DiscreteMathematicsand Theoetical ComputerScience3, 1999,73-94

On the Structure of Valiant's Complexity
Classes

PeterBirgissef

Institutfur MathematikUniversitt Zurich, Winterthurerdr. 190,CH-8057Zurich, Switzerland,
buer g@math. uni zh. ch

received® July 1998 revised25" April 1999 accepted®7" April 1999

In [26, 28] Valiant developedan algebraicanalogueof the theory of NP-completenestr computationof poly-
nomialsover a field. We further developthis theoryin the spirit of structuralcompleity andobtainanaloguef
well-known resultsby Baker, Gill, andSolovay[1], Ladner[18], andSchbning[23, 24].

We show thatif Valiant's hypothesiss true, thenthereis a p-definablefamily, which is neither p-computablenor
VNP-complete.More generally we definethe posetsf p-degreesand c-degreesof p-definablefamiliesandprove
thatary countableposetcanbe embeddedn eitherof them, provided Valiant's hypothesids true. Moreover, we
establistthe existenceof minimal pairsfor VP in VNP.

Over finite fields, we give a specificexample of a family of polynomialswhich is neither VNP-completenor p-
computableprovidedthe polynomialhierarchydoesnot collapse.

We definerelatiized compleity classed/P" andVNP" andconstruccompletefamiliesin theseclassesMoreover,
we prove thatthereis a p-family h satisfyingvP" = VNP".

Keywords: Structuralcompleity, Algebraictheoriesof NP-completenessljagonalizationPosebf degrees.

1 Introduction

Oneof themostimportantdevelopmentsn theoreticatomputesciences theconcepbf NP-completeness.
Recentlyinitiated by a paperby Blum, Shub,and Smale[6] (BSS-model)therehasbeena growing in-
terestin investigatingsuchconceptover generablgebraicstructureswith the purposeof classifyingthe
complity of continousproblems. But alreadytenyearsearlier Valiant[26, 28] had developeda con-
vincinganaloguef thetheoryof NP-completeneda anentirelyalgebraidramework, in connectiorwith
hisfamoushardnessesultfor the permanenf27]. In fact,the generatingunctionsof mary NP-complete
graphproblemsturn out to be completein Valiant’s sensgcf. [7]). The major differencesetweernthe
BSS-modehknd Valiant's modelare the absenceof uniformity conditionsin the latter, andthe fact that
only straight-linecomputationsreconsideredno branching) Both structurednodelsareadaptedo the
framework of polynomialcomputationsandwe believe thatthey will be usefulfor classifingtheintrinsic

TAn extendedabstracof this work appearedh Proc.STACS’ 98, LNCS 1373,pp. 194-204.
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compleity of problemsin numericalanalysisandin computeralgebra(compareéSmale[25], Heintzand
Morgensterrj16]).

OurgoalistofurtherdevelopValiant'sapproactalongthelinesof discretestructuracompleity theory

We shaw thatif Valiant's hypothesids true, then,over ary field, thereis a p-definablefamily which
is neitherp-computablenor VNP-complete. A similar resultdueto Ladner[18] in the classicalP-NP-
settingis well-known. Ladners proofis a diagonalizatioragumentbasedon an effective enumeration
of all polynomialtime Turing machines. However, over uncountablestructures this approachcauses
problems Malajovich andMeer[20] carriedover Ladners theorento the settingof the BSS-modebver
the complex numberdy employinga transferprinciple dueto Blum etal. [5], which allows a reduction
to the countablefield of algebraicnumbers.The correspondingjuestionover the realsis still open,but
it is known to be true undera nonuniformity assumptioncf. Ben-David et al. [3]. Oneof thereasons
our proofworksover ary field is the nonuniformityof Valiant'smodel. (For a detailedtreatmenbf these
guestionsn ageneraimodel-theoreticontext seeChapuisandKoiran[11].)

In [23] Schoning found a powerful and uniform techniquefor proving the existenceof certain“diag-
onal” recursve sets.We develop a similar techniqueadaptedo Valiant’s setting. In this framework, the
essencef enumeratioranddiagonalizatiorargumentscanbe neatlycapturedoy our notion of a o-limit
set which senesasa substitutefor therecursvely presentablelassesn Sclbning’sapproach.

In Sect.3 on page76 we formalizethis in a generalabstractsettingby studyingcertaincompatible
quasi-ordersn thesetQ" of familiesin a quasi-orderedet(Q, <), andby proving anabstractliagonal-
izationtheorem.Basedon this theoremwe proceedn Sect.4 on page78 by providing an elegantproof
thatary countableposetcanbe embeddedn the posetof degreescorrespondingo a compatiblequasi-
order Thisis appliedin Sect.5 on page81in Valiant’s settingto an analogueof the polynomialTuring
reduction(c-reduction),aswell asto the p-projection. A similar resultin the classicalP-NP-settingor
polynomialTuring or polynomialmary-one degreeswasstatedoy Ladner[18]; however, he presentec
proofin a specialcaseonly. We further remarkthatthe existenceof minimal pairsfor VP in VNP can
be easilyguaranteetby our approach.(SeeLandweberet al. [19] and Sctbning [24] for corresponding
resultsin the classicalP-NPsetting.)

A striking discovery is thatwe candescribespecificfamilies of polynomialswhich areneitherVNP-
completenor p-computable.In fact, the family of cut enumeratorsver a finite field of characteristiq
hasthis property provided Mod,NP is not containedn P/poly. (Thelatter conditionis satisfiedif the
polynomialhierarchydoesnot collapseatthe secondevel.) In theclassicalaswell asin theBSS-setting,
only artificial problemsareknown to have suchproperties Thisis discussedh Section6 on page83.

Finally, in Sect.7 onpage87,we definerelative versions/P" andVNP" of Valiant'scompleity classes
with respecto a p-family h. For these we have obtainedsomeresultsin the spirit of Bakeretal. [1].
(WeremarkthatEmersor{13] hastransferedsuchresultsto the BSS-model. Over infinite fields,we can
construcl/P"-completeandVNP"-completefamilieswith respecto p-projection.In particularthis gives
aprooffor the existenceof VNP-completdamilies,whichis independentf Valiant’sintricatereduction
for the permanent Moreover, we canconstructa p-family h satisfyingVP" = VNP". We do not know
whetherthereexistsa p-family h suchthatVP" £ VNP".

2 Valiant’'s Model

We briefly recall the main featuresof Valiant’s algebraicmodel. For detailedexpositionsseevon zur
Gathen15] and[9, Chap.21].
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In this sectionQ := k[X1, X, . . ] denoteghe polynomialring over a fixed field k in countablymary
variablesX;. A p-family over k is a sequenced = (f,) € QY of multivariatepolynomialssuchthatthe
numberof variablesaswell asthedeggreeof f, arepolynomiallybounded p-boundedfunctionsof n. An
exampleof a p-family is the permanenfamily PER= (PER,), wherePER, is the permanenof ann by
n matrixwith distinctindeterminateentries.

Let L(fy) denotethe total compleity of f,, thatis, the minimum numberof arithmeticoperations
+, —, * sufficientto computef, from the variablesX; andconstantsn k by a straight-lineprogram. We
call a p-family f p-computableff n— L(f,) is p-bounded.The p-computablgamilies constitutethe
complity classVP. We remarkthat the restrictionto p-boundeddegreesis a severe one: although
X2" canbe computedwith only n multiplications, the correspondingequencés not consideredo be
p-computableasthe degreesgrow exponentially

A p-family f = (f,) is called p-definableiff thereexists a p-computableamily g = (gn) with gn €
K[X1, ..., Xyn)] suchthatfor all n

fn(X1, ..., Xym) = > On(X1, .-, Xyn)s 841 -+ - €un)) 1)
ec{0,1}u(n-v(n)

The setof p-definablefamiliesform the compleity classVNP. The classVP is obviously containedn
VNP, andValiant’s hypothesislaimsthat this inclusionis strict. We canconsiderthis asan algebraic
counterparbf thewell-known hypothesid # NP dueto Cook[12]. Let usmentionthefollowing recent
resultdueto theauthor which revealsa closeconnectiorbetweerthesetwo hypotheses.

