Electronic Journal of Qualitative Theory of Differential Equations
2013, No. 63, 1-12; http://www.math.u-szeged.hu/ejqtde/

Multiple solutions to a class of inclusion problems with operator
involving p(x)-Laplacian

Qingmei Zhou*

Library, Northeast Forestry University, Harbin, 150040, P. R. China

Abstract: In this paper, we prove the existence of at least two nontrivial solutions for a non-
linear elliptic problem involving p(x)-Laplacian-like operator and nonsmooth potentials. Our
approach is variational and it is based on the nonsmooth critical point theory for locally Lipschitz

functions.
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81 Introduction

In this paper we are concerned with the following Dirichlet-type differential inclusion prob-

lems

I+ Vur@
u =0, on 0f,

where Q C RY is a bounded domain, A > 0 is a real number, p(x) € C(Q), 1 < p~ < p(z) < +o0
and F': Q x R — R is a locally Lipschitz with respect to the second variable (in general it can

—div ((1 + IVup(m))|Vu|p(””)2Vu) € M0F(z,u), a.e. in €, P)

be nonsmooth), and OF (z,t) is the subdifferential with respect to the t-variable in the sense of
Clarke [1].

Parabolic and elliptic problems with variable exponents have attracted in recent years a
lot of interest of mathematicians around the world. For example, [2-14] and the references

therein. The wide study of such kind of problems is motivated by various applications related
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to electrorheological fluids (an important class of non-Newtonian fluids) [2, 15, 16], image
processing [17], elasticity [18], and also mathematical biology [19].

In a recent paper [20], by using the nonsmooth three critical points theorem and assuming
suitable conditions for nonsmooth potential F', we proved the existence of three solutions of
(P). In this paper our goal is to prove the existence of at least two solutions for the problem
(P) as the parameter A > Ay for some constant Ag.

Next, we assume that F(z,t) satisfies the following general conditions:

(f1)  |w] < e+ eot|* ™71 for almost all z € Q, all t € R and w € OF (x,t);
(f2) There existy € C(Q) with p™ < y(z) < p*(z) and u € L*°(f), such that

. (w, 1)
lim su
0 (@

uniformly for almost all x € Q and all w € 0F (z, t);

< p(),

(f3) There exist tg > 19 > 0and 2o € Q such that
F(z,tg) > 0o > 0,a.e. © € By, (x0),
where By (zg) :={z € Q: |z —zo| <ro} C Q.

The paper is organized as follows. We first introduce some basic preliminary results and a
well-known lemma in Section 2, including the variable exponent Lebesgue and Sobolev spaces.
In Section 3, we give the main result and its proof. In Section 4, we give the summary of this
paper.

82 Preliminaries

In this part, we introduce some definitions and results which will be used in the next section.
Firstly, we introduce some theories of Lebesgue—Sobolev space with variable exponent. The
detailed description can be found in [21-24].
Write o o -
Ci(Q)={heC(Q):h(z)>1 forany x € Q},
h™ =minh(z), h" =maxp(z) for any h € C ().
zeQ zeQ
Obviously, 1 < h~ < ht < 400.
Denote by U (€2) the set of all measurable real functions defined on 2. Two functions in
U(Q) are considered to be one element of (f2), when they are equal almost everywhere.

For p € C4(Q), define
D0(@) = {weU(® : [ Ju(@)P e < +o0).
with the norm \u|Lp<m>(Q) = |up(zy =inf{A > 0: fsg |$|p(r)dm <1}, and
WP@(Q) = {u e LP@(Q) : |Vu| € LP@(Q)}
with the norm [[ul| = [[ullw1.re) (@) = [Ulp@) + [ VUlp)-
Denote Wol’p(z)(Q) as the closure of C§°(Q) in WP®)(Q).
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Hereafter, let

Np(x)
() = 4 N pla) p(z) <N,
+ o0, p(z) > N.

