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COMPACT ALMOST AUTOMORPHIC DYNAMICS OF LINEAR
NON-AUTONOMOUS DIFFERENTIAL EQUATIONS WITH EXPONENTIAL
DICHOTOMY AND OF DELAYED BIOLOGICAL MODELS

ALAN CHAVEZ, NELSON ARAGONES, ULICES ZAVALETA, MANUEL PINTO

ABSTRACT. In this work, we study the dynamics of linear non-autonomous differential equa-
tions with exponential dichotomy and compact almost automorphic perturbations. First, we
prove that if the homogeneous system is exponentially dichotomous and the coefficient matrix
is compact almost automorphic, then the associated Green’s function is compact bi-almost au-
tomorphic and uniformly continuous relative to the principal diagonal of the two-dimensional
Euclidean space. Next, we demonstrate the invariance of the compact almost automorphic func-
tion space under convolution products with Green’s function as the kernel. These results ensures
that the unique bounded solution of a linear non-autonomous differential equation, under expo-
nential dichotomy and with compact almost automorphic perturbation, is itself compact almost
automorphic. Finally, we investigate the existence and the global exponential stability of a
unique positive compact almost automorphic solution for a nonlinear non-autonomous delayed
biological model with nonlinear harvesting or immigration terms and mixed delays.

1. INTRODUCTION

The qualitative theory of differential equations, initiated with the pioneering works of Poincaré
and Lyapunov [27], is a well established area of research with significant developments in pure
and applied mathematics. This paper focuses on the qualitative theory of linear non-autonomous
ordinary differential equations under exponential dichotomy and with compact almost automorphic
perturbations.

A central notion in the qualitative theory of differential equations is that of exponential di-
chotomy (see [I5] or Definition [2.7]in this work). Consider the non-autonomous differential equa-
tion

al(t) = At)x(t) + f(1), (1.1)

and suppose that the associated system
' (t) = A(t)x(t) (1.2)

possesses an («, K, P)-exponential dichotomy with Green’s function G(-,-) (Definition [2.7). Then,
it is well known (or see for instance [I5]) that the unique bounded solution to equation (1.1)) is

x(t):/RG(t,s)f(s)ds. (1.3)

It is also well established that if A is an almost periodic matrix and f is an almost periodic
function then, the solution to given by is also almost periodic [15, 21]. The almost
periodicity of the solution « is rooted in the bi-almost periodicity of Green’s function G and in
the almost periodicity of f; the bi-almost periodicity of GG arises from the almost periodicity of A.

The concepts of bi-almost periodicity and bi-almost automorphy of a continuous function of
two variables were introduced in the work of Xiao et al. [33], and have proven to be useful in
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the study of almost periodic/automorphic solutions of non-autonomous differential and integral
equations as shown in [3], 4] [T4], 18] 29] and the references cited therein.

The concept of compact almost automorphic function (or motion) was introduced by Bender in
his Ph.D. thesis [7] and has been further explored by Fink [I9] [20]; this is a motion of a recurrent
nature related to periodic, almost periodic, and almost automorphic types. A key relationship
exists between these spaces: for a Banach space X, denoting by AP(R;X), KAA(R;X), and
AA(R; X) the spaces of almost periodic, compact almost automorphic, and almost automorphic
functions, we have the strict inclusions:

AP(R;X) Cc KAAR; X) € AA(R; X).

Moreover, while almost periodic and compact almost automorphic functions are uniformly contin-
uous, general almost automorphic functions need not be.

Regarding the almost periodic dynamics of differential equations, Johnson showed that there
exist linear almost periodic differential equations with a unique almost automorphic solution [24],
highlighting the intriguing chaotic behavior of almost periodic systems.

Delay differential equations play a crucial role in various applications, as they model different
real life phenomena, particularly in biological systems [30]. The study of almost periodic, com-
pact almost automorphic, almost automorphic, and other recurrent solutions of delay differential
equations has been extensively developed by various researchers, as seen in [I], [6, 16, 29, [34]. For
example in [6], the authors studied the existence of a unique positive pseudo almost periodic
solution for the generalized Mackey-Glass model with mixed delays,

N mt — .
2'(t) = —a(t)z(t) + Z bli (-it-)i"((tt_ T:((tt))))

i=1
where 1 < m < n and t € R. Also, in the work [I], Abbas and his collaborators have studied the

existence of a unique pseudo compact almost automorphic solution that is exponentially attractive
of the abstract model with mixed delays,

— H(t,z(t — o(t))), (1.4)

at) = —a(t)u(t) + Y Bit) fi(hi(t)ult — (1) + b(t) H (ult)), (1.5)
i=1

It is important to emphasize that, depending on the non-linearities encoded in f;, equation (|1.5)
represent at least the following models:

(a) The Nicholson blowflies model: f;(z) = ze™* (describe population dynamics of blowflies
22,1).

(b) The Lasota-Wazewska model: f;(z) = e™* (describe the survival of red blood cells in
animals [32]).

(¢) The Mackey-Glass model: f; ,(2) =
hematopoiesis dynamics - [g]).

Thus, in the abstract model it is considered a combination of the biological models listed
above. Also note that, in the model the nonlinear term H does not present a delay, while in
equation H does.

More recently, Zheng and Li [34] investigated the existence and stability of pseudo compact
almost automorphic solutions for a family of differential equations with mixed delays, involving a
nonlinear term H with a constant delay of the form H(u(t —o)), where ¢ > 0. In their study, they
introduced the interesting concepts of bi-pseudo almost automorphy and bi-uniformly continuous
functions to achieve their results. Their primary focus was the analysis of the family of differential
equations with mixed delays proposed in their work, and they did not conduct a complete analysis
of the abstract differential equations and .

The introduction of a time delay in the harvesting term, which occurs when harvesting decisions
are based on outdated population data, presents mathematical challenges, particularly in the
study of the existence of positive solutions. As noted in [25], since harvesting policies depend on
population data, any delay in the data can lead to delayed responses in the model’s harvesting

T3 o7 (describe white blood cells production -
ZTﬂ
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term. This delay significantly impacts population management, making it essential to assess its
effects for informed decision-making.

Despite the well understood theory for almost periodic systems, several significant gaps motivate
the present work when considering the broader class of compact almost automorphic and almost
automorphic motions.

