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Abstract. By Zr-index theory, the existence and multiplicity of solutions for some
fourth-order boundary value problems

u® 4y’ = pu+ Fy(t,u), 0 <t <L,
u(0) =u(L) =u"(0) =u"(L) =0

at resonance are studied, where a > 0 and u € R is an eigenvalue of the corresponding
eigenvalue problem. The difficulty caused by the non-monotone eigenvalue sequence
is handled concretely.
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1 Introduction

In order to study physical, chemical and biological systems, one has considered some fourth-
order semilinear differential equation models, such as the extended Fisher-Kolmogorov equa-
tion [4], the Swift-Hohenberg equation [10], suspended beam equations [2], etc. In the present
paper, we are concerned with the existence and multiplicity of solutions for boundary value
problems of fourth-order differential equations

{u<4> +au’ = pu+F(tu), 0<t<L, (1.1)

u(0) =u(L) =u"(0)=u"(L)=0

where a > 0, u is a real parameter, F(t,u) € C'([0,L] x R,R), F,(t,u) denotes the gradient of
F(t,u) with respect to the variable u. If F(t, u) satisfies lim, o, F(t,u)/u* = 0, we say F(t, u)
is sublinear at infinity.

= Corresponding author. Email: cunlcy@163.com
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We first observe that the corresponding eigenvalue problem

u® 4+ au” = \u, (12)
u(0) =u(L) =u"(0)=u"(L)=0
has the eigenvalues
kr\ krr\ 2
A = (L> —u<L) , k=1,23,... (1.3)
and the eigenfunctions
U, = sin ?, k=1,2,... (1.4)

One says (1.1) is resonant at infinity if 4 = Ay and F(t, u) is sublinear at infinity.
On the other hand, for fixed a > 0, we can find that from (1.2)

(i) if L is extremely small such that (%)2 >a,then0 < A <A <Az < -+ — 005
(ii) if L is suitable large such that § < (%)2 <a,then M <0< A < A3 < -+ — o0

(ili) if L is sufficiently large , then there exists two integers k > 2 and [ satisfying (kf”)2 <3
and 0> Ay > Ay > - - >/\]A(,)Lj(</\f(+1 < - </\12+f<0<)\12+f+1 <)L;(+i+2---—>oo.

We see easily that for the case (i) and (ii), the eigenvalue sequence {A;} increases strictly. In
the last two decades, much of the research in critical point theory has examined the existence
and multiplicity of solutions of (1.1), so, we shall focus on the most complicated case (iii) with
non-monotone increasing eigenvalue sequence. For the sake of simplicity, we assume that
Ak, # Ak, if ki # ko in case (iii) throughout this paper.

Up to now there have been a vast of literature about superlinear (1.1), namely, F(t,u)
satisfies lim‘u| oo F(t, 1)/ u? = oo; we refer the reader to [1,5,6,11,12], and references therein.
However, for the sublinear (1.1), only a few attempts have been done. In [9], Liu considered
the existence of solutions with L = 1, p = —a%/4. In [7], Han-Xu supposed L = 1, a =
w=0,F(tu) <qu>+p (0 << n?/2) and m*nt* < £,(t,0) < (m+1)*7* withm > 1
and proved the existence of three solutions. In [13], Yang-Zhang assumed L = 1, ant* +
u/m? <1, uf(t,u) —2F(t,u) — oo (Ju| — o), and discussed the existence of two solutions
at resonance, basing on combining the minimax methods and the Morse theory. In [8], Li-
Wang-Xiao used the Clark theorem to prove the following result.

Theorem 1.1. Consider the problem
(1.5)

Let V(t,u) € C}([0,L] x R, R) satisfy
(V1) V(t,u) =V(t,—u), Vt e R, u € R;

(V2) there exist m > 0, b > 0 such that L < 4—\}% and

V(tu) < %|u\2+b, tel0,L], ueR; (1.6)
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V3) there exist p € N and constants M > 0, p > 0 such that M > mp*, L > ort/¥/m and
p P P [

Vit ) > MWE vt € [0,L], |u] < p/P. (17)

Then, for each L € ( ) (1.5) has at least p distinct pairs (u(t), —u(t)) of solutions.

VM’ {‘F
Motivated mainly by the above papers [7-9,13], we obtain the existence and multiplicity
results for (1.1) as stated in the following.

