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Abstract

We establish two criteria for the existence of convex solutions to a bound-
ary value problem for weakly coupled systems arising from the Monge-Ampere
equations. We shall use fixed point theorems in a cone.
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1 Introduction

In this paper we consider the existence of convex solutions to the Dirichlet problem
for the weakly coupled system

((wh0) ) NV F(—un(t)) in 0 <t <1,
((u ) ) NtV g(—uy(t)) in 0<t <1, (1.1)
uy(0) = uh(0) =0, uy(1) =wug(l) =0,

where N > 1. A nontrivial convex solution of (1.1) is negative on [0,1). Such a problem
arises in the study of the existence of convex radial solutions to the Dirichlet problem
for the system of the Monge-Ampere equations

detD%*u; = f(—up) in B,
detD?uy = g(—uy1) in B, (1.2)
u =uy =0 on 0B,

where B = {x € R" : |z| < 1} and detD?u; is the determinant of the Hessian matrix
2
(Zae

) of u;. For how to reduce (1.2) to (1.1), one may see Hu and the author [5].
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The Dirichlet problem for a single unknown variable Monge-Ampere equations

{ detD*u = f(—u) in B,

u=0 on 0B, (1.3)

in general domains in R™ may be found in Caffarelli, Nirenberg and Spruck [1]. Kutev
[7] investigated the existence of strictly convex radial solutions of (1.3) when f(—u) =
(—u)P. Delano [3] treated the existence of convex radial solutions of (1.3) for a class of
more general functions, namely Aexp f(|z|, u, |Vul).

The author [10] and Hu and the author [5] showed that the existence, multiplicity
and nonexistence of convex radial solutions of (1.3) can be determined by the asymp-
totic behaviors of the quotient (fé) at zero and infinity.

In this paper we shall estabhsh the existence of convex radial solutions of the weakly

coupled system (1.1) in superlinear and sublinear cases. First, introduce the notation

) f()
Jo= i "N Jeo= U0 T

and @) @)
_ i ) 9\x)

gO - xli)rél+ ZL’N ) oo T {L'IHOO ,Z'N

We shall show that if (1.1) is superlinear, or fy = go = 0 and f,, = goo = 00, (1.1) is
sublinear, or fo = go = 00 and fo = goo = 0, then (1.1) has a convex solution.
Our main results are:

Theorem 1.1 Assume f,g:[0,00) — [0,00) are continuous.
(a). If fo = g0 =0 and fo = goo = 00, then (1.1) has a convex solution.
(b). If fo=go =00 and fo = goo = 0, then (1.1) has a convez solution.

2 Preliminaries

With a simple transformation v; = —u;,7 = 1,2 (1.1) can be brought to the following
equation

(( v (1)) ), = Nr¥1f(v), 0<r<1,
(- u50)™) =N ig(w), 0<r<t, 0.4
v(0)=vi(1) =0, i=1,2.

Now we treat positive concave classical solutions of (2.4).
The following well-known result of the fixed point index is crucial in our arguments.

Lemma 2.1 ([2, 4, 6]). Let E' be a Banach space and K a cone in E. Forr > 0,
define K, = {u € K : ||z|| <r}. Assume that T : K, — K is completely continuous
such that Tx # x for v € 0K, = {u € K : ||z|| = r}.
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(i) If || Tx|| > ||z|| for x € OK,., then

(T, K,,K) = 0.
(ii) If |Tz|| < ||x| for x € OK,, then

(T, K, K) = 1.

In order to apply Lemma 2.1 to (2.4), let X be the Banach space C[0, 1] x C[0, 1]
and, for (vq,v9) € X,
[(v1, v2)[| = [loall + e

where [|v]| = sup,¢(o 1j|vi(?)[- Define K to be a cone in X by

1
K ={(vi,v2) € X :0(t) 2 0, t € [0,1], min_ v;(¢t) > ZHUZH,Z =1,2}.
lStS,

4 4

Also, define, for r a positive number, €2, by
Q. ={(v,v2) € K :||(v1,02)] <7}

Note that 092, = {(vi,v2) € K : ||(v1,v2)|| =7}
Let T : K — X be a map with components (T, 7?), which are defined by

T (vl,UQ)(r):/r (/0 NrN- f(UQ(T))dT) ds, r € [0,1], s

1 s 1
T? (v, v)(1) = / (/ NTN_lg(’Ul(T))dT) “ds, r €[0,1].
r 0
It is straightforward to verify that (2.4) is equivalent to the fixed point equation
T(vi,v9) = (v1,v2) in K.

Thus, if (v1,v2) € K is a positive fixed point of T, then (—wv;, —vg) is a convex
solution of (1.1). Conversely, if (u1,us) is a convex solution of (1.1), then (—uy, —us)
is a fixed point of T in K.

The following lemma is a standard result due to the concavity of u. We prove it
here only for completeness.

Lemma 2.2 Let u € C0,1] with u(t) > 0 for t € [0,1]. Assume that u'(t) is nonin-
creasing on [0,1]. Then

u(t) > min{t, 1 —t}||ul|, ¢€[0,1],

where ||u|| = sup,ep 1y u(t). In particular,
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PROOF Since u/(t) is nonincreasing, we have for 0 <ty <t <t; <1,

u(t) — u(ty) = / u'(s)ds > (t — to)u/(t)

to

and
u(ty) —u(t) = /t u'(s)ds < (1 — t)u'(t),

from which, we have
t1 —t)u(t t—t t
u(t) > (t1 = t)u(to) + (t — to)u( 1).
t —to

Considering the above inequality on [0, 0] and [o, 1], we have

u(t) > tlu|| for te€][0,0],

and
u(t) > (1 —=t)||ul| for te€lo,1],
where o € [0, 1] such that u(o) = ||u||. Hence,
w(t) > min{t, 1 — t}|ul], te€]0,1].
U

Lemma 2.3 can be verified by the standard procedures.

