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On the unique continuation property for a nonlinear
dispersive system

Alice Kozakevicius* &  Octavio Vera |

Abstract

We solve the following problem: If (u, v) = (u(z, t), v(z, t)) is a solution of the Dispersive Coupled
System with ¢1 < t2 which are sufficiently smooth and such that: supp u(.,t;) C (a,b) and
supp v(., tj) C (a, b), —co <a<b< oo, j=1,2. Then u =0 and v =0.
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1 Introduction

This paper is concerned with unique continuation results for some system of nonlinear evolution equation.
Indeed, a partial differential equation Lu = 0 in some open, connected domain €2 of R" is said to have the
weak unique continuation property (UCP) if every solution u of Lu = 0 (in a suitable function space),
which vanishes on some nonempty open subset of 2 vanishes in Q). We study the UCP of the system of
nonlinear evolution equations

(1.1) Ou+ Bu+ 0z (uv?) =0 (Py)
’ O+ 30+ 0, (uv) + 0,v =0 (P)

with 0 < 2 <1, ¢ > 0 and where u = u(z, t), v = v(z, t) are real-valued functions of the variables x and
t. The general system is
(1.2) { O + OFu + Oy (uP vP*') = 0
’ O + O3v + Oy (uPTHoP) =0

with domain —oco < 2 < 00, t > 0 and where u = u(z, t), v = v(z, t) are real-valued functions of the
variables x and t. The power p is an integer greater than or equal to one. This system appears as a special
case of a broad class of nonlinear evolution equations studied by Ablowitz et al. [1] which can be solved
by the inverse scattering method. It has the structure of a pair of Korteweg - de Vries(KdV) equations
coupled through both dispersive and nonlinear effects. A system of the form (1.2) is of interest because it
models the physical problem of describing the strong interaction of two-dimensional long internal gravity
waves propagating on neighboring pynoclines in a stratified fluid, as in the derived model by Gear and
Grimshaw [8]. Indeed,

Ou+ 02u~+az 03v +udu+ a1 v0,v + a0, (uv) =0 in x€R, t>0
b1 Opv + 930 + by az O2u + v 00 + by az u dpu + ba ag 0, (uv) =0

u(z, 0) = ¢(z)

v(z, 0) = 1(z)

where u = u(z, t), v = v(z, t) are real-valued functions of the variables x and ¢ and a1, as, as, b1, be are
real constants with b3 > 0 and by > 0. Mathematical results on (1.3) were given by J. Bona et al. [4].
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They proved that the coupled system is globally well posed in H™(R) x H™(R), for any m > 1 provided
las| < 1/4/ba. Recently, this result was improved by F. Linares and M. Panthee [19]. Indeed, they proved
the following:

Theorem 1.1. For any (¢, ¥) € H™(R) x H™(R), with m > —3/4 and any b € (1/2, 1), there ex-
ist T =T(||lo|lam, ||¥||gm) and a unique solution of (1.3) in the time interval [-T, T] satisfying

u, v € C([-T, T); H™(R)),
u, v € Xy p C LY, (R; LZ(R)) for 1<p<oo,

x Loc
(UQ)m, (’UQ)E S Xm,b—la

Ug, Vg € Xppo3,6-1

Moreover, given t € (0,T), the map (p,¥) — (u(t), v(t)) is smooth from H™(R) x H™(R) to
C([=T, T}; H™(R)) x C([-T, T]; H™(R)).

Similar results in weighted Sobolev spaces were given by [29, 30] and references therein. In 1999, Alarcén-
Angulo-Montenegro [2] showed that the system (1.2) is global well-posedness in the classical Sobolev
space H™(R) x H™(R), m > 1. For the UCP the first results are due to Saut and Scheurer [24]. They con-
sidered some dispersive operators in one space dimension of the type L = i Dy+ai?*Tt D?**+1 L R(z, t, D)
where a #0, D =12 D, =1 2 and R(z, t, D) = Y75 rj(z, t) DI, r; € LS, (R; L}, (R)). They
proved that if u € L? (R; HZF(R)) is a solution of Lu = 0, which vanishes in some open set Q; of
R, X Ry, then u vanishes in the horizontal component of €;. As a consequence of the uniqueness of the
solutions of the KAV equation in L (R; H3(R)), their result immediately yields the following:

loc

Theorem 1.2. Ifu € L (R; H3(R)) is a solution of the KdV equation

loc
Ut + Uppe + U, =0 (1.4)

and vanishes on an open set of R, x Ry, then u(x, t) =0 for z € R, t € R.

In 1992, B. Zhang [32] proved using inverse scattering transform and some results from Hardy func-
tion theory that if v € L (R; H™(R)), m > 3/2 is a solution of the KdV equation (1.4), then it
cannot have compact support at two different moments unless it vanishes identically. As a consequence
of the Miura transformation, the above results for the KdV equation (1.4) are also true for the modified
Korteweg-de Vries equation

Ut + Uppe — U2 Uy = 0. (1.5)

A variety of techniques such as spherical harmonics [26], singular integral operators [20], inverse scattering
[31], and others have been used. However the Carleman methods which consists in establishing a priori
estimates containing a weight has influenced a lot the development on the subject.

This paper is organized as follows: In section 2, we prove two conserved integral quantities and local
existence theorem. In section 3, we prove the Carleman estimate and Unique Continuation Property. In
section 4, we prove the main theorem.

2 Preliminaries

We consider the following dispersive coupled system

O+ 02u + 9 (uv?) =0 (Py)
0w + 930 + 9, (u? v) + Ov =0 (P2)
(P)< u(x, 0) =wuo(z) ; vz, 0)=wvo(z) (Ps)
OFu(0, t) = 0Fu(1,t), k=0,1,2. (Py)
Okv(0,t) = 0Fv(1,t), k=0,1,2. (Ps)
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with 0 < 2 <1, t > 0 and where u = u(x, t), v = v(z, t) are real-valued functions of the variables  and ¢.

Notation. We write time derivative by u; = % = Qyu. Spatial derivatives are denoted by u, = g—; = Oy,
2 3

Upy = % = 02U, Uppy = % = d3u.

If E is any Banach space, its norm is written as || - ||[g. For 1 < p < 400, the usual class of p*’-

power Lebesgue-integrable (essentially bounded if p = + 00) real-valued functions defined on the open

set 0 in R™ is written by LP(£2) and its norm is abbreviated as || - ||,. The Sobolev space of L?-functions

whose derivatives up to order m also lie in L? is denoted by H™. We denote [H™ (Q), H™2(Q)] =
HO=0m40mz(Q) for all m; > 0(i = 1,2), ma < my, 0 < 6 < 1 (with equivalent norms) the in-
terpolation of H™(Q)-spaces. If a function belongs, locally, to LP or H™ we write f € L7 . or
fe H . CO,T;E) denote the class of all continuous maps u : [0, T] — E equipped with the norm
ulleo, k) = supo<icrlulle: u(z, t) € O Y (R?) if yu, B2u, O3u, dyu € C(R?). u(z, t) € Cy ' (R?) if
u € C*1(R?) and u with compact support.