Theorem 1.2. Suppose that there exists some integer k such that 1 < k < k, and u = Ay. Assume
that F(t,u) € C([0,L] x R,R) and f(t,u) = F,(t,u) satisfy that

(f1) F(t,u) = F(t,—u), Yt € [0,L], u € R;
(f2) there exist Ky, Ky > 0 and o € [0,1) such that

f(t,u)] < Kilu|*+ Ko,  VEtEO,L], u€R; (1.8)
(f3) there exist an integer p > 1, and M >0, p > 0 such that A ;. , < M+ Ay and
F(tuw) > 2P, V(0L |ul <p (1.9)

L
(f4)  limint / F(tu(t)dt/|e]* — —co,  Vj>1.
u=csin I\, |c|—+c0 /0
Then (1.1) possesses at least (k+ 1+ p) — (k+1) distinct pairs (u(t), —u(t)) of solutions, where, if
Ak > min{A;}js1, then k satisfies k+1 < k+k < k+1,and A\; < A ifand only if k+1 < j < k+k
(k is unique); if Ay = min{A;};>1, then k = 0.

Corollary 1.3. In Theorem 1.2, if the condition u = Ay is replaced by Ay < u < Agy1, and (f4) is
omitted, then the same conclusion still holds.

Remark 1.4. In Theorem 1.2 and Corollary 1.3, if the integer k is between k+1andk+1,or
k > k + I, then the similar results are still true. However, the details of their proofs must be
adapted. Evidently, one can also handle case (i) and (ii) by the same arguments used by us in
(iii), moreover, the process seems easier than that of (iii). In addition, it is also not hard to see
that Theorem 1.1 is equivalent to the special situation of a = 0, ¥ < Ay in Corollary 1.3.

This paper is organized as follows. In Section 2, we will prove some lemmas. In Section 3,
the proof of Theorem 1.2 shall be given by the following Z-type index theorem.

Theorem 1.5. Let Y be a Banach space and the functional ¢ € C(Y,R) be even satisfying the
Palais—Smale condition. Suppose that

(i) there exist a subspace V of Y with V- =r and § > 0 such that SUP ey, |x| =6 p(w) < ¢(0);
(ii) there exists a closed subspace W of Y with W = s < r such that infy,ew @(w) > —oo.
Then f possesses at least v — s distinct pairs (u, —u) of critical points.

For the convenience of the reader, let us recall that the functional ¢ is said to satisfy the
Palais-Smale condition if any sequence {u;} in Y is such that ¢(u;) is bounded, ¢'(u;) — 0,
possesses a convergent subsequence.
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2 Preliminary
Let X = H?(0,L;R) N Hé (0,L;R) be a Hilbert space with the inner product
L
(u,w) = / [ ()" (t) + o' (D)W (t) + u(t)w(t)]dt, Vu,w € X,
0

and the corresponding norm

1

L 2
il = o)t = ([ (1 - ala P+ ) )

L 2
Jull = ([ 1),
0

we infer from the Poincaré inequality

de L4 L//Zd
/Ou tgﬁ/o(u) t,

L L L
/ u?dt = / w'du = —/ uu" dt
0 0 0

Setting

so || - || x is equivalent with || - ||.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

It is well known that solutions of (1.1) are exactly the critical points of the corresponding

functional given by

I(u) = ;/OL [ (£)[% = alu(£) > = pluf?] dt—/OLF(t,u)dt

on X. Direct computation shows, for Vu, w € X,

I'(w)w = /0 C T (0 () — aud (B () — (B (8)] di — /0 " wyodt.

Obviously, there is an orthogonal basis on (X, || - ||) as follows
sin E1,‘ sin 2—7-[1‘ sin 3—7-[1‘
Tt b b

Let ej = sin ]%T,sj = (%)4, j > 1, then

L L /im\* L
1" 29, _ & ]t — / ) 2
| e par =3 <L> si | lei(t) Pt

Define v; = | /L%jej' we have ||vj|| = 1, and

[ [P - afole)] ar = o [l OF - aleje)R] at =2,

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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L 2 (L 2 L 1
/0 |v; (t)|*dt LS]_/O lej(t)|*dt L5 2 : (2.11)

