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Abstract
In this paper, we study the nonlinear parabolic problem with p(x)-
growth conditions in the space W1#LP(*)(Q), and give a regularity theo-
rem of weak solutions for the following equation

ou

Y Al =

N +A(u) =0
where A(u) = —diva(z,t,u, Vu) + ao(z, t,u, Vu), a(z,t,u, Vu) and
ao(x,t,u, Vu) satisfy p(x)-growth conditions with respect to u and Vu.
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1 Introduction

In recent years, the research of variational problems with nonstandard growth
conditions is an interesting topic. p(z)-growth problems can be regarded as a
kind of nonstandard growth problems and they appear in nonlinear elastic,
electrorheological fluids and other physics phenomena. Many results have been
obtained on this kind of problems, for examples [1-9].

In this paper, we will qualitatively study the properties of weak solutions.
For more information about qualitative analysis, we refer to [10-11]. Let Q
be Q x (0,T) where T' > 0 is given. In [8], the authors studied the following

equation in the space VVll’p(z’t) (Q)NC(0,T; LE (),

oc loc

wy — div(|Dul[P™P =2 Du) = 0,
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where max{1; ]3—_]‘\_[2} <p1 = inf p(zt) <plx,t) < sup px,t) = ps < oo,
(z,t)eQ (z,t)€Q

p(z,t) is dependent on the space variable 2 and the time variable ¢, and satisfies

the following Logarithmic Hélder condition

Cy
—In(|z -y + Caft - s|72)

Ip(x,t) — p(y,s)| <

for all (z,t),(y,s) € Q, |z —y| < %, [t —s| < %, where C1,C1 > 0 are constants.
The authors proved the Holder continuity of the local weak solution with the
scale transformation method.In this paper, we will study the following more
general problem

% + A(u) =0, in Q, (1.1)

u(z,t) =0, on 00N x(0,7), (1.2)

u(w,0) = b(x), in 9, (13)

where 1(z) is a given function in L2(€2) and A : W * LP()(Q) — W 1#La@)(Q)

is an elliptic operator of the form A(u) = —diva(z, t,u, Vu)+ag(x, t, u, Vu) with
the coefficients a and ag satisfying the classical Leray-Lions conditions. In [12-
13] we have proved the existence and the local boundedness of the solutions
of (1.1)-(1.3) and have obtained u € W*LP(®)(Q) N L>°(0,T; L*(Q2)). In this
paper we will give the regularity theorem of the weak solutions in the framework
space W1#LP(#)(Q), which can be considered as a special case of the space
Whae Q)

The space W@ LP(#) (Q) provides a suitable framework to discuss some phys-
ical problems. In [14], the authors studied a functional with variable exponent,
1 < p(z) < 2, which provided a model for image denoising, enhancement, and
restoration. Because in [14] the direction and speed of diffusion at each location
depended on the local behavior, p(z) only depended on the location x in the
image. Consider that the space W' * LP(®)(Q) was introduced and discussed in
[12] and [15], we think that the space W®LP(¥)(Q) is a reasonable framework
to discuss the p(x)-growth problem (1.1)-(1.3), where p(z) only depends on the
space variable  similar to [14].

In this paper, let a : @ x R x RV — RN and ag : Q x R x RY — R be
the operators such that for any s € R and &€ € RV, a(x,t,s,£) and ag(z,t, s, &)
are both continuous in (¢,s,£) for a.e. a € Q and measurable in z for all
(t,8,€) € (0,T) x R x R™ They also satisfy that for a.e. (z,t) € Q, any s € R
and ¢ # £* € RN:

la(,t,5,6)| < a|sP 71 4 [gPe7t), (

jao(2, 8, 5,€)] < af|sP@ 71+ [gPH ), (1

[a(x,t,s,8) —a(x,t,s,£)](€ — &%) >0, (1.
a(z,t,5,6)6 = BEPT + |s["™), (1
ao(x,t,5,6)s = B(EFT) +[s[P™), (1
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where a, # > 0 are constants.
Throughout this paper, unless special statement, we always suppose that
p(z) is Lipschitz continuous on {2, and satisfies

1 <p~ =infp(z) < pla) <supp(z) = p* < co. (1.9)
Q Q

Because p(x) is Lipschitz continuous, there exists a constant C' > 0 such that
prr) <0 vQ, CQ, (1.10)

+
— _p = , =

where Q, = K, x (—p"»,0),0 < p< 1, K, {x€Q|1I§nZ_z%)§V|:EZ| <p}, P,

supp(x), p, =infp(z).

Kfp( ), P, Kpp( )

Definition 1.1 A function u € WH*LPE)(Q) N L>(0,T; L*(Q)) is called a
weak solution of (1.1)-(1.3) if

—/ ua—@dxdt+/u<pdz|g
Q ot O

+/ [a(x,t,u, Vu)Ve + ag(z, t,u, Vu)pldrdt =0
Q

for all ¢ € CH(0,T;C5°(%2)).
Definition 1.2 The functions u, € C(0,T;C§°(2)) are called the Galerkin
solutions of (1.1)-(1.3) if

/ %@dsz+/ a(x, T, un,Vun)cpdszJr/ ao(x, 7, U, Vuy ) pdedr =0
t T t t
(1.11)
for all ¢ € CH0,T;C5°(2)) and QF = Q x (0,t),t € (0,7].
We will prove the following regularity theorem:
Theorem 1 Let p~ > 2 . Ifu € WHLPE)(Q) N L>®(0,T; L*()) is a local
weak solution of (1.1)-(1.8), then wu is local Holder continuous in Q.

2 Preliminaries

We first recall some facts on spaces LP(*)(Q), WP (Q), W™= LP)(Q)
and parabolic space. For the details see [15-18].
Although we assume (1.9) holds in this paper, in this section we introduce
the general spaces LP(®)(Q), W™P®)(Q) and W™= LP(*)(Q).
Denote
E = {w:w is a measurable function on },

where Q C RY is an open subset.

EJQTDE, 2012 No. 4, p. 3



Let p(z) : Q@ — [1,00] be an element in E. Denote Qo = {x € Q : p(x) =
oo}. For u € E, we define

o) = [ @) +ess sup fulo)].
Q\ro 16900
The space LP(*)(Q) is
Lp(r)(Q) ={ue EF:3X>0,p(A\u) < oo}

endowed with the norm
U

A
We define the conjugate function ¢(x) of p(x) by

[ull Lo @) = Inf{A >0 p($) < 1}

00, if p(z) = 1;
glz)=¢ 1, if p(x) = oo;
p&()le, if 1 < p(z) < oo.
Lemma 2.1 (see [18]) (1) The dual space of Lp(z)(Q) 18 Lq(z)(Q), if 1<

p(z) < 0.