The primary motivation stems from the goal of proving that if system possesses an
(a, K, P)-exponential dichotomy, A is compact almost automorphic (almost automorphic) and
f is compact almost automorphic (almost automorphic), then the solution z given by (1.3) to
equation is also compact almost automorphic (almost automorphic). Achieving this goal
faces several obstacles:

(1) The Green’s function G(-,-) is discontinuous along the principal diagonal of R?, though
continuous almost everywhere. This means it is measurable but does not fit the notion of
bi-almost periodicity /automorphy from [33], which applies only to continuous functions.

(2) Establishing that G(-,-) is bi-almost automorphic is a complex task. For example, in
infinite-dimensional settings, it is crucial to include as hypothesis that the resolvent oper-
ator is also almost automorphic; moreover, as discussed in [3] [4] 18] [26], a detailed analysis
of the behavior of the Yosida approximations of the evolution family A(-) is necessary. A
key question is whether this machinery is needed in finite dimensions. Fortunately, we will
see that it is not.

(3) Previous approaches, such as that of Coronel et al. [16], introduced the concept of inte-
grable bi-almost automorphy. In their work, the authors demonstrated that if f is almost
automorphic and G(-,-) is integrable bi-almost automorphic, then z in is almost
automorphic. Furthermore, they showed that the Green function G(-,-) is integrable bi-
almost automorphic if the projection matrix P commutes with the fundamental matrix
solution of . In this way, a natural motivation was to avoid the notion of integrable
bi-almost automorphy and the commutation relation described above.

The second fundamental motivation arises from the context of biological models. Specifically,
we are interested in studying the abstract biological model with a nonlinear term of the
form b(t)H (u(t — o(t))) rather than b(¢t)H (u(t)) (H > 0). This scenario, motivated by real world
situations where harvesting decisions rely on outdated data [25], was not fully addressed in [I] and
therefore merits further investigation.

This work provides the following specific contributions:

(C1) Introduction of new concepts for measurable functions: Since G(-,-) is discontinuous, we
introduce the notion of (compact) bi-almost automorphy for measurable functions. This extends
the existing theory and provides the necessary framework to handle the Green’s function.

(C2) Stability of exponential dichotomy under Hull: We prove that if A(-) is a compact almost
automorphic matrix and the system possesses an exponential dichotomy, then the system

y'(t) = B(t)y(t), (1.6)

also possesses an exponential dichotomy for any B(-) in the hull of A(-), H(A). This result is the
compact almost automorphic analogue of the classical theorem for almost periodic systems [21]
Theorem 7.6].
(C3) Compact Bi-almost automorphy of the Green’s function: As a consequence of the previous
point, we demonstrate that the associated Green’s function G(-,-) is compact bi-almost automor-
phic (Theorem [3.1)in Section 3).
(C4) Analysis of the Green’s function’s continuity: Since G(-,-) is not continuous and therefore
it is not uniformly continuous in R2, we establish that G(-,-) is As-like uniformly continuous
(Lemma , where Ay := {(t,t) € R? : t € R} C R? denotes the principal diagonal of R%2. We
perceive this notion as a weaker version of uniform continuity and, as we will see in section {4 it
is very useful in showing the invariance of the compact almost automorhic function space under
convolution products, see also the counterexample in Remark and also Remark [£.4]

Based on the preceding contributions, we show that for the finite-dimensional system and
under exponential dichotomy, the solution z is compact almost automorphic (almost automorphic)
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whenever A and f are. This is achieved without the notion of integrable bi-almost automorphy
and the commutation relation proposed in [I6] or the machinery typically required in infinite
dimensional analysis.

The last contribution in this work is the following:
(C5) Application to abstract biological models: We apply the abstract results to prove the ezistence
and global exponential stability of a unique positive compact almost automorphic solution of the
following delayed biological model with nonlinear harvesting or immigration term and mixed delays

u(t) = —a(t)u(t) + Z Bi@) fi(\i(@)u(t — 7:(t)) + b(8) H(u(t — o(t))), (1.7)
where, for instance, a(t), o(t), Bi(t), Ai(t), 7;(t) for ¢ = 1,2,--- /n are positive compact almost

automorphic functions on R, b(t) is compact almost automorphic and H is a non-negative Lipschitz
function.

Although equation is quite similar to equation , our study is conducted, in some
instances, under different assumptions than those in [I] (see Remark for details). In addi-
tion, the model is adapted to clarify certain aspects of previous investigations (see, for instance,
Remark .

This work is organized as follows: in section [2] we revisit some preliminary facts on compact
almost automorphic functions and introduce the notion of compact Bi-almost automorphy for
measurable functions. In section [3] we prove the main results of this work, which are Theorem
and Lemma In section 4 we use the As-like uniform continuity of G(-,-) to demon-
strate the invariance of the almost automorphic function space under convolution products whose
kernel is the Green function G(-,-) and we show that the unique bounded solution of a linear
non-autonomous differential equation, under exponential dichotomy and with compact almost au-
tomorphic perturbation, is itself compact almost automorphic. Finally, in section [5| we prove
the existence and global exponential stability of a unique positive compact almost automorphic
solution of the delayed biological model .

2. PRELIMINARIES

Before presenting the main results of this work, some preliminary statements are necessary. We
begin by noting that throughout this work, X denotes a real or complex Banach space with norm
I I || - || represents the matrix norm, || - || denotes the supremum norm, and | - | stands for the
absolute value. Ay := {(¢,t) € R? : t € R} C R? denotes the principal diagonal of R?.

The following is the definition of a Bochner almost automorphic function [10, 11].

Definition 2.1. A continuous function f : R — X is said to be almost automorphic if, for every
sequence {s),} C R, there exist a subsequence {s,} C {s],} and a function f : R — X such that
the following pointwise limits are satisfied:

Jim (s =f0), m ft- ) = 7). (2.1)

li
n—-+
Definition 2.2. A continuous function f : R — X is said to be compact almost automorphic if,
for every sequence {s/,} C R, there exist a subsequence {s,} C {s/,} and a function f : R — X
such that the following limits hold:

lim sup|[f(t+s0)— F(O)x =0, lm sup|lf(t—s2)— FB)lx=0,  (22)
ec N+ ec

n—-+oo t
where C C R is compact.