Theorem2.1([8]) If Valiant’s hypothesisvere falseoverthefieldk, thenthe nonuniformversionsof the

compleity classedNC, P, NP, and PH would be equal. In particular, the polynomialhierarchy would

collapseto the secondevel. Hereby we assumehat k is finite or of characteristiczeo; in the second
caseweassume geneanlizedRiemanrhypothesis.

We shallnow definea quasi-ordek , called p-projectiononthe setQ™ of familiesin Q. A polynomial
fn is saidto be aprojectionof apolynomialgm € k[X, ..., X], for shortf, < gn, iff

fn(xla~~~;xv(n)) = gm(al,...,au) (2)

forsomeg; € kU {Xy, ..., Xyn)}. Thatis, f, canbederivedfrom gm throughsubstitutiorby indeterminates
andconstantsLet uscall afunctiont: N — N p-boundedromaboveandbelowiff thereexistssomec > 0
suchthatnt/® — ¢ < t(n) < n°+c for all n. We call a p-family f = (f,) a p-projectionof g = (gm), in
symbolsf < g, iff thereexistsa functiont: N — N whichis p-boundedrom abore andbelov suchthat

o ¥n>no: frn < Gy - 3)

We remarkthat our definition of <, differs slightly from the one givenin [26]. On the one hand,we
requiretherelationfn < gy to holdfor sufficiently largen only. In turn, in orderto guarantegransitiity
of <p, we have to makesurethatt (n) — c asn— co. For our purposesit is corvenient(but notessential)
to achieve this by requiringthatt is growing atleastpolynomially.

Finally, a p-family g € VNP is calledVNP-completéwith regardto p-projection)iff ary f € VNP isa
p-projectionof g.
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In [26] Valiantobtainedheremarkableesultthatthepermanentamily (if chak # 2) andthefamily of
Hamiltoncycle polynomialsare VNP-complete.lt turnsout thatthe generatingunctionsof several NP-
completegraphproblemdike Clique,factors,Hamiltoncyclesin planargraphsetc.areVNP-completeas
well (cf. [7]).

3 An Abstract Diagonalization Theorem

Letaquasi-orderedet(Q, <) befixed. Elementof thesetQ" of sequencem Q will becalledfamiliesin
thesequel We mayformally definea quasi-ordek , (theabstractp-projection)onthesetQ™ of families
asin ( 3 onthe pagebefore).Two families f andg aresaidto be p-equivaleniff f <, gandg <p f. We
call the equivalenceclassegp-degreesanddenoteby Dy the posetof all p-degreeswith the partialorder
inducedby <,. f <, gshallmeanthatf <p gbutnotg<p f. Thejoin f Ugof two familiesf,ge QY is
definedas

fug:=(fo,00, f1,01, f2,02,...) . 4)
It is easyto seethatthe join of two p-degreesis well-definedandthatit is the smallestupperboundof
thesep-degreesin Dy,. TheposetD, of p-degreesis thusajoin-semilattice.

Definition 3.1 By a cylinderin QY we shall understanch set of families of the form F x QY, where
F C Q" for somen € N. A limit of cylindersis definedasa countabléntersectiorof cylinders.By o-limit
setin QY we shallunderstané countableunionof limits of cylinders.

We remarkthat countableunions and finite intersectionsof o-limit setsare againo-limit sets. In
Example3.5 on page78 at the end of this section,we will seethatthe o-limit setsarenot closedunder
the formation of complementsind countableintersections.Note thatif |, C Q™ for n, € I, thenthe
cartesiarproduct[], F, is alimit of cylinders.

Lemma3.2 {h|h<, g} and{h| f <, h} are o-limit setsfor all f,ge QY.
Proof. It is cornvenientto usethe abbreviation
I(c,n):={m|nY*—c<m<n°+c} . (5)

Notethath <, g canbeexpressedy thefollowing predicate

dc>03ng¥Yn>ng Im: me l(c,n) A hy <gm , (6)
wherethe quantificationis over naturalnumbers Thusif we set
U(c,n):={ueQ|am:mel(c,n) A u< gm} , (7)
thenwe canwrite
{hih<pgt=J(QPx [JU(cn) (8)
c,Ng n>no

hence{h| h <, g} is ao-limit set.
On the otherhand,we may write {h | f <, h} asthe countableunion over all ¢,ny of the following
limits of cylinders
N U @"x{veQ|f,<v}ixQY) . (9)
n>ng mel(n,c)
Therefore{h | f <, h} isao-limit set. O
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We remarkthattheorder<,, is compatiblewith thejoin in thefollowing sensefor all o-limit sets# C
QN theset{(f,qg) | fuge 7} isao-limit subsedf (Q x Q)" viatheidentificationQ™ x QY — (Q x Q)N
sending((fn), (o)) to ((fn, Gn)).

We call afamily (fy) afinite variation of afamily (gn) iff fn = gn for all but finitely mary n. Notethat
if fisafinite variationof g, thenf andg arein thesamep-degree.Subset®f QY which areclosedunder
finite variationcaptureasymptoticpropertiesof families (f,) for n — co. (In probabilitytheoryonecalls
themtail events.)

Thefollowing abstractliagonalizatiortheorenis inspiredby Schoning’suniformdiagonalizatiortheo-
rem[23] (seealsoBalcazaretal. [2]). We notethattheo-limit setssene asa substitutegor therecursvely
presentablelassesppearinghere.

Theorem 3.3 Let ¥, G be o-limit setsof QY which are closedunder finite variation. Moreovey let
f,ge Q¥ sudthatf ¢ 7 andg ¢ G. Thenther existsh € QY satisfyingh <, f ugandh¢ F U G.

Proof. As # andg areo-limit sets,we have representationg = (J;(; % andG = UiN; Gij where
% and Gjj arecylindersin QY. Clearly we mayassumehat fio D %12 ...andGio D Gi1 D .... We
denoteby T, theprojectionQ™ — Q" (fy) — (fo, ..., fn-1).

By induction,we aregoingto constructan infinite sequencdyp (=0 < a1 <bs <ay < by < ... of
naturalnumberssuchthatthe correspondingmixture” h of thefamilies f andg definedby

. J fyifbs1 <v < asforsomes
M= { gv if as <v < bs for somes (10)
satisfiedor all i
T (M) & T (Fiai), T (M) & T (Giy) - (11)

Let usfirst shav thattheresultingh fulfills therequirementsf thetheorem It is clearthath <, fug.
Assumeby contradictiorthath € #. Thenthereexists somei suchthath € % for all j. Choosingj = a;,
we geta contradictionto ( 11). Analogouslyoneshavsthath ¢ G.

Assumenow thatwe have alreadyconstructed < a; < by < ... < a1 < bj_1. Thentheelementd,
for v < bi_1 arealreadydeterminedConsideithe following finite variation

F = (hOa hl; B hbi,l—l; fbi,la fbi,1+la e ) (12)

of thefamily f. Sincef ¢ # and ¥ is closedunderfinite variation,we have f~§z F. Thereforefgz Fi
for somej. As #; is acylinder, thereexists N suchthat % = T, 1(T,( %)) for all n> N. Now choose
a :=max{bi_1+1, j,N}. Thenwe have

TG (Ta (i) C TG (T (i) = %ij - (13)

Thereforery, () ¢ T, (% ). Thecorrespondingxtensionof thesequencé upto index a; — 1 therefore
satisfiesthe desiredproperty The index b; can be found similarly by consideringthe finite variation
6= (ho,...,ha-1,05,9a+1, . ..) of thefamily g. O

By inductiononecaneasilygeneralizeThm. 3.3to anarbitraryfinite numberof o-limit sets.