(2)The space LP™*)(Q) is reflexive if and only if (1.9) is satisfied.

Lemma 2.2 (see [18]) If 1 < p(z) < oo, C§°(R) is dense in the space
LP@)(Q) and LP*)(Q) is separable.

Lemma 2.3 (see [18]) Let 1 < p(z) < oo, for every u(xz) € LP®)(Q) and
v(x) € L) (Q), we have

A u(z)v(@)|dz < Cllu(@)] Lo @) l[0(2) ]| Lo (@)

where C'is only dependent on p(x) and 2, not dependent on u(z),v(z).

Next let m > 0 be an integer. For each o = (a1, a9, - , o), ; are nonneg-
ative integers and || = X7, a;, and denote by D® the distributional derivative
of order a with respect to the variable x.

We now introduce the generalized Lebesgue-Sobolev space W-P(*) (Q) which
is defined as

WP (Q) = {u € LPP(Q) : D € LP™(Q), |a| < m}.

WmP#)(Q) is a Banach space endowed with the norm

lul = > 1Dl oo -

lo|<m

The space Wgn’p(x)(Q) is defined as the closure of C§°(Q) in W™P(®)(Q).

The dual space (W7 (Q))* is denoted by W~1()(Q) equipped with the
norm

I fllw=m.a@ (@) = inf Xjaj<m |l fall Lae (@)

EJQTDE, 2012 No. 4, p. 4



where infimum is taken on all possible decompositions

f= E\a|§m(_1)‘a|Dafaa Ja € Lq(m)(ﬂ)'

Lemma 2.4(see [18]) (1) W™P®)(Q) and Wgn’p(x)(Q) are separable if 1 <
p(z) < oo.
(2) WP (Q) and Wgn’p(z)(Q) are reflexive if (1.9) holds.

We define the space W™ LP(*)(Q) as the following:

WL (Q) = {u € L"P(Q) : D*u € L"™(Q), || < m).

W™ [P(*)(Q) is a Banach space with the norm |ju|| = ‘ |Z< D%l Lo ()
where p(x) is independent of ¢. -

The space Wi LP(*)(Q) is defined as the closure of C§°(Q) in W™= LP(*)(Q)
and Wy LP(®)(Q) < LP(®)(Q) is continuous embedding. Let M be the number
of multiindexes o which satisfies 0 < |a| < m, then the space Wj™"LP(®)(Q)

can be considered as a close subspace of the product space Hi]\ilLP(z)(Q). So

if 1 < p(z) < oo, MM, LP)(Q) is reflexive and further we can get that the
space Wi»"LP(@)(Q) is reflexive. The dual space (W™ LP(*)(Q))* is denoted
by W—"*L4*)(Q) equipped with the norm

I fllw —m.= pae (@) = l sup <1| < fyu> | =inf X <mll fall Lo (@)
wo T Le() (@)=

where infimum is taken on all possible decompositions
F=Sajzm (DD o, fo € L19(Q).

Next, we will introduce the parabolic space and some results in [16]:

Definition 2.5 Let p,r > 1. A function f defined in @Q belongs to the space
L7(0,T; LP(), if

T
1l = ( / ( / FPde) i) < oc.

Definition 2.6 Let p,r > 1. We define the function spaces
VrP(Q) = L(0,T5 L7(Q)) N LP(0, T WHP(Q)),
VoP(Q) = L>(0,T5 L7(2)) N LP(0, T3 Wy P (2)),
which are both equipped with the norm

lvllvre (@) = esssup [[v(z, )| - @) + VUl Lr()-
0<t<T
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Lemma 2.7 let {Y,},n =10,1,2,---, be a sequence of positive numbers, sat-

isfying the inequalities Y, 1 < CH"Y, 1T where C,;b > 1 and a > 0 are given
1

numbers. If Yo < C~ab~ 3, then {Y,} converges to 0 as n — oc.

Lemma 2.8 Letr > 1, there exists a constant C' depending only on N,r, such
that for every v € L*>(0,T; L"())NL"(0,T; WOLT(Q)),

[0l ) < Cllvl > O+ [0l ()

where ||v| > 0] = meas{(x,t) : |[v| > 0} .
Lemma 2.9 Let v € WHY(K,(z0)) N C(K,(z0)) for some p > 0 and some
o € RN, and let k and h be any pair of real numbers such that k < h, then
there exists a constant C depending only upon N, such that
pNJrl
(h - )AM) <Ot Volde
| Ko (20)\AK)| J Ak acn)

where A(k) = {z € K,(zo) : v(z) > k}, |A(k)| = measA(k).

Let u € LY(Q). For any 0 < h < T, we introduce the Steklov average
function

1 rt+h
’LLh(SC,t) — { h U(SC,T)dT, i i(z(_‘)azjhi h]a

3

Lemma 2.10 Letu € L"(0,T; LP(QY)), then as h — 0, up, — u in L"(0,T —
g; LP(Q)) for every e € (0,T). If u € C(0,T; L?(Q)), then as h — 0, up, — u in
L3(Q) for every t € (0,T —¢).

Similarly, we can get the following lemma in variable exponent space.
Lemma 2.11 Ifu € LP®)(Q), then as h — 0, up, — u in LP@)(Q).
Proof: Because p(z) is bounded and independent of ¢. We only need to notice
that there exist ug, € C}(Q) such that uy — u in LP(®)(Q), and by the uniform
continuity of uy, we can conclude the lemma.O

3 Regularity of Weak Solutions

In [12-13] , we have obtained that for the Galerkin solution u,, € C*(0,T; C§°(9)),
U, — u strongly in L*(Q) and LP®)(Q), u, — u weakly in Wy " LP*)(Q),
a(z, t,un, Vi) = a(z,t,u, Vu) and ag(z, t, up, Vu,) = ao(z, t, u,
Vu) weakly in LI®)(Q), u, — v a.e. in Q and Vu,, — Vu a.e. in Q.
For (1.11), integrating by parts, we can get

