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1 Introduction and preliminaries

Basic qualitative results about Volterra integro-differential equations have
been studied by many authors. Notable exceptions that have dispensed with
the stability condition on the coefficient matrix have been the works of Burton
[4, 5], Corduneanu [7], Choi and Koo [8], Mahfoud [21], Medina [22], Rao
and Srinivas [24], among others. In [4], the author investigates the stability
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and boundedness of the solution involving the anti-derivatives of the kernel.
Sufficient conditions for uniformly bounded solution are developed in [21]. In
[24], the asymptotic behavior of the solution of a Volterra integro-differential
equation is discussed in which the coefficient matrix is not necessarily stable.
The resolvent of a Volterra integro-differential equation was first investigated
by Grossman and Miller in [14]. In the discrete case resolvent equation was
obtained by Elaydi in [10].

The area of dynamic equations on time scales is a new, modern and pro-
gressive component of applied analysis that acts as the framework to effec-
tively describe processes that feature both continuous and discrete elements
(see e.g. [2, 18, 19, 20, 25]). Created by Hilger in 1988 [15] and developed by
Bohner and Peterson [6]. Volterra type equations (both integral and intgro-
dynamic) on time scales become a new field of interest. In [16], Kulik and
Tisdell obtained basic qualitative and quantitative results for Volterra inte-
gral equations. Furthermore, in [17] Karpuz studied the existence and the
uniqueness of solutions to generalized Volterra integral equations.

In a very recent paper [1], Adivar introduces the principal matrix so-
lutions and variation of parameters for Volterra integro-dynamic equations.
Motivated by the interesting nature of this problem, an attempt has been
made to study some stability and boundedness properties of the following
system

22 (t) = A{t)z(t) + /tt K(t,s)x(s)As+ F(t), t € Ty = [tg, 00)

l’(to) = Ty,

(1.1)

where 0 < ty € T* is fixed, A (not necessarily stable) is an n x n matrix
function and F'is an n—vector function, which are both continuous on T, K
is an n X n matrix function, which is continuous on €2 := {(¢,s) € Ty x Ty :
to < s <t<oo}.

We will briefly recall some basic definitions and facts from the times scales
calculus that we will use in the sequel, for readers convenience.

A time scale T is a closed subset of R. It follows that the jump operators
o,p: T — T defined by

o(t)=inf{s € T:s >t} and p(t) =sup{s € T:s < t}

(supplemented by inf @ := sup T and sup () := inf T) are well defined. The
point t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) =
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t,p(t) <t ,o(t) =t,o(t) > t,respectively. If T has a right-scattered minimum
m, define Ty := T — {m}; otherwise, set Ty = T. If T has a left-scattered
maximum M, define T* := T — {M?}; otherwise, set TF = T. u(t) = o(t) — ¢
is called the graininess function. The notations [a, ], [a,b), and so on, will
denote time scales intervals such as [a,b] := {t € T;a <t < b}, where a,b €
T. Throughout this article we assume that supT = oo and the graininess
function p(t) is bounded.

Definition 1.1 Let X be a Banach space. The function f : T — X s called
rd-continuous provided it is continuous at each right-dense point and has a
left-sided limit at each point.

The set of all rd-continuous functions f : T — X is denoted by C,q4(T, X).

Definition 1.2 For t € T*, let the A-derivative of f at t, denoted f2(t),
be the number (provided it exists), such that for all ¢ > 0 there exists a
neighborhood U of t such that

[f(o(t)) = f(s) = D)o (t) = s]| < elo(t) — s
forall s € U.

The set of all functions f : T — X that are differentiable on T and its
A-derivative f2(t) € C,4(T, X) is denoted by C,(T, X).

Definition 1.3 A function F is called an antiderivative of f : T — X

provided
FA(t) = f(t) for eacht € T*.

Remark 1.4 (i) If f is continuous, then f is rd—continuous.
(73) If f is delta differentiable at ¢, then f is continuous at ¢.
(77i) From the definition of the operator o it follows that

¢, T=R
ot)y=q t+1, T=2Z
qt, T = ¢~

where ¢Z = {¢* : k € Z} U {0} and ¢ > 1. Hence the A-derivative f2(t)
turns into ordinary derivative f’(¢) if T = R and it becomes the forward
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difference operator Af(t) = f(t + 1) — f(t) whenever T = Z. For the time

scale T = ¢Z we have f2(t) = Df(t), where Dif(t) = % Thus,

one can consider the differential, difference and q-difference equations as
special cases of the dynamic equations on time scale.

A function p : T — R is said to be regressive (respectively positively re-
gressive) if 1+ p(t)p(t) # 0 (respectively 1+ u(t)p(t) > 0) for all t € T*.
The space of all regressive functions from T to R is denoted by R(T,R) (re-
spectively RT(T,R)). The space of all rd-continuous and regressive functions
from T to R is denoted by C,¢R(T,R). The generalized exponential function
e, is defined as the unique solution y(t) = e,(t, a) of the initial value problem
y® = p(t)y, y(a) = 1, where p is regressive function. An explicit formula for
e,p(t,a), is given by

¢ Log(1 + hz) b0
ep(t, s) = exp {/ Su(ﬂ(p(T))AT} with &,(2) = { h . 7 .
s z =

For more details, see [6]. Clearly, e,(t,s) never vanishes. The following
results will be used throughout this work.

Lemma 1.5 ([6, Theorem 2.38]) If p, ¢ € CoqR(T,R). Then es (-, to) =
_ ep('vt())
(p )e(},(_’to).

Lemma 1.6 (/6, Theorem 6.2]) Let a € R with « € CHR(T,R). Then
ealt,s) > 1+ a(t—s) forallt > s.

