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1 Introduction

Differential equations with fractional order have recently proved to be strong
tools in the modelling of many physical phenomena. As a consequence there
was an intensive development of the theory of differential equations of frac-
tional order ([21, 22, 24] etc.). The study of fractional differential inclusions
was initiated by El-Sayed and Ibrahim ([16]). Very recently several qualita-
tive results for fractional differential inclusions were obtained in [1, 3, 7-12,
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19, 23] etc.. Applied problems require definitions of fractional derivative al-
lowing the utilization of physically interpretable initial conditions. Caputo’s
fractional derivative, originally introduced in [5] and afterwards adopted in
the theory of linear visco elasticity, satisfies this demand. For a consistent
bibliography on this topic, historical remarks and examples we refer to [1].
The study of theory of abstract differential equations with fractional
derivatives in infinite dimensional spaces is also very recent. The main prob-
lem consists in how to introduce new concepts of mild solutions. One of the
first paper on this topic is [15]. In [20] it is showed that several papers on
fractional differential equations in Banach spaces were incorrect and used an
approach to treat these equations based on the theory of resolvent opera-
tors for integral equations. A suitable definition of mild solutions based on
Laplace transform and probability density functions may be found in [26-29].
In this paper we study fractional semilinear differential inclusions of the
form
Dlx(t) € Ax(t) + F(t,z(t)) tel, x(0)=uxg (1.1)

where I = [0,7], X is a separable Banach space, A is the infinitesimal
generator of a strongly continuous semigroup {7'(t),t > 0}, F'(.,.) : [ x X —
P(X) is a set-valued map and D, is the Caputo fractional derivative of order
r e (0,1].

The aim of the present paper is twofold. On one hand, we show that Fil-
ippov’s ideas ([17]) can be suitably adapted in order to obtain the existence
of a solution of problem (1.1). We recall that for a first order differential
inclusion defined by a lipschitzian set-valued map with nonconvex values Fil-
ippov’s theorem ([17]) consists in proving the existence of o solution starting
from a given "almost” solution. Moreover, the result provides an estimate
between the starting "quasi” solution and the solution of the differential
inclusion. On the other hand, we prove the existence of solutions contin-
uously depending on a parameter for problem (1.1). This result may be
interpreted as a continuous variant of Filippov’s theorem for problem (1.1).
The key tool in the proof of this theorem is a result of Bressan and Colombo
([4]) concerning the existence of continuous selections of lower semicontinu-
ous multifunctions with decomposable values. This result allows to obtain a
continuous selection of the solution set of the problem considered.

Our results may be interpreted as extensions of previous results of Fran-
kowska ([18]) and Staicu ([25]) obtained for ”classical” semilinear differential
inclusions.
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The paper is organized as follows: in Section 2 we briefly recall some
preliminary results that we will use in the sequel and in Section 3 we prove
the main results of the paper.

2 Preliminaries

In this section we sum up some basic facts that we are going to use later.

Let (Y,d) be a metric space. The Pompeiu-Hausdorff distance of the
closed subsets A, B C Y is defined by dg(A, B) = max{d*(A, B),d*(B, A)},
d*(A, B) = sup{d(a, B); a € A}, where d(z, B) = inf{d(z,y);y € B}. With
cl(A) we denote the closure of the set A C X.

Let I be the interval [0,7], T" > 0, denote by L(I) the o-algebra of all
Lebesgue measurable subsets of I and let X be a real separable Banach space
with the norm |.| and with the corresponding metric d(.,.). Denote by B the
closed unit ball in X. Denote by P(X) the family of all nonempty subsets
of X and by B(X) the family of all Borel subsets of X. If A C I then
xa(.) : I — {0,1} denotes the characteristic function of A.

As usual, we denote by C(I, X)) the Banach space of all continuous func-
tions z(.) : I — X endowed with the norm |z(.)|c = sup,c;|z(t)| and by
L'(I, X) the Banach space of all (Bochner) integrable functions z(.) : I — X
endowed with the norm |z(.)]; = fi |=(t)|dt.

