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FRACTAL ANALYSIS OF HOPF BIFURCATION FOR A CLASS OF
COMPLETELY INTEGRABLE NONLINEAR SCHRODINGER CAUCHY
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ABSTRACT. We study the complexity of solutions for a class of completely integrable,
nonlinear integro-differential Schrédinger initial-boundary value problems on a bounded
domain, depending on a real bifurcation parameter. The considered Schrodinger prob-
lem is a natural extension of the classical Hopf bifurcation model for planar systems into
an infinite-dimensional phase space. Namely, the change in the sign of the bifurcation
parameter has a consequence that an attracting (or repelling) invariant subset of the
sphere in L2(f2) is born. We measure the complexity of trajectories near the origin by
considering the Minkowski content and the box dimension of their finite-dimensional pro-
jections. Moreover we consider the compactness and rectifiability of trajectories, and box
dimension of multiple spirals and spiral chirps. Finally, we are able to obtain the box di-
mension of trajectories of some nonintegrable Schrodinger evolution problems using their
reformulation in terms of the corresponding (not explicitly solvable) dynamical systems
in R™.
Corresponding author: Josipa Pina Milisié¢
University of Zagreb, Faculty of Electrical Engineering and Computing
Unska 3, 10000 Zagreb, Croatia

pina.milisic@fer.hr

1. INTRODUCTION

1.1. Motivation and formulation of the problem. Dimension theory for dynamical
systems has been rapidly developed due to its important applications in other natural,
social and technical sciences. Since the early 1970’s scientists have started to estimate and
compute fractal dimensions of strange attractors for finite (Lorenz, Henon, Chua, Leonov,
etc.), as well as for the infinite-dimensional dynamical systems (Ladyzhenskaya, Foiag and
Temam, Babin and Vishik, Ruelle, Lieb, etc.) Fractal dimensions in dynamics are discussed
in a survey article [29]. However, our approach to the question of fractal dimensions in
dynamics is different in a way that we are interested in the complexity of trajectories of
dynamical systems and study the dependence of the computed fractal dimension upon the
bifurcation parameter. Knowing the information about fractal dimension of trajectories
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enables to measure the complexity of the studied dynamics which we mostly describe by
calculating the corresponding box dimension and, in order to describe finer properties, its
Minkowski content. Namely, the Hausdorff dimension of trajectories that we are interested
in, is always trivial.

The second and third author have undertaken a systematic study of fractal properties of
trajectories of vector fields near the weak focus in R? and analogously in R®. Furthermore,
they considered a connection between the box dimension of the trajectory and the bifur-
cation of the related dynamical system. Here we mention that this interesting connection
has been studied also in [10, 16] but for one-dimensional discrete dynamical systems.

In this article, using methods developed in [20, 26, 27, 28] we consider the trajectories
of vector fields in infinite-dimensional case and we calculate their box dimensions. The
original idea of this paper grounds on the connection between nonlocal Schrédinger evo-
lution problems and the corresponding system of ODE’s. More precisely, starting from
completely integrable nonlinear integro-differential Schrédinger equation we arrive at an
equivalent system of infinitely many nonlinear ODE’s. Concerning the observed link be-
tween Schrodinger problems and vector fields it is interesting to point out that each pla-
nar system of ODE’s with polynomial right-hand side can be interpreted as a nonlinear
Schroedinger equation with an explicit corresponding nonlinear term. Moreover, as it is
described in Section 6.3, this consideration is valid even for any dynamical system in R"™.
Therefore, it is worth noting that the 16th Hilbert problem about the search of an uniform
upper bound for the number of limit cycles in polynomial vector fields can be considered
in terms of a Schrodinger equation.