Lemma 1.7 (/6, Corollary 6.7]) Lety € C,yR(T,R), p € CHR(T,R),p >0
and o € R. Then

y(t) < a+ /ty(s)p(s)As forallt e T,

implies
y(t) < aey(t,7) forall teT.
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Theorem 1.8 (/17, Theorem 7]) Let a,b € T with b > a and assume that
f:TxT— R is integrable on {(t,s) € TxT:b>t>s>a}. Then

[ [ snoacan= [ [ sonommnc

It is easy to verify that the above result holds for f € C,4(T x T,R™).
Also we consider the discrete time scale (see [9, 23])

" h
Tign = {r¢" + klgh: ke Z}U {?q} ’

wherer e R, ¢g>1,h>0,q+h > 1, [k]q:q::f,kER,q#land ks =k

(: (III_IH qqk__11> . It is easy to see that Tf, , = Ty = {rg* : k € Z} u {0}

provided h = 0 and T{, ;) = T}, = {r + kh : k € Z} provided ¢ = 1 (in this
case we put h/(1 — ¢) = —o0). It is clear that, for ¢ € T{, ), we have

o(t) =qt+ h and p(t) = (¢ — 1)t + h.

Lett € T7

(g and [ Tf ) — R. Then the delta (g, h)-derivative of f at ¢ is

flgt +h) = f(t)

JANZES f(t) = (q — 1)t h

and the (g, h)-integral is

/ fat="3 ftn().

a t€(a,b)

For z # —1/(¢'t + h), where ¢’ = ¢ — 1, the exponential function has form

e (t,s) = H (1+ p(r)z), for all ¢, s € T(,

rée(s,t)
and |
eo(t,s) = el{"[ﬂ OB for all t,s € T, ;-
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Then, from (1.1), we obtain the following discrete variant

Agmx(t) = At)x(t) + Z K(t,s)z(s)u(s) + F(t),
(t0) s€[to,t) (1.2)
x(to) = xo,

where A is an n X n matrix function, I’ is an n—vector function on ']I'f% n) and
K is an n x n matrix function on Qg := {(t,s) € T ;) x T(, ) 1o < s <
t < oo}

The rest of the paper is organized as follows: Section 2 is devoted to the
study of the relation between principal matrix and resolvent of (1.1). In sec-
tion 3 we investigate the asymptotic behavior of the solutions of the system
(1.1). The main aim in this section is to develop an equivalence system of
(1.1) having a potential to give the sufficient conditions for asymptotic sta-
bility. In Section 4 we first discuss the uniform boundedness of the solutions
of (1.1) by constructing a Lyapunov functional. Further results for bounded-
ness, the uniform boundedness and stability of the solution are developed by
an equivalence system of (1.1), which is constructed by using the antideriva-

tive of the kernel. For the discrete time scale ']I‘z’q py We give the related results
as corollaries.

2 Resolvent

Lemma 2.1 If A(t) and K(t, s) are the continuous functions given in equa-
tion (1.1), then

AsR(t,s) = —R(t,0(s))A(s) — /( ) R(t,o(u))K(u,s)Au (2.1)

18 equivalent to
t
R(t,s) = I+/ R(t,o(u))W (u, s)Au, (2.2)

where

Wi(t,s) = A(t) + /tK(t, u)Au. (2.3)
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Proof. Substituting (2.3) in (2.2) and using Theorem 1.8, we obtain

R(t,s) = I+/tR(t,a(u)) Au

A(u) + / " K (u, v) A0

_ 4 / Rt o (u) A(u) Au + / "Rt o(w) / " K(u,0)AvAu
. / " R(t o () A(u) A+ / t / ZU) R(t, /() K (u, v) Audso.

Differentiating with respect to s, we obtain (2.1).

Conversely, we have to show that (2.1) implies (2.2). So, integrating (2.1)
from s to ¢, we obtain

R(t,t)—R(t,s) = —/ R(t,a(u))A(u)Au—/ /( )R(t,o(u))K(u,v)AuAv,

which implies that

R(t,s)=1 —i—/ R(t,a(u))A(u)Au+/ /( )R(t,a(u))K(u,v)AuAv.

Furthermore, using Theorem 1.8, we have
t t u
R(t,s) = I+/ R(t,a(u))A(u)Au—i—/ R(t,a(u))/ K(u,v)AvAu

= I+/tR(t,o(u)) Au

A(u) + / " K, 0)Av

= I+/ R(t,o(u))W(u, s)Au.

Hence, (2.1) and (2.2) are equivalent systems, and the proof is completed. =

Theorem 2.2 Assume A and K are continuous functions given in (1.1).
Then the function R(t,s), as defined in (2.2), exists on ty < s < t and is
continuous in (t,s). AgR(t, s) exists, is continuous and satisfies the equation
(2.1) on ty < s < t, for each t > ty. Moreover, given any vector xo and any
continuous function F(t), equation (1.1) is equivalent to the system

x(t) = R(t, to)xo +/ R(t,o(s))F(s)As. (2.4)

to
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Proof. Since W (t,s) is continuous in s for each fixed ¢, the existence of
R(t,s) on tg < s < t is trivial (see [17, Theorem 1]). From the above
calculations, it follows that for each fixed t, A;R(t,s) exists and satisfies
(2.1) by Lemma 2.1. Since K is continuous on ty < s <t < 0o, we have

(Wt )] < [A(6)] + /tt [K (L, u)| Au = w(t)

and w is continuous. Application of the Gronwall inequality (see [6, Theorem
6.4]) in (2.2), yields the estimate

t

|R(t,0(s))| = '[ + /( )R(t,a(u))W(u,a(s))Au

<14 / IR(t,0(u))| w(u)Au (2.5)
<1+ /t ew(t, o(u))w(u)Au

= ’wo(t),

which implies that R(t,0(s)) is continuous. Using this fact in (2.1) it is
apparent that A;R(t, s) is continuous, and that

|AR(t,s)] = ’—R(t,a(s))A(s) — /( )R(t,a(u))K(u, s)Au
Swo(t)|A(8)|+/ wo(t) [ K (u, s)| Au (2.6)

O'(i‘:‘)

a(s)

if to < s <t < T. Using (2.5) and dominated convergence, it follows the
continuity of R(¢,s) in ¢ for a fixed s. From (2.6), it is clear that R(t,s) is
uniformly continuous for ty < s <t < T. Hence, by [13, Theorem 5, p. 102],
R(t, s) is continuous in the pair (¢, s).

