Electronic Journal of Qualitative Theory of Differential Equations
2016, No. 56, 1-23; doi:10.14232/ejqtde.2016.1.56 http://www.math.u-szeged.hu/ejqtde/

On a practically solvable product-type system of
difference equations of second order

=1,2

Stevo Stevié and Dragana Rankovié®

Mathematical Institute of the Serbian Academy of Sciences
Knez Mihailova 36/11I, 11000 Beograd, Serbia
2King Abdulaziz University, Department of Mathematics, P.O. Box 80203, Jeddah 21589, Saudi Arabia
3Department of Physics and Mathematics, Faculty of Pharmacy, University of Belgrade
Vojvode Stepe 450, Belgrade, Serbia

Received 20 May 2016, appeared 26 July 2016

Communicated by Leonid Berezansky

Abstract. The problem of solvability of the following second order system of difference

equations

b d
Zpi1 = KzZpw,, Wyt = PWizh_q, n € Np,
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1 Introduction

Investigation of various concrete nonlinear difference equations and systems has been of a
great recent interest (see, e.g., [1-5], [10-35] and the references therein). Here we mention
two subareas of interest. First, motivated by some classes of concrete nonlinear difference
equations some experts started investigating the corresponding symmetric or cyclic systems of
difference equations, as well as some modifications of the symmetric/cyclic systems (see, e.g.,
[4,10-12,14,15,19-21,23-27,29-33,35]). Second, one of the basic problems related to difference
equations and systems is the problem of their solvability. Books [7-9] contain numerous
classical results on the topic. Solvable difference equations and systems have appeared in the
literature from time to time for a long time. It has turned out that some of recently studied
concrete nonlinear difference equations and systems are solvable. For example, the solvability
of systems in [4] and [21] was discovered during the investigation of the long-term behavior
of their solutions. On the other hand, some papers which give solutions of quite concrete
equations and systems, without any theoretical explanations, have appeared recently. One of
the first papers of this type is [5]. These facts motivated some experts to work on the problem
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of solvability more seriously (see, e.g., [4,13,16,17], [19]-[30], [32-35]). Short note [16] can
be regarded as a starting point for the serious investigation, and its importance is found in
the method which is used for showing the solvability of an extension of the equation in [5].
The method was later used numerous times (see, e.g., [1,13,17,22,34]) and was essentially
extended and developed in many of the other above mentioned papers on solvability.

Another fact of interest is to note that many difference equations and systems are ob-
tained from product-type ones by some modifications of their right-hand sides (e.g., the equa-
tions/systems in [18] and [31] are of this type). Product-type equations and systems are
solvable for the case of positive coefficients and initial values. However, this is not always the
case if some of them are real or complex numbers. Hence, the problem of their solvability
in these cases is of some interest. An investigation in this direction was started by S. Stevi¢
and some of his collaborators in [27], [29], [30] and [35], where some product-type systems
are solved not only theoretically, but essentially also practically, that is, by presenting concrete
formulas for solutions depending on the initial values and involving parameters.

This paper is devoted to the study of solvability of the following second order system of
difference equations

b d
Zpe1 = AZpW,, Wyt1 = PWiz5_q, n € Ny, (1.1)

where a,b,c,d € Z, «, € C and z_1,z9,wg € C. Motivated by [27] system (1.1), unlike the
ones in papers [29], [30] and [35], has some new parameters, namely, the coefficients « and .
Since the cases « = 0 or B = 0 are very simple, so of not much interest, from now on we will
assume that o, § € C\ {0}.
Note that the domain of undefinable solutions [24] to system (1.1) is a subset of the fol-
lowing set
U= {(2_1,zo,w0) S C3 :z.1=0o0r zg=0 or wy = 0}

Thus we can regard that (z_1,zp, wy) belong to C3 \ i, although in some cases C*\ U can be
even equal to C3 (for example, if a,b, c and d are natural numbers).
For a system of difference equations of the form

Zn = f(Zn_l, e Zhn—ks Wy—1, - - .,wn_,)

Wy = 8(Zn—1,-- - Zn—s, Wn—1, - -, Wn—t), n € Ny,

where k,1,s,t € IN, is said that it is solvable in closed form if its general solution can be found
in terms of initial values z_;, i = 1, max{k,s}, w_;, j = 1,max{l, t}, delays k, I, s, t, and index n
only.

Let us also say that, as usual, the sums of the form 2}":1 aj, for m < I, will be regarded to
have value equal to zero.

2 Auxiliary results

Several auxiliary results, which will be used in the proofs of the main results are given in this
section. The first lemma is well-known (see, e.g., [9]).

Lemma 2.1. Let i € INg and
s,gi) (z) =1+ 2z 4322 4. iz n €N,

where z € C.
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Then
s (z) = 11__2;1, (2.1)
sW(z) = 1—(n —(i—llzz;)j nz”“, 22)
for every z € C\ {1} and n € IN.
Remark 2.2. Since by the above mentioned convention s,(f) (z) = Z};l jizf—1 =0, forn=-1,0,

a simple calculation shows that (2.1) also holds for n = 0 and z # 0, while (2.2) holds for

n = —1and n = 0 when z # 0. Note also that 5511)(1) = @

Lemma 2.3. Let a;, B, i = 0,1, be complex numbers. Then

n n—i n n—j
2w ) Bi=) B} i (2.3)
=0 j=0 =0 =0

for every n € No.

Proof. Let
Sn={0,j):0<i<n 0<j<n-—i}.

From the definition of set S;, we see that variable j takes all the values from 0 to n too, and
that for a fixed j, from the inequality j < n — i we have that i < n — j, that is, the upper bound
for i is equal n — j. Hence

Sp={(i,j):0<j<n 0<i<n-—j}
Using this fact and by the changing order of summation, equality (2.3) easily follows. O

Remark 2.4. Note that Lemma 2.3 is a simple sort of the Fubini theorem with the discrete
measure.

Let

fu(u,v) = iuirfzﬂ, (2.4)
j=0

i=0
where u,v € C and n € Ny, and where we in this case, as usual, regard that 0% =1.