In Zubrini¢ and Zupanovié¢ [26, Theorem 9] it has been shown that the box dimension
of spiral trajectories of the classical Hopf bifurcation system in the plane described by (4),
viewed near the focus, is equal to d = 4/3 when the bifurcation parameter aq is equal
0. Furthermore, these trajectories are Minkowski nondegenerate, i.e. their d-dimensional
Minkowski contents, are different from 0 and co. On the other hand, for ay # 0 all
trajectories have trivial box dimension equal to 1, due to the fact that we have strong
focus in this case. We shall see that it is possible to obtain analogous results in infinite-
dimensional case for problem (1). The main results are stated in Theorem 11 (Minkowski
content), Theorem 15 (box dimension of multiple spirals), Theorem 17 (box dimension
of solutions of NLS Cauchy problems), and Theorem 18 (box dimension of spiral chirps).
In Theorem 11 we obtain some surprising relations between the sequence of Minkowski
contents of projections of the solution of (1) at Hopf bifurcation, and the Sobolev and
Lebesgue norms of the initial function uqg.
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We start with the Cauchy problem for the following nonlinear Schrédinger (NLS) initial-
boundary value problem:

wtr) = idu(ta) = yult,o) ([ e 0)Pds +ao)
Q
() w(t,z) = 0 fora €00, t € (hgms tmas)
u(0,2) = wug(z) forxe Q.

where 7 is the imaginary unit, v is a fixed nonzero complex number, ag a real bifurcation
parameter, €2 a bounded domain in RY, N > 1, and ug : Q — C is a given initial function,
up € L*(Q,C). Here Au = Ejvzl % is the Laplace operator. For a fixed space variable x,
the solutions u : (tmin, tmaz) — L2(§JZ, C) of the NLS Cauchy problem (1) can be considered
as trajectories in the Hilbert space L?*(2,C) where L*(Q,C) = L*(Q) + iL*(Q) is the
complexification of the real space L?(2). We point out that t,,;, and ¢,,., depend on v, ag
and ug, and 0 € (tin, tmaz ). In this article, we are dealing with unbounded time intervals
(timin, tmaz) either of the form (¢, 00), or (—00,00), or (—00, timas)-

Due to the integral term in (1), this NLS Cauchy problem is of nonlocal type. Similar
nonlocal problems with the same integral term have been considered for the modified cubic

wave equation,
Uy — Au+c (/ u(t,x)zdx) u=0,
Q

with homogeneous Dirichlet boundary condition, in Cazenave, Haraux and Weissler [3,
4, 5], in their study of completely integrable abstract wave equations. We consider the
Schrodinger equation (1) for ag = 0 as an approximation of the equation u; = iAu — yu|u|?
following the approach of [5, p. 130].

The same integral term as in (1) can be seen in Christ [8, pp. 132 and 133]. An analogous
one appears in an equation of fourth order arising from the theory of aeroelasticity,

1
Uggze + (Oé - ﬁ/ uidx) Ugy + YUz + 5ut +euy =0
0

see Chicone [7, p. 310]. Other integro-differential Schrodinger problems involving different
integral operators on the right-hand side have been studied in numerous papers, see for
example Chen and Guo [6].

1.2. Interpretation in /. In order to write down problem (1) as an infinite system of
nonlinear ordinary differential equations we exploit a well known Fourier series expansion
using the decomposition with respect to a Hilbert basis in L*(2). Let (¢;) be the or-
thonormal basis of eigenfunctions of the operator —A with zero boundary data and with
eigenvalues (A;) such that 0 < A; < Ay < A3 < ... (see e.g. Brezis [1, ersatz (12) on p.

209]). The basis (p;) is contained in the real Lebesgue space L?(€2), and therefore it is also
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an orthonormal base in L*(2, C). By writing the solution u(¢, z) in the form:

(2) ult,2) =) z(t)ey(x),

J=1

the NLS Cauchy problem (1) formally reduces to a lattice Schrodinger equation on the
Hilbert space of quadratically summable sequences of complex numbers, which we denote
by ¢5(C). More precisely, we obtain an infinite system of nonlinear ODE’s:

(3) z=—iNizj — vzl + @), 5=1,2,...,

with initial condition z;(0) = zj0, j > 1, where (zj0) € {5(C) and z(t) = (z;(t)); € £2(C)
for each t € (tmins tmas)- Clearly, zjo = (uo, ;) = [, uow;dz and || - || is a standard Euclid
norm. For given uy € L*(€), C), we interpret NLS equation (1); as the lattice Schrodinger
equation (3). To any v € L*(Q,C) one can assign z = (z;); € l2(C), where v = 3. zj¢p; is
the Fourier expansion of v, and this assignment is an isometric isomorphism.