Throughout this paper ¢ is a generic constant, not necessarily the same at each occasion(will change from
line to line), which depends in an increasing way on the indicated quantities. The next proposition is
well known and it will be used frequently

Proposition 2.1. Let K be a non empty compact set and F a close subset of R such that KN F = (.
Then there is ¢ € C§°(R) such that Yy =1 in K, =0 in F and 0 < ¢(z) <1, Vz € R.

Definition 2.2. Let L be an evolution operator acting on functions defined on some connected open
set Q of R?2 =R, x R;. L is said to have the horizontal unique continuation property if every solution u
of Lu = 0 that vanishes on some nonempty open set 1 C Q wvanishes in the horizontal component of ()4

in Qi e, inQy={(z,t)€Q/ Iz, (x1,t) € N}
Lemma 2.3. The equation (P) has the following conserved integral quantities, i. e.,

1

d

7 (u? +v?) dx = 0, (2.1)
0

d 1

7 [u®v® — (u + v2) + v°] dz = 0. (2.2)
0

Proof. (2.1) Straightforward. We show (2.2). Multiplying (P1) by (uv? + uz,) and integrating over
x € (0, 1) we have

1

1 1 1
—/ (u?); v? dm—i—/ Uy Ut dx—i—/ (4 v?) Ugge dT
2 Jo 0 0

1t 1t 1
+—/ (u2,)y do + —/ [(uv?)?]e dz+/ (wv?) g Ugy dr = 0.
2.Jo 2 Jo 0

Each term is treated separately integrating by parts

1 1 1
- / (u?);v? do — / Uy Uyt AT — / (uv?) g Upy d
2 Jo 0 0

1 1/ 1
+- / (u2,), dx + = / [(uv?)?], da + / (uv?) g Uy dz = 0
2Jo 2Jo 0

where
1! 1!
5/ (u2)tv2dx—§/ (u2)idz = 0. (2.3)
0 0
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Similarly, multiplying (P) by (u?v + v + v) and integrating over z € (0, 1) we have

1 1 1 1
— / u? (v?); dx + / Vg V¢ AT + = / (v?)¢ dx + / (u? V) Vi da
2 Jo 0 2 Jo 0

1 1 1 1 1
+= / (V2 dx + / VUpge dr + = / [(u?v)?], do + / (u? V) g Vg dz
2 Jo 0 2.Jo 0

1 1 1t 1t
Jr/ (u2v)mvd9:+/ (u? V) Vg dz+—/ (v2), dz+—/ (v?)y dx = 0.
0 0 2.Jo 2.Jo

Each term is treated separately, integrating by parts

1 1 1t 1 1
—/ u? (v?); dz f/ Vg Vg dT + —/ (v?), das—/ (u? V) Voo dx + —/ (v, dx
2 Jo 0 2 Jo 0 2Jo

1 1 1 1 1
+ / VVprp dT + = / [(u?v)?], da + / (u? V) g Vo do + / (u?v), vdr — / (u? v), v dx
0 2 Jo 0 0 0

where

e e e
= / u? (v dr — = / (v2)¢dr + = / (v?)¢dr =0 (2.4)
0 2.Jo 2Jo

1i/l [u? v — (u2 4+ v2) +v°] dz =0
where
4 1 [w?v? = (u +02) +v*] dz =0 (2.5)
dt x T -
0
Lemma 2.4. For all u € H'(Q)
p 1/2
u
lull oy < ellull gy | ulli@ +’ - (2.6)
() L2(Q) () dx @)
and for all u € H3(Q)
P 1/12
11/12 u
lullzace < e llul 252 <||u||m> ¥ \ o ) (2.7
Tz @)
5/12
du 7/12 d3u
doll <l ullza +\ @u (28)
‘ A L@ L2(Q) () A3 L)

Proof. See [28].

Theorem 2.5 (Local Existence). Let (ug, vo) € H(0, 1)x H(0, 1) with uo(0) = uo(1) and ve(0) = vo(1).
Then there exist T > 0 and (u, v) such that (u, v) is a solution of (P). (u, v) € L>=(0, T; H'(0, 1)) x
L*(0, T; HY(0, 1)) and the initial data u(z, 0) = ug(z), v(x, 0) = vo(x) are satisfied.

Proof. For € > 0, we approximate the system (P) by the parabolic system

Ostte + O3ue + Op(ue v?) + € Otue = 0 (Ry)
(R) Opve + 02ve + 0 (U2 ve) + Opve + € 0dv. = 0 (R2)
ue(z, 0) = ug(x) ; ve(x, 0) = vo(x) (R3)
OFuc (0, 1) = OFuc(1, t) ; OFvc(0, 1) = OFvc(1,t), k=0,1,2,3. (Ry)
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We rewrite the above equations in a more friendly way as

Ut + Ugga + (U 'U2)z + €Uppae = 0 (29)
Vi 4+ Vore + (U2 0) g + Vs + €Vagae =0 (2.10)

We multiply (2.9) by u, integrate over z € = (0, 1), to have

1d [t 1t 1

st ), u? dw — 5/0 (u?) 4 v2dx+e/0 u?, dr = 0. (2.11)
Similarly, we multiply (2.10) by v, integrate over 2 € @ = (0, 1), and we have

1d [t 1t 1

st ), v?dr — 5/0 u?(v?), dere/O v2, dr = 0. (2.12)

Adding (2.11) and (2.12) we obtain

1d 1(2+2)d+/1(2+2>d 0

- — u” +v°)dr + € Usy + V5, ) dT =
where

d 1 1

— (u2+v2)dz+26/ (u2, +v2,)dx =0 (2.13)
then

||u5||%2(0, nt ||Ue||2L2(0, 1 T 2¢€ ||u6||%2(O,T; H2(0,1)) T 2€ ||UE||%2(O,T; H2(0,1)) = C
Where in particular
uellLoo, 7 20,1y S ¢ 5 vellzeo,7522(0,1)) ¢

0%
€ <ec

<c
5 <
922 [| 120, 1, £2(0,1))

;e

if and only if

O%u, %v,
Ve H vell <o vel|Ze]] <.
0z [|12(g) 02 || 2(q)
or
ue, ve € L(0, T; L*(0, 1)) (2.14)
Veue, Veve € L(0, T; H*(0, 1)) (2.15)

On the other hand, we multiply the equations in (R) by (uv? + uz,) and (u?v + vz + v), respectively,
and integrating over x € Q = (0, 1) and using Lemma 2.3, we obtain

d 71 1 1 e
i ), [§u202—§(ui+vi)+§v2] d$+§/0 u? (v*), da

1 1 1 1 1
—e/ (uv?) g U dz — e/ (u? V) Voo do — 6/ u?,, dr — 6/ u?,, dr — / v, dx =0
0 0 0 0 0

then
1d [ 1d ! 1 1 1 1d [
§d_/0 uidm+55/0 Uidm—i-e/o uzmdm—i—e/o Umzdx—i-/o ’Uildl‘:§£/0 w2 02 dx