Recall that a subset D C L'(I, X) is said to be decomposable if for any
u(-),v(-) € D and any subset A € L([) one has uxs + vxg € D, where
B = I\A. We denote by D(I,X) the family of all decomposable closed
subsets of L1(I, X).

Let F(.,.) : I x X — P(X) be a set-valued map. Recall that F(.,.)
is called £(I) ® B(X) measurable if for any closed subset C' C X we have
{(t,z) e Ix X;F(t,x)NC # 0} € L(I) ® B(X).

We recall next the following definitions. For more details, we refer to [21].

Definition 2.1. a) The fractional integral of order r > 0 of a Lebesgue
integrable function f : (0,00) — R is defined by

)afl

[Tf(t):/ot%

provided the right-hand side is pointwise defined on (0,00) and I'(.) is the
(Euler’s) Gamma function defined by T'(a) = [5° ¢t e~ dt.

f(s)ds, t>0,r>0
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b) The Riemann-Liouville derivative of order r of f(.) € L*(I,R) is de-
fined by

1 dnt f(s)
D’ tzi—/id, t>0, n—1l<r<n.
Lf(t) ['(n—r)dtm Jo (t—s)r+i-n ° " en

c¢) The Caputo fractional derivative of order r of f(.) € L'(I,R) is defined
by

n—1 tk

Dift)=D5(ft) = > —f®(0) t>0, n—1<r<n.
k=0
Remark 2.2. a) If f(.) € C"([0,00),R) then D;f(t) = I"" f"(¢),
t>0,n—1<7r<n.
b) The Caputo derivative of a constant is equal to zero.
c) If f: 1 — X, with X a Banach space, then integrals which appears in
Definition 2.1 are taken in Bochner’s sense.

Consider A : D(A) — X the infinitesimal generator of a strongly contin-
uous semigroup {7'(t),t > 0} and let M > 0 be such that sup,.; |T(t)] < M.

Definition 2.3. A continuous function z(.) € C(I, X) is called a mild
solution of problem (1.1) if there exists a (Bochner) integrable function f(.) €
LY(I, X) such that f(t) € F(t,z(t)) a.e. (I) and

o(t) = Si(t)eo + [ —u)y IS — ) fu)du Ve T, (2.1)

where

Sit) = [ &OTwo)ds,  Sat) =r [~ o, O)T(r0)ds,

0

1

6(0) = 07w (677) 20,
1 & r 1
wy(0) = - Z(—l)"_lﬁ_m_l%sm(mrr), 0>0
n=1 :

and ¢, is a probability density function defined on (0, 00), i.e. &.(0) > 0,
6 € (0,00) and [5°&,.(0)dE = 1.

We shall call (z(.), f(.)) a trajectory-selection pair of (1.1) and we denote
by S(zo) the solution set of problem (1.1).
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The results summarized in the next lemmas will be used in the proof of
our main results.

Lemma 2.4. ([28,29]) a) For any fized t > 0, S1(t) and Ss(t) are linear
and bounded operators, i.e. for any x € X
Sy)a] < Mlel,  [Sa()a] < —al
1 HAERS x|, 2 T = F(’r‘) x|.
b){Si(t),t > 0} and {Ss(t),t > 0} are strongly continuous.
c) If T(t),t > 0 is compact, then Si(t),t > 0 and Sz(t),t > 0 are also
compact operators.

Lemma 2.5. ([18]) Let X be a separable Banach space, let H : [ — P(X)
be a measurable set-valued map with nonempty closed values and g, h : I —
X,L:I— (0,00) measurable functions. Then one has

i) The function t — d(h(t), H(t) is measurable.

i) If H(t) N (g(t) + L(t)B) # 0 a.e. (I) then the set-valued map t —
H(t)N (g(t) + L(t)B) has a measurable selection.

Moreover, if F(.,.): I x X — P(X) has nonempty closed values, F\(.,x)
is measurable for any v € X and x(.) € C(I,X) then the set-valued map
t — F(t,z(t)) is measurable.