/ %gpdsz:/un(z,t)ga(z,t)dx—/ un?dxd'r,
Q t

t T T

therefore
ou,,

nlLH;o o W@dxd'r/gu(z,t)ga(z,t)dx/@ u%dazd’r.
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As a(z,t, up, Vu,) = a(z, t,u, Vu) weakly in LI®)(Q) and ag(z, t, uy,, Vu,) —
ao(x,t,u, Vu) weakly in L1*)(Q), we have

lim (th alx, T, up, Vg )p + th ao(, Ty Un, Vg, )odrdr)
= th a(x, 7, u, Vu)p + ao(z, 7, u, Vu)pdadr,

then (1.11) can be written as

0
/u(x,t)cp(:c,t)dzf/ u—(pdszJr/ a(x, 7, u, Vu)pdrdr
0 t T t

+/ ag(z, 7, u, Vu)pdrdr = 0. (3.1)

In (3.1), let ¢ be independent of ¢t and ¢t = ¢ + h, then we get

0
/ %@dm +/ [a(x, 7, u, Vu)|ppdadr +/ [ao(z, T, u, Vu)|ppdrdr = 0,
Q T t t
(3.2)

where ¢ € C5°(92).
Lemma 3.1 If u is a weak solution of (1.1)-(1.3), then u € C(0,T; L?(Q2)).
Proof: Because u, — u weakly in WOLILP(I)(Q), there exists convex combi-
nation of u,, denoted by v,, such that v, — wu strongly in Wol’sz(I)(Q) and
vn(7,0) — t(x) strongly in L2(2). Take ¢ = u,, — v, as the testing function
in (1.11),

ouy,

— (up, — Oy )dadT + / a(x, Ty Up, Vup )V (Uy, — U )dzdr
Qt 87’

t

+/ ao(x, T, Up, Vg ) (Up — Uy )dadT = 0,
t
then for the sufficient large m, we have

Eof@ %L:(un — Uy )dadT

th a(x, 7, u, Vu)V(u — vy, )dxdr + th ao(z, 7, u, Vu)V(u — vy, )dzdr
2(llall Lo (@) + laoll Lacor @IV (1 = vm )| Lo (@) < ()

IA A

and

Ovm
lim v

a_ m_ndd S
) o (v up)dadr < e(m)

where e(m) — 0 as m — 0.
In short,
Tm O(Uun — Um)

) 57 (Up, — O )dadr < (m),
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i.e.

Tm [ |up — v |2de < e(m).
n—oo Q

therefore, for &k > m, we get

- < Tim - — <
Juax [[vk — v < max [ hm ([loe = unl| + [[un = v )] < e(k) +&(m),
namely {v,} is a Cauchy sequence in C(0,T; L?(€2)), so we get the result.0
Next, we will prove the main theorem.
By [13], we know that there exists a constant M > 0, such that [|u e ) <
M. Fix a point (zg,tp) in @, let p € (0,1) be small enough such that

+ 4
Q(p =%, 2p) = Knp(x0) X (to — p" "%, t0) C Q,

— s + - _
where Ko, (z9) = {z € Q| 1222%@1 zoil < 2p}, py = sup p(z), p, =
K2p(z0)
inf x).
sz(mo)p( )
Denote pu* = esssup u,pu” = ess inf w,w= essosc = ut—p.
Q(pPs = 2p) QPP 2p) Q(p?? ~*.2p)

Consider the cylinder Q(apprj,p), 1= (2)P» 2, where A > 2 is a constant to

be determined later. We assume that
()P 72> pF, (3.3)
where ¢ € (0,1) will be determined later. This implies the inclusion

Q(ap” ,p) C Q(p" ~¢,2p)

and
€ess 0+sc u < w.
Q(ap®r ,p)

If (3.3) is not hold, w < Aprr 2. Take C' = A, then the first iterative of
proposition 3.4 is hold, so the proposition 3.4 is right. therefore we also assume
that (3.3) is hold in the following proof.

Let [(0,8%) + QUp™ ,p)] = {z € Q| max |ei| < p} x [t — o ,¢"], ] =
(507772, For [(0,6%)+ QU , p)] C Qlap?? , p), (A% =2 — 2% )Pl vs <
t* < 0. We assume (20, %) = (0,0) and define (v — k)1 = max{+(u — k), 0}.

Lemma 3.2 There exists a number o € (0,1) independent of w, p such that if
(5.8) and

[(@,8) € [(0.8) + QU p)] s u < ™ + 2 SolQUA p)|  (34)

hold, then u > p~ + %, a.e.(z,t) € [(0,t*) + Q(l(g)p;, ).
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Proof: Up to a translation we may assume that (0,¢*) = (0,0). Let p,, =

v
g + 2mp,‘+—1akm =p + % + 2mu,)+2a Qp,. = Kp,, X (—lpfﬁ) ;0),m =0,1,2.... We
choose smooth cutoff function 7, = & (x)&(t), where 0 < & < 1,0 < & <1
and

1

Pm — Pm+1 ’

+ + a 1
& =1, iftZ—lpiH; & =0, iftg—lpf,f; and 0§§<ﬁ

Z(Plr)rf - Pﬁfﬂ)

&=1, if z€K, & =0, if z€K, and |V&| <

m—417 m417

+
Take ¢ = —(tn — km)_7ni as the testing function in (1.11), then

ouy,

5 [— (un—km)_n,};{t]dwdr—i—/ a(x, T, Upn, V) [—V((un—km)_ng )]dxdr
Qt,

Q%L
ot
Jr/ ao(x, T, Upn, V) [— (U — k) —nnt Jdxdr = 0,
QL.

p P
where Qf, = K, x (=lpn; ,t), t € (=lpnt ,0).
First, integrating by parts,

ouy, +
o 8—1:_ —(tn — k)1t |dadr
+
1 A(tn — km) -1t ] p pt—10nm
—_ do — 2 n = k)t S dxd
2/Q$n 87' t 2 /Qin(u )—77 87’ rar
1

+ 1 + +
:_/ (wn — km)—nfrf (z,t)dx — - / (un — km)—nfrf (z, _lpf?f )dx
K K

2 2
+
b, 2 P+*1a77m
- 5 n km — 7rf a_
5 %[(u )=n 5y

Pm Pm

|dxdr.