1 d I 1 1
+ 5/ vidr + = —/ u? (1}2)z dx—e/ (qu)z T, dzfe/ (u2 V) g Vg AT
0 0 0

5y
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hence

Integr

or

d d
EHUzHQL?(O, nt %HvzHQL?(O, 1yt 2e ||uxmx||2L2(0, 1yt 2e ||Umcx||%2(0, 1 T2 ||”zr||%2(0, 1)

d 1 d 1 1 1
—/ u? v? dx + —||v||%2(0 1)+/ u?(v?), do — 26/ (4% Upwe dl‘*2€/ (U2 V) Voge d.

ating over t € [0, T'] we have

t t t
220, 1) + [[0al220, 1) +2¢ / ttzzal 220, 1, dor + 2 / [0z 20,1y dor +2 / 00l 220, 1) do
0 0 0

2
dugy ‘ dvg n /1 202de — /1u(2)v§ dzr + ||v||2L2(O )~ ||vo||2LZ(O 1
dw L2(0,1) dz {20, 1) 0 '

—26// uUv qumdxda—Qe// uv Umzdxda—i—// »dx do

t t t
B0, 1) + 1[0alZao, 1) + 2€ / [ttnzal 220, 1, dor + 2 / 0020, 1) dor +2 / 00l 20,1, do
0 0 0
duo d’UO

2 1 1
- + [t [ doddot ol - ol
‘ dx L2(0,1) ‘ dzx L2(0,1) 0 0 1) ©.1)
t el t el t el
—26/ / v2umuzmdxda—46/ / uvvzuzmdmda—éle/ / UV Uy Vggp AT do
0 Jo 0 Jo 0 Jo
t el t el
e/ / U2 Uy Vi dxd0+2/ / w?v v, dz do. (2.16)
0 Jo 0o Jo

On the other hand, using the Lemma 2.4 and performing appropriate calculations we obtain

hence

1
/ u? v?
0

1
da| <l bll=y [ follolds
< ||U||L°°(0,1) ||U||L°o(o,1) ||u||L2(0,1) ||U||L2(0,1)
< C||U||L°°(0,1)||U||L°°(0,1)
1/2 1/2
< elulli2, <||u||L2<o,1>+Hj—“ ) 2,1, (||v||L2<0,1>+Hd—” )
x L2(0,1) ’ dx L2(0,1)
. de_u 1|
- 2 ||dx £2(0,1) 2 ||dx £2(0,1)

1
= ctg ||Uz||L2(o 1)"’ ||Uz||L2(o 1)

IN

||Uz||L2(0 nts ||Ux||L2(o 1) (2.17)

1
/ u? v3dx
0
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We also have

1 1 1
/quzumIdz < /|v|2|uz||umm|dz§||v||Lx(071)/ [v| |tz | |tgea| dx
0 0 0
14 4 1/4 5 1/2
< vllpe(0,1) /|U|4dx / du dx / @ dx
n ' Q oldz o |d?
< Mollzmon Iolloon |5 |55
> Ul{Le=(0,1) [|V]|L4(0,1) || 72 -3
dx L4(0,1) da? L4(0,1)
5 1/12
< el ||v||L2<o,1)+]@; .
' dx L2(0,1)
Il Wollzzon + | 55 © Y
u Ullr2 -— Ugzx||L2
L2(0,1) L2(0,1) 3 120,1) L2(0,1)
< s 1 ‘ Bull? 1 ‘ B ||?
< c+ - ||-= - |- .
4 ||dx3 £2(0,1) 4 ||dx3 £2(0,1)
Hence,
1
1 1
| 0P st e < et sl + g Nl oo (2.18)

We calculate in similar form the terms

This way we have

1
/ UV Vg gy AT
0

Y i Y

1 1
/ U2 Uy Uy dx / w? v, dr
0 0

1
/ UV Ug Vg AT
0

t t t
20, 1) + 1[0al220, 1) + € / [ttnzal 220, 1, dor + € / 00z 220, 1) dor + / 02l 22,1, dor < ¢
0 0 0

or
due 2 dv. 2 | dBu, 2 | dBo, 2 | d?o, 2
+ € 3 do + ¢ 3 do + 3 do < c.
du L2(0,1) du L2(0,1) o || dx L2(0,1) o || dx L2(0,1) o || do L2(0,1)
In particular,
d € : d € 2 dS € ? d3 € ?
‘ “ <e, ‘ ” <e \/E‘ - <e, ﬁ‘ - <c
dz [l 20,1 A2 |[2(0,1) dz® |[12(0, 75 12(0, 1)) dz® 1 20,7 £2(0, 1))
then
due ||? dv. ||? dBu.||? B ||
} - <e, ’ - <e, \/E’ = <c, \ﬁ’ = <ec
Az |20, 1) dz |20, 1) dz* {l12(q) dz |12 (q)
or

ue, ve € L=(0, T; HY(0, 1)) L%(0, T; H3(0, 1)) (2.19)

ve € L2(0, T; H(0, 1)) (2.20)
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Hence from (2.14)-(2.15) and (2.19)-(2.20) we have the existence of subsequences u.; = ue and v, e Ve

such that

ue = u  weakly in  L>(0, T; L*(0, 1)) — L2(0, T; L*(0, 1)) = L*(Q)
ve = v weakly in  L*(0, T; L?(0, 1)) — L*(0, T; L*(0, 1)) = L*(Q)
ue + Ou
oz oz
OV « @

8369

weakly in  L>(0, T; L*(0, 1)) < L*(0, T; L*(0, 1)) = L*(Q)

weakly in  L>(0, T; L*(0, 1)) < L*(0, T; L*(0, 1)) = L*(Q)

T

0
from the equation (R) we deduce that

auﬁ * 3u . 2 . _9
5 5 weakly in  L=(0, T; H~*(0, 1))
(91)5 * a'U . 2 . _92
5 T weakly in  L°(0, T; H™=(0, 1)).

By other hand, we have H*(0, 1) <> L%(0, 1) < H~2(0, 1). Using Lions-Aubin’s compactness Theorem

ue — u strongly in  L*(Q)

ve — v strongly in  L*(Q).

Then

ov ou ov  Ou
2y _ € € — 2 : /
O (Ue V2) = 2 U, e e +_5m ’UE’UEHQUU—am+—ax’U’U Oz (uv?) in D'(0, 1).

The other terms are calculated in a similar way and therefore we can pass to the limit in the equation
(R). Finally, u, v are solutions of the equation (P) and the theorem follows.