Next (S,d) is a separable metric space; we recall that a multifunction
G(-): S — P(X) is said to be lower semicontinuous (l.s.c.) if for any closed
subset C' C X, the subset {s € S;G(s) C C'} is closed.

Lemma 2.6. ([4]) Let F*(.,.) : I xS — P(X) be a closed-valued L(I) ®
B(S)-measurable multifunction such that F*(t,.) is l.s.c. for anyt € I.
Then the multifunction G(.) : S — D(I, X) defined by

G(s)={ve L' I,X); o(t) € F*t,s) ae. (I)}

18 l.s.c. with nonempty closed values if and only if there exists a continuous
mapping p(.) : S — LY(I,R) such that

d(0, F*(t,s)) < p(s)(t) a.e. (I), Vse€S.

Lemma 2.7. ([4]) Let G(.) : S — D(I, X) be a l.s.c. multifunction with
closed decomposable values and let ¢(.) : S — L'(I,X), ¥(.): S — L'(I,R)
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be continuous such that the multifunction H(.) : S — D(I, X) defined by
H(s) = cl{v(.) € Gs);  |v(t) = o(s)()] <P(s)(t) ae. ()}

has nonempty values.
Then H(.) has a continuous selection, i.e. there exists a continuous map-

ping h(.): S — LY(I, X) such that h(s) € H(s) Vs € S.

3 The main results

In order to obtain a Filippov type existence result for problem (1.1) one need
the following assumptions.

Hypothesis 3.1. i) The operator A generates a strongly continuous
semigroup {7'(t),t > 0} on a real separable Banach space X and there exists
a constant M > 1 such that sup,.; |T'(¢)] < M.

i) F(.,,.): I x X — P(X) is a set-valued map with non-empty closed
values and for all z € X, F(., z) is measurable.

iii) There exists [(.) € L*(I,R;) with L := sup,c; I"l(t) < +oc and for
almost all t € I, F(t,-) is I(t) - Lipschitz in the sense that

dH<F(t,SL’1),F<t,.T2)) S l(t)‘l’l—l’2|, V.Tl,l’g e X.

In what follows g(.) € L'(I,X) is given such that there exists \(.) €
LYI,Ry) with A :=sup,; I"A(t) < +oo which satisfies

d(g(t), F(t,y(1))) < A1) ae. (1),
where y(.) is a solution of the fractional semilinear differential equation
Dey(t) = Ay(t) +9(t) tel, y(0) =y,
with yo € X.

Theorem 3.2. Let Hypothesis 3.1 be satisfied, ML < 1 and consider

g9(.), ML), y(.) yo as above.
Then for any € > 0 there exists (x(.), f(.)) a trajectory-selection pair of

problem (1.1) such that

M(|zo — yo| + A + 5—¢
) ) < HOEEE T vier o
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) — gty < (DM Uzo — ol + A+ )
I\ = 1— ML
Proof. Let € > 0, mg = M(|zo — yo| + A+ r(r+1) £).

We claim that is enough to construct the sequences z,(.) € C(I,X),
fn(.) € LY(I, X), n > 1 with the following properties below

+A(t)+e, ae (I). (3.2)

on(t) = Si(t x0+/ SIS (t — 8) fu(s)ds, VeI,  (3.3)

|z (t) — 2o(t)| <mg Vit e, (3.4)

/1) = fo(O] < A(t) + & ae. (1), (3.5)

fo(t) € F(t,z,1(t)) a.e.(I), n>1, (3.6)

foa) = FuO) < LOnt) — 20 a(8)] ae(Dn>1 (37)
Indeed, from (3.3), (3.4) and (3.7) we have for almost all t € [

raa ) = a(0] £ [ (0= 071820 = 0] () = Fultr)ldts <

Mt 1 M
Fy b 8w t) = fule)ldn < g

o[- [ - e i)

F( ) '(r) Jo
| fu(t1) = fao1(t1)|dtadty < Mni /t(t - tl)r_ll(tl)mlr) /Ot1 (t1 —t2) " '(t2)