Now let z(t) be a solution of (1.1) on an interval to < t < T. If we take
p(s) = R(t, s)x(s), then we have

p7(s) = AsR(t, s)a(s) + R(t, o(s))a"(s)
and by (1.1), it follows
p2(s) = AJR(t,s)x(s) + R(t,0(s))A(s)z(s)

< wo(t) (A(s) + [ K(u S)Au)
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R(t,o(s / K(s,7)x(T)AT + R(t,0(5))F(s).

Integrating from ¢y to t we have

p(t) — plts) = / ALR(t, s)x(s)As + / R(t, 0(s))A(s)z(s)As

/ (t,o(s /KST T)ATASs

+/ R(t,o(s))F(s)As.

to

Using Theorem 1.8, we obtain

x(t) — R(t,t0)xo
= [ Arsas)as + [ Rito(s)AG(As

to to

+ /t: ( / t R(t,o())K(r, S)AT) z(s)As + / tR<t,a<s>>F<s)AS

(s) to

- [ [ars + Riotnac + |

a(s)

t

R(t,o(T))K(, S)AT} z(s)As

+/ R(t,o(s))F(s)As.

to

Furthermore, by using (2.1) we obtain (2.4). Moreover, if x(t) solves (2.4)
on an interval £y, <t < 7, then it is easy to see that z(t) solves (1.1), which
completes the proof. [

Consider the adjoint dynamical equation [6, Theorem 5.27],
y2(t) = ATy (1) - f(1) (2.7)

where A7 is the transpose of A. Let us extend this definition to the integro-
dynamic equation (1.1).

Definition 2.3 For a fized t the adjoint to (1.1) is
V) = AT (s) [y KM @du—f()
y(t) = o,

where s € [to, t].
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It is easy to see by Theorem 1.8 that (2.8) is equivalent to an integral
equation

y(s) =yo + /St [AT(U) + /Su K(u,v)Av] y7 (u)Au + /: flw)Au.  (2.9)

For the next result, we define, for a fixed ¢, the space of continuous function
Cyolto, t] := {p € Clto, t] : p(t) = yo}
and the metric
dy(p. ¥) == sup{|ip(s) — ¥ (s)| es(s, to) : to < s < t}.
The metric space (Cy, [to, t],d};) is complete by replacing § with ©3 in
ds(p,¥) = sup {'“0(;)(5_—%‘9)' ly <5 < t},
where 60 = —3/(1 + u(t)5) (see [16, Lemma 3.1]).

Theorem 2.4 For a fixred t € Ty such that t > tg and a given y, € R™,
there is a unique solution y(s) of (2.9) on the interval [ty,t] satisfying the
condition y(t) = yo.

Proof. We define the mapping

(Pp)(s) i= 1o + / t [AT(u)Jr / uK(u,v)Av} 07 (u)Au + / t f(u)Au

for all ¢ € Cy,[to, t]. For a given ¢ € Cy[to, t], it follows that Py is continuous
on [ty,t] and that (Py)(t) = yo. Thus, P : Cylto,t] — Cylto,t]. For an
arbitrary pair of functions ¢, € Cy, [to, t],

I(Pcb)( ) —
{ / K7 (u,v Av] (7 (u) — ¥7 (1)) Au

[l [ 1 9] o) - s .

IA
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Since A(u) and K (u,v) are continuous for ty < s < u < ¢, then thereis § > 1
such that

}AT(u)} + /U }KT(u,v)’ Av < [ —1.
Then we obtain the following estimation
[(P)(s) — (P)(s)] < / (6 = 1) (" (w) = 97 (u))] Au. (2.10)

Now, we have to show that P is a contraction on Cy,[to, t|. Multiplying (2.10)
by es(s,ty) we obtain

(Po)s) — (PU)(S)]exls.to)
< [ (6= Deatst0) (67 (w) = 07 (W) Au

< / (6 = Ves(s, a(u)) [(7(u) = 97(u))| eg(o(u), to) Au

< Y1) / (8 — Des(s,o(u)Au

= a2 [eats. i
= de) (ﬁ_‘ﬁ” leas.t) — 1)
< d};(wﬁ)@-

Taking supremum over s, we have

(-1
&

Therefore, by Banach fixed point theorem, P has a unique fixed point in
Cly,[to, t]. It follows that, (2.9) has a unique solution on the interval [to,t]. m

dy(Po, Py) < d(0,).

Definition 2.5 The principal matriz solution of
t
0 = AT ) - [ KT wae @)

EJQTDE, 2013 No. 5, p. 11



is the n X n matriz function

Zi(t,s) = [y (t,s) v*(t,s) ... y"(t,8)], (2.12)
where y'(t,s) (t fived) is the unique solution of (2.11) on [ty,t] that satisfies
the condition y'(t,t) = €.

By virtue of this definition, Z;(t, s) is the unique matrix solution of
t
A Z(t,s) = —AT(8)Zy(t,0(5)) — / K" (u,8)Z,(t,o(u))Au,  (2.13)
o(s)

such that Z;(t,t) = I, on the interval [ty,t]. Reasoning as in the proof of [1,
Theorem 12|, we conclude that for a given yg € R", the unique solution of
(2.11) satisfying the condition y(t) = yo is

y(s) = Zu(t, s)yo (2.14)

for tp < s <'t.
Taking the transpose of (2.11) we obtain

(y")2(s) = = (") ()A(s) — /( )(yT)”(U)K(u, s)Au. (2.15)

The solution satisfying the condition y?(t) = yl is the transpose of (2.14),
namely,
y'(s) = yo Z{ (t,s), (2.16)

where

R(t,s) == Z] (t,s).

Consequently, R(t, s) is the principal matrix solution of the transposed equa-
tion. As a result, Lemma 18 from [1], has the following adjoint variant.