3 Carleman’s estimate and unique continuation
property
We consider the equation (P), then

Q) O+ 2u+v?uy +2uvv, =0
0w + 030+ 2uvuy +ul v, v, =0

We rewrite the above equations as

dH R R DR RN

Let U = Uz, t),

Hence in (Q) we obtain

Ui+ Uspws + (B(U)+C)U, =0, 0<z<1, t>0 (3.1)
Uz, 0) =Uy(x) ; 0FU(0,t)=0kU(,t), k=0,1,2 (3.2)
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Then

LU = [10; + 192+ B(U) 9, U. (3.3)
System (3.1) may be written as
LU =0 (3.4)
with
L=10,+102+B(U)0,. (3.5)

We see in (3.1) and (3.4) that the system (3.1) may be written as LU = 0 where the operator L is given
in (3.5). It has the form:

| Ly fa0,
L= [ 50, Ly ] (@)
with
Li = 0 +02+ f10, (3.6)
Ly = 8t+8§’+f4az ( 7)

Proposition 3.1 (Carleman’s Estimate). Let 6 > 0, By = {(z, t) € R?/ 22 + 1 < §*}, p(x, t) =
(x—6)%+ 8212 and the differential operator L defined by (3.5). Assume that fr, € L=(Bs), k=1, 2, 3, 4.
Then

|®|% e? ™ Pda dt < 2/ |LD|? 7 ¢ du dt (3.8)

5 Bs

372/ |<I>I|2627‘dedt+127'3/
Bs B

for any ® € C3°(Bs) x C°(Bs) and 7 > 0 large enough.

Proof. We consider the operator P; = d; + 93, then using the Treve inequality

9672 | |®, 2" Pdadt < |P®|2 7% da dt (3.9)
Bs Bs

384713 | |®*e*T¢drdt < |PL®|? e? ™% du dt (3.10)
Bs Bs

whenever ® € C§°(B;s) and 7 > 0. Adding up the inequalities (3.9) and (3.10), we obtain

9672/ |<I>z|262”’dxdt+3847'3/ |<1>|262dedtg2/ |Py®|% e® 7% da dt
Bs Bs

Bs

for any ® € C§°(Bs) and 7 > 0. Then

1
1272 | @2 e?™Pdrdt +4873 | |®22TPdadt < — | |Pi®f?e*" ¥ dudt (3.11)
Bs Bs 4 Bs

for any ® € C§°(Bs) and 7 > 0. Similarly, we have for the operator Py = 9; + 03.

1
1272 [ 0,2 Pdadt +487 [ U2 ¥ drdt < ~ [ |PLY| TP dudt (3.12)
Bs Bs 4 Bs

for any ¥ € C§°(Bs) and 7 > 0. On the other hand,

|f1®,|%e* TP dxdt < ||f1||2L°°(IB%5)/ |®,|% €27 ¢ dx dt. (3.13)
Bs Bs
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Let 7 > % |11l Loo (Bs), then 72 > o ||f1||§°o(1355)- This way in (3.9) we have
1
/ |P®|2e? ™ P dxdt > 9672/ |®, 2" dxdt > 96 — ||f1||%w(35)/ |®, | 7% da dt
Bs Bj 24 Bs
= 4||f1||%w(36)/ |® 22T Pdrdt >4 | |f1P.]*e*TPdrdt (using (3.13))
Bs Bs

hence

1
|10, 2" Pdrdt < =~ | |P®? 2T dadt. (3.14)
Bs 4 Bs

Then adding (3.12) and (3.14) we have

10|27 ¢dadt +127% [ |22 dadt +487% | || e®7¥ dxdt
]Bg ]Bg ]Bg

1
< —/ |PL®|% €7 % da dt. (3.15)
2 /g,

But L1 = 8t + (92 + fl 8I = P1 + f1 8I Then qu) = Ll(I) — fl(I)ac and |P1q)|2 S 2 |L1q)|2 + 2 |f1q)z|2
Hence, in (3.15)

|f1®,|% 7% do dt + 127‘2/

|, |2 2T da dt +4873/ |®|% e*7 ¥ du dt
Bs

Bs Bs

g/ |L1<I>|262“Pd:cdt+/ |f1 @227 ¢ du dt
Bs Bs
then

1272 | |®u?e2™Pdrdt +487 | |®F TP drdt < | |L1®]*e*7 ¥ dudt. (3.16)
Bs Bs Bs

forany ® € C3°(Bs) and 7 > ‘1/—25 || f1l| Lo (5)- Performing similar calculations with (3.12) and the operator
Lo, we obtain

1272 | |V, 2e?7 ¢ dudt + 4873 |\If|262T‘Pdmdt§/|L2\I/|262”’dxdt. (3.17)
Bs Bs Bs

for any ¥ € C§°(Bs) and 7 > % || fallLoo (B5)- Summing up (3.16) and (3.17), we have
1
372 [ |0.2e* " ¢drdt +127° [ |02 T dudt < Z/ (|L1®]? + |LoY|* ) e? " P dxdt.  (3.18)
Bs Bs Bs

Whenever

o . N /B /e
0= [ v } € C5°(Bs) x C5°(Bs)  and 7> Max {EHleL"O(]BS(;); E||f4||Loo(Bs)},

Similarly, since fa2, f3 € L°°(Bs) and according to £ and (3.6), (3.7) we have
ILO° = [Ly® + foWul* + Lo ¥ + f3u|”

Then we can add f2U, to L;® and f3P, to Lo¥ in (3.18), and obtain Carleman’s estimate (3.8) when

o- { M } € C5°(By) x C5°(Bs)
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and 7 satisfying 7 > Max {‘1/—26 ||f1||L°°(IB(5) ; % ||f4||L°°(IBJ), % ||f2||L°°(IB(;) ; % ||f3||L°°(IBa)}'
Remark 3.2. The estimate (3.8) is invariant under changes of signs of any term in L; or La.

Corollary 3.3. Assume that, in addition to the hypotheses of Proposition 3.1, we have for any T > 0
and a > 0 that

V= [ f] ] € L*(~T, T; H*(—a, a) x H*(—a, a)).

Vi = [ gﬁ ] € L*(-T, T; H*(—a, a) x L*(—a, a)).

and that supp & and supp n are compact sets in Bs. Then, the estimate (3.8) holds with V instead of

)
o-[3]
Indeed,

372/ |VZ|262T‘Pdmdt+l273/ |V|262dedtg2/ |LV | €27 % dx dt (3.19)
Bs Bs

Bs

for 7 > 0 sufficiently large.

Proof. Choose a regularization sequence {p.(z, t)}c>o. Consider the functions
VeE=pc*xV = [ pex& ] (* denote the usual convolution)
Hence, the inequality (3.8) is valid replacing
_| ¢ e_ | pex& ] . : ,
0= [ - ] by V€= { oo %1 } if e€>0 is sufficiently small.
Taking the limit as ¢ — 07 the result follows.

