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Abstract. We obtain new Lyapunov-type inequalities for systems of nonlinear impul-
sive differential equations, special cases of which include the impulsive Emden-Fowler
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1 Introduction

Impulsive differential equations have played an important role in recent years because they
provide better mathematical models in both physical and social sciences. Although there is an
extensive literature on the Lyapunov-type inequalities for linear and nonlinear ordinary dif-
ferential equations [1,2,7,9-12] and systems [3,8,14,16] as well as linear impulsive differential
equations [5] and impulsive systems [4, 6], there is not much done for nonlinear systems with
or without impulse [15]. The present work stems from the corresponding ones in [11,15].

We consider the nonlinear impulsive system

X = w(Ox+pr(6)ul" 2, =~ (u— a3, t £
x(rh) = Gix(t), ul(nt) = Guln) - pile(n )P 2x(x), (11
t>t), ieN:={1,2,..1},

where {7;} denotes the sequence of impulse moments of time such that

0<tp<T<- - <<, lim 7; = +oo.
1—00

We assume that the following conditions hold:
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(i) ¥ > 1, B > 1 are real constants,

(ii) a1,pB1, B2 € PCltg, ), B1(t) > 0, where PC[ty, o0) denote the set of functions f : [ty, c0) —
R such that f € C([to,0)\{T1,T2,...,Ti,...}) and limits from the left f(7,;") and from
the right f(7;") exist (finite) at each 7; for i € IN,

(iii) ¢;,#; are real numbers such that §; #0fori=1,2,...

By a solution of system (1.1), we mean x, u € PC[t, c0) satisfying system (1.1) for t > .
Such a solution is said to be proper if

sup{x(s)| + u(s)| : £ < s < 00} >0

for any t > to. We tacitly assume that system (1.1) has proper solutions. For a classical theory
of impulsive differential systems we refer the reader in particular to a seminal book [13].

Note that many equations can be written as a special case of (1.1). For instance, impulsive
Emden-Fowler type differential equation

(P(t)IX’I“ ) Ha()P =0, t#£T,

X(r) = &ix(r; ), )
p(T; )!x N2 (7)) = &ip () ¥ ()72 (7)) — il () P2 (%)
t > ty, 1€N
is equivalent to
X =g Pu, u = —pa(t)|x|P Py, £
x(7) = Gix(t), u(gh) = Gt ) — milx(t)IP2x(g7)
t>ty, i€N
with
Sii=1 B =P, ) =4
v 2 — 4 1 =Pp s 2 =4
If we set &« = B, then we obtain the impulsive half-linear equation
(p(t)[’ |’5 2 +q)|xPPx =0, t#T,
x(t") = Gix(r),
(1.3)
p(T; )\x(ﬂ\ﬁz'( 5 = &p(g )X (7)) 1P (7)) = milx () IP2x(7))
t > ty, € NN.

Therefore, our results will be applied to important equations as special cases.
Let us recall the definition of a (generalized) zero.

Definition 1.1 ([4,5]). A real number c is called a generalized zero of a function f if f(¢c~) =0
or f(c™) = 0. If f is continuous at ¢, then ¢ becomes a real zero. If no such zero exists then
we will write f(t) # 0.
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2 Main results

Let k be a piece-wise constant function defined by

K(t) = ¢162---Gj, te€ (7,7l JEN,
B 1, tE[m,ﬁ]

and {k;} be sequence given by

oo ) G2 j =1
! 1, j=0.

We will also use the usual notations

fT(t) =max{f(t),0},  (fi)" = max{f;,0}.
Our first result is the following.

Theorem 2.1. Let (x(t),u(t)) be a real solution of the impulsive system (1.1) and « be the conjugate
number of vy, that is,

Liloa
&
If x(t) has two consecutive generalized zeros at t1 and tp, then we have the following Lyapunov-type
inequality:
a—1
MP— exp (2 / (s |du> U B () (1)1 zdt]
(2.1)
[/ B (DWW P2+ Y (ro/8)* kil ] > 2,
h<T<tp
where
M= sup <t>‘ (2.2)
et | k()
Proof. Define
x(t) u(t)
= — = — > .
Z(t) k(t), U(t) (t)f t > fo

It is easy to see that

2= ()z+ B k()] 20?0, o = —a (D)o — o) K(D)P 2P P2, t#£ T
2(67) =2(77), o) =o(t ) — (/&) kia 1P212(7) 1P 22(7)), (2.3)
t>ty, i€ NN.