5j

From (2.10) and (2.11), we obtain

L L
/0 107/ () — alol(6) P dt = Aj/o o . 2.12)
Lemma 2.1. Under the assumptions of Theorem 1.2, there exists a norm || - ||« equivalent with || - ||

on X; X has an orthogonal decomposition X = X+ @& X~ @ X, and the functional 1(u) in (2.6) is of
the form

1 L
1) = o (lut 2= - |2) = [ Ftdt,  vueX, 219
0
whereu =ut du- ou®, ut e Xt, u= e X, u® € XO.

Proof. Consider two cases. Case (i): ¢ = Ay > min{A,};>;. For this, there exists a unique
integer k such that k +1 < k+k < k+1, and Aj < Agif and only if k+1 < j < k+ k. Define

L
B = [ [ () = alul () = pluf?) a. (2.14)

For Vu € X,u = ¥, ajvj, we get || =Y 1zx and

L o " 00 / ~ 2
I (u) :/o { (g(xjv]) a (;(x]-vj) Ak (;a/v]) ] dt
[ /|v”|2dt aoc/ |v]\2dt—/\koc/ |v]\2dt]
(57)

Ai—A ek s — A © A=A
i k\ 2 j k\ 2 j ky 2

: ) 2 ) Wl 2.1
< ; >0c]+ Y. ( 5, )(x]+ ) < ; >oc] (2.15)

2 2

I
Mg

~.
Il
—_

I
™

.
Il
—_

e
[ay

j=1 j=k+1 j=k+k+1
We define
k+k 0
Za]v]+ Z a;jvj, u = Z a;vj, U’ = ayog, (2.16)
j=k+k+1 j=k+1
and

Xt :Span{v]- |1<j<k-1lorj>k+k+1},
X~ =Span{vj | k+1<j<k+k}, (2.17)
X% = Span{v;},

then we derive

u=ut+u +u°, uteXxt, wex, ueX’ X=X"eX oXx° (219
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Moreover, one can estimate the terms in (2.15) as follows:

K1 /di—A ©  /A—A

j k 2 j k
L () e (M)
j=1 ]

o
. s j
j=k-+k+1 J
Ae 1 — A k—1 A = . — A )
> <k1k> Z“}Z+ <k+k+1k> Z “]2, (2.19)
k=1 /A — A 00 Ai— A A — A k—1 )
j k\ 2 j k\ 2 1 k 2 2
; < 5j >“j+ L ( 5 >[Xj_< s )ZaiJF Y % (2:20)
j=1 J j=k+k+1 j 1 j=1 j=k+k+1
and
ktk /A, — A 1 k+k
y < kT )afz Hi o2, (2.21)
j=k+1 5j Sktk j=k+1
ktk /AL — A 2 ktk
y < k ]) <ty 2 (2.22)
j=k+1 5j Sk+1 j=k11
with
1
Hi =

min  {A; —A;} >0, 2= max {A;— A} > 0.
k+1<j<k+k k+1<j<k+k

(2.23)
Combining (2.19)—(2.20) with (2.21)—(2.22), we can define a new norm | - ||, on X by
k—1

lull =)

Ai—A ek s — A i
j k2 j k\ 2

'1< Sj )0‘]‘"" Z ( >[X

]:

A=A

j Mk 2 2
| 3 Pt Z < - >oc]-+ock, (2.24)
j=k+1 ] j=k+k+1 ]
equivalent with || - [|. If u = Y22 ajvj, w = Y24 Bjvj € X, then the inner product correspond-
ing to || - ||« is

k—1

(0, W)= Y

L (M;M) ajpj + i (Aj _Ak> «ip

ol S
j=k+k+1 ]
k+k

Ar — A;
+ Z ( kS' ]>(X]'ﬁj+txk‘3k.
jkt1 j

From (2.24) one gets

(2.25)
el AN 2 (MM
Ju™ Iz = Z e “j"" Z )%
j=1 J j=kAk+1 ]
- k+k A — A
Ju~ || = ‘;H (Sj ’)«x?, (2.26)
]:
thus . .
100) = 5 (I 2= |12) = [ Bt w, (2.27)
I'(u)w =