'(r) Jo
tn—1
/ (bt — ) () modtn...dty < MPmoL™ = (ML) my
0

[ =ty n)

—Tp—1 (t1)|dt1

1
T
Therefore {z,(.)} is a Cauchy sequence in the Banach space C'(I, X). Thus,

from (3.7) for almost all ¢t € I, the sequence {f,(¢)} is Cauchy in X. More-
over, from (3.4) and the last inequality we have

|2 (t) = y(O)] < |21(t) —y(@)] + Xiy |71 (£) — 2:(8))] (3.9)

<mo(l+ ML+ (ML)*+...) = 20—

On the other hand, from (3.5), (3.7) and (3.8) we obtain for almost all
tel

Ifn()—()|<2?;f\fi+1(t) fi®) + /() —g(t)] <
1) I a(t) — wima ()] + A(E) + & < U T + A1) +
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Let z(.) € C(I, X) be the limit of the Cauchy sequence x,(.). From (3.9)
the sequence f,(.) is integrably bounded and we have already proved that for
almost all ¢ € I, the sequence {f,(t)} is Cauchy in X. Take f(.) € L'(I, X)
with f(t) = lim, oo fn(?).

Using the fact that the values of F(.,.) are closed we get that f(t) €
F(t,z(t)) a.e. (I).

One may write successively,

t
0

[ =571 alt = ) fuls)ds = [ (= sy 71 Sa(t = )f(s)ds| <

M

t r—1 M ¢ r—1
Fy = 7 fule) = F(9)lds < s [ = 8 (o)

M
—z(s)|ds < mﬂxn_l(.) —z()|e-

Therefore, we may pass to the limit in (3.1) and we obtain that z(.) is a
solution of problem (1.1)

Finally, passing to the limit in (3.8) and (3.9) we obtained the desired
estimations.

It remains to construct the sequences x,(.), f,(.) with the properties in
(3.3)-(3.7). The construction will be done by induction.

We apply, first, Lemma 2.5 and we have that the set-valued map t —
F(t,y(t)) is measurable with closed values and

F(t,yt)Nn{gt)+ (\t) +e)B} #0 a.e. (I).

From Lemma 2.5 we find f;(.) a measurable selection of the set-valued map
Hi(t) == F(t,yt)) N {g(t) + (A(t) + e)B}. Obviously, fi(.) satisfy (3.5).
Define x;(.) as in (3.3) with n = 1. Therefore, we have

|21(8) =y ()] < [51(2) (w0 — yo)| + | /Ot(t —8)" "1 Sa(t = 5)(f1(s) — g(s))ds|

SMm—w+§%A%—w*u@+@@s
M

<M - MA+ ——T" = .
< M|zy — yo| + +F(7’+1)E my
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Assume that for some N > 1 we already constructed z,(.) € C(I, X) and
fn() € LMI,X),n=1,2,...N satisfying (3.3)-(3.7). We define the set-valued
map

Hyia(t) == F(t,an(t)) N {fn(t) + L(t)|xn(t) —zn_1(t)|B}, tel.

From Lemma 2.5 the set-valued map t — F(t,xy(t)) is measurable and
from the lipschitzianity of F'(¢,.) we have that for almost all t € I Hy1(t) #
(). We apply Lemma 2.5 and find a measurable selection fy.1(.) of F(.,xn(.))
such that

[fvn(t) = In(@)] < Lt)|en (8) = 2na (8] ae. (1)
We define zy41(.) as in (3.3) with n = N + 1 and the proof is complete.

If in Theorem 3.2 we take g =0, y =0, yo = 0, A = [ and € = F]E;#)g

then we obtain the following existence result for solutions of problem (1.1).

Corollary 3.3. Let Hypothesis 3.1 be satisfied, ML < 1 and assume that
d(0, F(t,0)) <I(t) V(t) € I.
Then there ezists z(.) € C(I, X) a solution of problem (1.1) such that

ML + ¢
< — I.

Next we obtain a continuous version of Theorem 3.1. This result allows
to provide a continuous selection of the solution set of problem (1.1).