Theorem 3.4. Let T > 0, a > 0 and R = (—a, a) x (=T, T). Let L be the operator defined in («)
and let

U= [ . } € L2(-T, T; H3(—a, a) x H¥(—a, a))

be a solution of the differential equation (3.4), LU = 0. Assume that fr, € L®(R), k = 1,2, 3,4 and
U = 0 when x < t2 in a neighborhood of (0, 0). Then, there exists a neighborhood of (0, 0) for which U = 0.

Proof. We choose a positive number § < 1 such that Bs lies in the neighborhood where U = 0
when z < t2. Let x € C5°(Bs), x = 1 on a neighborhood N of (0, 0) and set

— _ | xu
V_XU_[Xv]'

The function V satisfies the conditions of Corollary 3.3, and £ = 0 on A because V = U on N. Hence
by (3.19)

67° [ |V[*e2T?dxdt g/ |LV|?e?7 % dx dt (3.20)
Bs Bs—N
when 7 > 0 is sufficiently large. On the other hand, if (z, t) € supp V one has 0 <t? <z < § < 1 and
o, t) = (x—0)2 4+t = (§—2)? +0%t> = (2 —6)* + 5242
th— 21204+ 62 +0%t2 = 2 [(t* — 26 + 0%) + 62
< 0%[(6* =26+ 6% +06%] < 6?
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and where ¢(0, 0) = §2. Therefore, if (x, t) € supp LV there is an € > 0 such that ¢(z, t) < 62 —e. We
can choose a neighborhood N of (0, 0) at which op(x, t) > 62 — € and obtain from (3.20)

1
/ V|2 2T ¢ dxdt < P |LV|? 2T ¢ da dt (3.21)
4 Bs—N

Taking limit in (3.21) as 7 — + co one deduces that U =V =0 on N".

Definition 3.5. By a Holmgren’s transformation we mean a transformation which is defined by £ =
t, n =z +t2 and which maps the half-space x > 0 into the domain Q = {(n, ) € R?: n— &2 > 0}.

Corollary 3.6. Under the assumptions of Theorem 3.4, consider the curve © = pug(t), po(0) = 0,
to a continuously differentiable function in a neighborhood of (0, 0). Suppose that U = 0 in the region
x < po(t) in a neighborhood of (0, 0). Then, there exists a neighborhood of (0, 0) where U = 0.
Proof. We consider the Holmgren transformation

(l‘, t)—>(777 E) ) WZiU—MO(t)‘HQ , &=t
With this variables the function U = U (7, £) satisfies U = 0 when n < £? in a neighborhood of (0, 0) and
FU =0, where

85+8737+F18n f28n

F= f2 0y O¢ + 03 + F4 0,

where

Thus by using Theorem 3.4, and Holmgren’s transformation we conclude that there exists a neighborhood
of (0, 0) in the x t— plane where U = 0.

Theorem 3.7. Let T > 0 and Q = (0, 1) x (0, T'). Assume that fr, € LY .(Q), k=1, 2, 3, 4. Let
U= [ :j } € L2(0, T; H(0, 1) x H3(0, 1))

be a solution of the equation (3.1). If U = 0 in an open subset Q1 of Q, then U = 0 in the horizontal
component Qyp, of 1 in .

Proof. We prove the theorem for the equation (3.1) or the equivalent equation LU = 0, where L is
the operator defined in (2.4). The proof follows as in [21] applying Corollary 3.6 and considering Remark
3.2.

Corollary 3.8. Let T >0, Q= (0,1) x (0, T) and let
_| v . 773 3
U= { v } € C(0,T; Hy(0, 1) x H;(0, 1))
be a solution of equation (3.1). Suppose that U vanishes in an open subset Qq of Q. Then U =0 in Q.

4 The Main Theorem

The first result is concerned with the decay properties of solutions to the coupled system. The idea goes
back to T. Kato [11].
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Lemma 4.1. Let (u,v) = (u(x, t), v(z, t)) be a solution of the coupled system equations (P) such

that

sup u(., t)|[m@w) <400
telo, 1]

telo

sup |[v(., t)[|m(r) < +o0

1]

and €% ug € L2(R); €f7vy € L2(R), V3 > 0. Then e’*u € C([0, 1]; L2(R)); e’*v € C([0, 1]; L2(R)).

Proof. Let ¢, € C*°(R) be defined by

with

on(r) < e?fr

Examples.

1.45 - do E
12 E
0.95 .
n=0
T
3
eZBx
ePx
0 n 10n

Figure 1: These are sample figures for different values of n.

, for x<n

, for x>10n

e28§

2Bx

Bx

09 (@)] < B pulx)

j=2,3.

9,

10n

b4

n,  10n; ny

10n,

10n

Figure 2: This is a figure comparing two functions with different values of n.
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Let
Up + Upze + Uz 02 4 u (v7), = 0. (4.2)

Multiplying the equation (4.2) by w¢,, and integrating by parts we get

/uutcpndz+/uummcpnder/uuQOcpndij/u2(02)z¢ndz:0
R R R R

hence

1 d 1
u @ndz+/uummcpnder—/(u2)m02<pndx+/u2(02)zg0ndz:0.

Integrating by parts we obtain

1d 3 1
3% u <pndm+§/ @ndm——/Ru gog'dx+§/]R(u2)zv2<pndx

—/(2 vtpndx—/ u?v? @) de =0
R

d
u gandz+3/ igﬁ%dzf/u gazldx—/(u2)mv2<pndz

72/ u? v? @, dx = 0. (4.3)
R

then

Similarly, multiplying the equation
Vg + Ve + (U2 v+ v u% =0 (4.4)

by v, and integrating by parts, we obtain
d 2 7 " 27,2
pn v 2ondr+3 | viglde— | v de — [ u? (v?)s 0, da
R R R
-2 /R u?v? ¢!, dr = 0. (4.5)
Hence, from (4.3) and (4.5)

d
7 [u —l—v](pndx—i—S/[u + 2] @l dr — /[u2+v] " dx
R

- / [(u?)z v? + u? (v?)2] pndr — 4/ u?v? ¢l dr =0
R

R
then
d 2 1
pn [u + 2] ppdx + 3 [u + 02 ¢l de — [ [u? +v?] ¢! da
R
—/(u202)zapndm—4/u202<p;ldx:()
R R
hence,

dt

+/u202<p;ldx—4/u2v2<p;ldx:0
R R

[u +o ]gandz+3/[uiJrvi]cp;ldxf/[u2+v2]g0g’dz
R R
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then