Lemma 2.5. Let f,,(u,v) be defined in (2.4). Then

fulu,0) = fulv,u), (2.5)

for every u,v € C and n € INy.
Moreover, the following formulas hold.

(a) Ifu#1%#vand u # v, then

Uv—1u _|_ un+2 _ vn+2 _|_ uvn+2 _ vun+2

(1—0)(1—u)(v—u) !

fn (u,v) = n € Np. (2.6)
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(b) If u=v #1, then

ol = LRI LD e 27

(c) Ifu#1landv =1, then

fu(u, 1) = — ,  n€Np. (2.8)

(d) Ifu=1and v # 1, then

1— 2 n+2
ful,0) = 2F ((ffv))f T ueN. (2.9)
(e) Ifu=v=1, then
Fa(1,1) = (”“)2(””) n € No. 2.10)

Proof. By using Lemma 2.3 with a; = ul, Bi = vl i, j= 0,n, equality (2.5) follows.
(a) By using the formula for the sum of a geometric progression three times (see (2.1)), the
conditions u# # 1 # v and u # v, and some simple calculation, for the case v # 0, we obtain

no on—i noo /1 = ph—itl
le) = 3 ol = (1)
=0 j=0 I-v

=0

_ 1 w RN
—1_0<§)u1—v” §)<0)>

1 <1 _ un—H Un+l _ un+1>
0

C1—o\ 1—-u v—1u
U_u_l_un+2_Un+2_|_uvn+2_vun+2

(1—=0)(1—u)(v—u)

If v =0and u # 1, then

_ un'l'l —u + un+2

no 1
2(1,0) =Y u' = = , 2.11
fu(u,0) i;o 1—u (1—u)(—u) (2.11)

which is nothing but formula (2.6) when v = 0.

(b) By using formula (2.1) twice, the conditions u = v # 1, and some simple calculation,
we obtain

n in—ij n il_un—i+1
u,u)=9y u w=Y u|l——m——
o) = ol Rl = 3 (5

i=0
1 ( o +1 i

— [ un 1)

I—u\= i=0
1 1— n+1
- 1—u( 1—uu _(n+1)un+1)
1= (m+2u" M 4 (n+ 1)utt?
a (1—u)3 '
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(c) By using formula (2.1), the conditions u # 1 and v = 1, formula (2.2) with z = u, and
some simple calculation, we obtain

fu(u,1) = iuinifl = iui(n —i+1)
=0 j=0 i=0

n . n .
=n+1)Y u'—u) !
i=0 i=1

1—u"t 11— (n+1)u" 4 nu"t!
— 1 _
(1)~ 1 —up
n+1—(n+2)u+u"t?
(1—u)? '

as desired.
(d) By using equality (2.5) with u = 1, we get f,(1,v) = fu(v,1). From this and by (2.8)
with u — v, formula (2.9) follows.

(e) We have
AV o (n41)(n+2
F1LD)=YY1=Y(n-it1)=) j= <")2(”>
i=0j=0 =0 =

Remark 2.6. If we note that
n on—i n n—i n : (1)
falwu) =3 u'y wl =3 Y uw =) (I+1u =s,.(u),
i=0  j=0 i=0j=0 1=0
since the equation i + j = [ has | + 1 nonnegative integer solutions, formula (2.7) also follows

from (2.2). It is also easy to see that f,(u,1) = u”sf}ll(%), u # 0, from which along with

(2.2), formula (2.8) can be obtained. Note also that by using the above mentioned summing
convention and some simple calculation is obtained that formulas (2.6), (2.8)=(2.10) holds for
n = —1 (formula (2.7) holds for n = —1 if u # 0).

The following result is also known (for example, it is a consequence of the Lagrange
interpolation formula).

Lemma 2.7. If all the zeros zj, j = 1, k, of the polynomial
P(2) = nZ + a4+ mz+ o,

are such that z; # zj, i # ], then the following formulas hold:

for every 1 € {0,1,...,k—2}, and
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3 Main results

The main results in this paper are proved in this section. The first one is devoted to the case
b=0.

Theorem 3.1. Assume that a,c,d € Z, b = 0, o, € C\ {0} and z_1,z9,wy € C\ {0}. Then
system (1.1) is solvable in closed form.

Proof. In this case system (1.1) becomes
Zpt1 = &Zp, Wy = ﬁwflzfl,l, n € No. (3.1)
From the first equation in (3.1) it is not difficult to see that
2, = aXiz0 ”"zg”, n € N. (3.2)
From (3.2) we easily obtain that for a # 1

1-a"  _n

Zp = aTazg, n € N, (3.3)

while for a = 1, we have
zy = a2, n € N. (3.4)

By using (3.2) into the second equation in (3.1), we get

n—2

Wy = ,BocdZ Lo 28wt forn>3. (3.5)
Hence, by using (3.5) with n — n — 1, we have that

wn:ﬁadZ? at da (ﬁadzn at gu”’f’wz Z)C

1 d(l d n—4 dn2d113 2
:ﬁJrClX Yiso a+czoa a""“+dca w;—Z/ (3.6)

for n > 4.
Based on (3.5) and (3.6), assume that for some k > 2 we have proved

1 i — n— i k— n—i—
w, = 1325.‘:01 c’lxdE;; (cfZ i~ Su) dZI o cla zwck (3.7)

n—k’s

forn > k+2.
Then by using (3.5) with n — n — k into (3.7), we get

Wy = PEC ¢ T (D) AR 0 pani et e e

_ priocd T (T ")zg Lioca™ e (3.8)
forn > k+3.
From (3.5), (3.8) and the method of induction we see that (3.7) holds for all natural numbers
kand n such that1 <k <n —2.
By taking k = n — 2 into (3.7) we get
e n—j—3 ; n—3 i n—i—2 n—
Wy, = ﬁz SC d (/Z i a) d): OCll w; 2 forn23. (39)

4
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On the other hand, from the second equation in (3.1) with n = 1, we have

wy = izl = (pwiz’ ) = pHews 2% 2. (3.10)

From (3.9) and (3.10), we get

:B):' S a5 (C] Y i)Zdzz(:osci“”iif2 (ﬁ1+cwc 2o Zd)

n— n—3 "]31‘ " i n—i—2 _—
—/32 e g () g A e (3.11)

forn > 3.
Now the subcases a # ¢ and a = ¢ will be considered separately.