Here, we note that the NLS Cauchy problem (1) is a natural extension of the Hopf
bifurcation model for planar systems. The Hopf bifurcation is connected to 1-parameter
families of vector fields where a limit cycle surrounding a singular point is born. It is well
known that the Hopf bifurcation occurs at an equilibrium point x, of a planar system
x = f(x,ap) depending on a parameter ay € R when the matrix D f(xg, ag) has a pair of
pure imaginary eigenvalues, see [21, pg. 314.]. In this sense we say that the point xq is the
weak focus of the system. On the other side, if the eigenvalues are such that both their
real and imaginary parts differ from zero, we are speaking about the strong focus.

Namely, when z = (21,0,0,...), and assuming that \; = 1, v = 1, the system (3)
reduces to the classical Hopf bifurcation system in the plane:

(4) o= y—z@+y’+a)
gy = —v—y@@®+y*+a),

where we denote z(t) = Rez(t), y(t) = Im 2(¢), real and imaginary part of the complex
number z(t), respectively. System (4) written using the polar coordinates (r, ) reads

(5) i =r(r?+a), 0=-—1.

and can be explicitly solved. Since 6 +# 0, the origin r = 0 is the only critical point. Since
0 < 0 the flow is always clockwise. The phase portrait of (4) for ag < 0, ap = 0 and ay > 0
is shown by Figure 1. Viewing a( as the bifurcation parameter, we point out the following
cases in which the stability of the origin changes, i.e. the bifurcation occurs:

(i) For ap > 0 the origin is unstable strong focus and for all trajectories we have
(tmina tmax) = (—OO,to) with tmaz = to > 0.
(ii) For ag = 0 the origin is unstable weak focus, and (tnin, tmaz) = (—00, o), to > 0.
(iii) For ag < 0 the origin is a stable strong focus. The limit cycle is the circle of

radius r = /—ag, which is unstable. For trajectories inside the circle the solutions
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- _ 0
a,= 1 3
3
2
2,
1
1,

_1,
-2
_2,
-3
-3 3 -2 -1 0 1 2 3
3 -2 -1 0 1 2 3
a,=1
3
2
1
0
-1
-2
-3

FIGURE 1. Phase portrait of the classical Hopf bifurcation system (4).

are global, i.e. (tmin, tmaz) = (—00,00), while for those outside the circle we have
(tminu tmax) = (t(], OO) with to < 0.

Next, let us consider the Hopf bifurcation in a complex system (3), but in finite-
dimensional phase space. We start with two-dimensional complex system

(6) g4 =—iNz —vz(lal + |2l +a), j =12,

with the corresponding initial conditions z;(0) = z;o, where ay is the bifurcation parameter.
To simplify, for the moment we assume that v € R and v > 0. Near ay = 0 we have the
qualitative change of the behavior of the system. Indeed, using the polar coordinates the
system (6) can be written as

ity =ri(ri+ s +ag), 0;=-X\;, j=1,2,
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where z; = r;exp(i6;). For ay < 0 an invariant set, 3-sphere
(7) V—0a0S® = {(21, 20) € R*: |21)* + |2|* = —aq, }

in R* is born, where S is the unit sphere in R*. In analogy with the case of R?, we call
this phenomenon the Hopf bifurcation in R*. Clearly, if ag — 07, then the sphere shrinks
to the origin.

Moreover, if 7# 4+ r5 < —ag, then 7; < 0, and r(¢) is decreasing as t — oo. The a-limit
set of the trajectory is the origin, while the w-limit set is a subset of the sphere (7). More
precisely, the corresponding limit set is the subset of the 2-torus, contained in the 3-sphere
(7). The torus has the form

7"151 X 7"251 C —aosg,
where r; 5 are positive scaling numbers depending on the initial point, 7{+7r3 = —aog, and S*
is the unit circle in the complex plane C. Clearly, if rf + 73 > —ag, and r(t) monotonically
increases, then the corresponding trajectories converge to the sphere and their w-limit set
is a subset of a 2-torus contained in the 3-sphere (7).
In the similar way the Hopf bifurcation for the following system of k complex equations:

(8) 'éj = —Z.>\ij - ’}/Z]‘(|Zl|2 + - F |Z’]€|2 + (1,0), ] = ]_, 2, RN k’,
can be understood. An invariant (2k — 1)-sphere is born in C* when ay < 0, defined by
|21|%+- - +]|2x|* = —ag. For the general theory of bifurcation problems in finite-dimensional

dynamical systems see Guckenheimer and Holmes [13].