Corollary 3.4 Let #1, ..., Fs be o-limit setsof QY which are closedunderfinite variation and let f; €
QY\ % fori=1,...,s. Thenther existsh € QY satisfyingh <, f1U...U fsandh ¢ 7 for all i.
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Example 3.5 ConsiderQ = {0, 1} with the naturalorder<. We definethe supportof a family h € Q
as{v | hy # 0}. Thefamilieswith finite supportform a o-limit setG. We claim thatthe complement
F of G is nota o-limit set. In fact, otherwise,Thm. 3.3 on the pagebeforewith the constantfamilies
f=(0) ¢ # andg= (1) ¢ G wouldimply the existenceof afamily h¢ F# U G, whichis absurd.This
examplealsoshavsthattheo-limit setsarenot closedundertheformationof countabléntersectionswe
have F = NnFn, Where F, denoteghe o-limit set#, := Umsn(QM x {1} x Q).

4 An Abstract Embedding Theorem

Againlet a quasi-orderedet(Q, <) befixed anddenoteby <, the correspondingbstractp-projection.
We extendour discussiorto ary quasi-ordeon QY which satisfieccertaincompatibilityconditions.

Definition 4.1 A quasi-ordek of QY is calledcompatibleiff thefollowing conditionsaresatisfied:
(@ vf,g:f<pg=f<cQ.
(b) Vf,g,h: f <ch,g<ch= fug<ch.
(c) {h|h<cg}and{h| f <. h} arec-limit setsfor all f,gec Q.

Obserethat<p is acompatiblequasi-orderingy Lemma3.2on page76.

In thesequelletacompatiblequasi-ordex . on QY befixed. We call two families f andg c-equivalent
iff f <cgandg <. f. Thecorrespondingquialenceclassesrea unionof certainp-degreesandcalled
c-degrees f < gshallmeanthat f <. g, butnotg <¢ f. Wesaythat f <, g holdsstronglyiff f <, gand
f <co.

Let (X,C) beaposet. A map¢: X — QY is calledanembeddingf X in QY (with respecto <) if
x C yimplies$(x) <¢ ¢(y) andvice versa.We call ¢ astrongembeddingff ¢ is anembeddingndx C y
impliesevend(x) <p ¢(y).

Thegoalof this sectionis to prove the following abstracembeddingheorem.

Theorem 4.2 For anycountableposet(X, C) andelements g € QY with f <. g there is anembedding
X —{h| f <ch<cg}. If additionally f <, g, thenthereis a stongembeddingX — {h| f <, h < g}.

The proof will be basedon a sophisticate@pplicationof our abstractliagonalizatiortheorem3.3 on
the pagebefore.In thenext lemma,we settlethe specialcasewhereX consistf onepointonly.

Lemma4.3 For f,ge Q" with f < gtherexistsh € Q" suhthat f <ch<cg. If alsof <, g, thenwe
mayadditionally achievethat f <ph<pg.

Proof. F:={h|g<chuf}andG :={h|h<. f} arec-limit setsas<. is compatible.(Obsere that
H:={h'|g<ch}andthus¥ = {h| hu f € #H} is ac-limit setby theremarkfollowing Lemma3.2
onpage76.) Moreover, ¥ and G areclosedunderfinite variation(useproperty(a) in Def. 4.1). By our
assumptiorf <cgwehave f ¢ ¥ andg ¢ G.

Theorem3.3 on the precedingpageimpliesthe existenceof someh’ € QY satisfyingh’ <, f Ug and
h'¢ FUgG. Now puth:=hU f. Usingproperty(b) in Def. 4.1we concluderom f <. gthatf <,h<cg.
Ontheotherhandsinceh’ ¢ ¥ U G, we have thestrictinequalitiesf <¢ h <¢ g. Of coursejf additionally
f <p g, thenwe evengeth <, g. a
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We needtwo furtherauxiliary results.

Lemma4.4 Anycountableposet(X, C) canbeembeddeth a countabldattice.

Proof. Forye X denoteby X, := {x € X | xC y} theinitial sggmentof y. Let 4 denotethe boolean
subalgebrgeneratedy all initial sggments.4 is acountabldatticewith respecto inclusionandthemap
X — 4,y— Xy obviously definesanorderisomorphism. O

Lemma4.5 Let (X, C) bea countablelattice. Thenthere existsan enumeation xg, X1, Xz, . .. of X sud
thatead X, := {Xo, . .., X} is closedundertakingmeetsthatis, xNy € X, for all x,y € X;.

Proof. WemayassumehatX isinfinite. Letv: X — N beary enumeratiorf X. We proceedecursvely:
setxg := v~1(0). Assumenow thatxg, . . ., X,—1 arealreadyconstructedLet z, € X \ X,—1 suchthatv(z,)
is minimalandconsidetthefinite set

Mn = {ZaNX| XE Xn—1, ZnNXE Xn1} - (14)

If Mp is empty we putx, := z,. ThenX; is obviously closedundertakingmeets.

Otherwise Jet z, N x be a minimal elementof M, w.r.t. C anddefinex, := z,Nx. To shav that X, is
closedundertheformationof meetsjeta e Xo_1. Wehave xoNna= (zoNx) Na=z,Nx, wherex :=xna
isin Xp—1 by theinductionhypothesisBy the minimality in M,, we seethatin factx,Na € X.

It remainsto shav that xp, x1, . . . exhaustall elementsf X. If this were not the case takez € X'\
{Xo, X1, . . .} with aminimumvalueof v. Hencethereexistsng suchthat

{ylvy) <v(@} C {0, . X} - (15)

Thereforewe have z, = zandM, # 0 for all n > ng. It is easyto checkthatMp+1 C Mp\ {Xn} for n > no.
Thuswe would obtainainfinite strictly descendinghainof subsetsn thefinite setMy,,, whichis absurd.
O

Proof. (of Thm.4.2ontheprecedingpage)Let (X, C) beacountablgosetandassumehat f < g holds
strongly (The casewherewe only know that f < g canbesettledsimilarly.)

By theLemmas4.4and4.5we mayassumehat (X, C) is alatticeandthatxg, x4, . . . isanenumeration
of X suchthateachX, = {xo, ..., X} is closedundertheformationof meets.

By inductionon n, we shall constructmapsén: X, — QY satisfyingdn |x, ,= ¢n-1 andsuchthatthe
followingtwo propertiesaresatisfied:

(@) f <pNxex,dn(X) strongly, Uxex,dn(X) <p g strongly.
(b) Forallx,y,yi,...,Ys € Xy we have

XC Y= dn(X) <pdn(Y), On(X) <c On(Y1)U...Udn(Ys) = XCy1U...UYs . (16)
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Theinductionstartwheren = 0 is guaranteedby Lemmad4.3 on page78. Now let n > 0 andassume
thatxg, . . ., Xn—1 satisfyingthe claim are alreadyconstructed.To simplify notationwe write ¢ := ¢n_1,
A= Xy-1, andz:= x,. Let ay,...,ap denotethe maximalelementsof A which aresmallerthanz and
b1, ..., by bethe minimal elementof A which arebiggerthanz. Thusfor all x,y € A therelationx C z
impliesx C a; for somei andz C y impliesb; C y for some;.

We aregoingto distinguishseveral cases.

Casel: p>1,0> 1.

We setu:=¢(a1) U...Ud(ap) ando:= ¢(biN...Nbg) (notethatthisis well defined,asA is closed
undertakingmeets) Clearlyu <p 0. Forxe Aandy = (ys, .. .,Ys) € A°> we definetheset

Gy:={h[h<co(y1)U...Ub(ys)} (17)

if zZy1U...Uys s> 1, andwe define

Fxy={hl9(x) <chuuuo(y)U...U(ys)} (18)

if x¢Z zuy1U...Uys, s> 0. All thesesetsgy, #xy arec-limits andclosedunderfinite variation. Thereis
at mostafinite numberof them.

We claim thatu liesin noneof the sets#y y. Otherwisewe would have ¢ (x) <c uUd(y1) U...Ud(ys)
whichimplied by (b) thatx CayU...UapUy1U...Uys C zUy1 U...UYs, contradictingourassumption.
In the sameway oneseedhato liesin noneof thesetsg,.

