� -tabloidof shape� , and á � is a �R# –6
� -tabloidof shape� , suchthat

w Ý �;N��vx 	 �vx � � Þ �®ÔvÕ�Öt�;á � �}X Z2\^] ~ _ j � � \eã ~ _ j Z2\eã . _ j Z2\eã:ßO_ � (3.7)

Thepair �;N � �
á � � is obtainedfrom N by usingtheHillman–Grasslalgorithmasdescribedin Section2.á 	 and á � areobtainedby doingthefollowing operationon x 	 and x � for eachcell 3 in � . If U > C 7·�p6�7
theninterchangex 	7 and x �7 . If U�> C 7 È 6�7 andif x 	7 >çx �7 È Uy> C 7 (which implies x 	7 �®# ) thenagain
interchangex 	7 and x �7 . If UQ> C 7 È 6�7 andif x 	7 >�x �7 �p6�7 (which implies x 	7 �®U > C 7 ) thenreplacex 	7
by x 	7 >Tx �7 < 6�7 and x �7 by 6�7 . Similarly asabove,by asimplecase-by-caseanalysisthefollowing facts
canbechecked: Thenew tabloids á 	 is a � È �RUS> C �v� -tabloidandthenew tabloid á � is a �R# –6
� -tabloid,
in all cases.Therelation(3.7) is satisfied.This transformationcanbereversed.And, x 	 °�@� if andonly
if á � °�®� underthis transformation.

In thesecondstep,we choosethe leastcell 3 in our fixedtotal ordersuchthat á �7 or á �7 is nonzero.Ifá �7 is nonzerothenreplaceá �7 by # , thusobtaining
�á � , andadd

�
to á �7 , thusobtaining

�á � . If á �7 is #
thenreplaceá �7 by 6�7 , thusobtaining

�á � , andsubtract
�

from á �7 , thusobtaining
�á � . Finally, in thethird

stepweapplytheinverseof theabovetransformationto �RN·,�� �á � �
á 	 � �á � � , thusobtaining � �N¥� �x 	 � �x � � . We
define '�� Ý �;N��vx 	 �vx � � Þ to be � �N¸� �x 	 � �x � � . By constructionwe have w Ý �;N��vx 	 �vx � � Þ � < w|� �N¸� �x 	 � �x � � ,
asrequired.

Also here,we leave it to the readerto verify that '�� is a sign-reversingandweight-preserving(with
respectto thesignedweight(3.5)) involutionon Ù�åÌÙ¥� . �
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4 Conclusion
Therearemany otherproductformulasfor planepartition generatingfunctions,andonly for a few of
themcombinatorialproofsareknown. However, many of theformulasfor which no combinatorialproof
is known allow nicecombinatorialformulations.Thereforethereshouldalsobenicecombinatorialproofs
thatexplain theseformsof theformulas.Below we list a few candidatesthatdesireto beprovedcombi-
natorially.

(1) In [4] it is proventhatthenumberof planepartitionsof agivenstaircaseshapewith boundedentries
is aproductinvolving thehook-lengthsandsomegeneralizedcontentsof thestaircaseshape.Is it possible
to extendtheideasof Section2 to this case?Of course,it cannotbethateasysincetheredoesnot exist a
weightedversionof this result.

(2) Countingplanepartitionssubjectto varioussymmetriesacquireda lot of attentionduring thepast
25 years.Thereare10 symmetryclasses(seethesurvey in Stanley’spaper[16]), for eachof which there
is a nice productformula. Now all the formulasareproven (except for the X -analogueof Case4; the
formulasthat wereonly conjecturedat the time of [16] areproved in [1, 6, 18]). Case1, MacMahon’s
generatingfunction[7, Sec.429,proof in Sec.494] for planepartitionsof rectangularshapewith bounded
entries,is easilyseento be containedin Theorem1. Thereforethis paperprovidesa bijective proof for
Case1. In all othercasestheexisting proofsareto themoreor lesserextentnon-combinatorial.Case2,
the generatingfunction for symmetricplanepartitionsof squareshapewith boundedentries,looks like
a promisingcandidateto be provedcombinatorially. This is becausesymmetricplanepartitionscanbe
seenasshiftedplanepartitions,by forgettingaboutonehalf of thesymmetricplanepartition,wherethe
entriesof theshiftedplanepartitionoff thediagonalcontributetwice their sizeto thenorm. Thereexists
a shiftedversionof theHillman–Grasslcorrespondence,dueto Sagan[11, Sec.3,4], thatwould provide
theanaloguefor thefirst stepin our bijectionin Section2. Soit remainsto find theshiftedanaloguesof
AlgorithmsC andC*. Thoughthereis alsoa shiftedversionof jeu detaquin(cf. [12]), it doesnot seem
to helphere.And thefact that thereis a niceproductformula for thegeneratingfunctionfor symmetric
planepartitionsof squareshapeonly (andnot for anarbitraryfixedsymmetricshape)addsto theevidence
thata new ideais neededin this case.

On theotherhand,in all theCases1–4the formulascanbewritten in a form suchthat theproductis
indexedby theboxesof theregion in which theplanepartitionsunderconsiderationarecontained,which
is a highly combinatorialdescription. So theremustbe bijective proofsexplaining theseforms of the
formulas.