Subcase a # c. In this case from (3.11), we get

nel _ n—j—3 4 , a
w, = ‘321'=01 c:adzj'.’: (cJZ )w(c)lz(d) a—c dc; 1’ n>2. (3.12)

If a # 1 and c # 1, then by formula (2.6) withn — n — 3, u = ¢ and v = g, (3.12) becomes

1—ch da el =1 g —1_pcn—1 o dan 1enl

-1
W, = BT a == (=9 whzg 2%, n>2 (3.13)

If a # c and a = 1, then by using formula (2.8) withn — n —3, u = cand v = 1, we get

_— d»l—Z—(n—l)c+c”_1 " 11

d -1
wy, = Brew =07 wh'zy 2%, n>2, (3.14)

while if a # ¢ and ¢ = 1, then by using formula (2.9) withn —n —3, u =1 and v = a, we get

dVI—Z—(VI—l)IZ-Hln_l a1 d
w, = B (1-a)? woz, 1z, n>2. (3.15)

Subcase a = c. In this case from (3.11), we get

n—1 i n—3 n—j—3 at n _ n—2 n—
w, = pri-o "o H-0 Chat )wS Zg(n D g, (3.16)

for n > 3.
If a = ¢ # 1, then by using formula (2.7) with n — n — 3 and u = v = a, (3.16) becomes

R L (n—1)a" =24 (n—2)a" "1 1)a

1- 1
w, = BT w3, (3.17)

while if 4 = ¢ = 1, then by using formula (2.10) withn - n —3 and u = v =1, we get

(n—2)(n—1) _
w, = a2 wozg(" 1)2‘11, n>3, (3.18)

finishing the proof of the theorem. O

Corollary 3.2. Consider system (1.1) with a,c,d € Z, b = 0 and «,p € C\ {0}. Assume that
z_1,20,wo € C\ {0}. Then the following statements are true.

(a) Ifa # c,a # 1and c # 1 then the general solution to system (1.1) is given by (3.3) and (3.13).

(b) If a # c and a = 1 then the general solution to system (1.1) is given by (3.4) and (3.14).
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(c) Ifa # c and c = 1 then the general solution to system (1.1) is given by (3.3) and (3.15).

(d) If a = c # 1 then the general solution to system (1.1) is given by (3.3) and (3.17).

(e) If a = ¢ = 1 then the general solution to system (1.1) is given by (3.4) and (3.18).

Theorem 3.3. Assume that a,b,c € Z,d = 0, a, € C\ {0} and z_1,z9,wy € C\ {0}. Then

system (1.1) is solvable in closed form.

Proof. A proof of the theorem was essentially given in [27], but we give a slightly modified for

the completeness. In this case system (1.1) becomes
Zyi1 = (xzﬁwz, Wyy1 = Py, n € INp.
From the second equation in (3.19) we have that

n—1 i n
w, = Bri-o “wf, neN.

From (3.20) we easily obtain that for ¢ # 1

1—c" n

w, = B TCwyg, n € N,

while for ¢ = 1, we have
w, = B wo, n € IN.
Employing (3.20) into the first equation in (3.19), we get

n—2 i n—1
2 = o EE 2

forn > 2.
Hence, by using (3.23) with n — n — 1 into itself, we have

by 2t b1 by 3¢ b2 a a

zy = a0 Cwl T (apP iz Cwl T2t )",
_ L AtapghY 2ol tba Y2 el b bac" 2 a?
= ,B i=0 =0 © 1wy Zn_2,

for n > 3.
Based on (3.23) and (3.24), assume that for some k > 2 we have proved

k-1 k—1 j n—j—2 ; k=1 i n—i-1
Zn = 0(21:0 ”I’Bb Z]’:O (a Lig € ) wngzo re 77

n—k’
forn > k+1.
Then by using (3.23) with n — n — k into (3.25), we get

1 k=1 (jiyn—i=2 i) pyk-1gin—i-1 n—k—2 i k-1 k
oy by () byl by k2¢i perk-l_g a
Zy = aki=0 " B7E 3 (i )wo i (ap”i=0 "y z8 1)

i k iyii=2 i) pyk gien—i-1  jiq
_ Yk apbY (W) e Yioda'c a
= a==0" fT (v )wo Zyn—k-1s

forn >k +2.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

From (3.23), (3.26) and the method of induction we see that (3.25) holds for all natural

numbers k and n such that 1 <k <n —1.
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By taking k = n — 1 into (3.25) we get

n-2 i pyn-2 (fiy" 26} by 2aicn—itl o
Zp = leizo a 'B =0 (a Yig C)woz’—o Zil , (327)

forn > 2.
By using the relation z; = az8w} into (3.27) it follows that

-2 i n— in—j—=2 n—2 gi n—i—1 n—
Zy = aZi:Oza 'Bb j=02 (“] Yo C)wgzz:o ac (lngwg)” !
-1 i n— ivn—j—=2 n—1 jin—i-1
_ T @ g (D) T e (3.28)
forn > 2.
Now the subcases a # ¢ and a = ¢ will be considered separately.
Subcase a # c. In this case from (3.28), we get
w1 i -2 . ’,lijiz ; " hanﬂyt
zy = aki=o ,BbZJ:O (i e )28 wy ", n € IN. (3.29)

If 2 # 1 and ¢ # 1, then by formula (2.6) withn — n — 2, u = a and v = ¢ and (2.5), (3.29)
becomes

n_n
a—ctc"—a +ca —ac" a_—c

1-g" pa=ctc —a tca —ac a b a—c
Zp =« Ta B 0T-00-96-9  z4 w, , n € IN. (3.30)

If a # c and a = 1, then by using formula (2.9) withn — n —2, u =1 and v = ¢, we get

n—1—nc4c" -1

zp=a"B 97 zow, ', n €N, (3.31)

while if a2 # c and ¢ = 1, then by using formula (2.8) withn - n -2, u =aand v =1, we get

n n—1-na+a' banfl

1—a n
Zp=aTaf 07z, n € IN. (3.32)

Subcase a = c. In this case from (3.28), we get
n—1 i n— jyi=2 i n n—
2, = aXio A ﬂb =5 (o )zg wh y n>2. (3.33)

If a = ¢ # 1, then by using formula (2.7) with n — n — 2, u = v = a, (3.33) becomes

1—alt bl—nu’7_1+(n—l)n”

-1
Zy =& T B (1-a)2 zg"wg”“n , n>2, (3.34)

while if 2 = ¢ = 1, then by using formula (2.10) withn — n -2, u = v =1, we get

o “nﬁb(l1;1)n . bn
n — Owo s ne N/ (3.35)
completing the proof. O

Corollary 3.4. Consider system (1.1) with a,b,c € Z, d = 0 and «,p € C\ {0}. Assume that
z_1,z0,wo € C\ {0}. Then the following statements are true.