Theorem 2.6 The solution of (2.15) on [to,t] satisfying the condition y* (t)
=1y is
y'(s) = yi R(t, s), (2.17)

where R(t, s) is the principal matriz solution of (2.15).
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It follows from (2.13) that R(t, s) is the unique matrix solution of (2.1).
The principal matrix Z(¢,s) ([1, Theorem 12]) and the solution of the
adjoint equation (2.15) are related via the expression

Auly" (W) Z(u, s)] = (y") 2 (W) Z(u, 5) + (y") (W) AuZ (u, 5) (2.18)
fortg <s<u<t.
Theorem 2.7 R(t,s) = Z(t, s).

Proof. Select any t > ty. For a given row n-vector, let 47 (s) be the unique
solution of (2.15) on [tg,?] such that y*(t) = yl. Integrating (2.18) from s
to t we have

y (), 8)—yT(S)Z(S,S)=/ [(y")2 (W) Z(u, 5) + (") () AuZ (u, 5)] Au.

By the use of (2.15), we obtain
y' (0 Z(ts) —y"(s) = / (") (W) AZ (u, 5) = (y")7 (w)A(u) Z (u, 5)

_ ( / t (yT)U(v)K(v,u)Av) Z(u, 3)] Au

(u)

Interchanging the order of integration by using Theorem 1.8, we obtain
t
825 -") = [ 67w B2 s) - AW Z(u,)
—/ K(u,v)Z(v, S)A’U:| Au.

By [1, Theorem 19], the integrand is zero. Hence,

y'(s) =g Z(1,5).

On the other hand,
y'(s) = ys R(t,s).

Therefore, by uniqueness of the solution y”(s),
WEZ(t5) = TR ). (219)
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Now let y¢ be the transpose of the i-th basis vector e’. Then (2.19) implies
that the i-th column of R(t,s) and Z(t,s) are equal for ty < s < t. The
conclusion follows as t is arbitrary. m

The continuous version (T = R) of the Theorem 2.6 can be found in [3,
Theorem 2.7].

Now we are generalizing the idea of resolvent to discuss the asymptotic
stability of (1.1) in the next section.

3 Asymptotic stability

Our first result in this section, is to present an equivalent system which
involves an arbitrary function. A proper choice of this function has the
potential to supply us a stable matrix B corresponding to A.

Theorem 3.1 Let L(t, s) be an nxn continuously differentiable matriz func-
tion on Q. Then (1.1) is equivalent to the following system

y2(t) = B(t)y(t) + /to G(t,s)y(s)As+ H(t), t €Ty, (3.1)
y(to) = vo,
where
B(t) = A(t) — L(t,t),
H(t) = F(t) + L(t, to)ao + / Lt o(s)) F(s)As (3.2)
an G(t,s) = K(t,s) + AgL(t, s) + L(t, 0(s))A(s)
! (3.3)

+ /U(S) L(t,o(1))K(T,s)AT.

Proof. Let z(t) be any solution of (1.1) on Ty. If we take p(s) = L(t, s)x(s),
then we have
p™(s) = AL(t, s)a(s) + L(t, o (s))z"(s)

and by (1.1) it follows

pR(s) = AL(t,s)x(s) + L(t, 0(s))A(s)x(s)
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L(t,o(s / K (s, 7)x(T)AT + L(t, 0(s))F(s).

Tntegrating from #, to t we have
s -p) = [ kst / L(t,0(s)) A(s)a(s)As
/ (t, o / K(s,7)a(r) ArAs
+/m L(t,0(s)) F(s)As.

Using Theorem 1.8, we obtain

p(t) —p(ty) = /ASL(t,s)x(s)As+/ L(t,0(s))A(s)x(s)As

to to

N /t t ( /U ZT) L(t, o (s)) K (s, T)AS) z(r) AT
n /t Lt o(s)F(s)As.

By change of variable, it follows

plt) — plto) = / ALt 5) + L(t, o(s))A(s)

+L(S)L(t,a(U))K(u,s)Au x(s)As + /to L(t, o(s))F(s)As.

Further on, using (3.2) and (3.3), we obtain

(A(t) — B(t))z(t) = /t (G(t,s) — K(t,s))x(s)As + H(t) — F(t).
From (1.1) we have

/Gts s)As + H(t),
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for ty < s <t < oo. Hence, z(t) is a solution of (3.1).
Conversely, let y(t) be any solution of (3.1) on Ty. We shall show that it
satisfies (1.1). Consider

Z(t) = y™(t) — F(t) — A(t)y(t) - / K(t, s)y(s) As

Then by (3.1) and (3.2) we have

Z(t) = —L(t, t)y(t) + L(t, to)zo + /t G(t, s)y(s)As

to

+ / L(t, o(s)) F(s)As — / K(t, s)y(s)As.

to to

Using (3.3), we obtain

Z(t) = —L(t,t)y(t)+L(t,t0)xo+/t L(t,o(s))F(s)As

-/ K (t 9)y(s)As + /

+/ L(t,o(T))K(T,s)AT

a(s)

K(t,s)+ AL(t, s) + L(t, o(s)) A(s)

y(s)As.

Again by Theorem 1.8 and change of variable, it follows

Z(t) =—L(t,)y(t) + /t [AgL(t,s) + L(t,0(s))A(s)] y(s)As

/ U K(s,7)y }As (3.4)

+L(t, to)xo +/ L(t,o(s))F(s)As.

to

Now, by setting q(s) = L(t, s)y(s), we get

q*(s) = AsL(t, s)y(s) + L(t, o (s))y>(s). (3.5)

Integrating (3.5) from ¢, to t, it becomes
¢
0t) = alto) = [ (AL () + Lt o9y (9] As
to
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and therefore, we have

L(t, t)y(t) — L(t, to)xo = / [AL(t, s)y(s) + Lit, U(s))yA(s)] As.  (3.6)

to

Substituting (3.6) in (3.4) we obtain

20) = - /t L(t, o(s))y™ (s) As + / L(t, 0(s)) A(s)y(s) As

to

+ /t Lt o(5)) { /t:K(s,T)y(T)AT] As+ / Lt () F(s)As

to

t
= —/ L(t,0(s))Z(s)As,
to

which implies Z(t) = 0, by the uniqueness of the solution of Volterra integral
equations [16]. Hence y(t) is a solution of (1.1). m

As a straightforward consequence of Theorem 3.1 we obtain Lemma 2.1
of [24]. Also, it is to be noted that, if L(t,s) is the differentiable resolvent
corresponding to the kernel K (t, s), then the equations (3.1), (3.2) and (3.3)
give the usual variation of constants formula (2.4).