By Cor. 3.4 0n page77 of the abstractliagonalizatiortheorem thereis someh which lies in noneof
the setsGy and #y andsuchthath <, uu o<, 0. We extendnow themap¢ = ¢n_1 to X, by setting
dn(2) ;= huu. Thencondition(a) of theinductive claimis obviously satisfied Moreover, we have

d(a) <pu<pdn(2) <po< d(bj) (19)

for alli, j, which, togethemwith theinductive hypothesisshavs thatx C y impliesdn(x) <p dn(y) for all
X,y € Xn. To prove thesecondpartof theclaim (b) assumehatdn(z) <c d(y1) U...Ud(ys). If wehadz
y1U...UYs, thenwe would obtainthecontradictiorh € Gy, Similarly, §(x) <c ¢n(Z) Ud(y1) U...Ud(Ys)
impliesx C zUy1U...UYs, Sinceh ¢ Fy. This provespart(b) of theclaim.

Case2: p>1,9=0.

By Lemmad4.3 on page78 thereexists g' suchthat Uxead(X) <p g’ <p g holdsstrongly We setu :=
d(ar) U...Ud(ap) but now we defineo := ¢'. For the setsGy and %y introducedas abore we have
u¢ Fxyando¢ Gy. By Cor 3.4 on page77 thereis someh lying in noneof the Gy, #xy and such
thath <, uuo <p o, andwe definedn(z) := huu. Thencondition(a) of the claim remainsvalid, as
Uxex, <p ¢ andg’ <p g stronglyholds. Theremainingconditionscanbe checkedasin Casel.

Case3: p=0,9> 1.

By Lemma4.3 on page78thereexists f' suchthat f < f' < Nyea holdsstrongly We takeu := f’ and
0:=¢(byN...Nbg). Thesetsgy and ¥y aredefinedasbefore but usingtheelemenu = f'. We proceed
now similarly asbefore.
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Cased: p=0,q=0.

By Lemma4.3onpage78thereexist f', ¢ satisfyingf <, f' <pNxea andUxead(X) <p ' <p g strongly
Takeu:= f/, 0:= ¢, andproceedsimilarly asbefore. O

5 Structure of Valiant's Complexity Classes

In this section,we apply our previous resultsto the settingof Valiant. Let Q := k[X1, X, . . ] denotethe
polynomialring over afixedfield k in countablymary variablesX; andconsiderthe projection<, which
isaquasi-ordeon Q. (Recallthat f < giff f canbeobtainedrom g by a substitutiorof its variablesby
variablesor constantsn k.) The correspondingjuasi-ordex , on QY is the usualp-projection.

To avoid confusionswe remarkthatin the future symbolslike f,g, h, ... will beusedto denoteeither
polynomialsor sequencesf polynomials;t will alwaysbe clearfrom the context whatis meant.

We introducethe conceptof oraclecomputations.Let a polynomialg € k[X, ..., X be given. We
considerstraight-lineprogramswhich, besidethe usualarithmeticoperationshave the ability to evaluate
the “oracle polynomial” g at previously computedvaluesat unit cost. This can easily be formalized
by consideringstraight-lineprogramsl” of type {+, —, *, 0}, wherethe symbolo standsfor the oracle
operatiorof arity s.

Definition 5.1 Theoraclecompleity L9( f4,. .., fi) of asetof polynomialsfy, ..., fy € Q with respecto
the oraclepolynomialg is the minimumnumberof arithmeticoperationst, —, * andevaluationsof g (at
previously computedralues)hataresufiicientto computethe f; from theindeterminateX; andconstants
in k.

We introducenext the notion of c-reduction,which canbe seenas an analogueof the polynomial
Turing reductionfor Valiant’s setting. (c is anacrorym for computation.)One might alsointerpretthe
p-projectionas an analogueof the polynomialmary-one reduction,however, the p-projectionis much
finer.

Definition 5.2 Let f = (fn), 3= (gn) € QY. Wecall f ac-reduction(or polynomialoraclereduction)of
g, shortly f <. g, iff thereis a p-boundedunctiont: N — I suchthatthemapn — L%® ( f,) is p-bounded.

It easyto checkthat <. is a quasi-ordeof QY. Note thatfor a p-family f we have f <. 0 iff f is
p-computable.

Lemma5.3 Thec-reduction< is a compatiblequasi-oderon QY.
Proof. Theverificationof conditions(a) and(b) of Def. 4.10on page78is straightforward Condition(c)

will beshavn similarly asin the proofof Lemma3.2onpage76. We canexpressh < g by thefollowing
predicate

JevVnIm:m<n°+c A LI"(hy) <n+c . (20)

If wewrite
V(c,n):={ueQ|Im<n°+c:L9(u) < n°+c} , (21)

thenwe have {h | h <c g} = U, [1nV(c, n), whichshows thatthis is ao-limit set.
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Ontheotherhand,we maywrite {h| f <¢ h} asthecountableunionover all c of the following limits
of cylinders
N U @x{veQ|LY(fy)<n°+c} xQY) . (22)
n m<n®+c
O

Corollary 5.4 Thesetof p-familiesaswell astheclassed/P andVNP are o-limit sets.

Proof. Weleaveit to thereadetto checkthatthe set® of p-familiesis ao-limit. LetgbeVNP-complete
w.r.t. p-projection.We have VP = {f € QY | f <c 0} NP andVNP = {f € QY | f <, g}. Thuswe may
concludefrom Lemma5.3 on the pagebeforeandthe fact thatthe p-projectionis compatible thatboth
of thesesetsareo-limits. O

Let us call a p-degreeor a c-degree p-definableiff it containsa p-definablefamily. Note thata p-
definablep-degreeconsistof p-definablefamiliesonly, whereasa p-definablec-degreemight alsocon-
tain familieswhicharenotin VNP. Thisis becausd < g andg € VNP mightnotimply thatf € VNP.
We denoteby PP, the setof p-degreesof p-definablefamilies andby PP, the setof c-degreesof
p-definablefamilies.

Remark 5.5 1. Theposet?PD), hasa uniquemaximalp-degreewhich consistof the VNP-complete
familieswith respecto p-projection.Any family ( f,) of constantgi.e., f, € k for all n) constitutes
aminimal p-degreein PDp, andtheseareall the minimal p-degreesin PD,. (Hence?D, hasat
leastthe cardinalityof the continuum.)

2. Theposet?D. hasa uniquemaximalc-degreewhich consistof the VNP-completefamilieswith
respectto c-reduction. The compleity classVP forms the unique minimal c-degree in PDc.
Valiant’s hypothesisVNP # VP meanghat 2D consistof morethanoneelement.

The mainresultof this sectionis analogougo thatof Ladners work [18]. It followsnow easilyfrom
our abstracembeddingheoren¥.2 on page78.

Theorem 5.6 Any countableposetcan be embeddedn the poset?D,. If Valiant's hypothesiss true,
thenany countableposetcanbe embeddeéh the posetPD..

Notethattheresulton 2D, is unconditionadueto Remark5.5.1.

Corollary 5.7 If Valiant'shypothesiss true,thenthereis a p-definabldamilywhich is neitherp-computable
nor VNP-completewith respecto c-reduction.

We finally show thatan analogueof Schoning’s generalminimal pair theorem[24] holdsin Valiant’s
setting. We call a pair of families ¢, € QY a minimalpair for VP iff ¢ andy arenot containedn VP
and

YheQ¥:h<cdp Ah<cp=hecVP . (23)

Theorem 5.8 Assuméhat # C QY is a o-limit setcontainingVP which is closedunderfinite variation,
andlet f,ge Q\ 7. Thenther existd, P € QV\ ¥ sud thatd <p f, P <, g, andsud thatd, P is a
minimalpair for VP.
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Proof. Let # = U;N; %j with cylinders j satisfying#j O %j+1. By induction,we will constructa
sequenc®—ajpp< ann<app<aiz<ans< as<ap< ...< axs< ...of naturalnumberssatisfyingthe
requirementdelon. We definefamilies¢ andys correspondingo the sequencea; ) 1<i o< j<s, by setting

_J fv ifJditap<v<aj _J oy ifdiraz<v<aig
b { 0 otherwise W= { 0  otherwise. (24)

Therequirementsire:

(O) T[au(q)) € T[ail(j:iail) (3) T[a1-4(|-|J) ¢ T[a1-4(.'fiai4)
(1) maxnca, L(fm) < a2 (4)  maXnca, L(9m) < ais (25)
(2) 2% < a3 (5) 2% <ajy10 .