(a) Ifa # ¢, a # 1 and c # 1 then the general solution to system (1.1) is given by (3.21) and (3.30).

(b) If a # c and a = 1 then the general solution to system (1.1) is given by (3.21) and (3.31).
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(c) Ifa # c and c = 1 then the general solution to system (1.1) is given by (3.22) and (3.32).
(d) If a = c # 1, then the general solution to system (1.1) is given by (3.21) and (3.34).

(e) If a = ¢ =1, then the general solution to system (1.1) is given by (3.22) and (3.35).

Theorem 3.5. Assume that a,b,c,d € Z, bd # 0, a,p € C\ {0} and z_1,z9, wy € C\ {0}. Then
system (1.1) is solvable in closed form.

Proof. A simple inductive argument shows that the conditions a, f € C\ {0} and z_1, zg, wo €
C \ {0}, along with the equations in (1.1) imply z, # 0 for n > —1 and w, # 0 for n € INy.
Further, from the first equation in (1.1), for every well-defined solution, we have that

z
wh = “Z“ n € No, (3.36)

while by taking the second equation in (1.1) to the b-th power, is obtained
wh = prwkZld,,  neN,. (3.37)

Using (3.36) into (3.37) we obtain

Bapdaa, e,
that is,
Zpyr = al TPz 0 n € Np. (3.38)
Let
a1 =a-+c, by = —ac, c1 =bd, (3.39)
x1=1-¢, y1=0>b. (3.40)

Then equation (3.38) can be written as
Znio = ucxlﬁylziﬂrlzfllz?_l, n € INo. (3.41)
By using recurrent relation (3.41) with n — n — 1 into itself, we have

Zyio = Oéxlﬂyl( xl‘Byl a1, bl :ll z)alzblzcl 5

— g¥1mtn ﬁjlﬂl+y12ﬂ1ﬂ1+b1zi’llfll+clzc1ﬂ1

n—2
_ (szﬁyzzazzzz 1Zn > (3.42)
for n € N, where
a := ajay + by, by == b1a1 + ¢y, 2= 1y, (3.43)
Xy 1= X141 + X1, Y2 i= Y141 + 1. (3.44)

Assume that for a k € IN such that 2 < k < n 41, we have proved that

by
Znia = BT 2 2 (3.45)
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for n > k —1, and that

ax = a1ar_1 + by_1, by = biax_1 + cx—1, Ck = C1Ak_1, (3.46)
Xp = X181+ Xk-1, Yk = Y1dk-1 + Yr-1- (3.47)
Then by using the relation

— X1 1 bl
Zpy2—k = & ﬁy +1 KZn— an k-1’

for n > k, into (3.45), we obtain
by

— Xk RYk X1 yl ay
Znt2 =& lB ( IB n+1 kzn an k— 1> Zyi1— an k
x1ﬂk+xkﬁy1ﬂk+yk2ﬂlﬂk+bk byag+cr 101

“kZn-k  Zn—k-1
Xkl Ykl 501 bkl Gkt
=@ Yz 2 k1 (3.48)

for n > k, where

A1 = arax + by, b1 := biag + cx, Ckt1 := C1dg, (3.49)

Xkl 7= X108 + Xk, Yke1 2= Y10k + Y (3.50)

Relations (3.48)—(3.50), along with (3.42)—(3.44) and the method of induction shows that
relations (3.45), (3.46) and (3.47) hold for all natural numbers k and n such that2 < k < n + 1.

Hence, choosing k = n + 1 in (3.45), and using the relation z; = tngwg we have

— Xt QYna1 5+l bn+1 Cnt1
= " ﬁ n Z] 0 Z_]
Xl RYnt (D) Bt b1 Cog
= a¥mt B (wzuog) " 2y 2

— A1 t+X Adp41+byt1 _Cut1,, bayq
= e gz 2 g (3.51)

Zp42

for n € INy.
From recurrent relations (3.46) we easily obtain that the sequence (ay)x>4 satisfy the fol-
lowing difference equation

A = Aa5_1 + b1ag_o + c1a5_3. (3.52)

From this, the linearity of difference equation (3.52), and by using the first and third
relation in (3.46) we see that (by)xen and (cx)ren are also solutions of equation (3.52).
On the other hand, from the recurrent relations in (3.47) we have

k-1 k-1
Xe=2X1) 4i+X1,  Ye=Y1)_ ai+y, (3.53)
i=1 i=1

for every k € IN.