Note that, the limit function f in Definition is not necessarily continuous, but is measur-
able; whereas, in Definition f is continuous. We denote by KAA(R,X) the space of com-
pact almost automorphic functions and by AA(R, X) the space of almost automorphic functions.
Both AA(R,X) and KAA(R,X) are Banach spaces under the supremum norm, and XAA(R, X) C
AAR, X) holds; see [13].
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For an almost automorphic function f, its Hull, denoted by H(f), is the set of all functions f
satisfying Definition The Hull is an important notion in the analysis of almost periodic and
almost automorphic dynamics of differential equations [21], 24].

The following result provides a useful characterization of compact almost automorphic functions
on the real line. For the multidimensional Euclidean space, see [13].

Proposition 2.3. A continuous function f : R — X is compact almost automorphic if and only
if it is almost automorphic and uniformly continuous.

The next proposition summarizes some key properties of compact almost automorphic functions.
For further details, see [12] [13] and the books [I7] 28].

Proposition 2.4. We have:

(1) If X is a Banach algebra with norm || - ||x, addition +x, and multiplication xx, then
KAA(R,X) is also a Banach algebra with norm || - || and the operations: if f,g €
KAA(R;X), then

(f+9)@) = f(t) +x g(t), (f-9)(t) = f(t) xxg(t), teR
(2) Let f € KAA(R;X). Then:
(a) f is bounded, and if f is the limit function in Deﬁnition then

1£lloe = 1 lloo-

(b) If F : X = Y is a continuous function, then F o f : R — Y is compact almost
automorphic.

(¢) The range of f is a relatively compact subset of X

(d) Ifa € KAA(R;R), then F(t) :== f(t—a(t)) is a compact almost automorphic function
from R to X.

As mentioned in the introduction, the concepts of bi-almost automorphy and bi-compact almost
automorphy play a crucial role in this work. In the following definitions, we introduce these two
important concepts.

Definition 2.5. Let f : R x R — X be a measurable function. We say that f is bi-almost
automorphic if, for every sequence {s, }nen C R, there exist a subsequence {s,} C {s/,} and a
function f : R x R — X such that, the following pointwise limits are satisfied:

lim f(t + Sp,s + Sn) = f(t,S),

n—-+oo

lim  f(t —sn,5— sn) = f(t,5).

n—-+4o00
Definition 2.6. Let f : R x R — X be a measurable function. We say that f is compact bi-almost
automorphic if, for every sequence {s, }neny C R, there exist a subsequence {s,} C {s/,} and a
function f : R x R — X such that, for any compact set K C R x R, the following limits hold:

lim  sup || f(t+ sn,5+s,) — f(t,8)]lx =0,
n—-+o0o (t,s)eK

lim  sup | f(t—sn,5—s,)— f(t,8)|lx =0.
n——+0o (t,s)€K

The notion of exponential dichotomy for homogeneous non-autonomous systems is granted in
the following definition.

Definition 2.7 ([I5]). Let ®(-) be a fundamental matrix of system (L.2). We say that admits
an exponential dichotomy with parameters («, K, P) if there exist positive constants «, K and a
projection matrix P (P2 = P) such that ||G(t,s)|| < Ke=*!'=sl for all t, s € R, where G(-,-) is the
Green function defined by:

B ()PP (s), ift>s,
G(t78) T {@(t)([ _ P)(ﬁfl(s), ift <s.

In this case, we say that system (1.2)) has an («, K, P)-exponential dichotomy.
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Now we present the definition of a A-bounded function, a notion that was fundamental in [14]
for analyzing almost automorphic-type solutions to nonlinear abstract integral equations involving
both advanced and delayed terms.

Definition 2.8 ([I4]). Let A : R x R — R be a positive function. We say that a measurable
function C': R xR — X is A-bounded if, for every 7 € R and each ¢, s € R, the following inequality
holds
IO+ 7,8+ 7)|x < A, ). (2.3)

Example 2.9. If G(-,-) is the Green function defined in Definition then G(-,-) is measurable
and A-bounded with A(t,s) = Ke~@lt=l,

[14, Lemma 2.9] establishes that any A-bounded, bi-almost automorphic function C' : R x
R — X satisfies inequality (2.3)) (Definition [2.8)). We complement this result in the next lemma,
demonstrating that the limit function C' (see Definition is likewise A-bounded.

Lemma 2.10. Suppose that the bi-almost automorphic_function C : R x R — X is A-bounded.
Then, its limit function C : R x R — X (see Definition satisfies

IC(t+ 7,5+ 7)|lx < A(t,s), VreR.
Proof. Let {s/,} C R be arbi:urary. Since C' is bi-almost automorphic, there exist a subsequence
{sn} C {s},} and a function C such that the following pointwise limits hold:
C(t,s) = ngIJIrlOOC(t +5n, 5+ sn), C(t,s)= nEIJIrloo C(t — Sp, s — Spn)-
On the other hand, we have:
ICt+7,s+7)|x <|Ct+T,5+7) = Clt+T4 8n,5+ 7T+ 50)|lx + At 5).
Taking the limit as n — 400 in the last inequality yields the desired result. O

This result will be invoked in Section [} For further details on almost automorphic functions,
we refer to [I7], 28], and for exponential dichotomy, see the classical books [15] [23].

3. COMPACT ALMOST AUTOMORPHIC DYNAMICS OF HOMOGENEOUS NON-AUTONOMOUS
DIFFERENTIAL EQUATIONS

In this section we study the compact almost automorphic dynamics of the system (1.2]). Our
main result establishes that if the matrix A is compact almost automorphic and system (|1.2)) is
exponentially dichotomous, then the system

y'(t) = B(t)y(t), B € H(A), (3.1)

is likewise exponentially dichotomous. Furthermore, the associated Green’s function G(:,-) is
compact bi-almost automorphic. These results are rigorously formulated in the following theorem.

Theorem 3.1. Suppose that system admits an (o, K, P)-exponential dichotomy with funda-
mental matriz ®(t), where ®(0) = I, and A(-) is compact almost automorphic. That is, for any
arbitrary sequence {s.,} C R, there exists a subsequence {s,} C {s.,} such that the following limits
hold uniformly on compact subsets of the real line:

nEIEoo A(t+ s,) = B(t), ngr}rloo B(t —sp) = A(t); (3.2)
then
(1) There exists a projection matriz Py such that the system
y'(t) = B(t)y(t) (3-3)

admits an (a, K, Py)-exponential dichotomy.
(2) The associated Green function of system (1.2)) is compact bi-almost automorphic.