1.3. Hopf bifurcation in an infinite-dimensional phase space. Since we are inter-
ested in the phenomenon of the Hopf bifurcation in an infinite-dimensional complex system
(3), we start with the description of the Hopf bifurcation for an ODE defined in a Banach
space X (real or complex):

(9) U= F(u,ap), u(0)=uo.

Here F': D x R — X is a given map, where D is a dense subspace of X, and the initial

value ug € D is prescribed. For our purposes the mapping F' is usually of the form
F(u,ap) = Au+ f(u,ap),

where A : D C X — X is a second order differential operator, f: X x R — X continuous
such that f(u,0) = o(u) as u — 0, and ay is the bifurcation parameter. Additionally we
assume that for all ay we have F'(0,a) = 0 so that u = 0 is an equilibrium point. For each
initial point uy in a neighbourhood of 0 € D let a trajectory

(10) D(ug) ={u(t) € X: t € (tmin, tnaz), u(0) =up}
of (9) be defined on an unbounded interval (¢, tma:) containing the origin.

Definition 1. We say that ag = 0 is the point of Hopf bifurcation for the system (9) if the

following conditions are fulfilled:
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(i) For ap > 0 small enough the system is unstable near the origin, and for uy from a
neighbourhood of the origin we have (t,in, tmaz) = (—00,%0), tmaz = to > 0.

(ii) For ap < 0 with |ao| small enough, the origin is stable, and an unstable invariant
set S(ag) C X for (9) is born near the origin. There exists an open neighbourhood
Ul(ap) of the origin such that its boundary is S(ag), and for any ug € U(ag) the
corresponding solution is global, i.e. (tmin, tmaz) = (—00,00), while for vy € B\
Ul(ap) we have that (tmin, tmaz) = (—00,to) with to > 0.

Definition 1 is analogous if the signs of aq are reversed, in which case the stability should
be reversed as well as semi-infinite time intervals. Somewhat loosely we say that the Hopf
bifurcation occurs if an invariant set is born near the origin when ag passes through the
value of 0, and the origin changes from stable to unstable or vice versa.

Returning to the NLS Cauchy problem (1), the Hopf bifurcation consists in the birth of
an invariant sphere in the space L?*(€)) when ay < 0. Here we introduce some notation.
For ag < 0 we define R = \/—aq and let

(11) Br(0) = {v € L*(Q): [[v]lr2@) < R}, Sr(0) = OBr(0),

be the ball and the sphere in L?*(Q), respectively. In the same way, when ag < 0 for
the corresponding system (3) in f5(C), the Hopf bifurcation consists in the birth of an
invariant sphere in the space 3(C). Since (8) is also a special case of the NLS Cauchy
problem (1), corresponding to the case when uy € span {1, ..., ¢}, we see that we can
expect trajectories of (1) in the Hilbert space L*(€2, C), which oscillate at infinitely many
scales. We can achieve this by choosing ug so that (ug, ¢;) # 0 for infinitely many j’s.

Furthermore, we are interested in Hopf bifurcations from the point of view of fractal
geometry. For that purpose, in the next subsection firstly we review some standard notation
and definitions from fractal geometry and Sobolev spaces.

1.4. Notation and definitions. Let A be a bounded set in R* and let d(x, A) be Eu-
clidean distance from x to A. Then the Minkowski sausage A, is A. = {y € R*d(y, A) < €},
a term coined by B. Mandelbrot. By lower s-dimensional Minkowski content of A, s > 0,
we mean the following:

SOAY ot i 1Ae]
(12) Mi(A) = hrgn_gﬁ s
where | - | is N-dimensional Lebesgue measure. Analogously for the upper s-dimensional

Minkowski content of A. The lower box dimension of A is defined by
dimzA = inf{s > 0: M;(A) = 0},

and analogously the upper box dimension dimpgA. For various properties of fractal dimen-

sions see Falconer [11].
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If A is such that dimpyA = dimpA, then the common value is denoted by d := dimp A,
and is called the box dimension of A. Furthermore, if both the upper and lower d-
dimensional Minkowski contents of A are different from 0 and oo, we say that the set A is
Minkowski nondegenerate. If in addition to this we have M%(A) = M*4(A) = M4(A) €
(0,00), then A is said to be Minkowski measurable. The notion of Minkowski content
appears for example in the study of fractal drums and fractal strings, see He and Lapidus
[14], Lapidus and Frankenhuysen [18]. Furthermore, Minkowski content is essential for
understanding some singular integrals, see [25].