Since difference equation (3.52) is solvable, it follows that closed form formulas for (ax)kenN,
(bi) ke and (cx ) ke, can be found. From the forms of general solutions of equation (3.52) (see
(3.76), (3.96), (3.117)) and by using known formulas for SE;), nelN,i=0,1,2,in (3.53) we can
easily get formulas for (xg)ren and (vi)ren. From these facts and (3.51) we see that equation
(3.38) is solvable, too.
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From the second equation in (1.1), we have that for every well-defined solution

Zd _ Wi
n—1 — c’/
puwy,

n € Ny, (3.54)

while by taking the first equation in (1.1) to the d-th power, is obtained

24 =a%zMwl,  n e Ny, (3.55)
Using (3.54) into (3.55) we obtain
w w?
7”;3 =qf 12 T ”*2 wh?, n € Ny,
len+2 ﬁ n+1
which can be written as
Wyys = a?pl" Zfzwnﬂwfl‘i, n € Ny, (3.56)

which is a related difference equation to (3.38) (only the coefficient is different and the indices
are shifted forward for one). Note also that sequence (wy)ncnN, satisfies the following initial
conditions

wy = pwiz?, and  wp = pIHCw 28z, (3.57)

Hence, the above presented procedure for sequence (z,),>_1 can be repeated and obtained
that for all natural numbers k and n such that 1 <k <n+1

— 2%k Bk bk
W3 = & BRW 3 0 W g (3.58)

where (ax)ken, (bx)ken and (cx)ren satisfy the recurrent relations in (3.46) with initial con-
ditions (3.39), and (Xj)ken and (Vi )ken satisfy the equations in (3.47) respectively, with the
following initial conditions

56\1 = d, ?1 =1-—a. (359)
From (3.58) with k = n + 1 and by using (3.57), we get

bn+1 Cn+1

Ap+1
wy Wy

Wyi3 = “fnﬂ ‘B?nﬂ wz
aa?nﬂ ‘Byrﬁrl (ﬁlJrch Zdzcd )ﬂn+1 (ﬁw(c)zd,l) byt w6n+l

_ (XJ?”H ‘By‘,l+1+(1+c)an+1+b,l+l wg 20,41 +cby 1 +Cn+1Zgﬂn+1zclifn+l+dbn+1, (3.60)

for n € INp.

As above, the solvability of equation (3.52) shows that closed form formulas for (ax)ken,
(bk)ken, (ck)ken, and consequently for (X )ren and (Jk)ken, can be found. This fact along
with (3.60) implies that equation (3.56) is solvable, too.

A small problem is that formulas (3.51) and (3.60) hold for n € N, that is, z; can be found
for k > 2 and w; for | > 3. To overcome the problem we show that for the case bd # 0,
(ar)ken, (bk)ken, (ck)ken, defined by (3.46) and (xy)ren and (i )ken, defined by (3.47), can
be naturally prolonged for negative indices (similarly is proved that (X;)ren and (Vi )ren are
prolonged for these indices). Here, we show how they are prolonged for k = —2,-1,0, and
in this way we get a natural set of “initial conditions” for the recurrent relations.
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From (3.49) and (3.50) with k = 0 we get

a1 = ayag + by, by = biag + co, c1 = c14g. (3.61)
X1 = x40+ Xo, Y1 = Yido + Yo. (3.62)
Since c; = bd # 0, from the last equation in (3.61) we get ag = 1. Using this fact in the first

two equalities in (3.61) and in (3.62) is obtained by = ¢y = 0, xo = yo = 0.
From this and by (3.49) and (3.50) with k = —1 we get

1=ay=aa_1+b_q, 0=0by =bia_1+c_, 0=cy=cra_1. (3.63)

0=x9g=x1a_1+x_4, 0=vo=y1a-1+y_1. (3.64)

Since ¢ # 0, from the last equation in (3.63) we get a_; = 0. Using this fact in the other two

equalities in (3.63) and in (3.64) is obtained b_1 =1,¢_1 =0,x_1 =y_1 =0.
From this and by (3.49) and (3.50) with k = —2 it follows that

0=a_1=a1a_r+b_y, 1=b_1=bla_r+c_o, 0=c_1=ca_s. (3.65)

O=x_1=x100+x_2, O=y 1=via2+yo. (3.66)

Since ¢ # 0, from the last equation in (3.65) we get a_, = 0. Using this fact in the other two
equalities in (3.65), as well as in (3.66) is obtained b_» =0,c.o =1land x_», =y_» = 0.

Hence, sequences (ax)g>—2, (bx)k>—2 and (¢x)x>_» are solutions to linear difference equa-
tion (3.52) satisfying the next initial conditions

a_, =20, a_1 =0, ap =1,
b_, =0, b_1=1, bp =0; (3.67)

c_r=1, c_1 =0, co=0,
respectively, sequences (Xx)g>_» and (yi)r>_» satisfy (3.47) and the next conditions
X2=0,x1=0,x=0x=1-c,y2=0,y1=0,y=0 y1 =0, (3.68)
and finally (Xj)x>_» and (Jk)k>—» satisfy (3.47) and the next conditions
R2=0%1=0%=0%=d 2=071=0Jo=0 1 =1—a. (3.69)

Using these facts it is easy to see that (z,),>_1 defined by (3.51) and (wy,)seN, defined by
(3.60) is the general solution to system (1.1) with initial values z_1, zg, wo, that is, the system is
solvable, as claimed. O

Remark 3.6. Note that the condition a,b,¢,d € Z is naturally posed to avoid appearance of
multi-valued solutions to system (1.1) for complex initial values.

From Theorem 3.5 we obtain the following corollary.

Corollary 3.7. Consider system (1.1) witha,b,c,d € Zand a, p € C\ {0}. Assume that z_1,zo, wy €
C\ {0} and bd # 0. Then the general solution to system (1.1) is given by formulas (3.51) and (3.60)
for n > —3, where the sequences (ay)n>—2, (bn)n>—2, (Cn)n>—2, satisfy difference equation (3.52) with
initial conditions (3.67), sequences (Xp)n>—2 and (Yu)n>—_2 satisfy the equations in (3.47) with con-
ditions (3.68), and sequences (X, )n>—2 and (u)n>—_2 satisfy the equations in (3.47) with conditions
(3.69).
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From the theory of linear difference equations with constant coefficients we know that
their general solutions are completely determined by the set of zeros of their associated char-
acteristic polynomials. For equation (3.52) the polynomial is

P3(A) = A% — A2 — A — ¢y, (3.70)

where a1, by and c; are defined in (3.39). It is important to note that for the case bd # 0 the
polynomial is of the third degree, so that the zeros can be explicitly found.
A standard procedure shows that the zeros of polynomial (3.70) are:

ate V/B—4A3 B2 B+ \4A3 + B2

A = 3 393 + 393 , (3.71)
A2:a+c_(1+i\/§)\3/B—\/4A37+Bz_(1—i\/§)\3/B+\/m, 572

3 62 6v/2
A3:a+c_(1—i\@)€/B—\/4A37+B2_(1+i\@)€/B+x/m/ 673)

3 62 6v2

where
A:=—a*>+ac—c?  B:=2a+27bd —3a*c — 3ac® +2¢°. (3.74)
Now recall that the nature of these zeros depends on the sign of the discriminant

D :=4A3% + B? (3.75)

(see, e.g., [6]). Namely, if D > 0, then one zero is real and two are complex conjugates. If
D =0, all the zeros are real and at least two of them are equal. Finally, if D < 0, all the zeros
are real and different.