As previously mentioned, the first part of this result parallels the findings for almost periodic
systems, as demonstrated in [21, Theorem 7.6]. Prior to proving Theorem we first establish
the following lemma.
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Lemma 3.2. Under the hypotheses of Theorem there exists a subsequence {(,} C {sn} such
that the following limits hold:

li O, (1) —T(t)]| =0, Il L) — U (¢)|| = 0;
nffooi‘;}?” (t) = v njfooilelgﬂ n (t) @)l

where, C C R is compact, ®,,(t) := ®(t + ()P (), and ¥ is a fundamental matriz of (3.3)).

Proof. Tt suffices to consider the compact interval C = [—a, a], where a > 0. From the hypothesis,
there exists a subsequence {s,} C {s},} such that the limits in hold. For this subsequence,
consider the sequence ®%(t) = ®(t + s,)® " 1(s,), n € N. Note that for each n € N, &7 (0) = I,
and @7 (-) is a fundamental matrix of the system

2/ (t) = At + sp)x(t).
By direct integration, it follows that

Or(t)=1+ /t A(u + $,,)P} (u) du.
0

Let M > 0 be the supremum of ||A(-)||. Then, by the Gronwall-Bellman inequality, we have
J@5@ < 1l < 1M,
Thus, ®; is uniformly bounded on C. Moreover, since
(5 (1) = A(t + 5,)®5(t), forncNandteC, (3.4)

the sequence of derivatives (®7(-))’ is also uniformly bounded over C.

By the Arzela-Ascoli theorem, the sequence {®}} has a subsequence {®,,} (i.e., there exists an
associated subsequence {¢,} C {s,}) such that @, (t) = ®(t + (,)®1(¢,,) converges uniformly on
C. That is, there exists ¥ such that

lim ®, =¥, uniformly on C. (3.5)

n——+00
On the other hand, since the subsequence {®,,} satisfies (3.4]), we have
Q! (t) = At + sn)Pn(t), neN, teC.
Thus, @/, converges uniformly on C to B(t)¥(t). Consequently, ¥(-) is differentiable, and
. / T
ngrfoo @ (t) =9'(t), onC.
Since U'(t) = B(t)¥(t) and ¥(0) = I, it follows that ¥ is a fundamental matrix of (3.3)). Therefore,

W(-) is nonsingular, and hence ¥~! exists on C.
Now we prove that the following limit holds uniformly on C,

: —10p) — L
ngrfoo O (t) =0T (1).
First, note that ®, ! satisfies the equation
'(t) = —2() At + ),
and, by direct integration, we have
t
Ot =1— / & (u)A(u + ¢,) du.
0
Similarly,
t
Tl = 1_/ U (u) B(u) du.
0
Then,

|21 (t) = @) < [ 19T (w)B(u) — 5 (w)Alu+ Ga)ll du

n

< T () = @5 (u) ]| du || Al
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t
+ [ 1A+ ) = Bl du ¥ .

Since the limits in (3.2) are uniform on C, for any € > 0, there exists Ny € N such that for all

n Z N07

sup [[A(t + ¢n) — B(t)[| <e.
tec

Therefore, from the inequality above, for n > Ny,

t
1@, () = U ()] < eal| ¥l +/0 [0 () = @, (u)]| du [| A o
By the Gronwall-Bellman inequality, we conclude that
1271 (8) = T (B[] < eaf| T |ooel Ao

This completes the proof. O
We now prove the main result of this section.

Proof of Theorem[3.1} Let ® be a fundamental matrix of (1.2)), and let

_Je@)Pei(s), ift > s,
Gt ) = {—@(t)([ —P)dY(s), ift<s, (3.6)

be its associated Green function satisfying ||G(t,s)|| < Ke~*!*=¢l for all ¢,s € R. To enhance
clarity, we divide the proof into three steps. In step one, we prove the first part of this theorem,
while steps two and three are dedicated to proving the second part.

Step 1: System (3.3) admits an (a, K, Py)-exponential dichotomy. By Lemma there
exists a subsequence {(,} C {s,} such that the following limits hold uniformly on compact subsets
of R:

lim ®,(t) = ¥(t) and lim @, L)y =011, (3.7)

n—-+4oo n—-+oo

where @,,(t) = ®(t + ,)®71(¢,,) and ¥ is a fundamental matrix of (3.3).
Since for all n € N, [|®(¢,)P®~1(¢,)|| < K and [|®(¢,)QP (¢ < K, where Q = I — P,
there exists a subsequence {n,} C {{,} such that:

lim ®(n,)P® ' (n,) =: Py,

n—-+4oo

lim ®(n,)QP~ ( n) =: Qo.

n—-+oo

Observe that P? = Py and Py + Qo = I. Taking n — +o0 in the inequalities

H ( (t +m,)®" 1(7]n)) ‘I)(nn)P‘I)il(nn) ((I)(S + ?7n)‘1>71(77n))_ || < Keia(tis)v t2>s,
[ (@(t + 7)™ (1)) @ (1) QL™ (1) (@(5 + 1)@ ()~ || < Ke 70, t <,
we conclude that

\I/tPolllls < Ke olt=9) >4
|| () —_ ) —_
\IftQO\Ifls < Ke s t)7 t < s.
[w() >

Thus, there exists a projection matrix Py such that system (3.3) admits an (a, K, Py)-exponential
dichotomy with Green function

. {\Il(t)PO\Il—l(s), if ¢t > s,

Gt s) = —U()Qo¥~L(s), ift<s. (38)
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Step 2: The Green function G(:,-) is bi-almost automorphic. Let {s),} be an arbitrary
sequence. By hypothesis and Step 1, there exists a subsequence {n,} C {s/,} such that the
following pointwise limit holds,

W G(t+ 10,8 + ) = G(t, s),

n—+o0
where

O, (1) P, @, (s), ift>s,
—®,(t)Q,®,  (s), ift<s,
with @,,(t) = ®(t +1,)2 "1 (n,), P := ®(1n,) PP~ (1), and Q,, := ®(n,)QP*(n,), and é(, -)is
defined in .

We claim that there exists a subsequence {&,} C {n,} such that
lim G(t—&,,5— &) =G(L,s).

n—-+4oo

Indeed, since ¥(-), with ¥(0) = I, is a fundamental matrix of (3.3), for each n € N, ¥, (t) :=
U(t —n,)P~1(—n,) is a fundamental matrix of the system

Z/(t) = B<t - nn)z'

Gt~ Mn, s+ mn) = { (3.9)

Arguing as in Step 1, we can find a subsequence {&,} C {n,} such that
lim W(—&,) P01 (=¢,) =: Py,

n——+00

ngrfoo \II(_EH)QO\Ijil(_gn) = Ql.

