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Abstract. We study limit periodic and almost periodic homogeneous linear difference
systems. The coefficient matrices of the considered systems are taken from a given
commutative group. We mention a condition on the group which ensures that, by
arbitrarily small changes, the considered systems can be transformed to new systems,
which do not possess any almost periodic solution other than the trivial one. The
elements of the coefficient matrices are taken from an infinite field with an absolute
value.
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1 Introduction

In this paper, for a commutative group X of square matrices over a field, we analyse the
homogeneous linear difference systems

Xkp1 = AxXg, kezZ, (1.1)

where {A;}kez € X. We consider the case, when the sequence { A }xez is limit periodic or
almost periodic. We continue in the research based on the results of papers [8, 9, 18, 22, 24].

In [18] (see also [16]), the unitary systems of the form (1.1) are considered. One of the
main results of [18] says that the systems with non-almost periodic solutions form a dense
subset of the space of all unitary systems. If one is interested in orthogonal difference systems
and skew-Hermitian and skew-symmetric differential systems, the corresponding result can
be found in [19], [21], and [23], respectively. Concerning almost periodic solutions of these
systems, we refer to [12, 13, 17] as well.

In [8, 22], general almost periodic systems (1.1) are examined. There are found groups of
matrices such that the homogeneous linear difference systems without any non-trivial almost
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periodic solution form a dense subset of the set of all considered systems. Transformable
and strongly transformable groups of matrices are introduced. Based on this concept, the
above-mentioned result of [18] is generalized for other matrix groups.

In papers [9, 24], the limit periodic systems of the form (1.1) are investigated, where ma-
trices Ay are taken from a commutative group or from a bounded group. It is shown that
any of the systems can be transformed to a new system, which does not possess any non-zero
(asymptotically) almost periodic solution. Our goal is to improve the results of [9, 24] about
systems of the form (1.1) with regard to their non-almost periodic solutions. Furthermore, we
recall the corresponding Cauchy problem. Note that the presented results are new even for
complex matrix groups.

The fundamental properties of limit periodic and almost periodic sequences or functions
have been studied closely. One can easily find many relevant monographs. Here we point
out only the books [3, 6, 15]. Concerning almost periodic solutions of linear almost periodic
difference systems, we can refer to [4, 5, 25] (see also [7, 10, 26]). Other properties of (complex)
almost periodic systems can be found in [1, 11, 14]. The properties of limit periodic homoge-
neous linear difference systems with respect to their almost periodic solutions are mentioned,
e.g., in [9, 24].

This paper is divided into five sections as follows. First, in the next section, the definitions
of limit and almost periodicity are recalled. In Section 3, we introduce the used notations. In
Section 4, we collect auxiliary results, which we use in the proof of the main result. Finally, in
Section 5, we formulate and prove our main result.

2 Limit and almost periodicity

In this section, we recall the definitions of limit periodic and almost periodic sequences in a
metric space (M, p).

Definition 2.1. We say that a sequence { ¢y }rez is limit periodic if there exists a sequence of
periodic sequences {¢} }rcz € M, n € N, such that lim, . ¢} = ¢, and the convergence is
uniform with respect to k € Z.

Remark 2.2. The limit periodicity can be introduced in another equivalent way (see [2]).

Definition 2.3. A sequence { ¢y} ez C M is called almost periodic if for any ¢ > 0 there exists
r(e) € N such that any set consisting of r(e) consecutive integers contains at least one number
| satisfying

O (ks 9x) <&  keZ

The definition mentioned above is the so-called Bohr definition of almost periodicity. The
almost periodicity can be defined in another equivalent way (see the next theorem). This
concept is the so-called Bochner definition.

Theorem 2.4. Let {¢i},., © M be given. The sequence { @y}, is almost periodic if and only if
any sequence {1, },.n C Z has a subsequence {I,}nen C {ln},cn Such that, for any e > 0, there
exists K(e) € N satisfying

Y (Gﬂkgl., (pk+[j> <eg, i,j > K(e), k€ Z. (2.1)

Proof. See, e.g., [20, Theorem 2.3]. O
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3 Preliminaries

In the whole paper, we will consider an infinite field F with an absolute value |- |: F — R.
Let m € IN be arbitrarily given. We denote the set of all m x m matrices with elements in F
by the symbol Mat,,(F). The absolute value gives the norms || - || on F” and Mat,,(F) as the
sum of the absolute values of elements. The absolute value and norms induce metrics on F
and F", Mat,,(F), respectively. We denote -neighbourhoods by symbol Oy in all considered
metric spaces.

Let X C Mat,,(F). We repeat that X is a commutative group. The set of all limit peri-
odic and almost periodic sequences with values in X will be denoted by LP(X) and AP(X),
respectively. In these sets, we consider the metric

0 ({Ax}rez, {Bitkez) := sup || Ax — By|.
kez
For the reader’s convenience, we also denote J-neighbourhoods of sequences in LP(X) and
AP(X) by symbol Os.

Instead of {Z }xez, we will shortly write {Z;}. If index k will be taken from another set,
we will specify it at the corresponding place. The identity matrix will be denoted by I. The
zero vector will be denoted by 0. Symbol ¢ stands for a positive real number.

In the definitions given below, we recall (and slightly generalize) the property P from [9].

Definition 3.1. We say that group X has property P if there exists { > 0 such that for every
d > 0 there exists I € N such that for every u € F" fulfilling ||u|| > 1 there exist matrices
M, My, ..., M; € X with the property that

Mi605(1), iE{l,...,l}, HM["'M]II—MH >€.