Case D # 0. Since D # 0, then all the zeros A;, i = 1,3, of polynomial (3.70) are mutually
different, and the general solution to equation (3.52) has the following form

Uy = 6(1/\? + 062)\3 + 0(3/\§, n €N, (376)

where a;, i = 1,3, are arbitrary constants. Since for the case ¢; # 0, the solution can be
prolonged for nonpositive indices then we may assume that formula (3.76) holds also for
n> —3.

From Lemma 2.7 with P5(f) = Hle(t —Aj), we have

Mw

3 A2
Z I =0, forl=0,1, and ]

=1. 3.77
j=1 3(7‘]') j=1 Ps(Aj) ( )

g

From this, since from (3.67) we have a_, = a_1 = 0 and a9 = 1, and general solution of
(3.52) has the form in (3.76), we obtain

)\n—&-Z /\n+2 /\n+2
1 + 2 + 3 ,
(M =A2)(A1 = A3) (A2 =A1)(A2—A3) (A3 — A1) (As — Az)

a, = (3.78)

forn > —2.



Product-type system of difference equations 15

On the other hand, from (3.46) we get

b, =a,1 —may, (3.79)
Cn = C1y—1, (3.80)

forn > —2.
By using (3.78) and (3.39) into (3.79), we obtain

S Ai—a—c
by=Y L \"2 (3.81)
=L oEay)

for n > —2, while by (3.78), which also holds for n = —3, (3.39) and (3.80), we get

Ch = i ,bd A;ZH (3.82)
j=1 PS(AJ')

forn > —2.
From (3.53), (3.40), (3.78) and the fact that a9 = 1, we have

n—1
Xn = X1 Z ai
i=0
n—1 )\i+2 )\i+2 /\i+2
=(1—c 1 + 2 + 3 > 3.83
9L (it * et ) ©%
and
n—1
Yn=VY1)_ 4
=0
n—1 /\i+2 /\i+2 /\H—Z
—b 1 + 2 + 3 >, 3.84
1-;0 ((7\1 —A)(M—A3)  (A—M)(Aa—A3) (A — A1) (A5 —A2) (.54
for every n € IN, while from (3.53), (3.59) and (3.78), we have
n—1
X =X1 ) 4
i=0
n—1 /\i+2 /\i+2 Ai+2
=d 1 + 2 + 3 ) 3.85
L ((Al =) T A ) T A ) O
and
n—1
]//\n = ]//\1 Z a;
i=0
n—1 )\i+2 )\i+2 )\H_Z
(14 1 + 2 n 3 ) 3.86
( >§) <()\1—)\2)()\1—)\3) (A2 = A1) (A2 —A3) (A3 — A1) (Az — A2) (3.86)

for every n € IN.
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Now assume that A; # 1,1 = 1,2,3. Then, from formulas (3.83)—(3.86), we have

= (1- RV (A1, A2, A3), (3.87)
yn = bR (A1, Az, A3), (3.88)
%, = dRY (A1, A, A3), (3.89)
n = (1—a)RSY (A1, A2, A3), (3.90)
for n € IN, where
2 n 2 n
(1) A1<)‘1 - 1) )‘2()\2 - 1)
Ry, (A1, A, A3) = +
(A1, A2, A3) A=) M —2A3) (M —=1) " (A=A (A2 —A3) (A2 —1)
A3(A5—1)

T - A1)

Formulas (3.87)—(3.90) hold also for every n > —2. Indeed, if n = —2, —1, 0, then by some
simple calculation and (3.77), we obtain

1) _ M+1 A+ 1 As + 1
RY5(A1, A0, A3) = — - N
) = = =) (e m Ak —As) (s — A — 1)
B i 1 i Yoo
=1 Pgl,()‘j) j=1 P?C(/\D '
1 )\1 AQ AS
% (M =AM =A3) (2= M)A =As) (A —A)(As — M)
3 AL
j=1 P3(A5)

RSV (A1, A2, A5) = 0.

From these three relations we see that the sequences defined in (3.87)—(3.90) satisfy the condi-
tions in (3.68) and (3.69), from which the statement follows.

If one of the zeros is equal to one, say A3, then 1 # A; # A, # 1, and we have

Xy = (1—c)RP (A1, M), (3.91)
yn = bR (A1, 1), (3.92)
%y = dRP (A1, 1), (3.93)
u = (1—a)RP (A1, A2), (3.94)
for n € IN, where
MM -1) A5(A5 —1) n

RP (A, 7)) =

=AM =12 T =) =12 T =D =1)

Formulas (3.91)—(3.94) hold also for every n > —2. Indeed, if n = —2, —1, 0, then by some
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simple calculation and (3.77), we obtain

@ - A +1 B Ay +1 _ 1+1
) = = G ) T e T G- A0 A
__i 1 _ZS:L—O-
- SRy ERKy)
2 - M B Ao _ 1
) = = G ) T R - G- A0 A
v AN
=Ly

RP (A1, A2) = 0.

From these three relations we see that the sequences defined in (3.91)—(3.94) satisfy the condi-
tions in (3.68) and (3.69), from which the statement follows.

From the above consideration and Theorem 3.5 we obtain the following corollary for the
case bd # 0 and D # 0.

Corollary 3.8. Consider system (1.1) with a,b,c,d € Z and «,p € C\ {0}. Assume z_1,z0,wp €
C\ {0}, bd # 0 and D # 0. Then the following statements are true.