Observe that Pf =P and P, + Ql = 1. Moreover, as in the proof of Lemma the limits
lim, 100 B(t — &) = A(t) and lim,,—, 1o ¥, (t) = Y(¢) are uniform on compact subsets of R,
where Y(t) is a fundamental matrix of system (1.2). Note that Y(0) = I. Thus, there exists
a nonsingular matrix C' such that YT(t) = ®(¢)C. Since Y(0) = ®(0) = I, we have C = I, so
Y(t) = ®(t). Furthermore, since the projection for an exponential dichotomy is unique, P=P
and Q1 = Q. This reasoning implies that

lim G(t—&,,5—&) =G(t,s),

n—-+4oo

for each point (¢,s) € R?, as claimed.

Step 3: The Green function G(-,-) is compact bi-almost automorphic. From Lemma
there exists a subsequence {n,} C {s,} such that if C = [a,}] is a compact subset of R, then the
following limits hold:
lim sup ||®,(t) — ()| =0 and lim sup|®,*(t) — ¥~ (t)| =0, 3.10
Jim_sup [, = 9(0)] Jim_sup 910 = 9 (0)] (3.10)
where ®,,(t) = ®(t+n,,)® ! (n,) and ¥ is a fundamental matrix of (3.3). Additionally, there exist
positive constants C7,Cy, C3 such that for every n € N and t € C, we have:

()]l < C1, @M < Co [T < Cs. (3.11)
Moreover,
P, = ®(1,)P® *(n,) = Py, asn — +oo, (3.12)
Qn=P(1,)QP () = Qo, asn — +oo. (3.13)
We claim that if K = [a,b] x [a,b] C R?, then
lim  sup [|G(t+ 1, s+ 1) — G(t,s)] =0, (3.14)

n=Fo0 (¢ s)ek

where G(t + 1, s + 1) is defined in (3.9). Indeed:



10 A. CHAVEZ, N. ARAGONES, U. ZAVALETA, M. PINTO EJDE-2025/91

Case 1: t > s.
IG(t + 50,8 + 50) = G(t,8)| = |8 (1) Pa®y (5) — W) P~ ()]

= H‘I)n(t)(P P+ Py)®, ( ) = ()P (s)|

= (@0 (t)(Pa — Po)@;, ' (5) + @ (t) Po®y (s) — U () Pyl (s)
= H‘Pn(t)(Pn Po)® ’1() +(@n(t) = U(1) Ro®, (s)

U(t)Po(@, ' (s) = U1 (s))]
< H<I> @Pn P0||||‘I) Y+ 12n(8) — @)l Polll|@; (s)
HI@ P25 (s) = ¥ (s)]|
< APy = Pol| + B[ @4 (t) — ¥ ()] + C'[| @5 (s) = ¥ H(s)],

S

for some positive constants A’, B’, C’. Thus,
IG(t+ sn, 5+ 50) = G(t,5)|| < A'| Py = Pyl + B sup [|®n(t) — ¥(1)]|
te(a,b]
+C" sup [, (s) = U (s)]-
s€la,b]

Case 2: t < s. Similarly to the case 1, we obtain

Gt + 5,5+ 52) = Gt 5)|| = [P (H)Qn®y " (5) = U(H)QoW ™ (s)]
< A|Qn — Qoll + B’ sup [[0n(t) — ¥ (t)]|
t€la,b]
+C" sup [0, (s) = UTH(s)].
s€la,b]
Therefore, from Cases 1 and 2, along with (3.10), (3.12)), and (3.13]), we conclude ([3.14)).
Analogously, a subsequence {£,} C {n,} can be obtained such that the following limit holds
on compact sets K C R?:

lim  sup ||G(t—&n,s—&) —G(tL, )| =0. O
Jim s |6 ) -Gt

Remark 3.3. Although G(-,-) is measurable, discontinuous, and compact bi-almost automorphic,
Theorem does not contradict the result by Veech [31], in which he established that on locally
compact groups, Haar measurable almost automorphic functions are continuous. Rather, this
accentuate a fundamental distinction between:
e Two dimensional Bochner (compact) almost automorphic functions [I3], where sequences
are considered in the full Euclidean space R? (as in this case), and
e Measurable (compact) bi-almost automorphic functions [I2], where sequences are re-
stricted to the proper subset Ay C R? - the principal diagonal of R2.

The following lemma plays a pivotal role in establishing the invariance of the compact almost
automorphic function space under convolution products with the Green function G(-,-) as the
kernel (Theorem [4.1)).

Lemma 3.4 (As-like uniform continuity of the Green function G(-,-)). Let {t,} and {s,} be real
sequences such that |t, — s,| — 0 as n — +oo. Then, for each (t,s) € R?, we have

|Gt +tn,s+tn) —G(t+ Sn,s+sn)|]| =0 asn — +oc.

Proof. Let us denote by U := {(t,s) € R? : t < s} and by V := {(t,s) € R? : t > s}. Define
G?(t,s) = —®(t)QP1(s) and G(t,s) := ®(t)PP~!(s). Since U and V form a partition of R?
any point (¢, s) belongs either to U or to V.

Suppose (t,s) € U and consider the sequence

ap(t,s) = ||G2(t +tn,5+1t,) — Gz(t + Sny S+ Sn)ll- (3.15)
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We claim that o, (t,s) — 0 as n — 4o00. To prove this, let {a),(¢,s)} C {an(t,s)} be a convergent
subsequence converging to (¢, s), where
an(ts) = |Gt + 5,5 +1,) = Gt + 5,5+ s7)]),

with {¢/,} C {t,} and {s},} C {sn}. We must show that i(t, s) = 0.
Since G*(-,-) is compact bi-almost automorphic on U, there exists a subsequence {s},} C {s,}
and a function G2 such that the following limits hold:

lim  sup ||G%(t+s",s+s")—G3(t,s)| =0, (3.16)
n—>+oo(t7s)€]K
lim sup ||G%(t—s",s—s")—G3(t,s)| =0, (3.17)

n—-+00 (t,s)€K

where K is a compact subset of . As a consequence, the limit function G? is continuous on .
Since {|t,, — sn|} is bounded, there exists R > 0 such that ¢, —s,, € [-R, R] (a compact interval
in R). Therefore, the points (t, — $,,t, — $n) € Lg, where Lg := {(2,2) € R? : |z| < V2R} is
a compact subset of (the diagonal of) R2. This implies that Lz(t,s) := (¢,s) + Lr is a compact
subset of U.
Now, from the inequalities

al(t,s) = ||GAt+t!, s+ 1) — G*(t+ s, s+ s

NGt 4t — s s s+t — s 48— G2t -t — s s+t — s
+ G2+t — s s+t — s — G2(t, s)||
+ |G (t,s) — G*(t + s, s + )|