L
(ut, wye — (u™, w). —/ f(t,u)wdt,  Yu, we X.
0

(2.28)
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Case (ii): ¢ = Ay = min{A;};>;. Under this assumption, for Vu € X,u = Y21 ajvj, we also

have
17,2 7,2 2
1 L 00 ) 00
= E/ [ (Z DéjZJj) a <Z (XjUj) /\k (Z lX]|U]|> ] dt
0 =1 =1 j=1
oo L
-y [ / 0! Pdt — an’ / [0![2dt — Agad / yvj|2dt}
]:
© Ai—A
_ < j "> a2, (2.29)
; S
j=1 ]
Let .
eI u° = woy, (2.30)
7k
and
* = Span{v; |j £k},  X° = Span{uv;}, (2.31)
then we conclude
u=ut+u", utext, uWeX’ X=Xx"aXO (2.32)
and
(B B
j=k+1 j#k Sj
> (Ak 1 _/\k> Z (A"H_Ak) Z oc]Z, (2.33)
Sk+1 j=k+1
which implies a new norm || - ||, as follows:
A — A
Il = 5 () o o N
AN
equivalent with || - ||. Obviously, one obtains
A= A
It =5 () o 239
j#k J
Consequently, we also have the same results as (2.27)-(2.28) with u™ = 0. O

Lemma 2.2. Under the assumptions of Theorem 1.2, the functional I(u) defined in (2.6) satisfies the
Palais—Smale condition.

Proof. Assume that {u,,} C X satisfy
L) < Co,  I'(um) — 0. (2.36)

Writing u,, = ), +u,, +ud, u), € X*, u,, € X, ul, € X°, then, for m sufficiently large, one
has

L
1 )] = G s = G 55 = [ (0 )l

L
S e E R A e e 237)
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Using (f2) and the Sobolev embedding inequality, we obtain

’/()Lf(t,u;)u;dt’ <K /OL [+ dt + Ko /OL k| dt
< Cal(lmll + 157, (2.38)
with some constant C; > 0. Combining (2.37) with (2.38) derives
12 < 1+ Co)llusills + Callug 157, (2.39)

thus we reduce that {u;} is bounded since 1 < a +1 < 2. In the same way, {u;,} is also
bounded. Therefore there is a C; > 0 such that

Nt — |l = ||y +tplls < Cop  Ym > 1. (2.40)

Next, with the aid of (f2) and the mean value theorem, we easily show

/OL[F(t, ) — E(t,u0,)]dx

< [ 108+ Sl — ) — )]t (0 < £ < 1)

< Cs </0L\(um—u21)}\uom]adt—k/oL](um—u%)\““dt—i—/L‘(um—u%)|dt>
L L

< o (I 1= )+ [ o= )5+ [ =

< Calllup e letm — i 1+ ot — 1, 1570+ ot — 243, 1) (2.41)

for some constants Cz, C4 > 0. Since dim X° =1, u9, € XY, we know that ||uY,||« is equivalent
with ||u, ]|, it is easy to conclude by (2.40) and (2.41)

L
/0 [t 1) — F(t,1%)] dx| < Cs]|ud,|* + Cs (2.42)

for some constants Cs, C¢ > 0. By Lemma 2.1, I (u;;) can be written as
o 2 1) = 3 (a2~ i) — [ [ECum) — ECta)] e — [P )at. @43)
From (2.42) and (2.43), we obtain
Colll + [ Flt,u)at > ¢ @40

with some constant Cy. If {u9,} is unbounded, then

L
liminf [ F(t,ud)dt/||ul|* > —Cs. (2.45)
m—00 0

We note that for Vm > 1, u), can be expressed by ul, = ¢}, sin = % € R, so ||ul,|* =

|c%,|%(5s¢)*/2. Here, k is fixed, consequently, (2.45) contradicts (f4). Thus, we conclude that
{u} is bounded on X, and, using the standard method, {u,,} has a convergent subsequence.
O
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Lemma 2.3. Under the assumptions of Theorem 1.2, the functional 1(u) defined in (2.6) is bounded
from below on X .