(a) If none of the zeros of characteristic polynomial (3.70) is equal to one, i.e., if P3(1) # 0, then the
general solution to system (1.1) is given by formulas (3.51) and (3.60), where sequences (ay )n>—2,
(bn)n>—2 and (cu)n>—2 are given by (3.78), (3.81) and (3.82) respectively, sequences (X, )n>—_2
and (Y )n>—2 are given by (3.87) and (3.88), while sequences (X,)n>—_» and () u>—_p are given
by (3.89) and (3.90).

(b) If only one of the zeros of characteristic polynomial (3.70) is equal to one, i.e., if P3(1) = 0 and
Pi(1) # O, say A3, then the general solution to system (1.1) is given by formulas (3.51) and
(3.60), where sequences (a)n>—2, (by)n>—2 and (cn)n>—2 are given by (3.78), (3.81) and (3.82)
respectively, sequences (X)y>—2 and (Yn)n>—2 are given by (3.91) and (3.92), while sequences
(Xn)n>—2 and (Jn )n>—2 are given by (3.93) and (3.94).

Remark 3.9. Equation (3.70) will have a zero equal to one if
P3(1)=1—a—c+ac—bd =0,

that is, if
(a—1)(c—1)=10d,

so that
P3(A) = A3 — (a+c)A% +acA — (a—1)(c —1). (3.95)
Ifa=3andc=0,thenbd = —2#0,D = —4-3°+ (2-27 —27-2)% = —2916 # 0,
P3(A) =A% —3A24+2=(A—1)(A2 =21 —2),

so that the conditions of Corollary 3.8 (b) are satisfied. Hence, there are cases such that the
only one zero of polynomial (3.70) is equal to one and all three zeros are mutually different.
For the symmetry when a = 0 and ¢ = 3 is obtained the same polynomial.
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Case D = 0. If D = 0, then, at least two zeros of characteristic polynomial (3.70), say, A, and
A3 are equal. It is easy to see that the polynomial would have three equal zeros only if B = 0,
which along with D = 0 would also imply A = 0. However, since A = —(a? — ac + ¢?) this is
only possible if 2 = ¢ = 0. Indeed, using the fact that 2 —t+1>0,t€R,itis easily obtained
that A < 0 in the case a # 0 # ¢, while if a # 0 = c or a = 0 # ¢, it is immediately obtained
that A < 0. But, in the case a = ¢ = 0 polynomial (3.70) would have the form A® — bd. Using
the condition bd # 0 it would follow that such a polynomial has three different zeros, which
is a contradiction. Thus, (3.70) has exactly two equal zeros in this case.
Hence, the general solution of (3.52) has the following form

ap = A + (&2 + azn)A5, n €N, (3.96)

where &1, &, and &3 are arbitrary constants. Since, in our case the following conditions must
be satisfied a_» = a_; = 0 and a9 = 1, we will find the solution (a,),>_» of equation (3.52) by
letting A3 — A, into the solution in (3.78).

We have
An+2 An+2 An+2
a, = lim ( 1 + 2 + 3 )
Az—Ap ()\1 — )Lz) (/\1 — /\3) (/\2 — )\1) ()\2 — /\3) (/\3 — /\1) ()\3 — )\2)
— lim ( AT A3 (As = Ar) — AFPR (A — A1)>
Az—Ay ()\1 — )\2)(/\1 — /\3) ()\2 — )\1)()\2 — )Lg)(/\g — /\1)
/\;H-Z )\2/\3(/\31—0-1 _ /\731—0—1) _ )\1 (AEH—Z _ /\2—0—2)

= ————— 4 lim
(/\1 — Az)z Az— Ay ()\2 — A1)<A2 — )\3)(/\3 — /\1)

A= (4 2)MAT (- 1)AS T
- (A —Aq)? ’

for n > —2, that is,

AT+ (A =20 F n(Ap — Ap))AST!

= > 2. .
a, o= A1) , n> -2 (3.97)

A direct calculation verify that a_, = a_; = 0 and a9 = 1. Clearly, (3.97) is of the form in
(3.96) with

ay = M P el 1iE SO S
L P P 27 (- M) S PR P
By using relations (3.97) in (3.79) and (3.80) we get
b (A1 —a— c)/\¥+2
! (A2 = A1)?
(A2(242 = 3A1) — (a+¢) (A2 —2A1) + n(Ay — M) (A2 —a —¢)) A5 T 308
AL (=M 4+ (Mg — Aq))AS
cp = bd o= )2 , (3.99)
forn > —2.
From (3.53), (3.40), (3.97) and the fact that a9 = 1, we have
nl nL AP 4 (Mg — 240 4 (g — A1) AL
xp=x1Y a;=(1-c ! z_ (3.100)
n ]Z() ] ( ) ];) (AZ _ A1)2
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and
n-1 nI A 4 (g — 240 4 (s — A1) AL
—y Y a;=b 1 2 (3.101)
Yn=VY ];] j = (A2 — A1)2
for every n € IN, while from (3.53), (3.59) and (3.97), we have
n-1 nL AP (A — 200 + (Mg — A1) AL
=% a;=d ! z_ (3.102)
n Jg ] = ()\2 _ )L1>2
and
= nL A2 (A — 20 + (A — Ap)) AL
G,=101Y a=(1—a 1 2 (3.103)
Yn=Y ];) j ( )];) (A2 — Ap)2

for every n € IN.
If we assume that Ay # 1 # A, = A3, then from (3.100)—(3.103) and Lemma 2.1, it follows
that

2y = (1—c)RY (A1, A2), (3.104)
yn = bRY (A1, 1), (3.105)
% = dRY (A1, 1), (3.106)
u = (1—a)R (A1, A2), (3.107)
for every n € IN, where
AF(AT —1) (A2 —2A)A (A% — 1) A3(1—nAl 1+ (n—1)A))

w (A1 A2) M2 —A)2A1—1) " (A= A2 (A2 —1) (A2 — A1) (Ap —1)2
Formulas (3.104)—(3.107) hold also for every n > —2. Indeed, if n = —2,—1,0, then by
some simple calculation, we obtain

M4l (M =20)(Aa+1) | Ap+2

R(3) A ,)\ — 1 . + —
_2< 1 2) (Al — )\2)2 ()\2 _ )\1)2/\2 ()\2 — Al)/\Z
®) M 2= 2h !