< sup IG? (21 + sy, 22 + s11) — G* (21, 22|
(z1,22)ELR(t,s)
F G2t + ! — s s+t —s!) —G2(t,s)||
+ |G2(t,s) — G*(t + 5", s+ 5],

and using (3.16)) and the continuity of G2, we conclude that o/ (¢, s) — 0 as n — +oo. This implies
that 1o(t, s) = 0, and hence a,(t,s) — 0 as n — +00, as claimed.
Analogously, it can be shown that if (¢,s) € V), then

i [|GHE 4 tn, s +t,) — GH(t + 50,5 + 5,)] = 0. =

n—-4oo

4. COMPACT ALMOST AUTOMORPHIC SOLUTIONS OF NON-AUTONOMOUS LINEAR DIFFERENTIAL
EQUATIONS

In this section, we prove that if system is exponentially dichotomous with a compact
almost automorphic matrix A, then for a compact almost automorphic function f, the unique
solution z of system 7 given by , is also compact almost automorphic. Before that, we
establish the invariance of the space KAA(R;R?) under convolution products with the Green’s
function G(-,-) as the kernel.

4.1. Invariance of KAA(R;R?) under convolution products with kernel G(,).

Theorem 4.1. Let A(-) be a compact almost automorphic matriz, and suppose that system (|1.2)
has an (a, K, P)-exponential dichotomy with Green function G(-,-). Then the operator G, defined

by
Gyu(t) := / G(t, s)u(s) ds, (4.1)
R
leaves invariant the space KAA(R; RP).

Proof. Let u € KAA(R;RP). By Proposition it suffices to prove that Giu is almost automor-
phic and uniformly continuous. We will accomplish this in two steps.
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Step 1: Giu is almost automorphic. Let {s] } be any real sequence. Since G(-,-) is compact bi-
almost automorphic and u is compact almost automorphic, there exists a subsequence {s,} C {s,}
such that the following uniform limits hold on compact subsets of R x R:

lim G(t+ sn, s+ s,) = G(t, s), Br_ilrl Gt — sp,5 — sn) = G(t, 5),

n—-+o0o

and on compact subsets of R, the following uniform limits also hold:
nEIfoo u(t + s,) = a(t), ngr}rloo a(t — sn) = u(t).
In particular, these limits are pointwise.

Let v := Gyu. Since G(-,-) is A&-bounded for \(t,s) = Ke~!*=l ¢, s € R, by Lemma and
using the Lebesgue Dominated Convergence Theorem, we have

nEIJIrloo v(t + sp) = 0(t), ngr}rloo O(t — sp) = v(t), (4.2)
where
+o00
o(t) := G(t,s)u(s)ds

Thus, v is almost automorphic.

Step 2: Giu is uniformly continuous. Let {t,} and {s,} be two sequences in R such that |t, —s,| —
0 as n — +o00. Then

|Gru(tn) — Gru(sn)| < / 1G(tn, s +tn) = Gsn, s + sn)|[|u(s + tn)| ds
R

+ / 1G (5ms 5+ su)llluls + ) — (s + 8| ds
R

=: I (n) + Iz(n),

where:

Ii(n) = / |G (tn, s + tn) — G(Sn, s + sn)|llu(s + tn)| ds,
R

L(n) ::/R||G(sn,s+sn)||\u(s+tn) —uls + 5,)| ds.

By Lemma the Ay-like uniform continuity of G(-,-) (Lemma [3.4), the uniform continuity of
u, and the Lebesgue Dominated Convergence Theorem, we conclude that

lim I(n) = lirf Ir(n) = 0. O
n—-—+0oo

n—-+oo
The proof of the following theorem is analogous to that of Theorem [}

Theorem 4.2. Let A(-) be a compact almost automorphic matriz, and suppose that system (1.2))
has an (a, K, P)-exponential dichotomy with Green function G(-,-). Then the operator G2, defined

by
t
Goul(t) ::/ G(t, s)u(s) ds, (4.3)
leaves invariant the space KAA(R; RP).

Remark 4.3. Here we present a counterexample to [I, Corollary 1]. Let us consider f €
AAR;R) \ KAA(R;R) and let g(t,s) = f(t)exp(—alt —s|) where o > 0, then we have that
g(t, s) is bi-almost automorphic, |g(t,s)| < ||f|lcce %!, Let u = 1 be the constant function,
which is compact almost automorphic. Then, the new function

FO) = [ gltoulis,

— 00

is almost automorphic, but is not compact almost automorphic. In fact, F(t) = f(t)/a.
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Remark 4.4. From the proof of Theorem 4.1} we observe that ensuring the invariance of the space
KAA(R; RP) under the convolution products defined in and (4.3) requires the Green’s function
G(-,-) to be Ag-like uniformly continuous (as established in Lem. Here, we complement the
previous remark by showing that neither the As-like uniform continuity nor the compact bi-almost
automorphy of G(-,-) can be deduced solely from its A-boundedness (e.g., if A(t,s) = Ke~*lt=sl)
and its bi-almost automorphic properties. Indeed, let f € LAA(R;R) with infier |f(¢)] > § > 0,
and take g € AA(R;R)\ KAA(R;R). Then, the function G(t,s) := f(t)g(s)e~*I*=*! is A-bounded,
with (¢, 8) = || f|loo||g|ece ™%l and is bi-almost automorphic but fails to be compact bi-almost
automorphic or As-like uniformly continuous. To see the last assertion, suppose that G(-,-) is
As-like uniformly continuous. Pick two real sequences {t,} and {s,} such that |t, — s,| = 0 as
n — +oo, then from the As-like uniform continuity of G, the uniform continuity of f, and the
following inequality:

6lg(tn) — g(sn)| < lglloclf(tn) = f(sn)| + |G (tn,tn) — Gsn, sn)|,
we conclude that g is uniformly continuous, a contradiction.