Definition 3.2. Let u € F™ be an arbitrary non-zero vector. We say that group X has pro-
perty P with respect to u if there exists { > 0 such that for every § > 0 there exist matrices
M, My, ..., M| € X with the property that

MZ'EO§(I), iE{l,...,l}, ||Ml---M1u—uH >§.

4 Auxiliary results

Definition 3.1 can be apprehended in a little larger sense using the following lemma.

Lemma 4.1. For any a > 0, there exists f(a) € F such that ||f(a)-v|| > 1 for every v € F"
satisfying ||v|| > a.

Proof. Let a > 0 be arbitrarily given. For v € F", |[v]| > a, ||v]| > 1, we put f(a) = e, where
e denotes the identity element of F. If there exists v € F", |[v|| > a, ||v|| < 1, then there
exists element ¢ € F such that |g| < |[v|| < 1. Thus, lim,« |¢"| = lim, . |g]" = 0 and,
consequently, we have that lim, . |[¢7"| = lim, e |¢7!|" = co. It means that there exists
N € N such that |[¢7N| > 1/a. It suffices to put f(a) = g~ V. O

Remark 4.2. According to Lemma 4.1, Definition 3.1 can be used to vectors satisfying ||u| > a
in the following way. Instead of u, we apply the definition for vector f(a) - u. Then the cor-
responding inequality takes the form ||M; - -- Mif(a) -u — f(a) - u|| > ¢ which can be rewritten
to |[M;--- Mqu—ul| >¢/|f(a)|] := w(a) > 0.
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Remark 4.3. We can assume that w(a) is a non-decreasing function of a. It follows from
Remark 4.2 and from the proof of Lemma 4.1.

Remark 4.4. Let a > 0. Let v € F™ satisfy |M;--- Mjv —v|| > w(a). Then, it is valid that
|M;- - Mo —w|| > w(a)/2if ||w—v| < w(a)/2holds. Indeed, it follows directly from

w(a) <||Mj---Mpo—v+w—w| <|M-- Mov—wl|+|w—02].
Now we recall two known lemmas, which we need to prove the main result of this paper.

Lemma 4.5. Let {Ay} € AP(X). For any non-zero almost periodic solution {xy} of the system
Xgy1 = AgXy, it holds that inficz || x|l > 0.

Proof. See [22, Lemma 3.10]. O

Lemma 4.6. Let {Ax} € LP(X) and € > 0 be arbitrarily given. Let {5, }nen C R be a decreasing
sequence satisfying
lim J, =0

n— 00

and let {S}'} C X be periodic sequences for n € IN such that
St e0; (), keZ neN, (4.1)

Sl=1 or Si=1, keZ i#j ijeN. (4.2)

If one puts
Ski= Ag-SL-S2...S8..., kez,

then {Sy} € LP(X). In addition, if

€
0 < ——— 4.3)
sup || A |
keZ
then {Sk} S Og({Ak})
Proof. See [9, Lemma 5.1.] (and also [20, Theorem 3.5]). O

Remark 4.7. Lemma 4.6 remains true if LP(X) is replaced by AP(X) in the statement of this
lemma, which gives [9, Lemma 5.8.].

5 Results

Now, we can prove the main result. We repeat that X C Mat,,(F) is a commutative group.

Theorem 5.1. Let X have property P and € > 0 be arbitrary. Then, for every {Ay} € LP(X) and
every sequence {uy, }neN Of non-zero vectors u, € F™, there exists {Sy} € Og({Ax}) N LP(X) such
that the solution of

Xk41 = SkXk, X0 = Up (5.1)

is not almost periodic for any n € IN.
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Proof. Let ¢ > 0 be arbitrary. Let { be taken from Definition 3.1. We use the following con-
struction.
In the first step of the construction, let us consider the initial problem

Xky1 = ApXp,  Xo = Uy (5.2)
Let {xk1 A1) } be its solution and let j(1,1,1) := 0. For
1 €
01 := . , 5.3
VT Tve supl[Ag] 53)
kez
there exists 1(d1) > 2 (see Definition 3.1). Denote A; := 2-1(671). Then, for vector x]((llllll)) LAY

there exist matrices Mim']), Mél’l’l) Sy M((1 1)1) € Oy, (I) given by property P in Definition 3.1.
We define periodic sequence {S (111) } with period p(1,1,1) := A as follows. Denote a(; 1 1) :=

(L11) Ifa <1, then we put
H H (1,1,1) p

i(1,1,1
T
Ifag,,) >1and H 111111 +A T x]((lilii)) H > w(ag,,1))/2, then
. —stan
Ifag,10) >1and H 111111 )+4 x((lﬁfl)) H < w(apa,))/2, then
SO g gl ) g () ()
S

We denote S,l = S,((l’l’l) and R,l = AkS; fork € Z.