We may define z(7;) = z(7;") to make z(f) continuous on [t1, f5]. Thus, z(t 2) = 0and

) = z(t
z(t) # 0 for all t € (tl,tz) Without loss of generality, we can take z(f) > 0. Since z(t) is
continuous, we can choose T € (t1,t;) such that

z(t) = tem(tiﬁ){z(t)} = M.
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From (2.3), we have
(vz2)' = BL(B) k()72 [o(1)|T = Ba(t) k(1) [P22P(t), t#
(02)(57) = (v2)(7;) = — (/&) ki1 |P22P ().

Integrating the first equation in (2.4) from t; to t, and using B3 (t) = max{B2(t),0} and
(7i/8i)" = max{#i/¢;, 0} yields,

(2.4)

[ OO s [ oK o
+ ) (ni/d) )k P22 ().

t1<t;<ty

(2.5)

From the first equation in (2.3), we have

e (- [ wl(u)duﬂ/ = OO O 0 exp (- [ ma) o

and

[z(t) exp ( /t : al(u)duﬂl = B (1) k(D)7 2[o(£)]"2o(t) exp < /t ; ocl(u)du> . 2.7)

Integrating (2.6) from t; to T, we get

z(7) = /t]T Bi(t) k()| 2o (t)|"2v(t) exp </tT oq(u)du) dt,

which implies

2(7) < exp (/f loq(u)\du) [ B k72 ol (28)
Similarly, by integrating (2.7) from 7 to t;, we have
[5) 15}
=(r) <exp ([ ImaGldn) [* pr(olO Ho(l 29
Put
. 2(1) and Oy — 2(1)

exp </t \ocl(u)|du>

Then we observe that

exp (/:2 |a1(u)]du>.

z(T) _ z'2(7)z! (1)
exp <;/t:2 |¢x1(u)|du> ex 5/ lacq (u |du) exp % : |op (1 |du>
= \/7
< 1+0Q
- 2
— 2(1) + 2(7) (2.10)

2exp (/t: |oc1(u)|du> 2exp (/th |ocl(u)|du) |
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Therefore, from (2.8), (2.9), and (2.10) we have

2z(7)
exp (; /: ey (1)

Applying Holder’s inequality to the right-hand side of (2.11) with indices « and <y and then
using inequality (2.5) lead to

) < [M B ko 2o ar @)

- C ZZZ(Z(””“) S :/tltz 51(t)|k(t)|mdt: ; [/: lgl(t)’k(t)hzfv(f)Wdt]a
= :/: ﬁl(t)|k(t)|'r—zdt: ¥

1
o

y [/ttz By (H[k(t)|P 2P (tydt+ Y (Wz‘/Ci)ﬂkil!ﬁZZﬁ(Ti)] 7'

h <1<t

Since z(7) > z(t) for all t € [t3, 2], we obtain

2z(7)
exp <; /: ey () |du

) <=t [[*momora]’

1

" [/tt B P2t + Y (n/ §f>+'ki‘”ﬁ_2r

1 <Ti<t2
Finally, we use (2.2) in the last inequality to see that (2.1) holds. O
If we take B = a, then the M dependence drops.

Theorem 2.2. Let (x(t),u(t)) be a real solution of the impulsive system (1.1) and B be the conjugate

number of -y, that is,

1 1
4T =1.
B

If x(t) has two consecutive generalized zeros at t1 and tp, then we have the following Lyapunov-type

inequality:
exp (5 [ ImGlan) | " preolker-2ar

X [/tfz ﬁ;(t)!k(t)]ﬂfzdt-y Z (qi/€i>+‘ki_1’52] > 8.

h<ti<t

B—1

Corollaries below are immediate.

Corollary 2.3. Let « be the conjugate number of -y.
If the impulsive Emden—Fowler equation (1.2) has a real solution x(t) having two consecutive
generalized zeros at t1 and to, then we have the following Lyapunov-type inequality:
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ty a—1 ty
M [/t p”(t)lk(ﬂl“dt] [ /t g (kO 2dt+ Y (1/8) kil > 2%,

t <7<tz

where

M = sup

tE tl tz

x(t)
—= 2.12
ik @12)
Corollary 2.4. Let B be the conjugate number of <.