We remember that the variable exponent Lebesgue spaces are separable and reflexive Banach
spaces. Denote by L1(*)(Q) the conjugate Lebesgue space of LP(*)(Q) with ﬁ + ﬁ =1, then
the Hoélder type inequality

Jo luvldz < (p% + q%)|u|LP(1‘)(Q)|U|L‘1(’”)(SZ)’ ue LX) (Q),v e L1)(Q)
holds. Furthermore, define mapping p : LP(*)(Q) — R by

pu) = /Q () P i,

then the following relations hold

- +
| U |py> 1= [ulp ) < p(u) < Jul? ),

N -
| p@<1= |u\§(w) < plu) < |u\§(z).
Proposition 2.1 [21] If ¢ € C(Q) and ¢(z) < p*(x) for any = € Q, then the embedding
from W1HPE)(Q) to L) (Q) is compact and continuous.

Consider the following function:

J(u)=/i IVulP@) 4 (/1 4 [Vul2e@) ) de,u € Wy "™ (Q).
o p(z)

We know that (sce [1]), J € CH (WP (Q),R). If we denote A= J' : WP\ (Q) — (WP ()",
then

z)—2 |Vu|?P() =2
(A(u),v) :/Q <|Vu|l)( )2 4 \/W) (Vu, Vo)pndz,
for all u,v € Wy (Q).

Proposition 2.2 [24] Set X = Wol’p(x)(Q), A is as above, then

(1) A: X — X* is a convex, bounded and strictly monotone operator;

(2) A: X — X* is a mapping of type (S)4, i.e., un — uin X and lim sup(A(u,), u, —u) <0,
implies u,, — u in X; e

(3) A: X — X* is a homeomorphism.

Let X be a Banach space and X* be its topological dual space and we denote (-,-) as the
duality bracket for pair (X*, X). A function ¢ : X — R is said to be locally Lipschitz, if for
every x € X, we can find a neighbourhood U of z and a constant k > 0 (depending on U), such
that [p(y) — @(2)| < klly — ]|, Vy,z € U.

For a locally Lipschitz function ¢ : X — R, we define

©%(z;h) = limsup Pz’ + Ah) - cp(x’).
&' =z AL0 A

It is obvious that the function h + °(z;h) is sublinear, continuous and so is the support

function of a nonempty, convex and w*-compact set dp(z) C X*, defined by
Op(x) = {x* € X*;(x*,h) < @°(z;h), Vh € X}.
The multifunction d¢ : X — 2% is called the generalized subdifferential of (.
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If ¢ is also convex, then d¢(x) coincides with subdifferential in the sense of convex analysis,

defined by
Oop(x) ={a" € X" : (",h) < p(x+h)—¢(z) in he X}

If p € CY(X), then dp(z) = {¢'(z)}.

A point x € X is a critical point of ¢, if 0 € dp(z). It is easily seen that, if z € X is a local
minimum of ¢, then 0 € dp(z).

A locally Lipschitz function ¢ : X — R satisfies the nonsmooth C-condition at level ¢ €
R(the nonsmooth C-condition for short), if for every sequence {z, },>1 C X, such that ¢(z,) —
c and (14 ||zn|)m(x,) — 0, as n — +o0, there is a strongly convergent subsequence, where
m(zn) = {||x*||« : * € dp(z,)}. If this condition is satisfied at every level ¢ € R, then we say
that ¢ satisfies the nonsmooth C-condition.

Finally, in order to prove our result in the next section, we introduce the following lemma:

Lemma 2.1 [25] Let ¢ : X — R be locally Lipschitz function and zg,2; € X. If there
exists a bounded open neighbourhood U of z, such that x; € X\U, max{p(zo), ¢(z1)} < ianUf ®

and ¢ satisfies the nonsmooth C-condition at level ¢, where ¢ = in%’_ In[ax]ga(’y(t)), T={v ¢
YETtE[0,1

C([0,1]; X) : v(0) = zg,v(1) = 21}, then ¢ is a critical value of ¢ and ¢ > ianUf ©.
83 The main results and proof of the theorem

In this part, we will prove that for (P) there also exist two weak solutions for the general
case.

Our hypotheses on nonsmooth potential F'(z,t) are as follows.
H(F): F: Q2 x R — R is a function such that F(z,0) = 0 a.e. on {2 and satisfies the following
facts:

(1) for all t € R, x — F(x,t) is measurable;

(2) for almost all x € Q, ¢ — F(z,t) is locally Lipschitz.