Corollary 3.2 Let L(t,s) be a n x n matriz function on Q). Then (1.2)
1s equivalent to the following system

Auny(t)=BOyt) + Y Gt s)y(s)u(s) + H(t),

SE|[to,t) (37)
y(to) = Yo,
where
B(t) = A(t) — L(t,t),
H(t) =F(t)+ L(t.to)zo+ »_ L(t,o(s))F(s)u(s) (3.8)
sE€[to,t)
and
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Our next result is about the estimation of the solution of (1.1). For this
result we assume that matrix B commutes with its integral, so B commutes
with its matrix exponential, that is, B(t)eg(t, s) = eg(t, s)B(t), [11, 12].

Theorem 3.3 Let B € C(T, M,(R)) and M, o > 0. Assume that matriz B
commutes with its integral. If

len(t, s)l| < Mea(s,t),t, s €, (3.9)

then every solution x(t) of (1.1) satisfies
lz@I < M o] ea(to7t)+M/t ea(0(s),t) [[H(s)|| As
+Mt{ta ,tG,A] As.
L L, el 0166 91 87) o)) 2

Proof. Let z(t) be the solution of (3.1) and define ¢(t) = ep(to, t)z(t). Then
q*(t) = —B(t)es(to, o(t))x(t) + en(to, o))z (2).

Substituting for #2(¢) from (3.1) and integrating from ¢, to t, we obtain

(3.10)

t

a(t)—q(to) = / e (to, o () H (5) Ast /

to to

en(to, o(s)) l / SG(S,T):C(T)AT} As.

to

Using Theorem 1.8, we obtain

x(t) :eB(t,to)x0+/ ep(t,o(s))H(s)As )
to 3.11

of t Ji ' enlto(m)G( 97 as)s

(s)

Hence, using (3.9) and applying norm on (3.11), we obtain (3.10), which
completes the proof. m

The continuous version (T = R) of the Theorem 3.3 can be found in [24,
Lemma 2.3].

Corollary 3.4 Let B : T{, ;) — Mn(R) and M, a > 0. If

I[[I @+urB)| < ]] (L (3.12)

re(s,t) rée(s,t) 1+ M(T)&)
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then every solution x of (1.2) satisfies

ol < I pratis+M 5 11 ”fﬂ o

rE(to,t) s€to,t) r€fo(s),t

Y Y ] _|1(,~112,m<)> Jo(s)1 (o).

s€[to,t) | TE€[o(s),t) r€[o(T),t

(3.13)

In the next theorem we present sufficient conditions for asymptotic stability.

Theorem 3.5 Let L(t,s) be an nxn continuously differentiable matrixz func-
tion on €, such that

(a) the assumptions of Theorem 3.3 holds,

Loe,(s,1)

OIS G uma)a + o)’

(¢) sup / ea(a(1),t) ||G(T, s)|| AT < ayp,

to<s<t<oo Jo(s)
(d) F(t) =0,
where Lo, v > a, ag, are positive real constants.

If a © Mag > 0, then every solution x(t) of (1.1) tends to zero exponentially
ast — +o00.

Proof. In view of Theorem 3.1 and the fact that L(t, s) satisfies (a), it is
enough to show that every solution of (3.1) tends to zero as t — +o0. From
(a) and using (3.10) we obtain the following inequality

ea(t, 0) (6| < M [|zo| ea(to, 0) +M/t€a(0(8)70) [H ()] As

(3.14)
+M/ U ,0) |G(, S)IIAT} |z(s)|| As.
Since
/t ea(0(s),0) |H(s)|| As < Ly ||zo|| ey(to,())/ : ?L(SZ)O()lel((:(i))v)
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then by Lemma 1.5 and the fact that v > «, we obtain

[ eatot).0) (s 2 < Eelulelln-0),

to v«
Using (3.14), (b), (¢) and (d) we have

eqlto, 0
ea(tv O) ”.T(t)” < M ”on eC'l(tO’ O) + MLy ”on fy<—0 Oé)

t
+M/ apeq(s,0) ||z(s)]| As,
to

which implies

alt, 0) ()] < M o]l (1+ == )ealto, 0)

¢ (3.15)
M /t aoea(s, 0) ||z(s)]| As.

Lemma 1.7 yields that

calt, 0) (O] < M llaol] (1+ =2 ) ealto, 0)ersan o)

Using [6, Theorem 2.36], we obtain

@)l < M o]l (14 == ) acrtan (to, 0)aciran (0, £).

1 .
By Lemma 1.6 we have e,cp1a,(0,1) < , SO we obtain

- 1+(Oé@MOéo)t

M [lzol] (1+ 22 ) eacren (to; 0)
1 + (Oé @ M()éo)t

lz()] <

Hence, in view of o & Mag > 0, we obtain the required result. m

Theorem 3.5 generalizes the continuous version (T = R) of [24, Theorem
2.5].

Corollary 3.6 Let L(t,s) be a n x n matriz function on g, such that
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(a) all the assumptions of Corollary 3.4 holds,

L
el < 1 e e

© s S I Q+ar)a)llGrs)] ) < ao

F0SSSI200 L clo(0),0) refo(r))

(d) F(n) =0,

where Ly, v > «, ag, are positive real constants. If « © Magy > 0, then
every solution x(t) of (1.2) tends to zero exponentially as t — +oo.