If the impulsive half-linear equation (1.3) has a real solution x(t) having two consecutive general-
ized zeros at t1 and t;, then we have the following Lyapunov-type inequality:

[/ P k()] zdtr

Theorem 2.5. Let « be the conjugate number of -y and M be given by (2.12).
If the impulsive Emden—Fowler equation (1.2) has a real solution x(t) having two consecutive
generalized zeros at ty and ty, then there exists T € (t1,t2) such that the following inequalities hold:

-1
> 2B,

h <<ty

[/tlt2‘7+(t)|k(t)\ﬁ_2dt~l— Y (mi/Gi) kil

(i) If T € (Ty—1, Tu) for some n, then

a—1 T
U SNCILOLS zdt} [/t OOl (”i/gi)+|ki—l|ﬁ_2] >1
! H<T<T
and
a—1 )
[/ - o Zdt] [/t g (kO 2+ ) (771‘/61‘)+\ki—1!ﬁ2] > 1.
’ T<T<t

(ii) If T = Ty, then

[/ P k()] Zdtr_l

X [/t TP 2dt+ Y (/&) ki lPE max (/&) kg P2 >1
1 tlSTi<T 1=1,Z,....m
and
t2 a—1 .t2
mes | [y ko] [ [Carwkmras ¥ <m/¢z~>+|kz-1|ﬁ-2] > 1,
T T T<T;<tp

Proof. (i) The proof is obtained by applying the proof of the Theorem 2.1 step by step for the
intervals (t1,T) and (7, t2) separately and using z’'(7) = 0.
(ii)) Let T = 1, and 7, < s < T, 41. Set

If we repeat the procedure in the proof of Theorem 2.1, for the interval (1,s), we get
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1

o

2(s) < [ [ ﬁl(t)lk(t)l”’zdtr [ [ ﬁ1<t>|k<t>|”rv<t>|mt] | 213)

On the other hand, one can show that

[ e2)dt=zsp06) + T (/80 kP22 ()
' hstiss (2.14)

:/:ﬁl(t”k(ﬂh_zlv(t”mt—/tlsﬁz(t)|k(t)!ﬁ_zzﬁ(f)~

Substituting (2.14) into (2.13), we have
s ¥
z(s) < [/ ﬁl(t)lk(tw_zdf]
ty

x [ [ B0k P2 e+ Y (/8 Mkl () +z<s>v<s->] ;

t1<T<s

Letting s — 7" gives

(< [ [ poikra

1

x [ [ B kP2 e+ Y (/) kP2 () +z<r>v<r+>] ;

t<h<tt
In view of z(7)v(t") < 0 and z(t)v(T~) > 0, we get
(r) <20)¢ | [“puolkor 2]

1

&

x [ | Bl 2ar+ ¥ <ni/¢i>\ki1|ﬁ—2+’g"|kn_1|ﬁ—2]

h<t<T

Since z(t) < z(7) for all t € [t;, t2], we obtain the desired inequality

1< M [ / Tﬁl(t)lk(t)l”‘zdt]

X [/trﬁf(f)\k(f)\ﬁzdfﬂL )3 (m/éi)ﬂki_ﬂﬁ2+i_11112§§m(77i/¢i)+\ki_1!’32]-

h<t<T
Now, let T = 7, and s < T, < T,+1. By the same procedure worked on (s, t2), we get
1 1
t 5 ¥ t 5 «
2(5) < | [ Bk 2| | [ ok ocn e

which in a similar manner above leads to

02 [ pokora]

X [/stzﬁz(f)lk(t)lﬁ_zzﬁ(t)dt+ Y (qi/gi)|ki_1|ﬁ—zzﬁ(ri)_Z(S)U(SJF)]A,

s<T<ftp
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and so as s — T~, we obtain

T) < U;Z ﬁl(t)|k(t)|72dt} ”

[/ BP0t Y (/8 ki - Zz%)—z(r)v(r-)r,

T<T; <t

which yields

e [ [P pkor ] [/ B (OO P2t Y (/) i ]

<1<ty

Theorem 2.6. Let 5 be the conjugate number of .
If the impulsive half-linear equation (1.3) has a real solution x(t) having two consecutive zeros at
t1 and tp, then there exists T € (t1, t2) such that the following inequalities hold:

(i) If T € (Ty—1, Tn), for some n =1,2,...,m, then

[ ko] ﬁ

!/tTW(f)Ik(t)\ﬁZdtJr Y (/&) kPR > 1

H<T<T

-1

and

-1 ty i
ke [/T TR Y (/) TP 21

<7<t

(ii) If T = Ty, then

[/ P (DK Zdt]

x [[ g Ot ) (/) kialP? + max (/8 kil

<<t =LAy

B—1

>1

and

-1

[ th p17(t)!k(t)|72dt] [/th q*(t)]k(t)!ﬁ’zdt—i— Z (ﬂi/Ci)ﬂki—l!ﬁ*z > 1.

<7<l

Remark 2.7. It may not be plausible at first to have a constant M in the inequalities, however
they are still very useful in several applications, see the next section. Moreover, if f and -y are
conjugate, then M disappears.

Remark 2.8. If there is no impulse, i.e. {; = 1 and 1; = 0 for all i € IN, then inequality (2.1)
improves and generalizes inequality (10) in [15, Theorem 1]. Theorem 2.5 may be considered
as an extension of [15, Theorem 3] to the impulsive equations.
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Remark 29. If « = f = 7 = 2, system (1.1) is reduced to a system of 2 first-order linear
impulsive differential equations studied in [4,6]. We see that Theorem 2.1 is more general
than both [4, Theorem 5.1] and [6, Theorem 3.1], and extends [14, Theorem 2.4] with n = 1 to
the impulsive equations. In the absence of impulse effect, inequality (2.1) in Theorem 2.1 is
sharper than the corresponding ones in [8] and [3].

Remark 2.10. When «a4(t) = 0 and « = § = ¢ = 2, we recover [5, Theorem 4.5] from Corol-
lary 2.3 and/or Corollary 2.4.

3 Applications

3.1 Disconjugacy

In this section, by using the inequalities obtained in Section 2, we establish some disconjugacy
results.
We first recall the disconjugacy definition.

Definition 3.1 ([4, 6]). The system (1.1) is called disconjugate (relatively disconjugate with
respect to x) on an interval [g, b] if and only if there is no real solution (x(¢),u(t)) of (1.1) with
a nontrivial x having two or more zeros on [, b].

Theorem 3.2. Let « be the conjugate number of v, and M be as in (2.2). If
b ty ty a—1
Mbrexp (5 [ lmldn) | [ ko]
t iy

X [/tfz 5;(t)\k(t)\ﬂ*2dt+ Z (’7i/§i)+!ki_1]5’2

«
< 2%,
h<T<ty

then system (1.1) is disconjugate on [t1,tp).

Proof. Suppose on the contrary that there is a real solution y(t) = (x(t), u(t)) with nontrivial
x(t) having two zeros s1,s, € [t1,t2] (51 < s2) such that x(t) # 0 for all t € (s1,s2). Applying
Theorem 2.1 we see that

<Mt (5 [“leatwian) | [° ﬁuomuqu“_l

X [/Ssz 132+(t)|k(t)|/5*2dt+ Z (ﬂi/gi)+‘ki1|ﬁ2]

51<T; <57

< MFexp (; /: |a1<u)\du> [ /: ,Bl(t)\k(t)pZdtr
X [/: By (H|k(t)|P2at+ ) (’71‘/5i)+’ki1‘52] :

h <7<t

-1

Clearly, the last inequality contradicts (3.1). The proof is complete. O

Theorem 3.3. Let 8 be the conjugate number of «y. If

o (8 [ olan) [ [ propeonzal]”

X [/tfzﬁ;(t)’k(t)w—Zdt—{— Z (771./61.)+|ki_1|/5—2] <2ﬁ,

H<T<ty
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then system (1.1) is disconjugate on [t1, t2).
We have the corresponding corollaries.

Corollary 3.4. Let a be the conjugate number of -y and M be given by (2.12). If

a—1

)
mes | [ ko
t

<24

x [ [ ot k@2 F /8 il

b h<T<t

then equation (1.2) is disconjugate on [t1, t2].