As in the proof of theabstractiagonalizatiortheorem3.3 on page77, onecanshaw thatit is possible
to constructa sequencga; ) satisfyingall theserequirements(Only conditions(0) and(3) requiresome
attention.)

Letusshow thatd, ) have thedesiredpropertieslt is clearthatd <p, f andy <, g. Moreover, we have
¢, ¢ F dueto conditions(0) and(3). It remainsto prove that¢, Y is a minimal pair. Solet usassume
thath <. ¢ andh <.  for someh € QY. Thenthereexist p-boundedunctionsu, v, w: N — IN satisfying

L¢u(n) (hn) S W(n) , LqJV(”) (hn) S W(n) . (26)

It sufficesto verify thatL (hn) < nw(n) for sufficiently largen.

We aregoingto distinguishtwo cases.Supposdirst thata; < n < g;5. We may assumethatajo <
u(n) < aj; for somej, sinceotherwisedn) = 0 andwe aredone. Thusdny = fyn). For sufficiently
largen we have by condition(5) thatu(n) < 2" < 235 < @;;10. Thisimpliesthatj < i, henceu(n) < a.
Thereforeusingcondition(1), we have L( f,p,)) < a2 < n. We concludethatindeed

L(hn) < L% (o) L(dyny) < nw(n) (27)

Thediscussiorof the othercasewherea;s < n < aj+12 is similarandleft to thereader O

By applyingthetheoremto ¥ = VP andchoosingf = g to be VNP-completewe obtainthe following
corollary. (NotethatVP is a o-limit setby Corollary5.4 onthe pagebefore.)

Corollary 5.9 Thee existsa minimalpair ¢, Y for VP in VNP, providedVP # VNP.

6 A Specific Family neither Complete nor p-Computable

For 1 <i < j < nletXj bedistinctindeterminatesindsetX;; := Xj. Moreover, let g bea power of the
prime p. Thecutenumeator Cut] is thefollowing multivariatepolynomialover thefinite field [Fq

cul:= gie ﬂEBx‘}‘l : (28)

wherethesumis over all cutsS= {A, B} of thecompletegraphK,, onthesetof nodesn:={1,2,...,n}.
(A cut of a graphis a partition of its setof nodesinto two nonemptysubsets.)It is easyto seethat
Cufl := (Cutl) is a p-definablefamily.
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To motivatethis definition, considera completegraphK, = (n, E,) endaved with a weight function
w: En, — N. We definetheweightw(S) of acutS= {A, B} asthesumof theweightsof all edgeseparated
by S. Letc(s) denotethenumberof cutsof weights. (Noticethatthew;; areinterpretechereasadditive
weights whereaghe X;; above areviewedasmultiplicativeweights.)Underthe substitutionX;j — x;j :=
TWi, T beingaformalvariable the cut polynomialCut becomes

Cufl(x) = ZT(q‘l)W(S) =S (c(s) modp) TL4-Ds (29)

S

which canbeinterpretedasthe generatingunctionof the sequencéc(s) mod p)s.
The mainresultof this sectionstateshat Cut® is an explicit exampleof a p-family, which is neither
p-computabl@orcompleten VNP. For thedefinitionof thecomplexity classe$lod,NP/poly seebelaw.

Theorem 6.1 Thefamily of cutenumeators Cut® overa finite field Fq is neitherp-computableor VNP-
completewith respecto c-reduction,providedMod,NP ¢ P/poly. Thelatter conditionis satisfiedf the
polynomialhierarchy doesnot collapseat the secondevel.

Theproofof thistheorenrequireswo auxiliary results.Thefirst of themstateghatthe cutpolynomial
Cuﬁ(x) canbe evaluatedover [y by booleancircuits of polynomialsize. The readershouldbe aware
thatthis doesnot necessarilymply thatthe cutpolynomialcanalsobe evaluatedoy arithmeticcircuits of
p-boundedsize(i.e., the p-computabilityof the family Cut).

Lemma 6.2 To a symmetrianatrixx € Fg*" weassignthegraph G(x) onthesetof nodesn by requiring
that{i, j} is anedgeiff x;; = 0. Thenwe have

cutd(x) = 2N¥-1_1modp , (30)

whee N(x) is the numberof connecteccomponentof G(x). In particular, the value Cufl(x) can be
computedroma symmetricx € ]FSX" in polynomialtime by a Turing madine

Proof. For ary nonzero\ € Fy we have A%~1 = 1 by Fermats theorem.Therefore a partition { A, B} of
n contritutesto Cutl(x) eitherzeroor one. Thecontrikutionis oneiff x;j £ Ofor all i € A, j € B, whichis
thecaseff noneof thenodesof A is connectedvith ary nodein B in thegraphG(x). Thisin turn means
that A andB areboth a union of certainconnecteccomponent®f the graphG(x). The numberof such
partitionsclearly equals2N®—1 — 1, whereN(x) is the numberof connecteccomponent®f G(x). This
provesthelemma. O

It is now time to recall a few factsfrom discretecompleity theory For a prime numberp the class
Mod,NP is definedasthe setof languagegx € {0,1}* | ¢(x) = 1 mod p}, where¢: {0,1}* - N is a
functionin #P (cf. CaiandHemachandrfl0]). This generalizeshe classparity polynomialtime @P in-
troducedby PapadimitriouandZachoq22]. Weremarkthatif ¢: {0, 1}* — N is #P-completavith respect
to parsimoniouseductionsthenthe correspondindganguage{x | ¢(x) = 1 mod p} is Modp,NP-complete
(with respecto polynomialmary-onereductions).We denoteby C/poly the nonuniformversionof the
compleity classc, cf. Karp andLipton [17].

The counting problem#CurT is the following: given a completegraphK, with a weight function
w:E, — N ands € N, what is the numberof cuts of weights? Hereby we assumeahe edgeweights
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to beencodedn unary TherelateddecisionproblemMod,CuT justasksfor theresidueclassmodulop
of the numberof cutsof weights. This problemis clearlyin theclassMod,NP.

It is well known that the computationof a cut of maximalweight of a given graphis NP-hard. By
a straightforwardmodificationof the proof of this fact given in Papadimitriou[21, p. 191], one can
strengtherthis asfollows. We will provide thedetailedproof of this claim at the endof this section.

Lemma 6.3 #CuT is #P-completewnith respecto parsimoniouseductions ThusMod,CuT is ModpNP-
complete

Proof. (of Thm.6.1ontheprecedingage).etL bealanguagén ModpNP,saylL = {x€ {0,1}* | $(x) =
1 mod p}, where¢: {0,1}* — Nis in theclass#P. In [8] it is shavn thatthereexists a p-definablefamily
(fn) overFp suchthat f, € Fp[Xg, ..., Xn] and

vnvxe {0,1}": fn(x) = ¢(x) modp . (31)

Assumenow thatCut? is VNP-completeover Fy with respecto c-reduction. Thenwe have ( fn) < Cut?,

hencethereis a p-boundedunctiont: N — N suchthatLCUﬁ(n) (fn) is p-boundedLemma6.2onthepage
beforetells usthatCugq(n) canbe evaluatedover Fq by booleancircuits of p-boundedsizein n. Hence,
by simulatingstraight-lineprogramsby boolearcircuits, we candesignfor eachn aboolearcircuit C, of
p-boundedsizein n, which computesf,(x) fromx € IE"” Thisimpliesthatthelanguagd is containedn
P/poly. We thereforearrive atthe conclusionrMody, NPC P/poly.