In the second step, we consider the Cauchy problem

Xkl = R,lcxk, X0 = Uuq.
Let {x @11) } be its solution. Then, there exists a positive integer j(2,1,1) divisible by 4 satis-
fying j(2,1,1) > p(1,1,1). For
PR 1 €
T dte sup A
kez
there exists 1(d;) (see Definition 3.1). Without loss of generality, we can assume that [(d,) >
1(1). Denote Ay := 64-1(5,) - 1(61). For x](éllll)) 1, there exist matrices
21,1) 5 (21,1 (21,1)
MPD, MED, MY € 0, (1)

taken from Definition 3.1. We define the periodic sequence {S,Ez’l’l)} with period

p(2,1,1) :=[j(2,1,1) + Az]p(1,1,1)
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(2,1,1)

in the following way. Denote a1 1) := H o1 H If a1y < 1/2, then we define

Ifap) >1/2and H 221111 )+ x(‘(zé?i,ll))u > w(a(,11))/2, then
Ifapy1) >1/2and H 221111 LA, 221111 H < w(apa,a))/2, then
521 _ S(( ,1))71 _ 1

S(2,1,1) =1, S(2,1,1) 1, S(Z,l,l)

_ M(211)

J211)+4(1(02)-1)) J2L1)+14+4(1(2)-1)) j21,1)+2+4(1(52)-1) — "T1(%) 7
(2,1,1) o (2,1,1) o
Sj(2,1,1)+3+4(l(§2)71) - Sp(le) 1 =1L
We put RZM = RIS ke Z.
Next, we consider
_ p@1y _
Xk+1 = Rk Xk, X0 = Uq

with the solution {x(z’z’l)} There exists j(2,2,1) € N divisible by 8 such that j(2,2,1) >
p(2,1,1). Property P (see Definition 3.1) used for vector x]((zzzzll)) LA, A, 8ives the matrices

221) 5 (22,1)

MPY, MPY, M

1(6) ' e Os, (I).

Let us define the periodic sequence {S,(CZ’Z’l)} with period

p(2,2,1) = [(2,2,1) + L2 — Alp(2,1,1)

(2,2,1)

as follows. Denote 4, 1) —H (221 H Ifap,q) <1/2, then

S(()z,z,l) L 5;2(,22,,21,)1)_1 —I

If a1y >1/2 and H 222211 C Ay x222211 H > w(appa))/2, then
S((]z,z,l) L 522(122,'21,)1)—1 —I

fapan >1/2and <20 = xB5) | < wlaa) /2, then
st = =S =1
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(221) 221y (22,1) (221)
51(2,2,1) - Sj(2,2,1)+3 =1 Sj(2,2,1)+4 M

(221) _ a(221) - (2,2,1) L (221)

S](Z,Z,l) 5 0T S](z 21)+11 — L Sj(2,2,1)+12 =M, ’
(2,2,1) . _ a(221) - (2,2,1) L (221)
Sj(2,2, )48(1(6)—2)+5 — T T Sj(2,2,1)+8(l((52)72)+11 =1 S]( 2,1)+8(1(8,)—1)+4 — Mz(zsz) ’

(2,2,1) - (2,2,1) -
Sj(2,2,1)+8(l(52)— 145 — =5 p(22,1)-1 — L.
Again, we denote R]EZ’Z’D = R,(Cz’l’l)S(Ml) ke Z.

Next, we consider the initial problem

2,2,1
Xkr1 = Rl(c )xk, Xp = Up.

Let {x(>1?

fying j(2,1,2) > p(2,2,1). For x

} be its solution. Then there exists a positive integer j(2,1,2) divisible by 16 satis-
212 th t mat
i(2,12)+ 4, there exist matrices

2,1,2 2,1,2 2,12
M, ME, L M € Oy, (1)

taken from Definition 3.1. We define the periodic sequence {5152’1’2)} with period

p(2,1,2) :=[j(2,1,2) + Ly]p(2,2,1)

in the following way. Denote 4,1 5) := H 221122 H If a1, < 1/2, then we put

S =
Ifapy, >1/2and H 221122 A, x((zzllzz)) H > w(a(y12))/2, then
Ifag;,) >1/2 and H @y x]<(221122>)H < w(agyy)/2, then

s = ... =5 (22/152))71 —J,

Sty == S =L S s = M,
5 ]((22,?1,?2))+9 = =9 1((221122))+23 L 51((22',11',22))+z4 = M,
5]((221 2))+16(l(<52) o T T 51((22’?1,,22))+16(l(52)—2)+23 =1 S]((2é,11/?2))+16(l(52)—1) 8 Mz((ztsi)z)r
S 1616140 = = Sviaimy 1 = L

We put R(212) R£2,2,1)S(21z) ke
We con51der the system with the initial value

_ p(212)
Xk+1 = Rk Xiey X0 = Us.
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Let {x (222) } be its solution. There exists a positive integer j(2,2,2) divisible by 32 such that

j(2,2,2) > p(2,1,2). Again, for x]((zzzzzz)) N there exist matrices (see Definition 3.1)
MPP, ME, L MR € 04, (D).

Let us define the periodic sequence {S,(CZ’Z’Z)} with period

p(2,2,2) :=1[j(2,2,2) + Ay — AN]p(2,1,2)

(2,2,2)

as follows. Denote a5 ,) := H (2,2 H If a0y < 1/2, then we define
222) _  _ «222)
5o - = Sp(2,2,2)—1 =1L

If 0(222 > 1/2 and H 222222 N X222222 H >CU 222 )/2 then

(222) _ o(222) -
5 - Sp(2,2,2)71 =1L

(2,2,2) (2,2,2)
Ifa(zzz > 1/2 and H 222+A2 M x 222 H <CL) 222 )/2 then

¢ = =SE =1,
Sioan = =Siamns =L Siasa) e =M,

SJ((22,?2,?2))+17 - 51((222222))+47 L S]((ZZ,?Z,?Z))-‘:-% = M§2,2,2)'
S]((Zi?ﬁ?z))+32(1(52)—2)+17 - = S]((zé?é?z))+32(l(52)—2)+47 =1 51((22'%2/%2))+32(1(52)—1)+16 M((2 2)2)'
51((22,,22'?2))+32(1(52)—1)+17 - 5(2(2222)2) =L
We denote R% = R]EZ’Z’Z) = R}({z,l,z) S,(CM’Z) and S% = S,EZ’I’l)S,((Z’z’l)SI((Z’]’Z)5(222) for k € Z. It is the

end of the second step.