Corollary 3.5. Let 8 be the conjugate number of «y. If

B—1

[k

51

X [/tf2q+(t)]k(t)]l3—2dt+ Z (Wi/‘:i)+|ki1|ﬁ_2] < 2B

h <1<ty

then equation (1.3) is disconjugate on [t1, t2].

3.2 Weakly oscillatory solutions

We shall make use of the following definitions.

Definition 3.6. A proper solution (x(t),u(t)) of system (1.1) is said to be weakly oscillatory if

x(t) has arbitrarily large (generalized) zeros.

Definition 3.7. A proper solution (x(t),u(t)) of system (1.1) is said to be weakly bounded
if x(t)/k(t) is bounded on [ty, o0). The solution is said to be bounded if both x(t)/k(t) and

u(t)/k(t) are bounded on [ty, o).

Theorem 3.8. Suppose that

o (5 [ ) [ [ maoworal] <o,

[ Bkt < oo
Z (Wi/gi)ﬂkiqvg_z < 0.

<00

Then the following hold.

(a) Every weakly oscillatory proper solution (x(t),u(t)) of (1.1) is weakly bounded.

(b) For each weakly oscillatory proper solution (x(t),u(t)) of (1.1), we have

_ox(t)
i e O

(3.2)
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Proof. (a) Let (x(t),u(t)) be a weakly oscillatory proper solution of (1.1). Let z(t) = x(t)/k(t).
Suppose on the contrary that z(¢) is unbounded. Then there is a positive number T sufficiently
large such that |z(t)| > 1 for some t > T. Since z is also oscillatory, there exist an interval
(t1,t2) with t; > T such that z(#1) = z(t2) = 0, and T € (#1, t2) such that

M = |z(7)| = max{|z(t)| : 1 <t < tp} > 1.

Because of (3.2), increasing the size of t; if necessary, we may write that

o0 o0 a—1
exp (5 [ laoiae) | [~ prorora] < 63
and -
JTBOKOP 2+ ¥ /) ka2 < 1 64
1 H<T<o0

In view of (3.3) and (3.4), we see from (2.1) that
2 < MEMT =1
This is a contradiction.

(b) From (a) we know that every weakly oscillatory solution is weakly bounded. Suppose
on the contrary that z(t) does not approach zero as t — co. Then

limsup |z(t)| = L > 0.

t—o0

Since z has arbitrarily large zeros, there exists an interval (t1,f) with t; > T, where T is
sufficiently large, such that z(t1) = z(t2) = 0. Choose T in (t1, t2) such that

M = |z(7)| = max{|z(t)| : t € (},t2)} > L/2.
The remainder of the proof is similar to that of part (a), hence it is omitted. O

Corollary 3.9. Let a be the conjugate number of vy. Suppose that
/ Pl (B)k(B)]77? < oo, / gt (1) [k(8)[P2dt < o0, Y (/&) ki P72 < oo
T; <00

Then every oscillatory solution x(t) of impulsive Emden—Fowler equation (1.2) satisfies

ox(t)
im ey =0

Remark 3.10. Corollary 3.9 is valid for solutions of impulsive half-linear equation (1.3) by
taking & = B.

We conclude by a theorem on boundedness of the weakly bounded solutions of (1.1).

Theorem 3.11. Suppose that
/oo ap(u)du > —oo,
[ sl kwl#2exp (= [T (s)s ) du < oo
Y i/ &illkica P exp <—/ al(s)ds> < oo,

T <o i

Then every weakly bounded solution of (1.1) is bounded.
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Proof. Given z(t) = x(t)/k(t) is bounded, we only need to show that v(t) = u(t)/k(t) is
bounded as well. We know that

o +ai(t)o = —Ba(t) k()P 2zP %2z, £,
o(th) = o(t) = (1i/ G) kia P2 12(70) P 22()).

Hence
[v(t) exp (/t ocl(s)dsﬂ/ — _exp (/t ucl(s)ds> B k()P 22)f 22, t+£T,

o(t") = o(t) = (/) ki P2 |2(5 )P 22(x;).

Integrating from 7 to t, 7 < t < tp, we get

o(t) = v(T) exp (- /Tt oq(s)ds) . /Tt exp (- /ut ucl(s)ds> Bo () |k (1) P2 2| P~ 2zdu
- L /el e ) P exp ([ -m(o)is)

<<t

which implies that v(t) is bounded. O
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