If A is a subset of an infinite-dimensional vector space X, we say that dimg A = oo
if there exists an increasing sequence of finite-dimensional subspaces X, of X such that
dimp(AN Xg) — 0o as k — co. We need this definition in Theorem 6(b).

We deal with the Sobolev spaces H}(2,C) and H{ (2, C) N H?(2, C) (in the sequel we
omit C) equipped with the corresponding norms defined by

(13) luol%y = ZMuO,% W, ol s = Zv o, 95)]

See Henry [1, 15].

All the results of this paper hold if in (1) we have —A instead of A. The j-th component
of trajectory, viewed as a spiral in C, only changes the orientation for each j from negative
to positive, see (18) below.

2. WELL-POSEDNESS AND STABILITY OF SOLUTIONS

2.1. Explicit solutions of the NLS problem. We consider the NLS initial-boundary
value problem (1). For some special values of parameters v and qq it is possible to find
explicit solutions of problem (1) and then to consider their qualitative properties. In order
to calculate directly the explicit solutions of problem (1), we need the following lemma.

Lemma 2. Let u be a solution of the NLS Cauchy problem (1) in the form (2). Further-
more, let p(t) = [ult)]l12, 2(t) = r;(t) exp(ib; (1)), and V(p) = p* + ay. Then

p=-7pV(p)
(14) rj=-—mr;V(p), €N

0; ==X —7V(p), jEN,
where v = v, + iy2. Furthermore, for ug # 0 we have

|(uo, ©5)]
(15) ri) = el o)
ol 2
Proof. In Section 1, we showed that the NLS Cauchy problem (1) can be written in the
form on an infinite-dimensional ODE system
(16) g =—iNz —Vi(p)z, JEN,
EJQTDE, 2010 No. 60, p. 8



where z; = r;exp(if;). The expressions (14), and (14)s follow easily by multiplying the
expression (16) by exp(—if;). The first equation in (14) we get directly from the formal
calculation. Namely,

20p = %/ﬂ|u(t)|2dx:/Q%(u(t)ﬂ(t))dx:/(u(t)ﬂ(t)Jru(t)ﬁ(t))dx

Q
= i [ (utt)ate) — ) Au(t) do — 230 [ Jut) o V(u(o)]o2)
= =230’V (p).
By dividing the first two expressions given in (14) we obtain
P
riop
hence r; = Cjp, where C; is a constant depending on the initial value uy. Using the

expression (2), we obtain that

_ | (uo, <Pj>|e—z‘ej(0)
[[uol| 22

J )

where (ug, p;) = [, uop;dz € C. O

Next, we use the results given by lemma 2 in order to find the explicit solutions of the
NLS Cauchy problem (1) for some special values of the parameters v and ag. We use the
notation py = |lug||z2. For the sake of simplicity we take v, = 0, i.e. v € R.

Case 1: ap € R, 1, = 0.

¢From lemma 2 directly follows that for v, = 0 it holds ||u(t)|| .2 = C(ug), and moreover,
r;(t) = C;j(up) for each j € N.

Case 2: ag =0, v1 # 0.
In this case V(p) = p? and the explicit solution of equation (14); is given by

(17) p(t) = (2t + pg ) /2
;From (15) and (14), using (17), and noting 6,(0) = arg(uo, ¢;) we obtain
(18) rit) = el 4 %),
0;(t) = =Mt = In2nt+ po | + arg(ug, ¢;),

where z;(t) = r;(t) exp(ib;(t)).
In this way, using the decomposition (2) we have the explicit solution of NLS problem

(1)

_ —2\—1/2 . (w0, 95) _inst .
(19) u(t,x) = (2mt + ||luol| 2) ;Wonme it (),

EJQTDE, 2010 No. 60, p. 9



where u is a given initial function. Here we notice that the sign of the parameter v, affects
the maximal interval of the solution. More precisely, following the terminology introduced
in Cazenave [2, Remark 3.1.6(ii)], we say that the solutions given by formula (19) are
positively (negatively) global if 41 > 0 (71 < 0). The solutions are global for v; = 0 for any
initial value ug, while for v; # 0 the global solution exists only when uy = 0.