Example 3.7 Let us consider the following Volterra integro-dynamic equa-
tion .
72(t) = 02x2(1) +/ eco(t, s)z(s)As,
0
z(0) =1,
where A(t) = ©2 and K(t,s) = eqa(t,s). Now consider L(t,s) = 0 then
B(t) = ©2. The matriz function G(t,s) given in (3.3) becomes

(3.16)

G(t,s) = esalt, s). (3.17)

In the following we have to check that the assumptions of Theorem 3.5
hold for T = R and T = N respectively.
Let T = R. Then we have

len(t,s)] = le alt,s)| = 70 < M7 M =2,

and
0 =|L(t,s)] < Loe®¢™D, Ly =1.

Here the constants are a = 2 and v = 3. From (3.17) it follows that
G(t,s) = e 279, (3.18)

Then from (3.18), we obtain that G(¢,s) is a positive function, and

t t
/eZ(T_t)\G(T,sﬂdT = /eQ(T_t)e_Q(T_S)dT
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— 62(3715) (t . 8)
(t—s)

< - 7
T 142(t—s)
< 1

27

from which it follows that

t
sup [T |60 ar <

0<s<t<o0

N | —

1
Since oy = 2 then we have that o« — Magy > 0. Therefore, since all the

assumptions of Theorem 3.5 hold for the system (3.16), it follows that the
solution of (3.16) tends to zero exponentially as t — +o0.
Now we consider T = N. Then we have

1 t—s
ealtoo)l =[egteo) = (3) < drer ar—2
L 4 s—t
0= |L(t,s)| < % Lo=1.

Here the constants are « = 2 and v = 3. From (3.17) it follows that

1 t—s
Gt,s)=| = )
= ()
Now we have to calculate

Y3 G(ns) = Y 3T+1t()

T—S

TE[s+1,t) TE[s+1,t)
— 35 t+1<t— _2)<3S t+1<t_8_1)
- 1
2 )
from which it follows that
1
sup Z 2T G (T, 8) | dr < 3
O=s<i<oo TE€[s+1,t)
1 M
Since o = 3 then we that 17]\4(10 > (. Therefore, since all the assump-
@

tions of Theorem 3.5 hold for the system(3.16), it follows that the solution
of (3.16) tends to zero exponentially as ¢ — +o0.
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Theorem 3.8 Let L € C(Q, M, (R)) such that A;L(t,s) € C(Q, M,(R)) for
(t,s) € Q and

(1) the assumptions (a), (b) and (d) of Theorem 3.5 hold,
(ZZ) HASL<t7 8)” < N065<S7t) and ”K<t7 S)H < K069<87t)7

(idd) ||A(t)]| < Ao forto < t < oo,

¢
(iv)  sup /
to<s<t<oo Jo(s)

ay,  for some of > 0,

AQLO + (7’ — O'(S))LQKQ
p(r)a

(Ko + No)(1 + p(7)e) + ATt <

where Ay, Ny, Ko, 6 and 0 are positive real numbers such that v > § > «,
0 > a. If a & Maj > 0, then every solution x(t) of (1.1) tends to zero
exponentially as t — +o0.

Proof. From (3.3) we obtain
1G] < (K 8)] + AL )| + |t o()] [AS)]
" / VLGt o (w) | 1K (o, 5)]] A,

(s)
which implies
Loe,(s,1)
Ao
Au.

|G(t, s)|| < Koeo(s,t) + Noes(s,t) +

/t LoKoe, (u, t)eg(s, u
o(s) (14 p(t)a) (1 + p(t)y)

~—

Since A > ¢ > a, 0 > «, then from (i), (i7) and (éi7), (3.19) becomes

IG( s)ll < Koeals, t) + Noeal(s, t)
Loes (s, t)

(1 + p()e) (1 + p(t)y)

(1 —0o(s))LoKoea(s, t)  (3.20)
(1 + p(t)e) (1 + p(t)y)

Ao +

and

ea(a(t),0) IG(Ls) < | (Ko + No)(1 + (7))
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+AOL0 + (T — O'(S))LQKO
p(T)ex

]ea(s,()).

Integrating the above inequality and using (iv), we obtain the following

/( )ea(cr(T),O) |G (7, ) || AT < agea(s,0). (3.21)

Substituting (3.21) in (3.14) we obtain the following

L
calt0) oIl < Mo (14— )ealto, 0)
t
a1 [ agea(s.0) (o)) s
to

Lemma 1.7 yields that

L
ealt, 0) lz(t)]| < M ||| (1 + _0a>ea(t0,0)eMa6(t, o).

Using [6, Theorem 2.36], we obtain

L
(o)< M llaoll (14 == Jeacnreg (0, 0)casnreq 0.
Then by Lemma 1.6, we have

Lo
M (1 —)a (0, 0
[ +’)/—Oz69M0(O)
1+ (o Mag)t

lz@)] <

Hence, in view of (i) and a & Mo > 0, we obtain the required result. =

The continuous version (T = R) of the above theorem can be found in
[24, Corollary 2.6].

Corollary 3.9 Let L(t,s) and L(t,0(s)) € Qq.n), such that

(i) the assumptions (a), (d) of Corollary 3.6 hold,

Ko

g No
(@) Lt o(s))]| < H)W and |[K(n,m)|| < eelgt A+ a0

ISR

)
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(133) ||B(t)|]| < By forty <t < oo, where By, Ny, Ko, 0 and 0 are positive
real numbers such that 6 > «a, 0 > «,

() sup > (Ko+ No)(1+p(r)a)u(r) + AoLo + (1 — 0(s)) LoKo <

<s<
to<s<t<oo relo(s),t)

* *
ag, for some of > 0.

If o & Mag > 0, then every solution x(t) of (1.2) tends to zero exponen-
tially as t — 4o00.