R® (M, A2) = — - =0
(A, 22) (M —=A2)2 (A2 —Aq)? " A =M

RP (A1, A7) = 0.

0;

From these three relations we see that the sequences defined in (3.104)—(3.107) satisfy the
conditions in (3.68) and (3.69), from which the statement follows.
If we assume that Ay # 1 and Ay = A3 = 1, then from (3.100)—(3.103) it follows that

2= (1—c)R{P(Ay), (3.108)
ya = bR (A1), (3.109)
2, =dRP(A), (3.110)
u = (1— )R (A1), (3.111)
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for every n € IN, where

MA—=1) (1-2A)n  (n—1)n
(A —1)3 M=1)2  2(1-X)

Formulas (3.108)—(3.111) hold also for every n > —2. Indeed, if n = —2,—1,0, then by
some simple calculation, we obtain

RY (M) =

AM+1 471 —2 3

R(ﬂ(/\l) _ A 2A1 —1 1 0:

T A VR e v

From these three relations we see that the sequences defined in (3.108)—(3.111) satisfy the
conditions in (3.68) and (3.69), from which the statement follows.

If we assume that Ay = 1 and A, = A3 # 1, then from formulas (3.100)—(3.103) it follows
that

2= (1- )R (M), (3.112)
yn = bR (Ay), (3.113)
2, = dRY (A2), (3.114)
7 = (1= )R (1), (3.115)
for every n € IN, where
R (Ag) =" (A2 =2)A (M —1)  A(L—nAy '+ (n—1)AY)
(A2 —1)2 (A2 —1)° (A2 —1)

Formulas (3.112)—(3.115) hold also for every n > —2. Indeed, if n = —2,—1,0, then by
some simple calculation, we obtain

(5) _ 2 _()\2—2)()\2+1) Ay +2 oA
R5(A2) = W12 Aa-12 e Y
1 Ay —2 1

RO (A2) = — 2+ 0;

M—12 (A—12 " A—1

R (A7) = 0.

From these three relations we see that the sequences defined in (3.112)—(3.115) satisfy the
conditions in (3.68) and (3.69), from which the statement follows.
From the above consideration and Theorem 3.5 we obtain the following corollary.

Corollary 3.10. Consider system (1.1) with a,b,c,d € Z and a, B € C \ {0}. Assume z_1,z, wy €
C\ {0}, bd # 0 and D = 0. Then the following statements are true.

(a) If none of the zeros of characteristic polynomial (3.70) is equal to one, i.e., if P3(1) # O, then the
general solution to system (1.1) is given by formulas (3.51) and (3.60), where sequences (an)n>—_2,
(bp)n>—2 and (cn)n>—2 are given by (3.97), (3.98) and (3.99) respectively, sequences (x,)n>—_2
and (Yn )n>—2 are given by (3.104) and (3.105), while sequences (X, )n>—2 and (Jn)n>—2 are given
by (3.106) and (3.107).
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(b) If exactly two of the zeros of characteristic polynomial (3.70) are equal to one (i.e., if P3(1) =
Pi(1) = 0and P{(1) # 0), say A, and A3, then the general solution to system (1.1) is given by
formulas (3.51) and (3.60), where sequences (ay)n>—2, (bn)n>—2 and (cn)n>—2 are given by (3.97),
(3.98) and (3.99) respectively, sequences (X, )n>—2 and (Yn)n>—o are given by (3.108) and (3.109),
while sequences (Xy)n>—2 and () n>—2 are given by (3.110) and (3.111).

(c) If only one of the zeros of the characteristic polynomial (3.70) is equal to one (i.e., if P3(1) = 0
and Pi(1) # 0), say Ay, then the general solution to system (1.1) is given by formulas (3.51) and
(3.60), where sequences (a)n>—2, (by)n>—2 and (cn)n>—2 are given by (3.97), (3.98) and (3.99)
respectively, sequences (Xn)n>—2 and (Yn)n>—2 are given by (3.112) and (3.113), while sequences
(Xn)n>—2 and (Jn ) n>—2 are given by (3.114) and (3.115).

Remark 3.11. As we have already mentioned equation (3.70) will have a zero equal to one
if (a—1)(c—1) = bd. Since a,b,c,d € Z, this is possible, for example, if 2 = b+ 1 and
c=d+1,ora=d+1and c =b+1. If A = 1is a double zero of (3.70), then it must be
P;(1) = 3 —2a — 2c + ac = 0, which is possible only if (2 —2)(c —2) =1, thatis,ifa =c =3
ora = c = 1. For a = c = 3, it follows that bd = 4, so that the corresponding polynomial is

P3(A) = A3 —6A2 4+ 90 —4 = (A —1)*(A —4), (3.116)

while for a = ¢ = 1 it follows that bd = 0, so that the polynomial is equal to P;(1) = A(A —1)2.
Since in Corollary 3.10 we have the assumption bd # 0, the only possibility is thata = ¢ =
3 and bd = 4. A direct computation shows that, in this case D = 4A3% + B? = 4(-9)3+
(27 -4 —2-27)? = 0. Hence, the only polynomial which satisfies conditions of Corollary 3.10
(b) is defined in (3.116).

Remark 3.12. If a = -3, c =0and bd = (a—1)(c—1), then bd = 4 # 0, D = —4-3% +
(2(=3)%+27-4)2 =0and

P3(A) = A3 4372 —4 = (A —1)(A +2)%

Hence, there are polynomials which satisfy conditions of Corollary 3.10 (c). Because of the
symmetry for a = 0 and ¢ = —3 is obtained the same polynomial.

Remark 3.13. As we have already showed, the case that all the zeros of polynomial (3.70) are
equal, i.e., if Ay = Ay = A3, is impossible for the system studied in this paper. Recall, also that
if all the zeros of the characteristic polynomial are equal, then the general solution of (3.52)
has the following form

ay = (B1+Ban+ Ban*)Al,  neN, (3.117)
where B1, B, and B are arbitrary constants.

Remark 3.14. The formulas presented in this paper can be used in the study of the asymptotic
behavior of solutions to system (1.1). We leave the problem to the reader.
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