For fixedm,n > 1 considera field extensionK = IFq(E) of Fq of degree(q— 1)m(3). To aninstance
w: En — N of #CuT satisfyingmaxw < mwe assigrthesymmetricmatrixx € Knxn definedoy x;j := &§Mi.
Thenwe have by ( 29 ontheprecedingpage)

Cufi() = 3 (c(s) mod p) &+Y* (32)
S
wherec(s) is the numberof cutsin K, of weights. The coeficientsc(s) mod p areuniquelydetermined
by Cufl(x) sincetheabase summatioris overs< m(5).

Assumenow thatCut? is p-computableover Fq. Hencefor eachn thereis a straight-lineprogramr,
of p-boundedsizein n, which computesCut}(X) from constantsn Fq andthe indeterminates;j in the
polynomialring Fq[Xij | 1 < i, j < n]. By theuniversalpropertyof the polynomialring, ', will compute
Cufi(x) in thelFq-algebraK from thesameconstantandx € K™". We maysimulatethis computatiorby
abooleancircuit of p-boundedsize,sincethearithmeticoperationsn K canbe simulatedby p-bounded
circuits. Hereit is importantto notethat the degreeof the field extensionK /g is p-boundedasmis
assumedo beencodedn unary(seethedefinitionof #CuT). In this way, we could solve the Modp,CuT
problemin nonuniformpolynomialtime. As ModpCuT is ModpNP-completéby Lemma6.3, this would
imply thatModpNP C P/poly.

It remainsto showv that Mod,NP C P/poly implies the collapseof the polynomial hierarchyat the
secondevel. By awell-known resultof Karp andLipton [17] this collapsewould be a consequencef
theinclusionNP/poly C P/poly. Thereforejt is sufficientto prove that

NP/poly C Modp,NP/poly . (33)

This follows from a well known randomizedreductiondueto Valiant and Vazirani[29]. (For details
se€8].) O
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We remarkthat one can prove the absolutestatementhat Cut® is not VNP-completewith respecto
p-projection. It would beinterestingto find outwhetherCuf, interpretedasfamily over therationals,is
VNP-complete.

We supplynow theproofof Lemma6.3ontheprecedingpage.Considetheauxiliary countingproblem
#NAESAT whichis definedasfollows: givenasetof boolearvariablesandasetof clause®achconsisting
of exactly threeliterals, computeN, where2N equalsthe numberof truth assignmentsf the variables
suchthatin noneof the clausesll threeliterals have the sametruth value. (Note that the latter number
mustalwaysbeeven!)

Lemma 6.4 Theeis a parsimoniouseductionfrom#SAT to #NAESAT.

Proof. The reductionfrom CIRCUIT SAT to NAESAT givenin Example8.3 (p. 163) and Thm. 9.3
(p. 187) of Papadimitriou[21] is easily checkedto be parsimonious.On the other hand, SAT canbe
parsimoniouslyeducedo CIRCUIT SAT in anobviousway. O

To prove Lemmaé6.3 onthe pagebeforeit sufficesnow to shav thenext lemma.
Lemma6.5 Theeis a parsimoniouseductionfrom#NAESAT to #CuUT.

Proof. We slightly modify thereductionfrom NAESAT to MAX CuT from Papadimitriou[21, Thm.9.5,
p. 191]in orderto makeit parsimonious.

Let begivenasetof variablesxy, . . ., X, anda setof clause<, . . .,Cy, eachconsistingof exactly three
literals. We mayassumehatin noclauseall literalsareequalsinceotherwisgheformulais notsatisfiable
in thesenseof NAESAT. Moreover, we mayremove the clausesvhich containa variableandits negation
sincethesearealwayssatisfiablén thesenseof NAESAT. Let mg denotethenumberof clauseswith three
differentliteralsandm, bethenumberof clausesn whichtwo literalscoincide.We have m= np + mg.

Let G be the completegraphhaving as nodesthe variablesx; andits negations—x;. We definethe
weightfunctionof G asfollows. The horizontaledges{x;, =%} have theweightm+ 1. The remaining
edgesdges = {u,Vv} (thenonhorizontabnes)have asweightthe numberof clause<C; in which bothof
theliteralsu andv appearlf we expressthis eventby e C Cj, we maywrite for suchnonhorizontakdges
e

w(e) = [{Cj|eCCj}| . (34)
Finally, we puts:= (m+ 1)n+ m + 2mg. Notethatthe weightof eachedgeis at mostm+ 1. Thuswe
mayencodehe edgeweightsin unary

Let Sheacutof G anddenoteby Z, the setof horizontaledgesseparatedyy S, andby E the setof
nonhorizontakdgesseparatethy S. We have

WS = Y we)=(m+1)|%E+ Y [{(eC)|eC G
ec FUE €€k

(m+1) %]+ ime,cj) |ec E,.eC G|
=

< (M4+n+(mp+2mg) =s .

Equality holdsif andonly if Sseparatesall x; from —x; andif S separatetheliteralsof ary clause.This
is exactly the caseif Sdefinesa truth assignmenin the senseof NAESAT. (The cut S separatethetrue
literalsfrom the falseones.)This provesthatthe numberof satisfyingtruth assignments exactly twice
thenumberof cutsof weightsin G. |
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7 Relativized Complexity Classes

Ourinvestigationdereareinspiredby thewell-known resultsof Baker Gill, andSolovay[1] onrelativa-
tionsof theclassicalP-NPquestion.
Relative versionsof thecompleity classed/P andVNP canbedefinedasfollows.

Definition 7.1 Let h bea p-family. VP" consistsof all p-families f suchthat f <¢ h. VNP" is the setof
all p-families f = (f,) which canbeobtainedirom someg = (gn) € VP" in the senseof ( 1 on page75).
We call thefamiliesin VP" andVNP" p-computableand p-definablerelative to h, respectiely.

NotethatVP" andVNP" specializeo VP andVNP, respectiely, if his p-computableWe remarkthat
VP"is closedunderc-reductionandVNP" is closedunderp-projection.

Our first goal is to establishthe existenceof completefamilies for the compleity classesvP" and
VNP". In particular this givesa proof for the existenceof VNP-completefamilies, whichis independent
of Valiant's intricatereductionfor the permanent.The ideais to usea generalizatiorof the conceptof
genericcomputationgcf. [9, Chap.9]). In orderto avoid anexponentialgrowth of degreeswe combine
thiswith anauxiliary resultonthecomputatiorof homogeneousomponent$Prop.7.2), whichworksby
evaluationandinterpolation,andrequiresthatk containssuficiently mary points. In the sequelwe will
thereforeassumehatk is aninfinite field.

It is usefulto introducethefollowing auxiliary notion. Let h, f1, ..., fi be polynomialsover thefield k.
We definetheh-compleity £"(fy, ..., f;) astheminimumnumberof multiplicationsandevaluationsof h
thataresufiicientto computeall f; from theindeterminateandconstantén k (we do notallow divisions).
Notethatfor h = X; X, this specializego the multiplicative (or nonscalarrompleity. We furtherremark
thatif his a projectionof i, thenwe have L" < LM aswell as£" < £N.

Theh-complity maybecharacterizeth away similar to the multiplicative compleity. Let usdefine
anh-computatiorsequencef lengthr onXy, ..., X, asasequencef polynomialsg_n, g_n+1, - - -, gr such
thatg-n=1,0-n+1= X1, - .,00 = Xn, @andsuchthatwe have

0o = (27 Lntonjg). - T7=2n0esig)) (35)
for all 1 < p <r andsomeo,sj in k. We saythat sucha sequenceomputesfy, ..., f; iff all f; are
containedn thek-linearhull of g_p,, ..., g.