We continue the construction in the same way. Before the n-th step, we have {RZ’l} =
{ASLS?- - SP 1} with period

pm—1n—-1n—-1)=[jn-1,n—-1,n-1)+20,1—Lu2p(n—1,n—-2,n—1).

We denote

d(x,y,z) =25 E Dy e N, yze {1,2,...,1), (5.4)

1 e
5= - : , €N, 5.5
= Pre swpllAd 59

keZ

j

Aj =114, i,0)I(5), jeN. (5.6)

i=1

Let us consider the initial problem

n—1
Xer1 = R xg, Xo = Ug
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and let {x,(:l’l’l)} be its solution. Then there exists j(n,1,1) € N divisible by d(n,1,1) such that
(n,1,1)

1)+ there exist matrices
avd n

j(n,1,1) > p(n —1,n —1,n — 1). From Definition 3.1, for x

M, M, M € 0,,(1), ©7)

where [(6,) can be taken in such a way that [(,) > I(6,—1). Next, we define the periodic
(n,1,1) . .
sequence {S, "} with period

p(n,1,1):=1[j(n,1,1) + Aplp(n—1,n—1,n—-1).

(n,1,1)

nil) H Ifag,11) < 1/n, then we put

Denote a;, 1 1) := Hx

(n1,1) _ o(n11) o
So - = Sp(n,l,l)fl = I

(n,1,1)

Ifﬂ(nll >1/TlandH 1’111+A

n,1,1
B xf(ﬂll,l)) H > w(a(n,l,l))/z, then

(n1,1) _ e(n11) o
5o - = Sp(n,l,l)fl =L

Ifag,) >1/nand H A — xj(z/lnllll))H < w(ag,1))/2, then

1)+4,

(n,1,1) _ e(n11) -
5 - Sj(n,l,l)fl =1

=1, S(”xlxl) (n,1 1)

im11) — T T PjmA)+d(n11)/2—-1 j(n,1,1)+d(n1,1)/2

_ cm11)
= S 1) a1 4d(m11) 21 = 1

=M,
D) +d(n 1) /241 =

(n,1,1) — M
S]nl 1)4+d(n,1,1)4+d(n,1,1)/2 M

nll)

S(n,l,l) o . S(n,l,l)
i) +d(n1,1)(1(6,)-2)+d(n,1,1) /241 — 7 T 2jm1,1)+d(n1,1)(1(6,)—1)+d(n,1,1) /2—1

(n,1,1) _ (1)
S] n,1,1)+d(n,1,1)(1(6,)—1)+d(n1,1)/2 — Ml(&,z) ’

(n,1,1) . _ o(n11) o
Sj(n,1,1)+d(n,1,1)(l(5n)71)+d(n,1,1)/2+1 - =5 p(n,1,1)-1 — L

We put R](cn’l’l) = RZ_lsl(("’l’l), kez.
Let us have the problem

=1,

n,1,1
Xk+1 = R,(( Vi, Xo = U

and its solution {xlgn’z’l) }. Let j(n,2,1) be a positive integer divisible by d(#n,2,1) such that

j(n,2,1) > p(n,1,1). For vector (w2

)+ Dy there exist matrices (see Definition 3.1)

MY, MEP, MY € 0,(1). ©8)

We define the sequence {S,(("’z’l)} with period

p(n,2,1):=1[j(n,2,1)+ L, — Di]p(n,1,1)
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in the following way. Denote a(,, 5 1) := H nnzzll H Ifag,,1) < 1/n, then

(n21) _ c(n21) .
5o - Sp(n,Z,l)—l =L

21) 21)
If a1 >1/nandH "n21+A A, x"n21H>w (n21))/2, then

n21) _ o(n21) .
5o T T 2211 T I
2,1) 21
g, >1/nand H nnz1 TN x(?n,z,f)H < w(a(y2,1))/2, then
n21) _ c(n21) .
5o - = Sj(n,2,l)71 =1,
(n21) _ c(n21) . (n,2,1) . (1121)
Sj(n,z,l) - = Sj(n,2,1)+d(n,2 1)/2-1 L Sj(n,2,1)+d(n,2,1)/ =M,
S(n,Z,l) . — S(nZl) —J
j(n210)+d(n,2,1)/2+1 i(n2,1)+d(n,2,1)+d(n,2,1)/2—1 ’
(n,2,1) . (n,2,1)
Sj(n,Z,l)+d(n,2,1)+d(n,2,1)/2 - MZ /
S(n,Z,l) . . S(n,Z,l) —J
2, )+d(m2,1)(1(6,)=2)+d(n,2,1) /241 — 7 T 2Pjm2,1)+d(n,2,1)(1(6,)-1)+d(n2,1)/2—1 —
(n,2,1) _ ar(n21)
S]' n,2,1)+d(n,2,1)(1(6,)—1)+d(n,2,1)/2 ~— Ml(ﬁn) 4
S(n,Z,l) . . S(n21) —
i(n,2,1)+d(n,2,1)(1(6,)=1)+d(n,2,1) /241 — p(n2,1)-1 — **
Denote R(nzl) R,E”’l’l)S(”21) keZ.
We continue in the same way. Let us consider
Y =Ry, xo =

with its solution {x,(("’”’l) }. We know that there exists j(n,n,1) € IN divisible by d(n,n,1) such

that j(n,n,1) > p(n,n —1,1). Also for x(?n”nll)) VALA, there exist matrices

(nn,1 1) (n,n1
Mlnn )/Ménn "”,Mnn

i e 04,1 (5.9)

taken from Definition 3.1. Let us define the periodic sequence { S,En’n’l)} with period

p(n,n,1):=[j(nn1)+ L, —Dy_qlp(n,n—1,1).