4 Boundedness

In the first result of this section, we give sufficient conditions to insure that
(1.1) has bounded solutions. Our results are general and apply to (1.1)
whether A(t) is stable, identically zero, or completely unstable, and do not
require A(t) to be constant nor K (t,s) to be a convolution kernel. Let C(t)
and D(t, s) be continuous nxn matrices, ty < s <t < co. Let s € [tg, 00) and
assume that C(t) is an n X n regressive matrix. The unique matrix solution
of initial valued problem

Y& =C@)Y, Y(s)=1, (4.1)

is called the matrix exponential function (at s) and it is denoted by ec(t, s)
(see [6, Definition 5.18]). Also, if H(t,s) is an n X n regressive matrix,
satisfying
AH(t,s) = C(t)H(t,s) + D(t,s),
(4.2)
H(s,s) = A(s) — C(s)

then
H(t,s) =ec(t,s)[A(s) — C(s)] +/ ec(t,o(r))D(T,s)Ar. (4.3)

Theorem 4.1 Let ec(t,s) be the solution of (4.1), and suppose there are
positive constants N, J and M such that

() llec(t,to)ll < N,

(17) /t:

ec(t, s)[A(s) — C(s)] +/ ec(t,o(r))K(r,s)At||As < J < 1,
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(iid) < M.

ZIQKLJOOHFQO—I%ﬂx@ﬂAu

Then all the solutions of (1.1) are uniformly bounded, and the zero solu-
tion of corresponding homogenous equation of (1.1) is uniformly stable with
initial condition x(ty) = 0.

Proof. Consider the following functional

— / H(t, s)x(s)As. (4.4)

The derivative of V (¢, z(-)) along a solution z(t) = (¢, to, zo) of (1.1) satisfies

VAt x() /Hts

From Theorem 1.117 of [6], we obtain

VAL z() = xA(t)—H(a(t),t)x(t)—/ AH(t, s)x(s)As

VAt a(-) = [A(t) - H(o(t),)]z(t) + F(t) (4.5)
+[[K@$—&H@$h@A&

By using (4.3) and Theorems 1.75, 5.21 of [6] we have the following expression

o(t)
celo(0.00AW) = O]+ [ cc (7.7

(t)
(I +p()C())ec(t,t [A(t)—C(t)HM() ( (t),0(t))D(t,1)
(I + p®)C@))AR) — C@)] + () (t,1)

[A(t) = C(O)] + n(®)[CHA(t) — C*(t) + D(t,1)]
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which implies that

H(o(t),t) =[A(t) — C)] + G(t), (4.6)
where G(t) = u(t)[C(t)A(t) — C%(t) + D(t,t)]. Substituting (4.6) in (4.5) it
follows that

VA 2() = C(t)z(t) — Gt)a(t) + /t [K(t, s) — AH(t, 8)|x(s)As + F(1).

By (4.2) and (4.4) we have

VAt z(:) = COV(t,z(.)) +/t (K (t,s) — D(t, s)]|z(s)As + F(t) — G(t)x(t).
Thus .
V(t,z(+)) = ec(t, to)xo +/t ec(t,o(u))g(u, z(.))Au, (4.7)

where

g(t,z(+)) = /t [K(t,s) — D(t, s)]z(s)As + F(t) — G(t)x(t).

t

Let D(t,s) = K(t,s). Then by (4.3), (i7) is precisely / |H(t,s)||As < J <
t

1. By (4.7) and (i)-(iii), '

V(t,xz(-)] = ec(t,to)x0+/t ec(t,o(u))[F(u) — G(t)z(t)|Au
< lee(t to)ll llzoll + /tec(ta(u))[F(u)—G(t)fc(t)]ﬁu
< N |z + M.

If ||xo|| < By for some constant, and if Q = NB; + M, then by (4.4) we
obtain

@) —/t (& s)[ Hlz(s)] As < [V 2( )] < Q. (4.8)

Now, either there exists By > 0 such that ||z(t)|| < Bz for all ¢ > ¢4, and thus
x(t) is uniformly bounded, or there exists a monotone sequence {t,} tending
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to infinity such that ||z(¢,)|| = max ||z(¢)]| and ||z(t,)]] — oo as t, — oc.

to<t<tn
By (ii) and (4.8) we have
tn
()] (1 =) < flz(tn)]] —/ 1 (tn, s) [ lz(s)[| As < @,
to
a contradiction. This complete the proof. =

It is noted that the Theorem 4.1 generalizes the continuous version (T =
R) of [21, Theorem 1].

Corollary 4.2 Suppose that there are positive constants N, J and M such
that

@ || [T (4 +ur)cw)| <N,

r€[s,t)

(@) ) (I+M(T)C(T))[A(S) —CEl+ Y, I t+umrce)

s€lto,t) ||r€ls, TE[s,t) r€[o(7),t)

XK(Ts) ( Ju(s)|l < J <1,
@iy || Yo JI U+ pr)C)IF@) + Gd)a®)u(w)]|| < M.
u€lto,t) r€fo(u),t)

Then all solutions of (1.2) are uniformly bounded, and the zero solution of
corresponding homogenous equation of (1.2) with initial condition x(tg) = 0
15 uniformly stable.

In the second part of this section, we consider the system (1.1) with F(¢)
bounded and suppose that

S /t " K(u, 5)Au (4.9)

is defined and continuous on 2. The matrix E(t) on [tg, 00) is defined by

E(t) = A(t) — C(o(t), ). (4.10)
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Then (1.1) is equivalent to the following system

22(t) = E(t)x(t) + A, /tC(t, s)z(s)As + F(t), t € T,
x(tg) = o. ’

Theorem 4.3 Let E € C(T,M,(R)) and M, o > 0. Assume that E(t)
commutes with its integral. If

lles(t,s)|| < Mey(s,t), t,s €, (4.12)

(4.11)

then every solution z(t) of (1.1) with x(ty) = zo satisfies
[a® < M llaoll ealtot) + M / alo(s),0)[|F(s)] As
+M/ | E(u)| eq(o {/ |C(u, s)|| [|[z(s)]] As| Au  (4.13)
/ IC( 9] 2(s)] As.

Proof. Let x(t) be the solution of (1.1) and define ¢(t) = eg(to, t)z(t). Then

q*(t) = —E)ep(to, o(t)x(t) + ep(te, o))z (t).
Substituting for 22 (¢) from (4.11) and integrating from t, to ¢, we obtain

a(t) — qlte) = / e (to, o(3)) F(s)As

to

n /t: en(to, o(u)) {Au /t uC’(u,s)x(s)As] Au.