Since u,, — u in L?(Q) and u € C(0,T; L*(Q)), un, — win L*(Q) for Vt € (0,T),
therefore we can get

Oy, +
nlin;o o 8—12_ —(tn — k)t |dadr

1 + 1 + +
:—/ (u— k)t (2, t)dx — —/ (u— k)t (z, =Lyt Yda:

2 Jk 2 Jk

Pm Pm

+

pp 2 P+*1a77m
- = —km)Zinm  ——|dxdr.

(ko s

Since V(up — km)— — V(u—kp)- and a(z,t, un, Vu,) — a(z, t,u, Vu) a.e.
in Q!,, by Fatou lemma,
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+
lim a(x, T, Un, Vup)[—V (u, — km),ngf |dxdr

n—oo JQt,
+
2/ a(z, 7, u, Vu) [~V (u — kp)_nnt |dadr.
Qt

By the fact that u,, — u strongly in LP®)(Q), a(z,t, un, Vu,) — a(z,t,u, Vu)
weakly and ao(x,t, Uy, V) — ao(x, t,u, Vu) weakly in L) (Q), we have

_
lim a(x, T, Un, V) [—(un — km),nfrf 1Vnm]d:vdT

pl—1
:/ a(x, 7, u, Vu)[—(u — k) —mny Vi ]dadr,
Q%L
and

+
lim ao(z, 7, U, V) [—(u, — km),ngf |dxdr

+

:/ ao(, 7, u, Vu)[—(u — k) _mit |dadr.
Qt,

Let I = lim (th a(x, T, U, V) Vododr + th ao(x, T, un, Vuy, )edzdr), so

n—oo

+
I1>- / alz, 7, u, Vu) [V (u — k)t |dedr
Q1
+ Py -1
-p, a(z, 7,u, Vu)[(u — k) -0y~ Vi ]dadr
Qt

m

+
- / ao(z, 7, u, Vu)|[(u — k)t |dadr.
Q

t
m

By (1.4)-(1.5),(1.7)-(1.8), [lul L,
[ (B —w)llLee (@) < % We have

loc

@m) < M and [[(u = km)-llL= (@) <

)
I= / (IV(u = k) [P + P )it dadr
Qt,

+_
—ap? /Q (IV (= k) P71+ [V (= k) PO ) (= ki), V| dadr

m

+
— a/ (IV (1 = k) |[P@ 7 4 u|P@ 1Y (4 — k) it ddr
Q%L
.
>0 IV (w — ko) [P @t ddr — C2™P6 p=P0 | Ay,
QL.

where A, = {(z,t) € Q,,, : u(z,t) < kpn}, C=C(M,p").
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So we can get the following inequality

N
sup [ V2 bt da + Jo, |V (u = k) - [Pyt dadt
—lpp? <t<0 (3.5)
<02 p | Ay,

where C' = C(M,p™).
On the other hand, we have

- . )
/ (= )" 1} dar < (5)7 ‘2/ (w = k)2t de
K 2 I

Pm Pm

and
+
2 ; xdt < uf m ) — m dxdt
o, [V(u _|Pe i daed o, IV( P@pbe dad
" +
+ o, Xl = k) > Ol dadt,

then by (3.5),

_ +
sup fK ngf dr + 3+ fQ V(t — k) —[Po nt dacdt
—lpyf <t<0
f o
< C2MPe pPe 1| Ap.

Next, we introduce the change of time-variable z = [~'t which transforms
Q,,, into @pm =K, x(— s ,0) Setting also v(x,t) = u(x, 2l), Hm(z,2) =
N (2, 21), | A | = meas{(z, ) € me cv(z, 2) < ki, }, then

v — k)i |7
< C( sup prm o )7? it da + prm IV (0 — k) |P7 it daxdz

—pnf <2<0
+ fQPm |(U — k ) "pp |pp d.’L'dZ) < CQmpp p pp |Am|

By lemma 2.8,
2p;5n+2) (%)p; |Am+1| = |km - km+1|p; |Am+1|
P, _ptip,
<N = k)1 <= k)TN
’ ( Pyn+1) L . (me)
Py

< |l(v = k)5 P
<N = k)it |7, - G

Pp

|/Im|”;+N

~ 1
< Com’ p | Al
y (3.3), when A > 2, we choose ¢ < p, — 2, then (¥)7P < p~P». Next,

denote Y,,, = IlQ ’"‘l, then by (1.10) we obtain
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-
+ ot o=
Ca™P6 p o |A,,| PetN

Yot <
m+ - ‘me+1|
4 Lo Pp.
AP p TP |0y, P TN Y. pp +N
‘me,+1‘ m

14-Po

+ p, +N

< c4mry,, 7.

. _N+p— 7p+(N+p7 )2 .
By lemma 2.7, when m — 00, Y,, = 0if Yy <C »= 4 P = ¢ which
y ) y Im 0

just satisfies the condition of this lemma, i.e.

(1) € QU p)ru<p” + 5} _
Q" , p) -

By the fact that p,, \, §, kn \. u~ + ¢ and |A,,| — 0, we can get

Yy =

{(.1) € QUEE . §) ule,t) < p” + T} =0,

therefore u > p~ + ¢, a.e. (z,t) € Q(l(%)p;, £).

Let 6 = l(g)pj, by lemma 3.2 and u € C(0,T; L?(2)), we obtain u(z, —0) >
po+ g ae xzeKpO
Lemma 3.3 Let (3.3)-(5.4) hold, then for every number o1 € (0,1), there
exists a positive integer s such that

_ w
|x€K§:u(x,t)<,u +§|§01|K§|, VtE(—(g,O).

Proof: Set p* = 271p, we will consider the problem in Q (0, p*) = K,- x (—6,0).
Let k = p~ + %, H, =esssup(u —k)_, thus H, < . Then we take
Q(6,p*)

H-

E

H-
k } — 1n+

U(u) = max{0,In

Hy — (u—k)_ + w2 (m+2)

By lemma 3.2, we know u(z, —0) > p~ +% a.e. v € K,-,50 (u—k)_ = .
K, x{—0}, moreover ¥ (u(x, —0)) = 0, a.e. x € K,-. Since & > H, > (u—k)_,
we get ¥(u) <ln i —mIn2and

om

1 —(m
|8\Il(u)| _ ) T ger ey u<k-w2 ),
Ju

0, u>k— w2 (mt+2)

9T (v)

(m+2)
therefore when u < k — w2~ (m+2) 2 < |=5a—] < 2
w u

w
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Take ¢ = %[\IIQ(d)]in+ |d=u, as the testing function in (3.2), where 7 is the
cutoff function independent of ¢ and satisfies 0 <n < 1in Ky, n =11in Ky-1,,
and |Vn| < 4p~1, then