Denote a(, ,, 1) := H nnnnll H If ag, 1) < 1/n, then we define
Sy ==
Ifag,. >1/nand H ”nnnll VAt X ”n"nll H > w(A(y,n,1))/2, then
S(n,n,l) S(nnl) -1

0 - T “pnnl)-1
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1) 1)
Ifag, 1) >1/nand H nnnnlJrA N nnn“H_ nm )/2, then
(nn1) _ annd) .
SO - S]'(n,n,l)fl =1,

(nnl) _ cnnd) . (n,n,1) _ aq(mnl)
Sj(n,n,l) - Sj(n,n,1)+d(n,n 1)/2—-1 — L Sj(n,n,l)-l—d(n,n,l)/z - Ml ’
S(n,n,l) _ . S(n n,1) —J
jnn ) +d(nn1) /241 j(nn1)+d(nnl)+d(nnl)/2—-1 4
(n,n,1) . (n,n,1)
Sj(n,n,l)+d(n,n,1)+d(n,n,1)/2 - M2 /

S(n,n,l) L S(nnl) —
j(nn1)+d(nn1)(1(6,)—2)+d(n,n,1)/2+1 j(nn1)+d(nn1)(1(6,)—1)+d(nn1)/2—1 /
(n,n,1) . (n,n1)
Sj(n,n,1)+d(n,n,1)(l(én)fl)er(n,n,l)/Z - Ml(én) ’
S(n,n,l) . S(n,n,l) —J
jmn1)+d(nn1)(1(6,)—1)+d(nn1)/2+1 p(nn1)—1 :

Denote R(’1 n1) _ R]((”/”*Ll)s(n 1) kez
Let us consider the Cauchy problem

Xpy1 = R,((”’"’q_l)xk, xo=1uy g€1{2,...,n—1}
with solution {x,(("’l’q) }. We consider a positive integer j(n,1,q) divisible by d(n,1,¢) such that

(n1,9)

(1 1.q)+ 007 there exist
7L/ n

j(n,1,9) > p(n,n,q —1). Taken from Definition 3.1, for x

M MY, M € 0, (1), (5-10)

Let us define the periodic sequence {S,En’l’q)} with period

p(n,1,q) :=[j(n,1,9) + Dulp(n,n,q—1)

in the following way. Denote

— || (n14)
a(n 1,9) H (n,1,4) H (5.11)
Ifag,,, <1/n, then
(mlq) _ . _cnly  _
SO - = Sp(n,l,q)fl =L
Ifag,,) >1/nand H ”nlqu A, X nnlqu H > w(a,9))/2, then
(n1q) _ _cnlg  _
So == Sp(n,l,q)fl =1L (5.12)
Ifag, > 1/nand ||x(0 =D < w(ag,)/2, then
(n1q) _ _cmlg  _
5o - = Sj(n,l,q)fl =1
(nLgq) _ _ c(nlg) (n,1,4) _ ap(nla)
Sitntg) = = Simtay+dmig -1 = b Sitniag)+dmg /2 = M
g(n14) — g(nLla) =1,

j(n1g)+d(nlg) /241 — j(n1,9)+d(n1,q9)+d(n1,9)/2-1
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(n,1,q) _ asnlag)
Sj(n,l,q)+d(n,1,q)+d(n,1,q) /2 Mz ’

_ S(”lq)

S(”zlr‘i) — . =]
j(n1,q)+d(n,1,q)(H(6n)—2)+d(n,1,) /2+1 J(n1,q)+d(n,1,q)(H(6n)—1)+d(n1,q)/2=1
(n,1,9) _ pq(n1a)
SinLa)ratn1a)100 -V +am1a 2 = Mig)
(n,1,4) — ... —gmla) g
i(n1,9)+d(n,1,9)(1(6,)—1)+d(n,1,9)/2+1 p(nlq)—1 ’
(n1q) _ pnng=1)c(nlq)
Denote R,""" = R s ke Z.
Let us have the problem
Xkl = R;E”'l'q)xk, X0 = g

and its solution {xin’z’q)}. Let j(n,2,9) be a positive integer divisible by d(n,2,q) such that

j(1,2,9) > p(n,1,q). For vector x\/"5"

(12,0) 4 By there exist matrices (see Definition 3.1)

M), M0, 02 € 0, (1), 619

We define sequence {S,&n’z’q)} with period

p(n,2,q) = [j(n,2,9) + DNy — Dalp(n,1,q)

in the following way. Denote a,, 5 ;) := H nnzzqq H Ifag,,, < 1/n, then
(n2q) _ . _ c(n24)  _
SO - = Sp(n,z,q)—l =L
2,
If a0, > 1/n and H n2q+A A x”nzqq H>w A(n2,q))/2, then
(n2q) _ . _ 24
SO - Sp(n,Z,q)—l = I
2,
Ifag,, >1/nand H n2q+A A "nzqq H_ n2q )/2, then
(n.2,q) _ (n2q)  _
S = = Simaga = b
(n2q) _ . _ q(n2g) (n,2,4) _ pq(n24)
Sitag) = = Sjmzardman /-1 = Simagrdmag e = M
S(’lz‘i) X _ S(an) -1
](n2g)+d(n2q)/2+l j(n2,q)+d(n,2,q9)+d(n2,q)/2—-1 ’
(n,2,9) — ppim2a)
j(n2g)+d(n2q)+d(n2q)/2 — 72 7