Proof. According to (f2) , for any u € X, we have

Ky
a+1

L L
Ky [l < Colult + ) (246)

L
/F(t,u)dt'g
0
with some constant Cg > 0. In particular, if u € X7, then for ||u||. — oo, we get
1) = Ll = [ Bt > 2ul = Cs(ulett 247
() = Slulls = - E(tu)dt = Sfuls = Co(Julls™ + [lufl) — oo (247)

So I is bounded from below on X ™. O

3 Proof of the theorems

3.1 Proof of Theorem 1.2

Proof. In this section, we shall prove Theorem 1.2 by Theorem 1.5. Define

V = Span{vy, vy, ... '012+i+ﬁ}' (3.1)
frl+p k+i+p
Z=5,NV = {u =) ajoj, 01,00, 0 5 € R, ) ocjz = ﬁZ} (3.2)
=1 =1

with p =, /2(1231@/). For each u € Z, according to (3.1), we have

k+i+p k+i+p 5
u(t) = Z 0(]"0]‘ = Z lX]‘ TS-SIH T (33)
j=1 j=1 ]

By the Cauchy-Schwarz inequality, one shows

=55 =p". (3.4)

Therefore |u(t)| < p, Vt € [0, L].
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Thus, condition (f3) implies that

L L
- ;/ [|wl(t)|2—”|u/(t)|2—/\k|u|2] dt—/ F(t,u)dt
0 0
L L
ﬁi/ () ala (O — Adul?] i [
0

k+l+p ) . 4 L . 2 . 2 L . 2
1 i ) a0 (1)1 (cos
Z ] sz [( L> /0 (sm i ) dt —a ( L) ; <cos 7 ) dt]

M+ M LR jrt
_ /0 Z “jLs] sin ~— dt

2 pa L
k+l+p : 2
1 ‘X jT j7T
S (R
Again, in view of (f3), Ay; +p < A+ M, and the property of the eigenvalue sequence
{Ax}, we have, for 1 <j < l%+lA—|—f7,
. 4 . 2
TELE R (A
() o () <, o
hence
k+i+p 52 .\ 4 N
1 &[T jT
<= LI E) —a(LE) - . .
I(u) < 5 ]; ; <L> a(L) (Ac+M)| <0 (3.7)

Therefore, we get sup{l(u) : u € Z} < 0.

The functional (2.6) satisfies all hypotheses of Theorem 1.5, therefore it has at least
(k+1+p) — (k+1) distinct pairs (uj, —uj) of critical points. Since I(u;) < 0 for 1 < j <
(k+T+p)— (k+1), wegetu; #0for1 <j< (k+1+p)—(k+1). O
3.2 Proof of Corollary 1.3
Proof. We first demonstrate the following result similar to Lemma 2.1. For Ay < p < Ay,

u = Y2 ajvj, one has

b = [ [ 0P (O ~ pluP) d

:/oL [ (i“jvj>llz a (i"‘f”}')l V(i“/%')z] dt
:é[ /|v ]2dt—a¢x/ |0 2dt — ya/ |v]\2dt]

A

_v 2 Hz)
= —u
L (e L

2

j=1
k Aj— A — k+k — A

:Z( y)oc—f— Z <]Sly>oc]2-— ) <HS' ]>zx]2-. (3.8)
j=1 5j j=k+k+1 J j=k+1 ]
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Let _
k ) k+k

ut = Z:tx]-v]' + Z ®;jv;, =y a;, (3.9)
=1 j=k+k+1 j=k+1

X" = Span{v; |1 <j <k, orj>k+k+1},
X~ =Span{vj | k+1<j<k+k},

thenu = ut +u-, ut € Xt u= € X7, X = XT@® X, and I(u) = S(Jut]? - lu"|?) —
¥ E(t,u)dt.

We can continue to follow the same ideas as in Lemma 2.1, Lemma 2.2, and Lemma 2.3 to
complete the proof of Corollary 1.3. In addition, it is not hard to see that, for the present case
of Ay < i < Agiq, condition (f4) appearing in Theorem 1.2 is not indispensable since X° = 0
in the orthogonal decomposition of X. The details should be left to the reader. O

(3.10)

Remark 3.1. For VB € (0,1), v € [0,1), we can take a function H(s) € C!([0,0),R) such that

s < H(s) <s'*F,  Vse[0,1], (3.11)
—%s7 <H'(s) < —isV, Vs € [2,00). (3.12)

Let F(t,u) = H(|u|)[(sint)¥ +2], ¥j > 1. Since lim, ,0 F(t,u)/|u|*> = co uniformly in
t € R, straightforward estimates show that F(t,u) satisfies (f1)—(f4) in Theorem 1.2 with
a € [y,1).
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