We consider the energy function ¢ : Wy ?™)(Q) — R for the problem (P), defined by

go(u):/ b [VulP® 4 /1 + |Vu|2p(@) dx—)\/F(m,u(m))dmﬁueWol’p(x)(ﬂ).
Qp(fﬂ) Q

Lemma 3.1. Assume H(F) and (f;). Then ¢ is locally Lipschitz in Wy "™ (Q).
Proof: By J € Cl(Wol’p(x)(Q), R), we have
J(ur) = J(ug) = J (@) - (ur = up),

where @ = tuy + (1 — t)ug, t € (0,1).

Let By ={x € X : ||u— uoHW&,pm <r}

Note that B, is w-compact. Then we obtain that there exists a positive constant M, such
that ||J' (@)l 1.0ty () < M, for sufficiently small r.

Therefore, for any uy,us € B,., we have

[T (ur) = J(uz)] =|J (@) - (w1 — us)|
<I @lw 10 @ llur = uzlly1ee

<Mljuy — U2||W01,p<z).
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On the other hand, by (f1) and Lebourg’s mean value theorem we have

|F(z,u1) — F(z,u2)| < e1]ur —uo| + 02|ﬂ|a(z)_1|u1 — Ug).

Hence,
F(x,uy)dx — / F(x,ug)dx
Q Q
§01/ |lug — us|dz + 62/ @@ uy — ug|dx
Q Q
<ealur — Uala(a) + call@ @) lur — uzla),
where ﬁ + ﬁ =1

It is immediate that
s <cale”, (o > 1
Q Q | Gy Sl e <1
is bounded.
So,

< eslur — uzla@) < cflur — ul,

/QF(x,ul)dac—/QF(x,uQ)dx

since Wol’p(z)(Q) — L*®)(Q) is a compact embedding.
Therefore, ¢ is locally Lipschitz.
Theorem 3.1. If H(j), (f1), (f2), (f3) hold and a® < p~, then there exists A9 > 0 such

that for each A > Ao, problem (P) has at least two nontrivial solutions.

Proof: The proof is divided into five steps as follows.

Step 1. We will show that ¢ is coercive in the step.

Firstly, on account of (f1), we have

|F(x,t)] < ealt] + calt|*), (1)

for almost all x € 2 and ¢t € R.

Since 1 < a(z) < at < p~ < p*(x), Ol’p(x)(Q) < L@ (Q), then there exists cg > 0 such
that

[ulag) < collull, we Wo ™ ().

Therefore, for any |u[q(y) > 1 and |Jul| > 1, we have
[ e <l < 6l @

In view of (1), (2), the Hélder inequality and the Sobolev embedding theorem, we have

o(u) :/Q ]ﬁ (|Vu|P<w> +4/1+ |Vu|2p<w>) dx — )\/QF(x,u)dx

2
Z—Jr/ |Vu|p(m)dx—)\c1/ |u\dac—/\(:gcg‘+Hu||°‘+
P Ja Q

2 - + +
2 g llll” = 2xen oy ulaa) = Acacs [lul®

2 - + +
ZEHUHP — 2Xc166] 1 () |Jull = Acacg [|ul|* — oo, as [Jul| — oo.

Step 2. We will show that the ¢ is weakly lower semi-continuous.
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Let u, — u weakly in WO1 P (I)(Q), by Proposition 2.1, we obtain the following results:
Wo P (Q) = LP@)(Q);
Uy, — u in LP®)(Q);
uy, — u for a.e. z € Q;
F(z,up(z)) = F(x,u(x)) for a.e. z € Q.
Applying the Fatou Lemma, we have
lim sup/QF(a:,un(x))dx < | F(z,u(x))dx.

n—oo Q

Thus,

1
lim inf @(u,) = / — <|Vun|p(m) +4/1+ |Vun|21’(z)> dx — )\limsup/ F(x,u,)dzx
nreo o () Q

n—oo

> / L <|Vup(m) +4/1+ |Vu|2?’(’”)> dr — /\/ F(x,u)dx = @(u).
o p(z) Q

Hence, by the Weierstrass Theorem, we deduce that there exists a global minimizer uy €
Wol"p(r) (€2) such that

p(ug) = min = o(u).
wewy P (@)

Step 3. We will show that there exists A\g > 0 such that for each A > A\g, p(up) < 0.