Case 3: a9 #0, 11 #0.

In this case one has V(p) = p* + a¢ and we obtain the Bernoulli equation p = —~;pV (p)
with the solution

(20) (1) = (i + g el — ag )12,

We obtain the analogous series representation of solution u (¢, x) of (1) as in (19), assuming
again that v = 0:

o) u 7 -
(21) u(t,x) = (5 +ay )P —ay) 2 Y 0 £0) it ()

The ability to calculate the explicit solution of NLS boundary-value problem (1), given by
formulas (19) and (21), guarantees its uniqueness. More precisely, it is obvious that the
following result is true.

Proposition 3. Let uy € L*(Q) be the initial function for NLS initial-boundary value
problem (1), where ag € R is the bifurcation parameter. For any ug € L*(Q2), NLS initial-
boundary value problem (1) possesses a unique solution of the form (2), with z;(t) € {5(C)
and z;(+) of class C*. Moreover, the solution is represented by formula (19) and (21) for
apg = 0 and ag # 0, respectively.

The explicit formulas (19) and (21) for the solution of the NLS problem (1) enable
us to express the corresponding norms of the solution in the case when uy € Hj () or
up € Hi () N H*(Q), respectively. Namely, it follows

()2 ZA oot _ o Lol
w(t 1 = = p .
& Tuoll22 TuollZ:

where p(t) is defined by (17) or (20) if ag = 0 or ag # 0 respectively. Similarly for
up € Hi () N H%(Q)) we have

[woll e

u(t 12 = p(T
|| ( )HHOHH p( ) ||u0||L2

Next, let us consider formula (17) again. It is obvious that for ¢ — ¢, where t,,;, =
(271,00) ! one has [[u(t)|/12@) — o0, i.e. we have the blow up of the solution. Similar

conclusion holds for ay # 0 and the expression (20).
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Finally, we note that directly from formulas (19) and (21) follows the invariance property
of the solutions of the NLS problem. More precisely, if Uy is the span of a given subset of
{¢j:j > 1} C L*(Q), then the assumption ug € Uy implies that u(t) € U, for all ¢ > 0,
where the closure is taken in L?(Q2). Moreover, the invariance property can be reformulated
as follows: each subspace Uy, where Uy is spanned by a subset of ¢;-s, is invariant for the
nonlinear evolution operator T'(t), T'(t)up = u(t), see (19), associated with the problem (1):
T(t)Uy C Up. In other words, a trajectory that starts in U, remains in this space forever.
In particular, if ug € span{¢1, ..., ¢x}, then I'(ug) C span{¢1, ..., ¢r}. This means that
if (ug,p;) = 0 for all but finitely many j’s, then (1) is essentially a finite-dimensional
problem, which can be viewed as (8).

2.2. Well posedness and stability. The following proposition gives some stability re-
sults of the solution of NLS boundary-value problem (1) with respect to the value of the
bifurcation parameter ag. Again, for the sake of simplicity we assume that v5 = 0 and
v > 0. For 7, < 0 time intervals of the form (%, 00) should be changed to (—o0, tyaz)-
The notation used in the following proposition (the ball and the sphere in L*()) we in-
troduced in (11). Directly from the expressions (17) and (20) follow the power and the
exponential rate of the convergence of ||[u(t)||;2 to the origin in L*(2) (as the fixed point
for problem (1)), respectively. More precisely, the following proposition holds.