Applying the integration by parts on the second term of the right hand side
[6, Theorem 1.77], we obtain

x(t) :eE(t,to)x0+/ eE(t,o(s))H(s)As+/ C(t, s)x(s)As "
to l to 4.14

+ [ Bwesttoo) | [ Cusjat)as] 2u

to to

Hence, using (4.12) and applying norm on (4.14), we obtain (4.13), which
completes the proof. m

The continuous version (T = R) of the Theorem 4.3 can be found in [4,
Lemma 2] with D =1
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Corollary 4.4 Let £ : T}

(on) — Mu(R) and M, o> 0. If

IT (7 +umEE)| < ] (L

r€(s,t) r€[s,t) 1+ u(r)a)

then every solution x(t) of (1.2) satisfies

el = T e +M % I T e

r€[to,t) s€[to,t) r€[o(s),t

PV o Z I, ) (5] )

u€lto,t) r€lo(u), t) s€to,u)

+ Y e sl lz(s)ll als).

s€[to,t)
Our next result concerns the boundedness of solutions of (1.1).

Theorem 4.5 Let z(t) be a solution of (1.1). If ||[E(t)|| < d on [tg,o0)
t
for some d > 0, F(t) is bounded and sup |C(t,8)]| As < 3, with

to<t<oo Jtg

sufficiently small, then xz(t) is bounded.

Proof. For the given ty and bounded F'(¢) there is C; > 0 with

M ||zol] ealto, ) + M sup / ealo(s),0) [F()]| As < Ch. (4.15)

to<t<oo Jtg

Substituting (4.15) in (4.13) we obtain

t
120 < Oy + Md / [ / 1C(u, )| ll2(s)| As| A
/I!Ctsll le(s)] As,
Md
<o+ M5 s o)+ 8 sup [la(s)]
(07 to<s<oo to<s<oo

—ot a1+ 2Y s Jao)]

to<s<oo

EJQTDE, 2013 No. 5, p. 30



M
Let 3 be chosen so that 6[1 + —d} =m < 1. Then
Q@

[z} < Cr+m sup [lz(s)]].

to<s<t

Let Cy > ||zo|| and C; +mCy < Cy. If ||2(¢)]] is not bounded then there exists
a first t; > to with ||z(¢1)|| = Ca. Then

02 = H.T(tl)H < Cl + mC'Q < 02,

a contradiction. This completes the proof. m

The Theorem 4.5 generalizes the continuous version (T = R) of [5, The-
orem 2.6.3].

Corollary 4.6 Let z(t) be a solution of (1.2). If ||E(t)|| < d on [ty,00) for
some d > 0, F(t) is bounded and sup Z IC(t,s)|| p(s) < B, for some

to<t
0St<oo s€[to,t)

sufficiently small 3, then z(t) is bounded.

Example 4.7 Let us consider the following Volterra integro-dynamic equa-
tion

2B () = Sl (g 4 / eca(o(t), s)z(s)As + F(t),

a? t (4.16)
l‘(to) = ]_,
where A(t) = ea(i;ra2), K(t,s) = ecq(o(t),s) with a > 2. Assume that F(¢)
is bounded function.
Since we have that

—a

/too eca(0(u), s)Au = blijgo—é/tbmA“

b A
= lim —l/ < ! ) Au
b—oo a J, \eq(u,s)

1 1 1
— i - ]
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Using (4.10), we have

E = |A b ecalo(u), t)Au
BOl = 40+ [ ccalowy

_ |©a1 2) 1 '

a? aeq(o(t),t)
_ —(1+ a?) N 1
a(l+ pu(t)a)  a(l+ p(t)a)

= |ed| <a.

Hence
|E(t)] < a. (4.17)

Now, we have to approximate

t t
1
/ |C(t,s)] As < / As
‘o 1 a€q(t,s)

N AR
a|eq(t,t) (t,to)
YA
a eq(t, o)
1
S )
a
therefore .
1
/\C(t,s)|As§—, t > tp. (4.18)
to a

Finally, by taking the supremum over ¢ in (4.18), over [ty, c0)r, we obtain
1
sup |C(t s)|As< -

to<t<oo Jtg

Obviously, in thiscased =a =a, M > 1 and § = % If we choose a > M +1,
then G(1 + %l) < 1. It follows that all the assumptions of Theorem 4.5 are
satisfied, hence all solutions of (4.16) are bounded.

Theorem 4.8 If F(t) =0 in (1.1), |E(®)|| < d on [tg,o0) for some d > 0,
and / |IC(t,s)|| As < 3, for B sufficiently small, then the zero solution of
(1.1) with initial condition x(ty) = 0 is uniformly stable.
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Proof. Let ¢ > 0 be given. We wish to find 6 > 0 such that tg > 0, ||xo|| < 6,
and t > to implies ||z(t,z0)|| < €. Let § < € with 0 yet to be determined. If
|zo|| < 6, then M ||zo|| < M. From (4.13) with F'(t) =0,

Md
lz@ll < Mo +—=F5 sup [lz(s)l| + 5 sup [z(s)]

to<s<t to<s<t

Md
- M5+ﬁ[1+7] sup [[2(s)] -

to<s<t

3
and 6 so that M5+ZE <e If ||zl <6

)|| = €, we have

B~ w

Md
First take (8 so that [1 + —] <
a
and if there exists t; > to with ||x(t

—_

3
e=|lz(t)|| < Mé+ 1656

a contradiction. Thus the zero solution is uniformly stable. The proof is
complete. m

The continuous version (T = R) of the above theorem can be found in [5,
Theorem 2.6.4].

Corollary 4.9 If F(t) =0 in (1.2), ||[E(t)]] < d on [ty,o0) for some d > 0
and Z |IC(t,s)|| pu(s) < B, sufficiently small, then the zero solution of

Se[toﬂf)
(1.2) is uniformly stable with initial condition z(ty) = 0.

Example 4.10 If we consider F(t) = 0 in Example 4.4, then by (4.17) and
(4.18), Theorem 4.5 yields that the zero solution of (??) is uniformly stable.
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