In view of condition (f3), there exists to € R such that F(z,tg) > dp > 0, a.e. & € B,,(20)-

It is clear that

0< My = o (el + ol cal] + ol < o
t<|&o

o= () 0= ()

3K (t)(1—tN)
max ,
teft, ta] 0ot — My (1 —tN)
where typ < t; < to < 1 and 4y is given in the condition (f3). A direct calculation shows that
the function ¢ — dot™ — M; (1 — tV) is positive whenever ¢t > to and Sot)) — M;(1 —t)) = 0.
Thus Ag is well defined and Ag > 0.

Now we denote .

and

Ao =

Next, we will show that for each A > A, the problem (P) has two nontrivial solutions. In
order to do this, for ¢ € [t1, 2], we define

0, if z € Q\ By, (o),
ft(l’) _ ) to, ifx e Btro (.’L‘Q),
t .
Wo—t)(ro — |z —x0|), ifx € B, (20)\Bry (x0).
Hypotheses (f;) and (f3) imply that
[FPasnis= [ Feg@isr [ Flo,&(2))da
Q Biry (o) By (20)\Btrq (20)

ZriévtNéo — Mi(1 - tN)riéV

=wnrd (ot — My (1 —t)).
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Thus, for t € [t1, ta],

oe) = [ (|vgt|p<w> v |v<“t|2p<z>) s = [ Plagla)ds

3
<3 / Ve dr — dwyrd (S0t — My (1 — V)
D JB.y(20)\Biry (z0)

to
<B|l———
- [7’0(1 —t)
=wnrd [BK()(1 — V) — A(Sot™ — My (1 — )],

which implies that ¢(n;) < 0 whenever A > Ag.

P wnrd (1= V) = Moy (5ot — My (1 — V)

Step 4. We will check the C-condition in the following.

Let {un}n>1 C Wol’p(x)(Q) be a sequence such that p(u,) — ¢ and (1 + |Ju,|)m(u,) — 0
as n — oo.

Moreover, since ¢ is coercive, it follows that {w,},>1 is bounded in Wol’p(z)(ﬂ). Hence by
passing to a subsequence if necessary, we may assume that u,, — u weakly in WO1 P (z)(Q). Next
we will prove that u, — u in W™ (Q) as n — .

Since Wo*™) () is embedded compactly in LP(*)(Q), we obtain that u, — u in LP()(Q).

*

Moreover, since ||u}

[« — 0, we get |{ul,un)| < e .
Note that u} = A(u,) — w,, we have
(A(up), uy — u) — fQ wy, (U, —u)de < g,,Yn > 1.
Moreover, [, wy,(u, — w)dz — 0 , since u, — u in LP@(Q) and {w,}n>1 in LP'@)(Q) are
bounded, where p(lT) + ﬁ = 1. Therefore,
lim sup(A(uy,), un, — u) < 0.

n—oo
So using Proposition 2.2, we have u, — u as n — oo. Thus ¢ satisfies the nonsmooth C-

condition.

Step 5. We will show that there exists another nontrivial weak solution of problem (P).

From Lebourg’s Mean Value Theorem, we obtain

F(x,t) — F(z,0) = (w, t)
for some w € F (x,9t) and 0 < ¥ < 1. Thus, hypothesis (f2) implies that there exists § € (0, 1)
such that
|F(z,t)] < [(w, t)] < p(@)[t"®, V|t| < B and ae. z € Q. (3)
It follows from the conditions (f1) and 1 < o~ < a™ <p~ <pT™ < y(z) < p*(x) that for all

[t| > 8 and a.e. = € 0,
co

|F(a, )] <eult] + —2<[¢]*)

a(z)
<er|t] + coft|*)

! 2 ()
< <ﬂ7(w)l + 57(90)04(:10)) e

C1 C2 -
< (ﬁ’v*—l + gv*—a> |t‘7( )’
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this together with (3) yields that for all ¢ € R and a.e. z € Q,

c1 c2 . .
POl < (o) + o + 322 W) < el ),

for some positive constant cs.