d
—/[u2+v2]<pndx+3/[ui+v325]<p;dx—/[u2+v2]<p;;’dm
dt Jr R R

—3/u2v2g0;dac =0
R
hence,

d

— [u2+1)2]<pndas+3/[ui+v§]<p;ldx:/
R

[u? + v?] ga%der?)/uuvvga;dz

R

353/[U2+U2] ©n dz+3ﬂ/uuvv<pndx. (using (4.1))
R R

Using that ¢, > 0 and the Holder inequality

d
E/[“Q-i-?ﬂ](pndx < ﬁs/[UQ+U2](pndx+3ﬁ||u||Loo(R) ||v||Lw(R)/uv<pndac
R R R

< ﬁ3/[u2+v2] On da
R

1/2 1/2
38 ul e ol oer ( / w2 o dm) ( / 2 g dx)
R R

3
53/[u2+v2] @ndx+§ﬁ||u||Lx(R) ||’U||Loe(|R)/[U2+’U2] ©n dx
R R

IN

IN

3
54 5 Bl Iollco | 1+ %o do
then

d
— [ [+ ppdr < ¢y /[u2 + 0% o, da

where ¢ = 3% + 3 3 [[ul|p ) [[v]| > (®). Thus,

4 [+ 0%, da
Jplu? +v?] ¢y de

Integrating over ¢ € [0, 1] we have

b+ 02 g, da

ds <cit

0 f]R[“2 + v%] @y, da r=a

then
2 2 d
Ln [IIR[UJQ JFUQ] Pn x] <ot
fR[uo + vg] pn dz
hence
/[u2 + %] pdr < {/ [u2 + v2] o0 dgs:| ec1t
R R

thus

sup /[u2—|—1)2] on dr < [/[u%—i—vg] gondac] et < [/[u%—i—vg] 2P dg| e
tef0,1] JR R R
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Now, taking n — +o0o0 we obtain

sup /[u2+v2]6253dm§ [/[ug—i—vg] 2P dx| e
R R

telo, 1]
This way if
Sup u(-, Ollm@) <o ; Sup (-, Ol @) < +oo
and
eﬁIUOELQ(R) ; eBIUOELQ(R), V3>0
then
Prue (0, 1]; L2R)) ; €’%ve (o, 1]; L*(R))
with

3
a=p8+ 5 Bllullzee@xo, 1) 0llzoe @x[0, 1)-
We have the following extension to higher derivatives.

Lemma 4.2. Let j € N. Let (u, v) = (u(z, t), v(z, t)) be a solution of the coupled system equations
(P) such that

sup |Ju(., t)||gi+1 @) < +o0 ; sup |[o(., t)]| i+ (m) < +o0
telo, 1] t€0, 1]
and
eﬁ”’uo,...,eﬁlaiuoeLQ(R) ; eﬁmvo,...,eﬁ””@ivoeLQ(R), vV3>0
then
sup |[u()||ci-1r) < ¢j =cj(uo, c1) 5 sup [[v(@)||ci-1r) < ¢ = ¢j(vo, 1)
tefo, 1] t€[0,1]

with ¢1 = 32 + 5 B |ul| Lo (o, 1)) [[0]] 2o ®x[0,1)-
Lemma 4.3. If (u, v) € C3 ' (R?) x C3'(R?), then

X% ull sy < [1€X{0 + O3} ullpsrmmay 5 1€ 0l|Lsey < (1€ 7{0: + 03} vll /7 ey
for all X € R, with ¢ independent of .

Proof. Similar to those in [15].

Lemma 4.4. If (u, v) € C>1(R?) x C*1(R?), such that

suppu C[-M, M] x[0,1] ; suppv C[-M, M]x [0, 1] (4.6)

and
u(z, 0) =u(x, 1) =0 and wv(z, 0)=v(x, 1) =0, Vz eR, (4.7)

then
|2 ullps@xpoay < elle™ {0 + 3} ullpsrrmxio, 1)) (4.8)
X vl |Ls@xioy < elle™ {0 + 82} vll L7 @xo, 1)) (4.9)
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for all X € R, with ¢ independent of A.
Proof. Let ¢, € C§°(R) with

supp @ C [0, 1]
we(t)y=1 for te (e, 1—e¢),
0<@(t)<1 and |p.(t)] <c/e, c constant positive.

Example.

Let uc(z, t) = p(t) u(z, t), hence
supp ue(z, t) S supp @e(t) Nsupp u(z, t) C supp u(z, t) € [-M, M] x [0, 1].

Then, on one hand we have that

1A uel|ps 2y — 11X ullLs@xio, 1) as €10 (4.10)
and on the other hand,
{00+ 02} uc(, t) = {00 + 07} [we(t) ulw, )] = @e(t) {00 + 03} u+ @ (t) u. (4.11)
Hence,
lle(t) {00 + 02} ull s/ ey — [{0k + 07} ull o7 (a2
and
7/8
||g0/6(t)u||L8/7(R2) = //|g06 (z, t) |8/7dxdt]
R
7/8
= / / )7 Ju(z, t)|¥7 da dt (using (4.6))
7/8
= / / I ()37 |u(z, t) |8/7dzdt+/ / O |u(, t)|8/7dxdt]
1—e
7/8
< ¢ [/ / u(, t|8/7dxdt+/ / u(, t|8/7dxdt] . (4.12)
€
Defining

Glt) = /M lulz, )*dz
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then, by (4.7) we have that G(0) = G(1) = 0. G is continuous and differentiable with

G'(t) = % /_M lu(z, 1) dyu(z, t)sgn(u(z, t) de

hence, G'(t) is continuous,
'Ol <clt]  [G'(B)] <cll—t

and

€ 1
/ G(t)dt + G(t)dt < cé’.
0 1—e

Inserting (4.13) in (4.12) we have

1
L) ullomn < 210 as el
and (4.8) follows. Similarly, we obtain (4.9).
Lemma 4.5. Let (u, v) € C31(R x [0, 1]) x C>Y(R x [0, 1]). Suppose that

Z|8§u(m, t) < CgePlel ZW;U(I, < CgePlel teo, 1], VB >0,

<2 <2
and
u(z, 0) =u(z,1)=0 ; o(z,0)=v(z,1)=0, VreR.
Then
er ullLs@xio,y < colle* {0 + 8§}u||L8/7(R><[0,1])
le* ol psxo,1) < colle* {0 + 03} ]| Ls/7(Rx [0, 1))

for all A € R, with ¢y independent of A.

Proof. Let ¢ € C§°(R) be an even, nonincreasing function for x > 0 with

p(z) =1, |z[ <1,
supp ¢ C [-2, 2].