Hypothesis 3.4. i) The operator A generates a strongly continuous
semigroup {7'(t),t > 0} on a real separable Banach space X and there exists
a constant M > 1 such that sup,.; |T'(¢)] < M.

ii) F(.,.): I x X — P(X) has nonempty closed values, F(.,.) is L(I) ®
B(X) measurable and there exists I(.) € L'(I, R, ) with L := sup,¢; I"l(t) <
+o00 such that, for almost all ¢ € I, F'(t, .) is (¢)-Lipschitz.

Hypothesis 3.5. i) S is a separable metric space, a(.) : S — X, ¢(.) :
S — (0, 00) are continuous mappings.

ii) There exists the continuous mappings g(.) : S — L'(I, X),\(.) : S —
LYI,Ry), y(.) : S — C(I, X) such that

Di(y(s)(t) = Ay(s)(t) + g(s)(t) Vs e Stel,
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d(g(s)(1), F(t, y(s) (1)) < A(s)(t) a.e. (I), Vs €S

and the mapping s — A(s) := sup,c;(I"A(s))(¢) is continuous.
Next we use the notation b(s) := sup,; |a(s) — y(s)(0)].

Theorem 3.6. Assume that Hypotheses 3.4 and 3.5 are satisfied and
ML < 1.

Then there exists the continuous mapping x(.) : S — C(I,X) such that
for any s € S, x(s)(.) is a mild solution of the problem

Dlx(t) € Ax(t) + F(t,z(t)), x(0)=a(s)

and

|2(s)(t) —y(s)(B)] <

T 0(8) Tels) + Als)) Yt s) € I xS,

Proof. Set xo(.) = y(.), A\p(s) := (ML)P'M(b(s) + (s) + A(s)), p > 1.
We consider the set-valued maps Go(.), Ho(.) defined, respectively, by

Go(s) = {v € L'(I,X); v(t) € Ft,y(s)(t) ae. (I},

Ho(s) = cl{v € Go(s); [o(t) = g(s)(8)] < A(s)(2) +

Since d(g(s)(t), F(t,y(s)(t)) < A(s)(t) < A(s)(t) + " e(s) the set Hy(s) is
not empty.
Set I}’g‘f(t, s) = F(t,y(s)(t)) and note that
d(0, Fg(t,5)) < |g(s)(@)] + A(s)(t) =2 A"(s)(t)

and \*(.) : S — L'(I,R) is continuous.
Applying now Lemmas 2.6 and 2.7 we obtain the existence of a continuous
selection fo of Hy such that Vs € S, t € I,

fo(s)(t) € F(t,y(s)(t)) ae.(I), Vs €S,

L(r+1)
Tr

[fo(s)(t) = g(s)(D)] < Ao(s)(t) = A(s)(t) +
We define

£1()(0) = Silals) + [ (0= 0 St = u) fols)(w)d

e(s).
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and one has

1()(8) = an(s) O] < Mb(s) + s [ (= o)) = g )l
s [l + T e <
< Mb(s) + MA(s) + Me(s) =: M\i(s) tel,seS.

< Mb(s) +

We shall construct, using the same idea as in [14], two sequences of ap-
proximations f,(.) : S — LY(I,X), z,(.) : S — C(I, X) with the following
properties

a) fp(.): S — LYI,X), x,(.) : S — C(I, X) are continuous,

b) fp(s)(t) € F(t,x,(s)(t)) a.e. (I), s €S,

) 1A ()(E) — fya(5) (D] < LEA(5) ae. (D), 5 € 5.

d) 2,1(5)(t) = S1(t)a(s) + Ja(t —u) 1Sy (t — u)fo(s)(u)du, t € I,s € S.