Note that p™ < y(x) < p*(x), then by Proposition 2.1 we have the continuous embeddings
Wol’p(r)(Q) < L7(*)(Q). That is, there exists ¢4 such that

July (@) < callull, Yu € Wy P@ ().

For all A > X, [lul| <1 and |u|,(g) < 1, we have

ﬂm/:LQWM@+1+WWWO®7A/FmMmM
o () Q
1
2/ —\Vu|p(x)dm—)\03/ Ju(z)|" @ da
o p(z) Q

>l — eac] "
Therefore, for p > 0 small enough, there exists a v > 0 such that
o) > v, for ull = p
and |lug|| > p. So by the Nonsmooth Mountain Pass Theorem (cf. Lemma 2.1), we can get
up € Wol’p(m)(Q) satisfies
o(uy) =c¢>0and m(uy) =0.
So, uy is another nontrivial critical point of ¢.

Remark 3.1. The result in this paper is different from the one in [20] since the assumption
on the nonsmooth potential function F is different. In fact, our conditions (f1)—(f3) are weaker
than conditions (hy)-(hg) in [20]. For example, we can find a nonsmooth potential function
satisfying the hypothesis of our Theorem 3.1. But the function does not satisfy conditions
Theorem 3.1 of Zhou and Ge [20]. For more details, please see (2) in the Summary.

So far the results involved potential functions exhibiting p(z)-sublinearity. The next theorem
concerns problems where the potential function is p(x)-superlinear.

Theorem 3.2. Let us suppose that H(F), (f1), (f2), (f3) hold a~ > p™ and the following
condition (f4) hold,

(f4) For almost all z € 2 and all t € R, we have
F(x,t) < v(x) with v € LF@)(Q), 1 < B(x) <p~.

Then there exists a A\g > 0 such that for each A > Ao, the problem (P) has at least two

nontrivial solutions.

Proof: The steps are similar to those of Theorem 3.1. In fact, we only need to modify Step
1 and Step 4 as follows: (1’) Show that ¢ is coercive under the condition (f4); (4') Show that
there exists a second nontrivial solution under the conditions (f;) and (f2). Then from Steps

(1"), 2, 3 and (4’) above, the problem (P) has at least two nontrivial solutions.
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Step 1’. Due to the assumption (fy), for all u € Wol’p(m)(Q), lu]] > 1, we have

o(u) :/Q ﬁ (|Vu|p(m) Iy |Vu|2p(””)> dz — )\/QF(x,u(x))dx

1 _
>—|lull” - )\/ v(z)dx — oo, as |ju|| = oco.
p Q

Step 4’. By hypothesis (f;) and the mean value theorem for locally Lipschitz functions, we
have
F(x,t) <erlt] + coft| )
t
Scl‘7|a(m)fl|t| —|—Cg‘t|a(z)
B
1
B
265‘“&(1)
for a.e. x € Q, all |t| > 8 with ¢5 > 0.
Combining (3) and (4), it follows that
|F(2,t)] < () [e]7) + e5[¢*

:Cl‘ |a+71|t|a(z)+62|t|a(z)

for a.e. x € Q and all t € R.
Thus, for all A > Ao, [Jul| <1, [ulym) <1 and |ulqm) < 1, we have

o(u) :/ 1 <|Vulp(z) +4/14+ IVu|2p(z)> dx — A/ F(z,u(z))dz
Q p(ﬂf) o
1
Zj |UHP+ — )\/ M(aj)|u|’Y(m)dm _ )\05/ |U‘a(m)d$
p Q 0

1 + - -
ZFlull” = Acsul™ = Aerul®
So, for p > 0 small enough, there exists a v > 0 such that
o(u) > v, for |[ul] = p
and |luo|| > p. Arguing as in proof of Step 4 of Theorem 3.1, we conclude that ¢ satisfies the

nonsmooth C-condition. Furthermore, by the Nonsmooth Mountain Pass Theorem (cf. Lemma
2.1), we can conclude that u; € Wy ™) (Q) satisfies

o(uy) =c>0and m(uy) =0.
So, u; is second nontrivial critical point of ¢.