Proposition 4.5. If a(-) is compact almost automorphic, then

t t
Gol(t, s) = / a(§)d¢ and Gi(t,s) :=exp </ a(§) df)
are compact bi-almost automorphic.

Of course, if in Proposition a(-) is only almost automorphic, then Gy(-,-) and G(-,-) are
bi-almost automorphic. Note that, Go(+,-) and G1(-,-) are not necessarily bounded functions, to
see this consider a(-) as a positive almost automorphic function with tinﬂg a(t) > 6 >0.

€

4.2. Compact almost automorphy of the solution. The next theorem states the main result
of this section.

Theorem 4.6. Let A(-) be a compact almost automorphic matriz and f € KAA(R;RP). If the
system
2’ (t) = A(t)x(t) (4.4)
has an («a, K, P)-exponential dichotomy with Green function G(-,-), then the linear system
a'(t) = A(t)z(t) + f (1),

has a unique compact almost automorphic solution x, given by
x(t) = / G(t,s)f(s)ds.
R

Moreover, if ®(-) is the fundamental matriz solution of system (4.4) and P is the projection, then
the solution x can also be expressed as

x(t):[ <I>(t)P<I>1(s)f(s)d5+/too O(t)(I — P)&(s)f(s) ds. (4.5)

Note that if, in the previous theorem, f is assumed to be almost automorphic (rather than
compact almost automorphic), then the solution x is likewise almost automorphic.

5. EXISTENCE AND EXPONENTIAL STABILITY OF A POSITIVE COMPACT ALMOST AUTOMORPHIC
SOLUTION OF SOME DELAYED BIOLOGICAL MODELS

In this section, we study the existence and global exponential stability of a unique positive
compact almost automorphic solution for the following biological model with nonlinear harvesting
terms and mixed delays,

(1) = —a(a(t) + Y B (Nl - m(e) + bOH (a(t - o(1). (5.1)
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For the results in this section, we follow closely the work of Abbas et al. [I]. We begin by
introducing some standard preliminaries and notation.

Let f be a real and bounded continuous function defined on its domain Dy C R, then f, f are
defined as follows: B

f = su t), = inf f(¢).
Fi= sup S0, £i= ing )
We also define the positive constants 7 and X as follows:

T = max{ max 7'7,5}, A= max A;, A:= min ;.
1<i<n 1<i<n 1<i<n—

Let C([—7,0],R) denote the Banach space of continuous functions from [—7,0] to R under the
norm [|¢||> = supge(_r,g [¢(0)|. Let CT be the cone of non-negative functions in C([—,0],R), i.e.,

¢t ={p € C([-7,0L.R) : ¢(t) > 0},
and define the set
Ci={pecCt:¢0) >0}
Because of biological interpretations, the set of admissible initial conditions for equation (|5.1)) is
considered in Cj .

If x(-) is defined on the interval [ty — 7, 0] with tg,0 € R, then the function z; € C([-7,0],R)
is defined by x4+(0) := z(t + ) for all § € [—7,0] and tg < t < 0. Therefore, the initial condition
for equation (5.1)) is a function, i.e.

T, =0, ¢ECT. (5.2)

A solution of the IVP (|5.1)-(5.2) is denoted by x(¢;to, ¢), but for convenience, we will denote
it by z(t).
5.1. Existence and uniqueness. As a first hypothesis, we assumed the following:
(A1) The functions a(t), o(t), Bi(t), Ai(t), and 7(¢) for i = 1,2,...,n are positive compact
almost automorphic functions on R and b(t) is compact almost automorphic on R.
(A2) a >0 and, for every i € {1,2,--- ,n}, B; >0 and \; > 0.
(A3) The function H : Rar — R(J{ is bounded and Lipschitz continuous, i.e., there exists a
positive constant Ly such that:
|H(a) — H(b)| < Lgla—1b| for a,beRY.

Proposition 5.1. If conditions (A1)—(A3) hold, then any solution x of equation (5.1) with initial
condition ¢ € Cg satisfies

"B fi+bH
% < liminf z(t) < limsup z(t)
a t——+o00 t——4o00 @

Proof. From (j5.1)), we have

XL, BT bH

Then, from the comparison principle [2, Lemma 1.1], we have

R SRV (e,

z(t) < 2(0)e™ 2" + (5.3)

Also, from the inequality
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that is,
_ Y. B fi+bH _
z(t) > z(0)e " + 2zt *ZEL (1—e. (5.4)
Now, the conclusion follows from inequalities ((5.3]) and (5.4)). O

Remark 5.2. We remark that
(a) If in Proposition the inequality

Yo Pifi+0H

o

0<

holds, then it implies that all solutions of equation are biologically meaningful.

(b) Unlike in [II [34], our Assumption (A3) does not require H(0) = 0. This leads to different
lower and upper bounds for the solution z in Proposition [5.1}

(¢) In our Assumption (Al), the function b is not required to be a non-negative compact
almost automorphic function. This contrasts with the work of Abbas et al. [I], where the
non-negativity of b is essential to establish the analogous result to Proposition (see [T
Theorem 2]).

Let us state the following additional assumptions:

(A4) For all 1 < i < n, the functions f; : Rar — Rg are Lipschitz continuous and attain their
maximum value over Ry, i.e., f; = fi(m}) with m} € R{, and f; is non-increasing for
x>m;.

(A5) There exist two positive constants v, and ~y, such that:

m*

A

0< <71<;(;Bifi()‘72)+bH>a

é(zn:EEJFEF) <7,
- =1

where m* = max m].
1<i<n

(A6) For all 1 <4 < n, there exist positive numbers ¢y,, which are the Lipschitz constants of f;
on [m*, +00).
Lemma 5.3. Let Qy := {¢p € CT : 71 < ¢(t) < 72, t € [-7,0]}. If conditions (A1)-(A5) are
satisfied, then for every initial data ¢ € Qq, the solution x(t) of equation (5.1)) satisfies
7 < 1‘(t) <72, te [t07<(¢))a

and its existence interval can be extended to [tg, +00).
Proof. First, we prove that x(t) < 72 for t € [to,((#)). Suppose this is not true. Then there exists
t1 € [to,((¢)) such that
z(t) =72, x(t) <72 VtE][tog—T,t1).
Using (A5), we arrive at the contradiction

0 S I/(tl)

= —a(t)z(t) + Y Bi(t) fi(Ni(t)a(t — 7o) + b(ta) H (2t — o(t1)))