(n,2,9) — ... —g(m29 =1
i020) +d(12.9) (1(5)-2) +d(n.2.4) /241 i(2,0) +d(n,20)(1(6) 1) +d(n,29)/2-1 = Ls
(n,2,q9) _ as(n24)
Si(n2a)+d(n2.4) (160 -1 +d(n29) /2 = Migg) -

S(”/Z/q) S(”rzr‘i) =1

i(n,2,9)+d(n,2,9)(1(6,)-1)+d(n,2,9)/2+1 — " = Zp(n2,q)-1
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Denote R(n 24) — R,((n’l’q)Sl((n’z’q), k € Z. Let us continue in the same manner.
Con51der the initial problem

(nn—1,q)
Xep1 =Ry, xo =1y

with {xlgn’n’q)} as its solution. There exists a positive integer j(n,1,q) divisible by d(n,n,q)

(n,m,9)

such that j(n,n,q) > p(n,n —1,q). For X )+ Aoy Doy 1

there exist (see Definition 3.1)

MU, M, M) € O, (1) 614)

Let us define a sequence {S,En’"’q)} with period

p(n,n,q) = [j(n,n,q) + Ly — Dpalp(n,n—1,4).

Denote
n,n,q)
) H () H (5.15)
Ifag, 4 < 1/n, then we put
(nng) _ _ clumg)
SO - Sp(n,n,q)—l = 1.
Ifag, g >1/nand H "n”nqq A, T nnnnqq H > w(A(y,n,0))/2, then
(nngq) _ _ clung)
So == Sp(n,n,q)fl =1 (5.16)
n,n,q
Ifag,,q >1/nand H nnq+An "”QH_ nnq /2 then
glmna) — gl _ g
j(nm,q) !
(nng) _ (n,n,q) (n,n,q) _ pqlnng)
Sitnna) =" = Sjtmayrdnay -1 = Simprdmng2 = M
S(nnq) . _ S(””Q) =1
](nnq)+d(nnq)/2+1 j(nng)+d(nn,qg)+d(nng)/2—1 ’
(n,n,q) _ aglnmg)
Sitnna)+dnng)-+dnng /2 = M2
glmn.a) — ... = glmna) —J
j(nn,g)+d(nn,q)(1(6,)—2)+d(nnq)/2+1 j(nng)+d(nng)(1(6,)—1)+d(nn,q)/2—1 4
(nn,q) _ aglnn q)
Sjtnna)-+dnna)te)-1+donngy2 = M)
(nn,q) — =gl g
jnng)+d(nng)(1(6n)—1)+d(nnq)/2+1 p(nng)—1 '
Denote R]En’n’q) = R,(cn’nfl’q)s(n M) , ke Z.
We consider the initial problem
xper = ROV, xo =y
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with {xkn n)} as its solution. There exists a positive integer j(n,1,n) divisible by d(n,1,n)

such that j(n,1,1) > p(n,n,n —1). For x](? A "))JFA , there exist (see Definition 3.1)

M, S, MY € Oy, (1), (5.17)

Let us define a sequence {S]En’l’")} with period

p(n,1,n):=[j(n,1,n)+ Apn,nn—1).

Denote a1 ) H "nllnn M ag,y,,) < 1/n, then we put
(nln) (n,1,n) o
SO - =5 p(nln)—1 — L.
n,1,n) (n,1,n)

Ifag,, >1/nand H

n1n+An_xj(n,1n) >w( nln)/z then

(n,1n) _ c(nln) o
SO - - Sp(n,l,n)—l =L
1, ,1,
If agy, > 1/mand |0 =20 | < w(ag,,) /2, then
(n1n) (n,1,n) o
SO - =5; jnn)—1 — L
(n,1,n) _ c(nin) . (n,1,n) _ aqs(nln)
Sj(n,l,n) - Sj(n,l,n)+d(n,1,n)/271 =1 jmLn)+d(nin)/2 Ml ’
S(n,l,n) . _ c(nn) —J
i) +d(mnan) /241 — 77 T i Ln)+d(nn)+d(n1n)/2-1 — 7
(n,1,n) . (n,1,n)
Sj(n,l,n)+d(n,1,n)+d(n,l,n)/2 - MZ
S(n,l,n) . — S(nln) —7
j(n1n)+d(n,1,n)(1(6x)—2)+d(n,1,n)/2+1 jn1n)+d(n1,n)(1(6,)—1)+d(n1n)/2-1 ’
(n,1,n) _ M(n,l,n)
jmn)+d(n1,n)(1(6,)—1)+d(n1n)/2 — “1(,) 7
(n,1,n) . . S(n 1,n) —
j(n,1,n)+d(n1,0)(1(6,)—1)4+d(n,1,m) /241 — p(nln)—1 — °°

Denote R,E”’l’”) = R,E”'”'”*”s(” M kez.