(4.13)

(4.14)

For each M we consider the sequence {¢n} in C§°(R) defined by ¢r(x) = ¢(47), then ¢y =1 in a
neighborhood of 0 and supp ¢y C [—M, M]. Let ups(x, t) = dar(x) u(x, t), then supp up C [—M, M| x

[0, 1]. Hence,

{0+ 03 upr(z, t) = {0+ 5} () u(z, t)]
= ¢ {0+ u(
= o {0+ u(zx, t)+ FEy + Ey + Fs

using Lemma 4.4 to ups(z, t) we get

A

e unrllps@xio, ) < clle™ {0 + 02 unllps/m@x o, 1)

IN

j=1

T, t) + 30,b0m 8§u + 38§¢M Oru + 8§¢M U

3
c|ler dar{0 + 92} ullps/m@mx o, 1)) + CZ 1e*” B Lo/ mxo, 1)

(4.17)

(4.18)
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We show that the terms involving the L8/"_norm of the error Ey, B> and E3 in (4.18) tend to zero as
M — oco.
We consider the case > 0 and A > 0. From (4.14) with 5 > X it follows that

1 p2M
x 7 x
1 Bl gy = 37 [ [ 16 0uus o2u
1 r2M | A 8/7
< c/ / d%u dx dt
o Ju | M
1 p2M
< c/ / BT/ Te=8B/T . i (4.19)
0o Jum
1M
= c// eT 7B NTardt -0 as M — oco. (4.20)
o Jum

Thus taking the limits as M — oo in (4.17) and using (4.19) we obtain (4.15). In a similar way we have
(4.17) and the Lemma 4.5 follows.

Lemma 4.6. Suppose that
(u, v) € C([0, 1]; HY(R)) N CY([0, 1]; H'(R)) x C([0, 1]; H'(R)) N C*([0, 1]; H'(R))

satisfies the system
{ Oru + O3u + 9, (uv?) = (x,t) e Rx [0, 1]

0
Ov + 930 + 9 (u?v) =0

with
supp u(z, 0) C (—o0, b] ; supp v(z, 0) C (—oo0, b].
Then for any (> 0,
Solodu(z, t) < e Y |v(a, 1) < e, for x>0, telo,1].
J<2 j<2

Proof. From Lemma 4.2.

Theorem 4.7. Suppose that (u(z, t), v(z, t)) is a sufficiently smooth solution of the dispersive cou-
pled system (P). If

supp u(., t;) € (—o0, b) and suppv(., t;) C (—oo, b), ji=1,2.
or
supp u(., t;) € (a, 00) and suppv(., t;) C (a, 00), ji=1,2.
then
u(z, t) =0 and v(z, t) =0.
Proof. Without loss of generality we assume that t; =0 and t2 = 1. Thus,
supp u( ., 0), supp u(., 1) € (=00, b) ; suppv(.,0), supp v(., 1) C (—o0, b).
We will show that there exists a large number R > 0 such that

supp u(., t) € (—oo, 2R] ; suppo(.,t) C (—o0, 2R], Vtel0,1].

EJQTDE, 2005, No. 14, p. 19



Then the result will follow from Theorem 3.7.

Let p € C§°(R) be a nondecreasing function such that

0 , <1
plx) =4 > 9

) -

and 0 < p(z) <1, Vo € R. For each R # 0 we define pg(z) = p (%), i e,

0 , <R
PR(T) =9 4 £>2R.

Let ugr(z, t) = pur(z)u(z, t), then ugr(z, t) € Cg°(R), since (uru) € C*°(R) and moreover

supp ug = supp (ur u) C supp pig Nsupp u C Supp fig.
From the above inequality we have that supp ur C (—oo, 2 R]. Using that u(v respectively) is a suffi-
ciently smooth function (see [19]) and Lemma 4.6 we can apply Lemma 4.5 to ug(z, t) for R sufficiently
larger. Thus
{0y + 2} pr-u] = pp{Ow+03u} +30.ur - 0u+30%uR - Oxu+ 02up - u

= —pr{0wu-v? +ud,(v*)} + 30upr - 0Pu +30%uR - Opu + 2R - u

= —pr-Vi-v+30uur-0*u+30%ur-0pu+02ur-u

= —pr-Vi-v+Fi+F+F;

= —ugr-Vi-v+Fg (4.21)
where Vi (x, t) = Oyu - v+ 2u - 9yv. The similar form

{0: +2}prv = —pp-Vo-u+30.pur- 020 +302up - 0pv + 02pug - v
= —upgr-Ve-u+ Hy + Hy+ Hj

where Va(x, t) = O,v - u+ 2v - Oyu. Then, by using Lemma 4.5
1A ur - ulls@xio)y < colle {0 + 83} g - ullps/r o, 1)
< ¢ ||e)‘z ur-Vi-v+ e)‘zFR||LS/7(RX[07 1)) (using (4.21))
< colle pr - Vi vllpsirrxio 1)) + Colle Frllpsmmxqo,1y  (4.23)

We estimate the term [|e*® pg - Vi - 0||ps/7®x [0, 1])-

1
1€ ur - Vi ollpsr@xgo,) = (/ /IemumVrvIg”dzdt)

8/7
’\IMR-U . V1|8/7d:1:dt)

1 1/7 6/7
/ / e )‘IMR-U|8da:] [/ V7 |3/6 dm] dt
0 >R >R
1y 1/7 6/7 /8
/ e )\I[LR'U|8d17:| {/ vy [*/3 dz] dt
>R >R
1 1/7 6/7 7/8
/ / le* g - v)® dz] {/ [V [4/3 dz] dt
0 @>R
1/8 1
/ A g - v|8dzdt) </ / vy |43 dzdt)
>R

pr - VlLs@x(o,17) 1VillLass(fa> ryxj0,1))

8/7

7/8

IN

S—

3/4

(1)
<
g
<
U

= lle*pn
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then

colle*® pwr - Vi - vllpsirrxpo ) < colle” wr - vllLs@xio, 1) VAl nass(qusryx(o,1))- (4.24)

We define Vi (z, t) = Opu-v+2u-9yv € LI(R x [0, 1]) with g € [0, 00). Now, we fix R so large such that

1
c|VallLarsqe>ryx0,1]) < 3
then
Az 1 Az
clle*® pr - Vi -vllps/mmxo, 1)) < 5 |le** pur - vl|Ls®x[o, 1))
this way
Az 1 Az Az
1€ ur - vllos@xio, ) < 5 11677 ur - vllzs@xo, 0y +clle™® FrllLs/m@x(o, 1)
hence
1 Az Az
B e pr - vl|Lswxio, 1) < clle™™ Frllps/7@x(o,1))
thus
2 ur - vl Ls@xpo, 1)) < 2¢ e} FrllLs/mexo, 1) (4.25)

To estimate the Fg term it suffices to consider one of the terms in Fg, say Fb, since the proofs for Fy,
and F3, are similar. We have that

Fr = Fi+F+F;
= 38$MR-8§u+38§,uR-(’)mu—f—ag/m-u

and supp F;, C [R, 2R], i =1, 2, 3. We estimate F5.