=1
<—av+» Bifi+bH<O.
=1

Similarly, suppose that the inequality: 1 < z(t) for t € [to,((¢)), does not hold. Then there
exists ty € [to, ((¢)) such that

I(tg) = Y1, I(t) > Vt € [to -, tg).
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Now, since 7; (t2) < 7 implies tg — 7 < to — 7 < to — 7; (t2) < to, it follows that x (to — 7; (t2)) > 1.
But, the inequality = (t2 — 7; (t2)) < 72 also holds, then using (A1), (A2), and (A5) we have

5\’72 > /\71")/2 >\ (tg) x (tz —T; (tg)) >\ (tg) Y1 > &’}/1 > Aﬁ/l >m*,
which implies, using (A4), that
fi (i (t2) x (te — 7 (t2))) > fi (5\72) .
With the previous calculations, and using (A3), we arrive at the contradiction

0> 2'(t2)

= —a(t2)z(t2) + Z Bi(ta) fi(Ni(t2)z(ts — 75(t2))) + b(t2) H (z(ts — o(t2)))

i=1
> —an+ Y Bi fi(32) +bH > 0.
i=1
From [30, Theorem 3.2], it follows that {(¢) = +o0. O

The next theorem establishes the existence of a unique positive compact almost automorphic
solution of the model ([5.1]).

Theorem 5.4. Assume (A1)—(A6) hold. If

bLy+» Bixily, <a (5.5)
=1

holds, then equation (5.1) has a unique compact almost automorphic solution in
QO ={r € KAAR,R") : 91 < a(t) < 9, Vt € R}.

Proof. We define the operator:
t

(Ma)(8) = / e~ I o€ (N ) (5) dis, (5.6)

— 00

where N : C(R) — C(R) is defined as
N(x)(s) := Zﬁi(s)fi ()\l(s)x(s - TZ(S))) + b(s)H(w(s - o(s))). (5.7)

We now prove that € is closed, () C Q, and 9 is a contraction. The conclusion will then
follow from the Banach’s contraction principle.

e O is closed. Let {z,} C Q be a sequence such that z, — 2z uniformly on R. From
Proposition it follows that 2 € KAA(R,R). Now, given € > 0, there exists Ny € N
such that

lzn — zlloo <€, ¥n > No.
Thus, for all £ € R and Vn > Ny, we have
0<a(t) = |z(t)] < l[zn — 2l + [2n(t)] < €+72,
71— €< zp(t) —e<z(t).
Since € > 0 is arbitrary, from the last inequalities we obtain 1 < z(t) < 7, for all ¢t € R.
Therefore, z € Q.
e M(N) C Q. If uis compact almost automorphic, then from Proposition Nu is compact

almost automorphic, and from Proposition and Theorem M (u) is also compact
almost automorphic. Moreover, since u € €2, we also have:

D Bifi(hy2) +bH < (Nu)(s) <Y B fi+bH, VYseR.
=1

i=1
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Therefore,

0< < = (Y8 fiha) +BH) < u)(0) < L (S BT +TH) <.

i=1
for all t € R.
e M is a contraction. This follows from the inequality:

[t (w) = M(v)[|oo < Kllu—vl[es, Vu,veEQ,
where
1/ LI
K= ;(bLH + > BiXily) < 1.

i=1
(]

5.2. Global exponential stability. In the present section, we prove the global exponential
stability of the compact almost automorphic solution to equation (5.1)).

Definition 5.5 ([5, 34]). Let x*(¢), z(t) be solutions of equation (5.1) with initial conditions
z} (5) = ¢*(s) and 24,(s) = ¢(s), s € [-7,0]. Then 2* is said to be globally exponential stable if,
there exist constants A > 0 and M, > 1 such that
ja(t) — 2*(t)] < Myllo — ¢"[lre™™, t>0.
Next, we state the Halanay’s inequality as is given in [1} [34].
Lemma 5.6. Let to be a real number and T be a non-negative number. If v : [tg — 7,00) — RT

satisfies

L) < —av(t) + 8] sup ()], ¢ to,
dt SE[t—T,t]

where a and B are constants with o > > 0, then
v(t) < [logllre™" ") for t > to,
where 1 is the unique positive solution of
n+pe’ —a=0.

The proof of the following theorem closely follows that of [I, Theorem 4]. We present it here
for the sake of completeness.

Theorem 5.7. If assumptions (A1)—(A6) are satisfied and (5.5)) holds, then the unique compact
almost automorphic solution of the system (5.1)) in the region Q is globally exponentially stable.

Proof. Let z*(t) be the unique compact almost automorphic solution of the delayed differential
equation (5.1) (which is given by Theorem , and letz(t) be another solution such that vy, <
z(t) <y for t > 0. Let us define the new function
v(t) = z(t) — z*(¢).
We have
0(t) = —a(t)o(t) + (Nx)(t) — (Nz7) (1),
where N is defined in (5.7). Therefore,

t
o(t) = v(0)e=Ji ale)dt 4 / e~ I o) [(N2)(s) — (Na*) ()] ds, ¢ 0.
0
It follows that
t
[o(t)] < Jo(0)e ™ Jo @(@dz| 4. / e o @2 (N (5) — (Nz*) (s)].
0

since z*(t) € Q, and x(t) satisfies 71 < x(t) < o for ¢t > 0; then, from (A5) and (A6), we have

t n
w(t)| < |\U||T€_gt+/ e—g(t—s)(ZE)\Tfﬁ-i-ELH) sup |v(o)|ds.
0

i—1 oE[s—T,s]
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From inequality (5.5) it follows that o > Y"1 | B; Aily, + bLy > 0, then by Halanay’s inequality -
Lemma [5.6|- it follows that there exist positive constants n and M such that

v(t)| < Mlv|l.e™™, t>0,
Jv(

where 7 is the real solution of the characteristic equation
n
n=—a+ (Y Bikty, +bLu)er.
i=1

Therefore, |z(t) — z*(t)] < M||zg — z§|e~ for t > 0. O

Remark 5.8. In [34, Theorem 4.4], the authors established the global exponential stability of the
unique pseudo compact almost automorphic solution for their delayed equation. However, their
proof considers an arbitrary solution w(t) without ensuring the required bounds v; < u(t) < 75
for ¢ > 0, which are necessary, under their assumptions (A5) and (A6), to properly apply the
Lipschitz conditions on the functions f;.
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