Remark 3.2. We shall give an example in (3) in the Summary.
84 Summary

(1) f F: QxR — R satisfies the Carathéodory condition, then 0F(x,t) = {f(z,t)}.
Therefore by Theorem 3.1 we can show the existence of two weak solutions of the following

Dirichlet problem involving the p(z)-Laplacian-like

p(z)
— div ((1 + |V“|)|vu|p<w>2vu> = A\f(z,u), inQ,

V1+ [Vu|?r@)

u =0, on 0N.

(P2)
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In [24], Manuela Rodrigues was able to prove that, under suitable conditions, the problem (Ps)

might have at least one solution, or have infinite number of solutions.
(2) We give an example in the following to illustate our viewpoint in Remark 3.1. Let
p~ >max {a™, 07} and consider the following nonsmooth locally Lipschitz function:
(@), 0<t<l,
_ (_t)v(w)7 0>t>-—1,
max{[t — 1/7@ |t —1]*@Y 41, ¢ >1,
max{|t +1|°@ |t + 1]°®} —1, ¢ < -1,
where inf (a(z) — 60(x)) > 0,0~ >1and 7 <™.

F(z,t) =

zeQ
We can choose g(x) = v(x), then lim sup M = —1 and limsup F(z,t) = 1 uniformly
o[£ wo  [H9)
a.e. T € Q.
Obviously, t — F(z,t) is locally Lipschitz. Then
'y(x)t“*(””)*l 0<t<1,
y(z)(—t)Y @1, -1<t<0,
O(z)(t —1)°@ L, 1<t<?2,
—O(z)(—t—1)P@1 1 1<t < -1,
OF (z,t) = a(z)(t — 1)@ -1 t>2,
—afz)(—t—1)@1 <9
0,7(2)), t= 1,
[0(x), a()], t=2,
[—a(z), —0(z)], t=-2,
Hence, for any w € 0F (z,t), we have
~y(x )ta(a:)fltv(w)fa(ﬂc) < ,y+|t|a(a:)717 0<t<l,
y(z)(—t )a(:v Y(—t )w(m)fa(r) < 7+‘t|a(z)fl’ —1<t<0,
0(z)(t —1)°@ =1 < g+ < gF[g[@) 1, 1<t<?2,
o] < 0(z)(—t —1)?@~1 < gt < gFjpja@ -1, —2<t< 1,
| a(z)(t — 1)@ < gFppe@-t t>2,
afz)(—t — 1)@ =1 < g F[go@—1 t< -2,
[0,7(2)] <+ t=+1,
[0(z), a(x)] < oﬁ', t=+2.
Therefore,
lw| < (v+ + oﬁ) + (yF +at +0H)|te@ -1 vu € OF (x,t),
lintllsoup e = lim 1087 — (z) and
i sup A2y )

10
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uniformly for almost all z € Q and all w € 9j(x,t).
(3) We can find the following nonsmooth, locally Lipschitz function satisfying the conditions

stated in Theorem 3.2:

—sin(§[t]@), i <1
F(x,t) = 1
2]t]
It is clear that F(x,0) = 0 for a.e. x € €, thus hypotheses H(F) is satisfied. A direct

, [t] > 1,

verification shows that conditions (f3) and (f4) are satisfied. Note that

{—Zy(z)t" ") eos( 27 (™))}, 0=t<l,

(37(@) (=@ eos(3 (<)}, —1<t<0,

[727%,0]7 t= 1’
aF(.’I},t) = _3

0.273], t=-1

{_(Qt)_%}? t>1,

{(—2t)7%}, t<—1,

So, for any w € OF(x,t), we have
1
fwl < (GA(@) + )P,

—Zy(2)t" @~ Ytcos(Zt7@))

. ™

ltli(r)l t”/(w) - _Z,Y(‘r)a

i Tv(@) (=) eos(F (—1))) 7 (
e @ =3

which shows that assumptions (f1) and (f2) are fulfilled.

(1]
2]
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