Acknowledgement. This work wascarriedout while the authorvisited the University of California at
SanDiego. He thankstheUniversityof Californiaandin particularAdrianoGarsiafor makingthis visit
possible.Besides,he is indebtedto Adriano Garsiafor drawing his attentionto the problemof finding
“nice” combinatorialproofsof hookformulas.

Appendix
Theappendixcontainsacompleteexamplefor AlgorithmsC andC* for �����)(��O*+�
*+� � � and UD�V( , setting
up a mappingbetweenthetwo sidesof Figure2. Seethespecificdescriptionsgivenin ExamplesC and
C* of how to readthefollowing tables.
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è è é êë é ìí î êïî
ð ð ð ðð ð ðð ð ðð

(C1)ñ}ò è è é êë é ìí î ìî
(2.4)ñ}ò è è é êë é ìí í îî

(C3)ñ}ò
ñ ñ ñ ññ ñ ññ ñ ññ

(C*3)ó ñ è è é êë é ìí î êî
(2.17)ó ñ è è é êë é ìí ê îî

(C*1)ó ñ

è è é êïë é ìí íô ï îî
ð ð ð ðð ð ðð è ðð

(C1)ñ}ò è è é èë é ìí í îî
(2.4)ñ}ò è è ë éë é ìí í îî

(C3)ñ}ò
ñ ñ ñ ññ ñ ññ ê ññ

(C*3)ó ñ è è é êë é ìí í îî
(2.17)ó ñ è è ê éë é ìí í îî

(C*1)ó ñ

è è ëô ï éë é ìí í îîï
ð ð è ðð ð ðð è ðð

(C1)ñ}ò è è ë éë é ìí í îõ
(C3)ñ2ò

ñ ñ ê ññ ñ ññ ê ññ
(C*3)ó ñ è è ë éë é ìí í îî

(C*1)ó ñ
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è è ë éë é ìí í îïõô ï
ð ð è ðð ð ðð è ðè

(C1)ñ}ò è è ë éë é ìí í éõ
(2.4)ñ2ò è è ë éë é ìí ì íõ

(2.4)ñ}ò è è ë éë é ìí í íõ
(C3)ñ}ò

ñ ñ ê ññ ñ ññ ê ñî
(C*3)ó ñ è è ë éë é ìí í îõ

(2.17)ó ñ è è ë éë é ìí î íõ
(2.17)ó ñ è è ë éë é ìî í íõ

(C*1)ó ñ

è è ë éë é ìíô ï í íõï
ð ð è ðð ð ðè è ðè

(C1)ñ}ò è è ë éë é ìí í íí
(2.5)ñ2ò è è ë éë é ìì í íí

(C3)ñ2ò
ñ ñ ê ññ ñ ñî ê ñî

(C*3)ó ñ è è ë éë é ìí í íõ
(2.18)ó ñ è è ë éë é ìõ í íí

(C*1)ó ñ

è è ë éë é ììô ï í ííï
ð ð è ðð ð ðë è ðè

(C1)ñ}ò è è ë éë é ìì í íì
(2.5)ñ2ò è è ë éë é ìé í íì

(C3)ñ2ò
ñ ñ ê ññ ñ ñõ ê ñõ

(C*3)ó ñ è è ë éë é ìì í íí
(2.18)ó ñ è è ë éë é ìí í íì

(C*1)ó ñ
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è è ë éë é ìéô ï í íïì
ð ð è ðð ð ðé è ðè

(C1)ñ2ò è è ë éë é ìé í èì
(2.4)ñ2ò è è ë éë é ìé ë íì

(2.5)ñ2ò è è ë éë è ìé é íì
(2.4)ñ2ò

ñ ñ ê ññ ñ ñí ê ñí
(C*3)ó ñ è è ë éë é ìé í íì

(2.17)ó ñ è è ë éë é ìé í íì
(2.18)ó ñ è è ë éë í ìé é íì

(2.17)ó ñ

(2.4)ñ}ò è è ë éë ë ìé é íì
(C3)ñ}ò

(2.17)ó ñ è è ë éí ë ìé é íì
(C*1)ó ñ
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è è ë éëô ï ë ìé é íïì
ð ð è ðè ð ðé è ðè

(C1)ñ2ò è è ë éë ë ìé é èì
(2.5)ñ}ò è è ë éë ë ðé é ìì

(2.5)ñ2ò è è ñÃè éë ë ëé é ìì
(2.4)ñ:ò

ñ ñ ê ñí ñ ñí õ ñí
(C*3)ó ñ è è ë éë ë ìé é íì

(2.18)ó ñ è è ë éë ë íé é ìì
(2.18)ó ñ è è í éë ë ëé é ìì

(2.17)ó ñ

(2.4)ñ}ò è ð è éë ë ëé é ìì
(2.4)ñ:ò è è è éë ë ëé é ìì

(C3)ñ2ò

(2.17)ó ñ è í è éë ë ëé é ìì
(2.17)ó ñ í è è éë ë ëé é ìì

(C*1)ó ñ

èô ï è è éë ë ëé é ìì
è ð è ðè ð ðé è ðè
í ñ î ñí ñ ñí õ ñí
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