Lemma 2.3 Assume f,g : [0,00) — [0,00) are continuous. Then T(K) C K and
T: K — K is a compact operator and continuous.

3
1 7 s 1
F:Z/ (/ NTN_ldT)NdS>O.

Lemma 2.4 Let (vy,v9) € K andn > 0. If

Let

F@a®) 2 (o)™ for v (7.5

or
9 (0) > (rn(e)” for te[,5)
then
I (w1, v2)[| = Tfval],
or
I (w1, v2) || = Tffen],
respectively.

EJQTDE Spec. Ed. I, 2009 No. 26



Convex Solutions 5

PROOF Note, from the definition of T(vy, v3), that T%(vy, v2)(0) is the maximum value
of T"(vy,ve) on [0,1]. Tt follows that

I'T(vi,v2)|| = sup [T (v1,v2)(t)]
t€[0,1]
% S 1
2/ </ NTN_lf(’UQ(T))dT>Nd$
1 1

> / % ( / s Nﬂl(nvz(T))NdT)%ds

3 s 1
2/4 (/ NV (Fleall)Ndr ) ds
1 1

= Infjoa]l.
Similarly,
IT(v1,v2)[| = sup [T%(vy, v2)(8)| = Tylual].
te[0,1]
OJ

We define new functions f(t), §(t) : [0, 00) — [0, 00) by

f(t) =max{f(v):0 <wv <t} §(t)=max{g(v):0<v <t}
Note that fo = lim; . %, foo = limy_ . % and o, oo can be defined similarly.
Lemma 2.5 [9] Assume f,g:[0,00) — [0,00) are continuous. Then
fo=fo. foo=foor
and

90 = 90, oo = Yoo-

Lemma 2.6 Assume f,g:[0,00) — [0,00) are continuous. Let r > 0. If there exists
an € > 0 such that

(r) < (er)",g(r) < (er)™,

>

then
| T (v1,v2)|] < 2¢||(v1,v2)] for (vy,vy) € O,
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PROOF From the definition of T', for (vy,vs) € 0€2,, we have

2

sup |T" (vy, v2) ()]

L
Ne

[T (v1, v2)[| =
i—1 t€l0,1]
<
< /NTN 1f dT%
< /NTN 1d7‘
< 2w, )|

3 Proof of Theorem 1.1

PrOOF Part (a).

satisfies

We have by Lemma 2.6 that

I (w1, v2) || < 2| (vr, v2) || < | (01, va) |

Now, since fo, = 00, goo =

fv) >

for v> H , where n > 0 is chosen so

<1
e< .
2

that

1
—I'n > 1.
2 ,'7

/NTN Lf(vo(r dT% /NTN Yg(vi(7))dT)

/NTN Lo(r)dr)
/NTN 1d7‘

for

00, there is an H > 0 such that

(o)™, g(v) >

(nu)™

< (er)V

1
N

1
N

1

Ng

It follows from Lemma 2.5 that fo = 0,go = 0. Therefore, we
can choose 71 > 0 so that fi(r;) < (ery)V,g%(r1)

where the constant ¢ > 0

(v1,v9) € 08, .

Let ry = max{2ry, 8H}. If (vy,v;) € 8,,, there exists one of i = 1 or i = 2 such that
SUPefo,1) Vi = %7‘2. Without loss of generality, assume that SUDyefo,1] V1 > %rg. Then

which implies that
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It follows from Lemma 2.4 that
1
T (v, v2)[| = Tf[va ]| > §F?7T2 > 1y = |[(v1, v2) |-

By Lemma 2.1,
i(T,Q,,,K)=1 and (T,Q,,, K) =0.

It follows from the additivity of the fixed point index that
i(T, Q0 \ Qy, K) = —1.

Thus, (T, Q,, \ Q,.,, K) # 0, which implies T has a fixed point (vy,v2) € Q,, \ Q,, by
the existence property of the fixed point index. The fixed point (—vi, —v5) € ., \ O,
is the desired positive solution of (1.1).

Part (b). since fo = 00, go = 00, there is an H > 0 such that

fw) = ()™, g(v) = ()™
for 0 < v < H |, where n > 0 is chosen so that
I'm>1.
If (v1,vq) € 09, then
Fva(t)) = (v2)™, g(va(t)) = (or)™or ¢ € [0, 1].
Lemma 2.4 implies that
I (w1, v2) || = Tl (01, v2)[| > [[(vr, v2)[| - for  (vy, v2) € O,

We now determine €2,.,. It follows from Lemma 2.5 that foo = 0 and g, = 0. Therefore
there is an r9 > 277 such that

filra) < (era)V, §'(ra) < (er2)",
where the constant % > ¢ > (. Thus, we have by Lemma 2.6 that
[T (01, v2)[| < 2el|(vi, v2)|| < [[(v1,02)]| for (1, v2) € Oy,

By Lemma 2.1,
i(T,Q.,,K)=0 and i(T,Q,,, K)=1.

It follows from the additivity of the fixed point index that i(T, ., \Q,,, K) = 1. Thus,
T has a fixed point (vy,vs) in ., \ Q. And (—v;, —v) is the desired convex solution
of (1.1). O
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