(9 —+ 8uh
—[OX(d)|nP* |g—u, ——dxd
Lo, GO i i

9
+ / [a(z, 7, u, V)| a V== [U2(d)]|nPe |4—u, |dzdT
Qt(07p*) ad

0
+/ [ao(z, T, u, Vu)]h—[\IIQ(d)]npj|d:uhd$dr =0, (3.6)
Q*(8,p*) ad

where Q'(6, p*) = K« x (—0,1), t € (—6,0).
Integrating by parts,

+ w N
th(e,p*) %[\I’Q(dﬂﬁp” |d:uh%_b‘d1'd7' = th(e,p*) %[@2(1%)]771),3 dedr
= Jie,. V¥ (un(e, O do = [ O (up(a, =0))fr da,

by W(un) < min2, U(u) < min2, [W2(uy) — W3 (u)| < 222021, — o] and
up, — u in L?(K,-) for Vt € (—0,0), so

/ () do — | ()P de,
K K,»

/ W (up (2, — 07 de — / W (u(, —0))P% do,
K x Kp*

P

therefore we obtain

+ U
Jor o,y Z VDN |azuy, G-dudr

R e T P

Denote ¥'(u) = HZ0 |, . Since 2 (U2(d))]a=u, = 2(1+T (un)) ¥’ (up)?,
for the other parts of (3.6),

I= / [a(z,T,u,Vu)]hV[g[\IIQ(d)]np;|d:uh]dzd7'
Qt(G,P*) ad
0
* / lao (@, 7, u, VU)]h@[‘I’Q(d)]n”'f |d=u,, dzdT
Qt(8,p%)
:2/ [a(x, T, u, Vu)]p Vup (1 + \I/(uh))\I/’(uh)anjdasd'r
Qt(8,p%)

+ 2/ [a(x, T, u, Vu)]h\Il’(uh)\P(uh)Vnp;dasd'r
Q*(0,p%)

+ 2/ [ao(z, 7, u, V) | ¥ (un )W (up, )P dwdr.
QH(6,p%)
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Next, we consider the problem on the set {(z,t) € K, x (—6,0) : u(z,t) <
k—w2=(M+D} thus £ < [¥/(u)| < Q(WL—M) When h — 0, up, — u and (up —
k- — (u—k)- ae. in (x,t) € Q(0,p*), so (1 + U(up))¥ (up)* — (1 +
U(u))¥' (u)? a.e. in (x,t) € Q(0, p*). Since

|(1+ 0 (up)) P (un)? — (14 U ()W (w)?P@ < [2(1 +mln2)(

and by Lebesgue’s theorem, we get
(1 4+ W (up) ¥ (up)?Vu — (1 + U (u)¥' (u)*Vu
in LP®)(Q(8, p*)) for a.e. t € (—0,0). Because [a(z,t,u, Vu)], — a(z,t,u, Vu)
in LP®)(Q4(0, p*)),
Jor 6.y 1@, 71, V)] Vun (14 @ (up) )W (un) 2P ddr
— th(e o) a(x, 7, u, Vu)Vu(l + \I/(u))\I/’(u)an; dxdr.
In the same way
th(&p*) [a(x, T, u, Vu)]h\IJ'(uh)\Il(uh)Vnprj dxdr
+
- th(97p*) GJ(SC, T, U, Vu)\II’(u)\IJ(u)VT]pp d:EdT,

and
Jor 6,0y la0(@, 7,0, V) W (up )W (un)» dvdr
= Jor (9,0 @@, Ty, V) U (u) U (w)n?s dadr,
are both valid.
Combining these estimates, we have
. o / 2 p;“
}1L1_>mol = 2th(07p*) a(z, 7,u, Vu)Vu(l + U (u)) ¥’ (u)*nP dedr
2 for(g,pr) 0 7 0, V)W () ¥ () Vi dadr (3:8)
+2 th(e ) ao(z, T, u, Vu)\Il’(u)\Il(u)np;dsz.
With (1.4)-(1.5), (1.7)-(1.8), we can get

i 7> 28 [y g e (VP + )1+ 9 ()| () PP dadr
=20 [0 g,y (VP [P =)W () [ W () Vs daedr (3.9)
=201 [0 g,y (IVU[PO =L 4 [P~ 1) 9 () [ @ () dacdlr.

(pf=Dp(x) _ p}(p(x)-1)

Since , by Young’s inequality,

p(z)—1 p(x)—1
Jor 6.5y |V UlPE =W ()@ (w)?s = | V| dandr
<€ gy VP (W (1)) (W (u) + V)P dadr (3.10)

£C©) fgr g,y (W)}~ P ()| V) dar.
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In the same way, we have

u|PE) =1 (u) T (u)n Py~ 1|V77|dacd7

& Jige g, ey 017 (W (w)2(V () + 1) dadr
€) th(@,p*) U (u)* PP (u )|V77|p(l)dxd7'

fo(&p*)

IN

th(g o*) |VU|p(I)71\P’(u)\P(u)np;dgng
szt(e %) Vu|P(z)( "(u))? (¥ (u )Jrl)np,fdsz (3.11)
+
th(ep) "(u) 2 PO (u)nPe dudr,

IN

and
|p(w) I/

u)W¥ )pﬂ dxdr

(u)¥(u
€ Jor (0, pey 1P (97 () (9 () + )T”p ddr
&) Jor 9.y (¥ (W)> PO W (w)Ps dadr.

th(&p*)

Combining (3.8)-(3.11),

i x xT +
lim 1> (26— d0p*e) fgu g oy (IVulP®) + [ulP) (1 + W () ¥ (w) 9> ddr
—o(x + -
(€) th(e,p*)(‘I’l(U))2 PO (u)(nPe + |Vn[P@))dzdr.
Take 4apte = 3, then

pm T > ﬁfw oy (VP 4 [P (1 + 0 () W ()% dar

o) o o (3.12)
—C(0") Jgi(9,pr) (¥ (@) PEU(u)(nPe + [Vn|P'®))dwdr.
In view of (3.7) and (3.12),
/ W2 (u(x, £))nP da < C (U () PO U(u) (7 + [V|P))dadr.
K« Qt(8,p%)
By U(u) <mn2, [¥(u)|"' < g, [V < 3, [¥'(u)] <
/ U2 (u(z, t))nPe do < Cm|K . (3.13)
K«