Let us have the problem
(n,1,n)
Xer1 = Ry X, X0 = Uy

and its solution {x,(cn’z’")} Let j(n,2,n) be a positive integer divisible by d(n,2,n) such that

j(n,2,n) > p(n,1,n). For vector x](Einzﬁ)) LA there exist matrices (see Definition 3.1)

M, M, MUY € 0y, (1), (518)

We define the sequence { S,gn’z’n)} with period

p(n,2,n):=[j(n2,n)+ A, — LN|p(n,1,n)
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in the following way. Denote a,, 5 ;) := H "nzz';)) Magp, < 1/n, then
(n2n) (n,2,n) .
SO o - Sp(nZn) 1 L.
(n,2,n) (n,2,n)
Ifﬂ("zn >1/n and H n2n EAYEVAN] xj(n,z,n) >(U( nZn)/z then
(n2,n) _ c(n2n) o
SO - Sp(n,Z,n)—l = I.
(n,2,n) (n,2,n)

Ifag,,) >1/nand H

< w(agpm)/2, then

n2n EAYEVAN] xj(n,Z,n)

(n2mn) (n,2,n) .
SO - =5, jm2n)—1 — L
(n2n) _ c(n2m) —J (n,2,n) . M(n,Z,n)
jm2n) — T T Cjm2n)+d(n2n)/2—1 T jm2n)+d(n2mn)/2 — "1 ’
S(n,Z,n) . . S(nZn) —
jm2n)+d(n2,n)/2+1 j(n2n)+d(n2n)+d(n2,n)/2-1 ’
(n,2,n) . (n,2,n)
jn2n)+d(n2,n)+dn2n)/2 M2 /

S(n,Z,n) . . S(nZn) —J
j(n2,m)+d(n,2,0)(1(8,)—2)+d(n2,n) /241 — jm2n)+d(n2,n)(1(6n)—1)+d(n2,n)/2-1 — ~/
(n,2,n) . M(n,Z,n)
jm2n)+d(n2,n)(1(6,)—1)+d(n2mn)/2 — “1(6n)

S(n,Z,n) . S(n,Z,n) —
jm2,n)+d(n2n)(1(6,)—1)+d(n2,mn)/2+1 p(n2,n)—1 :

Denote R]((n’z’n) = R,(c”’l’n) S,S"’Z’n), k € Z. We continue in the same way.
Let us have the system

Xkp1 = R;En'n_l'n)xk, X0 = Uy
and let {xk”" ) } be its solution. Then, there exists a positive integer j(n,n,n) divisible by

d(n,n,n) such that j(n,n,n) > p(n,n —1,n). Also for vector x](zln?ntln))JrAann,l’ there exist

M%n,n,n)’ Mén,n,n)’ o M(n,n,n

o ) €0, (1) (5.19)

taken from Definition 3.1. Next, we define periodic the sequence {S,(("’”’")} with period

p(n,n,n):=[j(nnn)+ 0, —Dp_1]p(n,n—1,n)

as follows. Denote a,,,, ,) : H ”n”n"n f ag ) < 1/n, then we put
(nun) _ _ c(nnn) _
SO - Sp(n,n,n)—l = 1.
It A(n,m,n) >1/n and H nnnnnn AT x]((nnfzgn)) > (U( (nn,n) )/2 then

S (()n,n,n) .

(nn,n) _
=5 ?nn:n) 1 L
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If ag,,m > 1/nand H "n”n”n AT x]((”n”n”n)) < w(a(unn)/2, then
(nnn) _ clnnn) .
SU - = Sj(n,n,n)—l - I’

(nnn) (nn,n) (n,n,n) _ ap(nnn)
S]'(n,n,n) o =5 jnnn)+d(nnn)/2—-1 =1 Sj(n,n,n)+d(n,n,n)/2 o Ml ’
S(n,n,n) L — S(n nn) -7
j(nnn)+d(nnn)/24+1 jnnn)+d(nnn)+d(nnn)/2—1 ’

(n,n,n) - (n,n,n)
Sj(n,n,n)+d(n,n,n)+d(n,n,n)/2 - M2 ’

(n,n,n) . . S(n,n,n) -1
j(npan)+d(nnn)((6,)=2)+d(nun) /241 — 0 7 Zj(npan)+d(nmnn)(1(8,)—1)+d(nnn)/2—1 — 7
(n,n,n) . (n,nn)
Sj(n,n,n)+d(n,n,n)(l(én)—l)+d(n,n,n)/2 - Ml(én) ’

S(n,n,n) L S(n 1) —
j(nnn)+d(nnn)(1(6,)—1)+d(nnn)/2+1 p(nnn)—1 :

We put R = R\ = RI I gnmn) gng gn — gl gnndignd2) - glnnm) for ke 7.
We continue in the construction.
According to Lemma 4.6, for

Ski=ASt---Sl---, kez,

we have Sy € O,({Ar}) N LP(X). Of course, sequence {9, },en defined by (5.5) is decreasing
and tends to 0. One can verify (see (5.7)—(5.10), (5.13), (5.14), and (5.17)—(5.19)) that (4.1) holds.
From the structure of indices in the construction and the definition of d (see (5.4)), one can see

that possible positions for non-identity matrices in sequences {S,E)} are never the same for
different sequences. Therefore, (4.2) holds. One can easily verify (see (5.3)) that (4.3) holds as
well.

Let c € IN be arbitrarily given. We show that the non-zero solution of the initial problem

Xk+1 = SkXk, X0 = Uc (5.20)

is not almost periodic. By contradiction, we suppose that the solution is almost periodic and
we denote it as {x;}. Using Lemma 4.5, there exists b € N, b > ¢, such that

1
|| xe || > B keZ. (5.21)

It follows from the construction that, for given k € IN, there exists K € IN such that S,If =
Sitl = ... = I. More precisely,

S;:rj:l, ke{0,1,...,p(i,i,i)—1}, i,j € N.