In whatfollows,we will assumehatX; X, is aprojectionof h, in which casewe saythath containsthe
multiplication. Thenit is not hardto seethatthe h-compleity r of fq,..., fi equalsthe minimumlength
of anh-computatiorsequencevhichcomputesall f;. Moreover, thecompleity L" andtheh-complexity r
are polynomially relatedasfollows: we have r < L"(fy, ..., fi) < 2s(n+ 1)(r 4+ 1) + sr?, whensis the
numberof variablesof h.

Proposition7.2 Let f bea polynomialin ay,...,an and Xy, ..., X, havingdegree at mostd > 1 in the
X-variables. We denoteby f(® the homogeneoupart of f of degree d with respecto the X-variables.
Thenwehave _

({1 |5<d}) < (1+ddegh) L"(f) . (36)

Proof. We will usethe abbraiation f<9 := Ys<d ) andwrite D := degh. Let (Op)p>—n beanh-
computatiorsequencef lengthr := £"(f) asin ( 35) which computesf. We definea relatedsequence
(Up)p>—n by settingu, := gp for —n < p < 0, andfor p > 0

UP = h(Vp]_7 .. .,Vps)sd s (37)
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wherevys = 5521 ap;u;. It is easyto checkthatu, = g5 for all p.

Thehomogeneoupartsof f (w.r.t. X) areak-linear combinationof the homogeneoupartsof the gp,.
Thereforejt sufficesto prove thatall homogeneoupartsof u, up to degreed canbe computedrom the
homogeneoupartsof u_p, ..., Up—1 up to degreed by somek-linear operationsand 1+ dD evaluations
of h. _

The polynomialw, := h(Vp1, . . ., Vps) hasdegreeat mostdD. By definition,uff) = wff) ford<d. We
have for A € k that 5 ®) o)

N = wp(AX) = h( T AN, S AR (38)
3<d

3<dD 3<d

Hencewe cancomputen, (AX) from thev@ andthusfrom theu'® for j <p,d<dbyk-linearoperations
p P i

andjustoneevaluationof h. We canthuscomputethehomogeneougartsof w, asak-linearcombination
of wp(AX) for 1+ dD differentvaluesof A € k (interpolation). O

In thesequelwe will usetheabbreviationsXH := X{* - - X}" and|y| := ¥ y for p€ N". Moreover, we
setdeg0 := —oo for thezeropolynomial.

Definition 7.3 Letapolynomialh € k[Xy, ..., X of degreeD begiven.

(a) Wedefinethegenerich-computation{Gp)p>—_n 0N X1, ..., X, overk recursvely asfollows: G_, :=
1,G 1 :=Xq,...,Go:= Xy, andfor all p > 0 we set

. —1 —1
Gp = h(3_1nap1iGj, ., 35_2nsiG))
—1 —1
+bp— (35" 201iGjo, .-, Y5 80siGjo) -

Heretheaysj andb, denotedifferentindeterminateandGjy is theconstantermof G; with respect
to the X-variables We write G, = 5, Go X", whereGg,, dependnly onthea andb-variables.

(b) The nth genericpolynomialcomputedelativeto h is definedas
n
[H<np=-=n

Herethe ¢, denoteadditionalindeterminatesThusC,(h) is the sumof the X-homogeneouparts
upto degreen of y5__,CoGp.

(c) The nth genericpolynomialdefinedrelativeto his

n
Dn(h) := zod\, Cn(h)(a,b,c, X1, ..., Xy, 841, ...,6n) , (40)
=0 ec{O,T}"V

\Z

wherethed, denoteadditionalindeterminates(Notethatthe Xy 1, . . ., X, aresubstitutecdby O or 1.)

The following technicallemmasummarizesomeof the propertiesof h-genericcomputationsaswell
asof the polynomialsCyn(h) andD(h). Recallthath < b meanshath is a projectionof K.

Lemma 7.4 Wehavefor p > 0andp# 0:
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() Gpo = bp.
(b) Gpu depend®nat mostsp(n+ 1+ ;1) + p variables.
() LNGy,...,Gp) < sp(n+p—1)+2p.
(d) degGpy < 1+ 2Dp]u].

(e) Cn(h) and Dy(h) are polynomialsin at most2sr® 4 5n+ 2 variablesand have degree at most
2D 4+ n+3.

(f) LN(Cn(h)) < (1+Dn)(2sr?+ 4n).
(g) If weabbreviatethea, b, c-variablesoccuringin Cq(h) by Zy, . .., Zw, we have

{fekXs,..., %] | degf <n, LN(f) <n} C{Ch(h)(zX)|ze K"} . (41)

(h) h < Cy(h) if degh < n. MoreoverCp(h) < Dn(h).
(i) Foralln<n’andh<h' wehaveC,(h) < Cy(h') andDn(h) < Dy (h).
Proof. Claims(a), (b), and(c) follow by straightforwardcalculations.

We will prove Claim (d) by inductionon p. We remarkfirst thatdeg Gg, < 0 for p < 0 andall p. Let
now p > 0 befixedandput

By theinductionhypothesisve have for all p+# 0

degVou < 2+2D(p— 1)y - (43)
This estimates alsotruefor u= 0, sincedegGjo < 1. Whatwe have to dois to prove theestimate
Vu# 0:degHy <1+ 2Dply| (44)

for the polynomialH := ¥, H, X! := h(Vy,...,Vs). Clearly it is sufficient to verify this for the power
productsh = X;* - - -X& of degreeat mostD. In thiscasewe have H =V, - ..V, andwe obtain

S €g
Hv = z I_I Vopa(s) ) (45)

o=1le=

wherethe sumrunsover all systemsof mapsps:{1,2,...,e5} = N", 1 < 0 < ssatisfyingy 4 5 ¢ Ho(€)
=v. Using( 43) we concludethatfor v # 0

Yo% (2+2D(p— 1) |Ho(e)])
2358 +2D(P—1) 355 Ho(E)]
2D+ 2D(p—1)|v|

1+2Dp)v| ,

degH,

VAN VANR VAN VAN
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which provesClaim (d).

Claim (e) follows immediatelyfrom the Claims (b) and (d), whereasClaim (f) is a consequencef
Claim(c) andProp.7.2 onpage87.

To shav Claim (g) assumef € K[Xy, ..., Xy] suchthat £"(f) < n. Thereis anh-computatiorsequence
(gp) of lengthn which computesf, say

9 = h(Yj<p%p1jTj.- - -, Yj<pUpsiTi) (46)

andf = y5__YpGp, With dpgj, Yp € k. Thusthe substitutionagsj — Apgj, bp — gp(X = 0) sendsG, to
gp. If weadditionallysubstitutethec, by they,, thenthe polynomialCy(h) is mappedo f, providedthat
dgf <n.

(h) Cn(h) < Dn(h) is obtainedby substitutingd, — 1 anddy, — 0 if v< n. To shav thath < C,(h)
considerthe substitutionp which mapsX; andc; to 1, sendghea; g _n4+1 t0 X5 for 1 < o < s, mapsb; to
h(0,...,0), andsendsall the remaininga-variablesandc-variablesto 0. All othervariablesshallremain
invariantunder¢. G; is mappedo h= h(Xy,...,Xs) underd. We have degy G1 < nasdegh < n. From
thisit easilyfollowsthatC,(h) is mappedo h underg¢.

Beforeproving Claim (i) it is usefulto makethefollowing generalbbseration. Let A:=K[ay, . . ., am,
Xi, ..., %] andconsidera substitution(k-algebramorphism)$: A — A which fixesthe X-variablesand
suchthat(a) € kU {ay,...,am}. Let f® denotethe homogeneoupartof f € A with respecto the
X-variables. Thenwe have ¢(f®) = ¢(f)(®. If 0:A— A is anothersubstitutionwhich leaves the a-
variablesnvariantandsuchthato(X) € kU {X1, ..., X}, thenwe have ¢ (o(f)) = o(¢(f)) forall f € A.