P
Vt € (—0,0), for such a set {(z,t) € Kop- : u(z,t) < = + 572 } We have

.
\112(’&) Z 1112 Tkw
Hy =3+ 5o

Since —¢ + za5r < 0, we obtain In? H,WLW is decreasing about H, and
k4T ogm+T
Hy < ¢, thus
- w
U2 (u) > In? k > 1n? 4 =[(m—1)In2]
Hk7%+2m+l %_%4_27&11
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Because n = 1 in K.+, by (3.13)
2

<c—" K,

|x€K%: u(z,t) < p~ +2m+2|_ (m71)2| o

)

where C = C(M, p™). To prove the lemma we have only to choose m sufficiently
large and s = m + 2.0

Lemma 3.4 Let (3.3)-(5.4) hold, then there exist o1 € (0,1) and an integer
s > 1 independent of w and  p; s0 that w(x,t) > p~ + 557, a.e. (z,t) € Q(0, ’1—*)
Proof: Let p}, = P— + shrz, ko= 07+ 5857 4 599w, m = 0,1,2,..., and
s > 1is to be chosen later. By lemma 3.2, for a.e. z € K,- we have u(z, —0) >
p~+4 > km, thus (u—kp)—(z,—0) = 0. Let 1,,(x) be a smooth cutoff function

, and 7, = 0 outside K

. e . +4
in K, satisfying 9, =1 1n+Kp:n+1, |V | < 2 -
We take ¢ = —(ty, — kpm)_nni as the testing function in (1.11), by the fact that

lull g

loc

w
(Qpx,) <M, |(u—Fkn )fHLfgC(Qp*m) < (km *U)||L736(QP;L) < 957

similar to lemma 3.2, we have

2 p; p(x) p;r
7651<1¥)<0 pr U — k)2t da + fQ(G,p;‘n) IV (u — E) = P&t dadt

< Cco2mPs p Py wi o )X[(u — k) > 0]dxdt.
(3.14)
On the other hand, we have

+ _ -t 0 - ot
/ (u—hom) 205 dv > (52)277 / (ukn)™ 1t daz > — / (k)" 10t dx
K 29 K p ’

Pm Pm

and
_ +
fQ(Q,pjﬂ) |V (u — k)= [Pr 1t dadt
. +
< Jowpr) VU= Ky ) [P e dazdt + Jao,pmy X[(w = ki) > 0)nns dadt,

where s is chosen so large as to satisfy the conclusion of lemma 3.3.
Combining the above two inequalities with (3.14), we get

sup  [r . (u—knm )p” o do + £ f |V (u— m),|p;ngdzdt
—o<t<0” 0 Qe

< CQmppp p (0 ) ; fQ(@,pjn) X[(u — k)~ > 0]dxdt.

We introduce the change of variable z = t(p*)pje’l, which maps Q9,p%)
into Q@ = Kpr X (—(p*)p;,()). Let v(z,t) = u(z,@z(p*)fpp) Tim (2, 2)
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nm(:zz,@z(p*)*pj), and denote |A,,| = meas{(z,z) € Q : v(z,2) < ky, }, then

_ptp,
(v = Fm)—fnt || *

VPP (Qm)
-+ o
= esssup [ (v — k)" (inf )P da + Jo,, V(v = Ko ) —7int || dzdz
Pm m
—(p*)PP <2<0
< C p, -p}
< ( sup pr* (v — k)’ Tt d
7(;7*)17:’r <z<0 "

_ + +
+ Jo [V =) [P i1 dwdz + [, (0 = ki) - Vit [P dadz)
<2 g | Ay,

(3.15)
by lemma 2.6 and (3.15),
e (3 A ] = b — b7 | A o
<l = k)" < 1w = k) 1|77
I -1 o I =t 1z o
o Lo
< 7km 7~'r€“f P - = Am Po N
<N = k)T 17 o VAl
< C2mpp+p*pp+|Am|l+"5iN-
(3.16)

We take A > 2%, by (3.3), we get (£)P» =2 > p° > pP» ~2, therefore & > p.
Thus we obtain w . .
(L) <o

Denote Z,, = 1A=L By (3.16) and (1.10),

P, _

+ 1+p*+N + 1+f—N
D1 < CA™P5 7, 70 N < oyme” 7 T E

where C = C(M, p*). Since

A K= t) €Q0,5) uw,t) < pm + 2}

Zo = = - ,
"7 Qo] 1Q(0,2)]

) NEpT i (NipTy2
by lemma 3.3 there exists s such that Zy < 01 whereo; =C »~ 4 =
Then by lemma 2.6 it follows that Z,, — 0 as m — co. So we can get

*

ae. (z,t) € Q(O, Pz)

w

w(@,t) > p” + 5oy

Proposition 3.1 There exist o € (0,1), 11 € (0,1) and Ay > 1 independent
of w and p, such that if for some cylinder of the type [(0,t*) + Q(lpp;,p)],

(2, 8) € [(0,8) + QUpP* , p)] : u < i~ + =| < o|Q(Ip" , )],
2
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then either .
w< Appre 2 (3.17)

or
essosc U < Vjw. (3.18)
QU™ .4

Proof: Assume (3.17) is violated. By lemma 3.4, we can determine a positive
integer number s such that essinf w > p™ + 5%, this gives
QU™

. _ w
— essl&f U< —p — 21 (3.19)
QRU(ZI™ %)
and further )
<(1—- —)w.

therefore the proposition follows with v1 = (1 — &), since Q(l(gp)pj, 2) C

Q(0,%).0
Next assume that the condition of proposition 3.1 is violated, i.e. for every
cylinder [(0,t*) 4+ Q(lppj,p)] C Q(apprj,p), where L = (£)P» 72,
* p+ . — w p+
|(2,1) € [(0,7) + QUAP», p)] : u < ™ + 5| > 0]QpP, p)].
Since pu~ + % < put — ¢, we can get

(@,8) € [0, + QU™ p)) s u> it = 2| < (L= o) QUP . p)|-  (3:20)

Lemma 3.5 Let (3.20) hold, then there exists at € [t* —lpp;,t* - %pr;] such
that

w 1—0
{z € Kp:ulz,t) > p" — §}| < ﬁ|Kp|-
2
Proof: If not, for all t € [t* — IpP , t* — SlpPs ],
w 1—0
Hz € K, u(a,t) > pt — §}| > 1_—£|Kp|