Suppose we have already constructed f;(.), z;(.) satisfying a)-c) and define
Zp+1(.) as in d). From c) and d) one has

241 (8)(8) = () ()] < 15 Jo (8 — )" f(8) (W) = fpma () (w)|du <
ty Jo(t = w) M (W) Ay(s )du < MLAp(s) =: Apsa(s)-

(3.10)
On the other hand,

Ao 3) (1), (L 2y (5)(8)) < L)z (5)(2) — () (1)] <
<1 Ay (5). (3:11)

For any s € S we define the set-valued maps
Gpaa(s) ={v € LI, X); v(t) € F(t,zp1(s)(t) ae (1)},

Hpia(s) = cfv € Gppa(s); - [o(t) = fp(s)(O)] < UB)Ap1a(s)}-

We note that from (3.11) the set H,11(s) is not empty.
Set [, (t,s) = F'(t, zp11(s)(t)) and note that

d(0, Fy1(t,8)) < |fp() (D] + 1) Ap1a(s) =2 Apya(5)(F)

and A5, ,(.) : S — L'(I,R) is continuous.
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By Lemmas 2.6 and 2.7 we obtain the existence of a continuous function
fpr1(.) S — LY(I, X) such that

Jona()() € F(t,2pa(s)(8)  ae.(I), Vs € S,

| fos1(8)(8) = fo(s)(@)] < Ut)Apsa(s) Vs eSS, (t) el
From (3.10), ¢) and d) we obtain

|Zp11(8)() = 2p(8) (e < Apals) = (ML)PM(b(s) +e(s) + Als)), (3.12)

[fo1 ()= Fo(8) Ol < iAp(s) = (ML)PT M|I[1(b(s)+e(s)+A(s)). (3.13)
Therefore f,(s)(.), u,(s)(.) are Cauchy sequences in the Banach space
LY(I,X) and C(I, X), respectively. Let f(.) : S — LY(I,X), z(.) : S —
C(I,X) be their limits. The function s — b(s) + &(s) + A(s) is continuous,
hence locally bounded. Therefore (3.13) implies that for every s’ € S the
sequence f,(s')(.) satisfies the Cauchy condition uniformly with respect to s
on some neighborhood of s. Hence, s — f(s)(.) is continuous from S into
LY(I, X).
From (3.12), as before, z,(s)(.) is Cauchy in C(/, X) locally uniformly
with respect to s. So, s — z(s)(.) is continuous from S into C'(I, X). On
the other hand, since x,(s)(.) converges uniformly to z(s)(.) and

d(fp(s)(1), F(, 2(s)(t)) < UB)|ap(s)(t) — 2(s)(B)] a.e.(I), VseS

passing to the limit along a subsequence of f,(s)(.) converging pointwise to

f(s)(.) we obtain
f(s)(t) € F(t,z(s)(t)) a.e. (1), Vs € S.

One may write successively,

[ =0y i5a = w s wda — [ =) Sa(t = u)f(s)(w)dul <

M ' r—1 M ! r—1
P(T)/O(t—u) [fp(8)(w) = f(s)(uw)|du < r(r)/o(t‘“) 1(w)|2p—1(s)(u)

—a(s)(u)ldu < ML|z,-1(5)(.) - 2(5)(.)lc-
Therefore one may pass to the limit in d) and we get Vt € I, s € S

#(E)(0) = Si(t)a(s) + [ (=) St = w)f(s) (wheu,
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i.e., z(s)(.) is the desired solution.
Moreover, by adding inequalities (3.10) for all p > 1 we get

()0 = (o)1) < 3 ) < LEELEED LRIy

Passing to the limit in (3.14) we obtain the conclusion of the theorem.

Hypothesis 3.7. Hypothesis 3.4 is satisfied and there exists ¢(.) €
LY(I,R;) with sup,c; I"q(t) < oo such that d(0, F(t,0)) < q(t) a.e. (I).

Corollary 3.8. Assume that Hypothesis 3.7 is satisfied.
Then there ezists a function x(.,.) : I x X — X such that
o) 2(.,€) € S(€), Ve € X.

b) & — x(.,&) is continuous from X into C(I,X).

Proof. We take S = X, a(§) =¢VE € X, e(.) : X — (0,00) an arbitrary
continuous function, ¢g(.) =0, y(.) =0, A(s)(t) = q(t) V€ € X, t € I and we
apply Theorem 3.6 in order to obtain the conclusion of the corollary.
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