Considering the construction in the b-th step, we get

ij(b,l,c) = Xj(b1,0)+ 0 || = ’Sj(b,l,c)—l +S5180ue = Sjp1,0)40,—1 " S150Uc
_ Hs(h,l,c) L S(b,l,c)s(b,l,c)x(b,l,c) (b1,c) Sgb,l,c)s(b,l,c) (b1,0)

i(b1,0)—1 1 0 i(b1e) ~ Pjble)+Ay—1 " 0 Y1)+,
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(b, b1,
If H bllcc — x]((b?lfg)JFAb > w(ag,e))/2, then (see (5.12))
(b1c) (b1 w(@@p1.))
ij(b,u) Lo+ = HI ib1e) ~ L Xiwrorn,| > N
(b1,0) (b1,0)
If H 1)~ Xiie) o, || S w(a@p,,0))/2, then (see Remark 4.4)
(b1c) (b1c) (b1c) _(blc) w(agp,,0))
H j(ble) — Xjb L)+, || = HI Yitwa,e) ~ Mz(ab) My Yib1,0)+0 > ) :

In both cases, we have (for the last inequality, see Remark 4.3, (5.11) and (5.21))

w(1l/b
ij(b,l,c) = Xi1,0)+0, || > @(@p10))/2 > (2 )- (5.22)
We continue in the same manner. We have
ij(b,h,c) - xj(b/blc)+Ah7Ab71
= HS bbc)—1° " S150Ue = Sj(bbe)+0y—Ly -1 S150Ue
(b,b,0) (bb,e) (bbe) (b,b,c) (bb,e) (bb,e)
HS bb,c)— "‘So xj(h,b,c) - Sj(b,b,c)JrAb—Ab,lfl -5y j(bb,e)F A~y
If || x02e) — y(0he) > /2, th (5.16)
bbc i(b,b,0)+ 0y~ Dy W (a(p,p,c)) /2, then (see (5.16))
) (bb,c) wW(@ppe))
ij(b,bﬂ) T Xj(bbe)+ =Ly HI Yitbbe) ~ I X i)+ =Ly || =~ ) .
1f ||x(be) — y(bbe) < /2, th Remark 4.4
bbc — Xito e 4 Ap—t5py || S ‘U(“(b,b,c)) , then (see Remark 4.4)
ij(b,b,c) T Xj(bbe)+ Ly Ly
(bbe) (bbe) (bbc) _(bbc) w(@gpp,c))
- HI j(bbe) Ml(zsb) M Yibb,e)+0p— Dy s > :
Again, we have (see Remark 4.3, (5.15) and (5.21))
w(1/b
ij(b,b,c) = Xj(bb,c)+Lp—t0 1 || > W(App,e)) /2 > (2 )- (5.23)
We can continue in the same way, when we obtain
w(l/b
ij(b-i-n,l,c) = Xj(b+n,1,0)+ Dy > (2 )/ (5.24)
w(l/b
ij(bJrn,bJrn,c) = Xj(b+n,b41n,0)+ Ly — Dy 1 > (2 ) (5.25)
for any n € IN.
Now we use Theorem 2.4. Let us put l; :=0,...,l, := A,_4,... Considering previous

inequalities (5.22), (5.23), (5.24), (5.25), it is seen that, for all large i,j € IN, i # j, there exists
I € Z such that
w(1/b)

2 4
which is a contradiction with (2.1). Number c is arbitrarily given. Therefore, the initial prob-
lem (5.20) does not have an almost periodic solution for any ¢ € IN. O

(X141, = X1, ]| >
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At the end of this section, we mention some results nearly related with Theorem 5.1.

Corollary 5.2. Let X have property P with respect to a vector u. For any {Ax} € LP(X) and ¢ > 0,
there exists a system {Sx} € Oc({Ax}) N LP(X) whose fundamental matrix is not almost periodic.

Remark 5.3. The previous corollary is the main result of [9]. It shows how our result gene-
ralizes the result which is the basic motivation.

The next theorem is a modification of Theorem 5.1, where coefficient matrices are taken
from AP(X) instead of LP(X).

Theorem 5.4. Let X have property P and € > 0 be arbitrary. Then, for every {Ax} € AP(X) and
every sequence {uy, tneN of non-zero vectors u, € F™, there exists {Sy} € O¢({Ax}) such that the
solution of

Xk+1 = Skxk, X0 = Uy

is not almost periodic for any n € IN.

Proof. The proof of this theorem can be obtained in the same way as the one of Theorem 5.1. In
fact, the same construction can be used. It suffices to modify Lemma 4.6 (see Remark 4.7). [

In addition, we obtain the following result (from the proof of Theorem 5.1).

Theorem 5.5. Let € > 0 be arbitrary. Let X have the property that there exist { > 0 and open sets Uj;,
i € N, fulfilling U; C F™, F™\ O1(0) C U;en Ui € F™\ {0}, such that, for every & > 0, there exists
I € N such that, for every j € IN, there exist matrices My, My, ..., M; € X with the property that

M; € O(s(l), i€ {1,...,1}, HM;---Mlu—uH > g, uc U]

For every { Ay} € LP(X), there exists {Si} € O:({Ax}) N LP(X) such that all non-zero solutions of
Xg+1 = Skxy are not almost periodic. For every {By} € AP(X), there exists {Ry} € O¢({Bx}) such
that all non-zero solutions of xx+1 = Ryxy are not almost periodic.
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