2

and X
|(2,t) € [(0,t) + QpP» , p)] : u > pt — &

t*—Zipt
ft*il;; "o e K, u(z,t) > pt —$}dt

(1= 8)ipP (1= 0)(1 = §)7H K| = (1 = 0)|Qp" , )],
contradicting (3.20).0

Lemma 3.6 Let (3.20) hold, then there exists a positive integer 3 > 2, such
that

>

{z e K, u(z,t)>pt — %}I <(1- (%)2)|Kp|, Vteftt — %zppp*,t*].
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Proof: Let k = ut — %, Q, = K, x (t,t*). Similar to lemma 3.3, we take

©= % (w2 (cl)]nprj |d=v, as the testing function in (3.2), where the cutoff function
n independent of ¢ is taken so that n = 1 in the cube K(_q),, @ € (0,1), and

V| < O%p, 0<a<1 Wetake Hf = esssup (u— k)4, and consider
[(0,t*)+Q(8,p")]

i
Y~ kst o2 0

H

V(1) = max{0,In ,
@) { Hf — (u— k)4 +w2-(m+2)

}:ln+

then
S, WPlu(@,0)de < [ W (ule, )P dr < [ 0P (u(e,D)de
+C [ [ (W (@) PO () (7 + |VlP))da,

where |t* — | < IpPs 1 = (£)>7P», C = C(M, p").
When u(xz,t) >k + 547 > pt — %, U (u(,1)) # 0, by lemma 3.5,

2 — 2
pr U2 (u(z, t))dz = f{ﬂEEKpiu(I@>M+—%+2n‘f+1 % (u(z,t))dx

}
S f{xer;u(xf)>#+7%} \IIQ(U(SC,B)d:L' S (m1n2)2 1- U)(l - %)71|Kp|a

so we have

[ Vs <cmr- a0 - 5 +ma )|
Ka-ayp

Vi e (t,t*), in {x € K1_a), : u(z,t) > pt — 5%} we can get

+ —
\IIQ(u) > In? Hy 2 w2

= H —2 w20 T GpelmED

(m —1)%*1n”2,

|2 € K1_a)p : u(z,t) > pt — w2 (m+2)]

Ol(:21)° (1 — o)1 — )7  + La P ]| K.

On the other hand, V¢ € (£, t*),

|z € K, :u(x,t) >pt —w2= M| < |z e K—aytu(a,t) > pt — w2~ (m+1)|
HE N\ K-yl < o€ Koyt ul,t) > pt — w27 M 4 aN|K |,

so Vt € (t,t*),

|2 € K(1—a)p : u(z,t) > pt — w2 (m+1)|
< OG22 (1—0)1-9) '+ La™? + Na]|K,|.

— m—1 m
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Choose a so small and then m so large that C(=25)2 < (1+0)(1-%), £ a P <

’m

%(72 and CalN < %02. Then for such a choice of m the lemma follows with

s=m+1.0

Since (3.20) holds for all [(0,¢*) 4+ Q(lppj,p)], the conclusion of lemma 3.6
holds for all time levels satisfying ¢t > —(a — l)pprf =—(1- (%)p;*Q)app;. It
the number A is chosen sufficiently large such that 1 — (%)p; 2> %, we deduce
the following corollary.
Corollary 3.1 Let (3.20) hold, then for all t € (—%pPs ,0),

o € K, ule,t) > it —w2 ™} < (1= (5K,

Lemma 3.7 Let (3.20) hold, then for every & € (0,1), there exists positive
integer s* > 5, such that

w
25"

o€ K, ule,t) > pt = 2} <51Q@ 7 ap™ p)l, Wt € (—57.0).

Proof: Consider the problem in Q(apprj,Qp). Let k = pt — 3%, where 5 < s < s*.
Take ¢ = (up — k:)+§p; as the testing function in (1.9), where ¢ is a cutoff

function that equals one on Q(§ pp;,p), vanishes on the parabolic boundary of
Q(apprj,Qp) and such that |V(| < %, 0 < ¢ < —2+. Similar to lemma 3.2, we

apPr

get

S, IVulPr dwdt < [ eV (= ) PO dwdt 1A
2

ot a ot
< Cp P Qe p)l,

where C = C(p™) and

P)

a w
Ay ={(x,t) € Q(ipp’t,p) cu(x,t) > MJF _ 5},
IR ]
By corollary 3.1, Vt € (7%pp,f’0),
+ W 0.9
H{z e K, :u(z,t) < p™ — ;H = |K,| — |As(t)] > (5) 1K, (3.21)

In lemma 2.8, take k = ut — &, h = pt — 521, then V¢ € [~2p% ,0], by
(3.21), we get

C pNJrl

v —
o [Kp| Ja,e)\Auii(t)

A (0)] <

|Vu|dz. (3.22)
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Take A > 2%, there exists C = C(M,p™,p~) such that (%)pj*p; < C and
(£)7P» < p~Pr hold. Integrating on (—apprj,O), from (3.22) we get

(£)77 5574 < () —p;C_prA \Aupy [Vuldedt
p, —1
< (2)7P ([, |VU|pP dadt)?r | Ay \ Asi1] *7 (3.23)

pr—1

< Sl 0 )IPP [As \ Asyal

If s is large enough so that (&£ )Pr Z— L <1, from (3.23) we get

Pp _Pp

Al 7 < Co B QAT AN Al (324)

for all 5 < s < s*. We add them for s =5,5+ 1,5+ 2,...,8* — 1, then

_Pp _o Po _Pp

(" = A7 <Co TG I

L
After taking s* so large that C(s* — 3) < 025, we conclude the lemma.O

Lemma 3.8 Let (5.20) hold, then there exists & € (0,1) so that

w a,p

s p
u(m,t)ﬁ;ﬁ—w, a.e. Q(2(2)p 5)

where 1 = (2)Pr 72, A =2%".
+
Proof: We will consider the problem over the boxes Q(%pﬁf ,Pm). Let
Pm = g + Q_m%;km = ‘U,+ — stﬁ — 25*4‘;}77““ Cm is a cutoff function with
+ +
0 < Gn <1in Q(Epny,pm), G = 1 in Q(£p,741, pm+1)s Gn = 0 on the