1 7/8
20||€/\IF2||L8/7(R><[071]) = 2c (/ |€>\IF2|8/7 dl‘dt)
0 IR

1 2R /8
c // 132 02 g - Opu|® T da dt
o JR
2R
— (// e 02 - 8u|8/7dxdt>
2R
< // 67/\I|8uzt|8/7dzdt>

Then

/8

2R
20||6/\1F2||L8/7(]R><[0,1]) < 2ie2)‘R </ / |Ozu(z, t) |8/7dzdt> . (4.26)

On the other hand,

1
||€)‘IMR “ul|Ls®x [0, 1)) > (/ / eSre lu(z, t)[® dxdt)
0 Jx>2R
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then

1/8

1
(/ / eSAT |u(z, 1f)|8 dx dt) < ||e’\””,uR “ul| s (Rx[0, 1)
0 x>2R

2¢l|e* Frll s/ (rxo, 1))

. 1 2R /8
< 2—262/\R / / |8pu(x, )| da dt
R 0 JR

IN

hence,

1 1/8 1 2R /8
(/ / A u(z, t)[8 da dt> <c¢p / / |8, u(x, )37 d dt .
0 Je>2R o JR

This way we have

1/8

1
<// 68>‘””|u(gs,t)|8dzdt) < €M g - ullLs @i, 1))

0 r>2R
20||6/\zF2||L8/7(R><[0,1]) (using (4.25))

c 1 2R /8
2= 2 R / / |0pu(z, t)|*7 da dt (using (4.26))
R o Jr

IN

then

1 1/8 c 1 2R /8
(/ / BAE2R) 1y (1 ) dx dt) <2— / / \9pu(z, )% dx dt
0 Jaz>2R R o JR
letting A — oo it follows that

u(z, t)

0 for x> 2R, t €0, 1]
and in a similar way we obtain that

v(z, t)

0 for x> 2R, t €0, 1]

which yields the proof.

Acknowledgement. The authors want to thank Prof. Carlos Picarte (Universidad del Bio-Bio) for
his valuable help in the typesetting of this paper.

References

[1] M Ablowitz, D. Kaup, A. Newell, H. Segur, Nonlinear evolution equations of physical significance,
Phys. Rev. Lett. 31 (2)(1973) 125-127.

[2] E. Alarcén, J. Angulo, J. F. Montenegro, Stability and instability of solitary waves for a nonlinear
dispersive system, Nonlinear Analysis, 36(1999) 1015-1035.

[3] J. Angulo, F. Linares, Global existence of solutions of a nonlinear dispersive model, J. Math. Anal.
Appl. 195(1995) 797-808.

[4] J. Bona, G. Ponce, J-C. Saut,M. M. Tom, A model system for strong interaction between internal
solitary waves, Commun,. Math. Phys. 142(1992) 287-313.

[5] J. Bona, R. Smith, The initial value problem for the Korteweg-de Vries equation, Philos. Trans. Roy.
Soc. London, A278(1975) 555-604.

EJQTDE, 2005, No. 14, p. 22



[6] J. Bourgain, On the compactness of the support of solutions of dispersive equations, Internat. Math.
Res. Notices 9(1997) 437-447.

[7] T. Carleman, Sur les systemes linéaires aux dérivées partielles du premier ordre a deux variables, C.
R. Acad. Sci. Paris, 197(1933) 471-474.

[8] J. Gear, R. Grimshaw, Weak and strong interactions between internal solitary waves equation, Stud.
Appl. Math. 70(1984) 235-258.

[9] J Ginibre, Y. Tsutsumi, Uniqueness of solutions for the generalized Korteweg-de Vries equation, SIAM
J. Math. Anal, 20(1989) 1388-1425.

[10] L. Hormander, Linear Partial Differential Operators, Springer.Verlag, Berlin/Heidelberg/New York,
1969.

[11] T. Kato, On the cauchy problem for the (generalized) Korteweg-de Vries equation, Advances in Math-
ematics Supplementary Studies in Applied Math. 8(1983) 93-128.

[12] C. E. Kenig, G. Ponce, L. Vega, Oscillatory integrals and regularity of dispersive equations, Indiana
University Math. J. 40(1991) 33-69.

[13] C. E. Kenig, G. Ponce, L. Vega, Well-posedness and scattering results for the generalized Korteweg-de
Vries equation via the contraction principle, Comm. Pure Appl. Math. 46(1993) 527-620.

[14] C. E. Kenig, G. Ponce, L. Vega, Higher-order nonlinear dispersive equations, Proc. Amer. Math.
Soc. 122(1994) 157-166.

[15] C. E. Kenig, G. Ponce, L. Vega, On the support of solutions to the generalized KdV equation, Analise
non linéare 19(1992) 191-208.

[16] C. E. Kenig, A. Ruiz, C. Sogge, Uniform Sobolev inequalities and unique continuation for second
order constant coefficient differential operators, Duke Math. J. 55(1987) 329-347.

[17] C. E. Kenig, C. Sogge, A note on unique continuation for Schrodinger’s operator, Proc. Amer. Math.
Soc. 103(1988) 543-546.

[18] V. Komornik, V. D. L. Russell, B.-Y. Zhang, Control and stabilization of the Korteweg-de Vries
equation on a periodic domain, J. Differential Equations, to appear.

[19] F. Linares, M. Panthee, On the Cauchy problem for a coupled system of KdV equation, Communi-
cations on Pure and Applied Analysis (2003) 417-431.

[20] S. Mizohata, Unicité du prolongement des solutions pour quelques opérateurs différentiels paraboliques,
Mem. Coll. Sci. Univ. Kyoto A31(1958) 219-239.

[21] L. Nirenberg, Uniqueness of Cauchy problems for differential equations with constant leading coeffi-
cient, Comm. Pure Appl. Math. 10(1957) 89-105.

[22] J. Peetre, Espaces d’interpolation et théoréme de Sobolev, Ann. Inst. Fourier, 16(1966) 279-317.
[23] L. Robbiano, Théoréme d’unicité adapté au contrdle des solutions des problemes hyperboliques,
Comm. PDE 16(1991) 789-800.

[24] J-C. Saut, B. Scheurer, Unique continuation for some evolution equations, J. Diff. Eqs. 66(1987)
118-139.

[25] J-C. Saut, R. Temam, Remark on the Korteweg-de Vries equation, Israel J. Math. 24(1976) 78-87.
26] M. Schechter, B. Simon, Unique continuation for Schrodinger o perators with unbounded potentials,
J. Math. Anal. Appl. 77(1980) 482-492.

[27] T. Schombek, Uniqueness for a non-linear heat equation, Math. Comput. Modelling 18(1993) 65-77.
[28] R. Temam, Sur un probleme non linéaire, J. Math. Pures Appl. 48(1969) 157-172.

[29] O. Vera, Gain of regularity for a coupled system of K-dV equations, Ph. D. Thesis, U.F.R.J.
Brasil(2001).

[30] O. Vera, Gain of regularity for a generalized coupled system of K-dV equations, Ph. D. Thesis,
U.F.R.J. Brasil(2001).

[31] B.-Y. Zhang, Hardy function and unique continuation for evolution equations, J. Math. Anal. Appl.
178 (1993) 381-403.

[32] B.-Y. Zhang, Unique continuation for the Korteweg-de Vries equation, STAM J. Math. Anal. 23,
55-71.

(Received September 28, 2004)

EJQTDE, 2005, No. 14, p. 23