(i) We shaw first that Cs(h) < Cy(h) for n < rf. Let (Gp) denotethe generich/-computationon
X1,..., Xy, and(Gp) bethe generich-computationon Xy, ..., X,. The substitutiond which mapsapg;
to O for all —n'+n < j < 0 andwhich leavesall othera-variablesandthe b-variablesnvariantsendsG;,
to G, (up to arenamingof the variables).This canbe provenby inductionon p > 0. NotethatG, +— G
implies G;)O — Gpo by our generalobsenration, as ¢ fixesthe X-variables. By additionally requiring
Co — Ofor either—n'+n< p<0orp>nweget

(3= CGh) = Tp-—nCoGp - (47)
Since¢ leavesthe X-variablesnvariant,it commuteswith takinghomogeneoupartswith respecto the
X-variablesThus$(Cy (h')) = Ca(h).
A slight modificationof the reasoningoeforeyields a substitutiong which leavesthe X-variablesin-
variantandsuchthat

O (Cy (W) (Z, X1, Xpy—n, X1, ..., Xn)) = Ca(h)(Z, X1, ..., %n) (48)
whereZ’, Z standfor the corresponding, b, c-variables Thisimpliesby our generabbsenration

¢(Cnl(h’)(Z’,Y1...7Ynl_nyxl,...,XU,QJ+1,...,Q~|))
= Cn(h)(Z,X]_,...,XU,QJ+1,...,Q~|)

forO<u<nandg € {0,1}. If we extendd by sendingdy_n4, to dy for 0 < u < n andmappingthe
remainingd’sto zero,we getd(Dyy (h')) = Dn(h). HenceDy(h) < Dy (K).

Assumenow h < h' andlet (Gp) and(Gp) bethecorrespondingenericcomputation®n Xy, . . ., Xn. It
is not hardto seethatthereexistsa substitutionrwhich only changeshe a-variablesandthatmapsall G’p
to Go. Fromthis oneconcludesasabove thatC,(h) < C,(h') andDn(h) < Dp(h'). 0
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We will interpretfamilies of polynomials(fmn) with doubleindicesassequencesf polynomialsby
enumeratingairs(m, n) € N2 accordingo (M, n) = m+ (m+n)(m+n+1)/2.
We cannow statethefirst resultof this section.

Theorem 7.5 Leth = (hy) bea p-family sud that any h, containsthe multiplication. Thenthe double-
indexedfamilies(Cn(hm)) and(Dn(hm)) are VP"-completeresp.VNP"-completewith regard to p-projection.

Proof. By Lemma7.4on page88(e)bothfamilies(Cn(hm)) and(Dn(hm)) are p-families. Part (f) of that
lemmaimpliesthat(Cn(hm)) is p-computableelative to h.

Assumeg(fj) € VP", wheref; is apolynomialin u( j) variables By definition,thereexistsa p-bounded
functionm N — N suchthatLhm(D(fj) is p-boundedn j. Let n(j) denotethe maximumof u(j), deg fj,
andLhm(J)(fj). It is clearthatn(j) is p-boundedn j. We denotethea, b, c-variablesin Cyyjy(hyyj)) by
Z3,...Zyj). FromLemma7.4onpage88(g)it followsthat f; = Cyjy(hyyjy) (z X) for asuitablechoiceof
ze k™)), Thus f; is aprojectionof Cyjy(hnyj)), andwe have provedthe VP"-completenessf (Ca(hm)).

Letnow (qj) bea p-definablefamily relative to h, say

aj(Xe, -, Xy(jy) = Z fi(Xa, - Koy &)+ - - Bu(j) (49)
ec{0,1}u(i)-v()

wherethefamily (fj) is p-computableelative to h. Frombeforewe know thatfor eachj
Fi(X) = C(j) (hm(j)) (2. X) (50)

for p-boundedn(j), n(j) andsomez € k"). Thereforewe seethatq; canbe obtainedrom Dy j (hj))
by the substitutiond,j) +— 1, dy +— 0 for d # v(j), andZ; — z for all i. This shawvs that (q;) is a p-
projectionof (Dn(hm)).

It remainsto prove that (Dn(hm)) is p-definablerelative to h. Let us abbreiate the a, b, c-variables
occuringin Ca(hm) by Z1, ..., Zy anddefine

n
gm’n = %dvEl . E\/Cn(hm) (Z, Xl, ey >(V; E\/+1, ey En) y (51)
V=

whereE;, ..., E, arenew indeterminatesAs (Cn(hm)) is p-computableelative to h, sois (gmn). The
following equality

Dn(hm) = gm,n(Z,X17~~~7Xnaely~~~7en) (52)
ec{01}n

provesthatindeed(Dn(hy)) € VNP O
We call a p-family (h,) monotoneiff h, is a projectionof hny 1 for all n.

Corollary 7.6 (&) If his monotoneandhg containsthe multiplication, then(Cn(hn)) and(Dn(hn)) are
VP"-completeresp.VNP"-completawith respecto p-projection.

(b) For anyp-familyh there existVP"-completeandVNP"-completdamilieswith respecto p-projection.
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Proof. (a) This is animmediateconsequencef Thm. 7.5 on the pagebeforeandthe monotonicityof
(Cn(h)) and(Dn(h)) expressedn Lemma7.4on page88(i).

(b) Leth = (hm) beary p-family andU,V,W be new indeterminatesThe polynomialsﬁm ‘=Uhn+
(1—U)VW containthe multiplication and the p-family h= (F\m) satisfiesVP" = VP". Now apply
Thm.7.50nthepagebefore. O

While therearemary naturalexamplesof VNP-completdamilies(generatingunctionsof NP-complete
graphproblemscf. [7]), we don't know of ary interestingexampleof a VP-completdamily. Thefamily
of determinantss a possiblecandidat€see[9, Problem21.3]).

The next resultis inspiredby Baker Gill, and Solovay [1]. Its proof is basedon Thm. 7.5 on the
precedingpagecombinedwith somediagonalizatioragument.

Theorem 7.7 Thee existsa p-familyh sud that VP" = VNP".

Proof.  First note the following: By Lemma7.4 on page88(e)the degree aswell asthe numberof
variablesof Dy(h) are boundedrom abave by p(n) := 2n* 4 5n+ 2, provided the numberof variables
andthe dggreeof the polynomialh areboundedy n.

By induction,we aregoing to constructa monotonesequencef polynomialsh = (h,) suchthatthe
numberof variablesaswell asthe degreeof h, areboundedrom abore by nfor n > 2. We definem :=i
andh; := X3 X, for i < 2. Assumewe have alreadyconstructedh, .. ., hy, (t > 2). We setmy1 := p(m)
anddefinehj := hy, for m < j < my1 andputhy, := Dm (hm ). By Lemma7.4 on page88(h) we
have hm, < hm_, which guaranteethe monotonicity Moreover, the degreeandthe numberof variables
of hy,, areboundeddy my;1 = p(m).

We claim that (Dn(hn)) is a p-projectionof h. In fact, let n > 2 be given,saym < n< m41. The
monotonicityof Dy (h) expressedn Lemma7.4 onpage88(i) impliesthat

Dn(hn) S D”’Hl(h”brl) = h”’t+2 : (53)

But m4> = p(p(m)) < p(p(n)) andthe compositionof p with itself is clearly p-bounded.This shovs
theclaim.

Onthe otherhand,we know from Cor. 7.6 on the precedingpage(athat (Dn(hy)) is VNP"-complete.
As (Dn(hn)) is alsocontainedn VP, it followsthatVP" = VNP m

Up to now we have not succeedeih establishinga p-family h suchthat VP" # VNP". A promising
approacHor this is asfollows (compareBennettand Gill [4]). For eachn chooseindependentlyh, €
k[X,...,X%,] of degreemostn at randomaccordingto someprobability distribution. Sincethe classes
VP" and VNP" areinvariantunderfinite variationof h, theevent £ = {h | VP" # VNP"} is a so-called
tail event. Kolmogoros'szero-ondaw (cf. Feller[14, Chap.4]) impliesthereforethatProl‘E) € {0,1}.
We conjecturethatthis probabilityis oneif the h, arechoserwith independend, 1-coeficients.
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