+ m m
parabolic boundary of Q(2f ,pm), [Vim| < 255, 0 < % < 2(ZZ)r0,

P
+
Take (ty, — km )4Crt as the testing function in (1.11), by ||u|| O ) <
Lis.(Q mep pm
M and ||(u— k&, ot <||(u—km) ot < -, similar
It M0 ot oy <0 e @it oy = F
to lemma 3.2, we obtain
+
sup [ (u—Fkp) dz+f § IV (u = k) [P Che dudt
o p;r pm 2pm pm)
—gpm <t<0
< C2™apPe [ o X[(u— k) > 0)dadt.
Q4o om)
(3.25)

On the other hand, we have

/K (. — k) ot F e < (2

Pm

_ +
)pp 72/ (u— km)ﬁ_ gfdz
K

Pm
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and

.
[ V(u— k)P P dadt < [ IV (1 — k)4 [P@ G2 dadt

Q(%pfnp 7p7n) %pi{) 1Pm) )
+fQ(a o )x[(u—km)+ > 0]¢hr dadt
Pm sPm

then by (3.25),

— +
i, 0 k) G Pt S IV k) G ddt
— 2t <t<0 P
< Cc2mes p P ;L ) ot X[(u — k) + > 0]dadt.
Q( Pm Pm)

Next, we introduce the change of time variable z = 217!t which transforms

+
Q2 apys , pm) into Q= K, X (—put ,O) Setting v(z,t) = u(z,2 taz),
Cm (@, 2) = (G, 27 az), |Am| = meas{(z,2) € Qm : v(z, 2) >k}, then

— K, Py
10 = k) +C ||Vpp "

ot
C( s+up fK p”( derfQ V(v = k)4 |P2 Cot dadz
fpf,f <z<0

+ o, v = km)+ Vit Ipp dzdz) < C2™P p~Ps |Ap|.

IN

(3.26)
By lemma 2.8 and (3.26),

0 (55

2Pp (m+2)

|Am+1| = |km - km+1|p; |Am+1|

<l = ke, <l(w — En)+ CF 17
(Qm+1) Lpp (Qm)

_Po
_ PSPy SN
<= s G Al

Pp

1+—
< O g A |

Take A = 2%, then (5%)7P <p7Pr.
Next, we obtain

o
1 P

mpt +P;+N

Zigr < CA™" 7, .

_ N+
By lemma 2.7, when m — oo, Z,, — 0 where Zy < C »
Thus as m — oo,

o (N4p— 2
Pr(=E)

Il
'Q\

/ X[(v = k)4 > 0]dzdz — 0,

m

: +
e, u(n,t) < it — 5 ae. in Q(3(4)%,4).0
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Proposition 3.2 There exist o € (0,1), v2 € (0,1) and Az > 1 independent
of w and p, such that if for all cylinders of the type [(0,t*) + Q(lppj,p)],

[(@,0) € 100,6) + QU™ p)) s u> " = T < (1= 0)|QUA )]

then either

€

w < Agpre 2 (3.27)

or
eSSOSC U < vow. (3.28)
Q(5(5)"r.5)

Proof: Assume (3.27) is violated. By lemma 3.8, we can determine a positive
integer number s* such that

w

: +
ess 1n+f u<put+ TEESE (3.29)
QS(5)r.5)
and further )
essosc  u < (1-— W)w,

Q55" %)
therefore (3.28) holds with v, = (1 — 5#7). We get the conclusion.O
Combine proposition 1 and proposition 2, we can get
Proposition 3.3 There exist v = max{vi, 2} and A = {A1, As}, such that

either w < flpf”r?*2 or essosc u < vw, where vi,vs, A1, Ay are determined
QUE* %)
by proposition 1 and proposition 2.

e

= Apro —2 1 — (wiyp, 2 gj
Next we assume w; = max{rw, Ap*» ~*} and Z- = (%)» 7°. Since

P+ 2 o, Pyt Capt 9,2 o, A -5 ¢ Py

(2P = (—=)Pr ZVPo > 27°Pp )Py —\Pp —)P» Po — P

(3) (Z)Pe () 2 vPe 73 (=) (wl) p a1py”
where py = C~1pand C =8(L) 77 (4) 7, s0Q(ar(p1)" , p1) C QU(L)"" ,2).

w1

Then we can get essosc  u <wp and ( I )p;_2 > 8”3(%)?;_2 > p°. So for
Q(a1(p1)?? ,p1)

Q(al(pl)prj , P1), Tepeating the process above, we can get the similar result, and

moreover the following proposition 3.4 can be obtained:

Proposition 3.4 There exist 0 < go < 1,v € (0,1), C = C(N,M,pT,p~) > 1

and A > 1 satisfy po = p, wo = w, pn = C7"p and w11 = max{vw,, Cp} n =

+ _
1,2, ..., such that for all bozes Q™ = Q(anpz” 2 Pn)s ai = (%) 2n=12 ..,
we have

QY c Q™ ess 05C U < wp.
Q n

In view of proposition 3.4, we get
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Proposition 3.5 There e:m'st A€ (0 1), C’ C(N M,pT,p7) and 0 < p<p

w

such that for all boxes Q(apP» ,p) = (£)Pr 72, we have

P.

essosc u < Clw~+ p™)(
Qa(p)"? ,5)

D ™

Proof: From the iterative construction of wy,, it follows that w41 < vw, + Cp:°

and by iteration _ _
wp < V"w + C(Z?:_()luchso("*z))pso

We may assume without loss of generality that €y is so small that v < C7%0,
then w, < v"w + Cn(&F)%°. Let 0 < p < p be fixed, then there exists a
nonnegative integer n such that

ctp<p< T,

which implies the inequalities

Therefore ~
wnSC(w+p€“)(£))‘, )\:min{/\l,%o}.
p

On the other hand, by (3.3) we get w > Cp®°. Thus by the definition of wy,,
wi = max{rw, Cp*°} < w and wy = max{rwi, C(C~1p)*°} < w,..., s0 w, < w.
Since Q(a/}pj,ﬁ) C Q)| by proposition 3.4, we obtain ess osc < Wp, SO wWe
Qalp)? 5
conclude proposition 3.5.0

By proposition 3.5, we know u is Holder continuity in Q(aﬁpj,ﬁ), so for
every point in () we can obtain such a cylinder as Q(aﬁp;,ﬁ), then by limited
coverage theorem, w is local Holder continuity in ), thus we get theorem 1.
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