Proposition 4. (Hopf bifurcation for Schrodinger problem) Assume that v = v > 1 and
let ug € L*(Q) be the initial function for NLS initial-boundary value problem (1), where
ag € R s the bifurcation parameter.
(i) For ag > 0 then the origin is exponentially stable with respect to L*-topology for
any ug # 0.
(ii) For ag = 0 the origin is power stable in L*(S)), with power o = 1/2.
(iii) For ag <0 let us denote R = \/—ag. Then we distinguish the following cases:
(a) If up € Bgr(0) then the origin is exponentially unstable and the solutions are
global with ||u(t)||2 — R ast — oc.
(b) Ifug € L*(Q)\ Br(0) then the solution u(t) is positively global and ||u(t)||rz —
R ast — oo.
(¢) If up € Sgr(0) then also u(t) € Sg(0), so the sphere Sr(0) is an invariant
attractor.

The continuous dependence on the initial condition, regularity and the continuous de-
pendence on bifurcation parameter for NLS boundary-value problem (1) when uy € L*()
is given by the following proposition. Here, we point out that the same qualitative prop-
erties valid if ug € Hj(2) or Hi(2) N H?(Q2). The interval of the existence of u(t) we note
by I = (tmma tmam)-

Proposition 5. (a) (continuous dependence on initial condition) If vy — wug in L*(Q) then
for each fized t € I we have that v(t) — wu(t) in L*(). Moreover, the convergence is

uniform on each compact interval in I.
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(b) (regularity) If ug € L*(Q) then u € C(I, L*(Q)).
(c) (continuous dependence on bifurcation parameter) Let uy € L*(Q2) be fized, and let u(t)
and g, (t) be defined by (19) and (21) respectively. Then for any t € I,

[tta0 (t) = u(t)|[2 — 0 as ag — 0,

where I is the interval of existence of u(t), Moreover, the convergence is uniform on compact
intervals J contained in 1.

Proof. (a) If vy = 0 then the claim follows easily from proposition 4. Let vy # 0 and
up — vp. Denoting @y = ug/||uol|z2 and using |a+b|* < 2|a|*+2[b]? for a, b € C, we obtain:

Ju(t) —o(®)|7: = Z\@o,@j)mo(t)—<ﬁo,soj>pvo(t)\2
= Z\ o, 7) = (00, 93)) Puo (t) + (D0, 05) (Puo () = pug (1))]?

S 2puo Z ‘ UOu SOJ _'_ 2|/7u0 pvo ‘ Z ‘ U07 SOJ

= 2py,(t)° Huo—vo|!Lz+2\puo(t)—pvo( )P lldollZ-

Therefore, since ug — vo in L?(€2) it follows that for each fixed ¢ we have |[u(t)—v(t)||z2 — 0.
(b) Assuming that uy € L*(Q), we first write u(t) = p(t)S(t), where we note S(t) =

Y el o=t (0). We have u(t) — uls) = (p(t) — p(s)S(E) + p(s)(S(t) — S(s)), and
from this

(22)  flu(t) —u(s)l172 < 2p(t) — p(5))” + 2p(s)* Y (iig, ;) [*le" — 77|,
7j=1

Since p(t) is uniformly continuous, one has that p(t) — p(s) for ¢ > s and it suffices to
show that, for given e the expression

(o]
> g, @) Ple™™* — e
j=1

can be made less than ¢ if [t — s| is small enough. For any m > 1, the sum is less than or

equal to:
DolemNt e 4y (@, 05)
J=1 j=m
since |(tg, p;)| < 1 and |e”" — e=*%| < 2. We choose m = m(uo, €) large enough so that
the second sum is < ¢/8. It is clear that the first sum can be made < &/2 when [t — s| < 0
for 6 = d(e,m) > 0 small enough.
(c) The claim follows from |[ug, (t) — w(t)||z2 = |pa,(t) — p(t)| — O uniformly in t € J as
ag — 0, since a![exp(2viaot) — 1] — 271t uniformly in ¢t € J as ag — 0. O
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3. COMPACTNESS AND NON-RECTIFIABILITY OF TRAJECTORIES

3.1. Compactness. Since we consider trajectories in infinite-dimensional spaces, it is not
at all clear if they are compact sets, or even rectifiable. Using the notation given in
section 1.2, the solution of NLS problem (1) can be written in the following way

(23) u(t) = p(t) Y _(do, e ' (),
j

where ug is a given initial function. By I'(ug) = {u(t): t > to} we note the trajectories
of solutions. The notation (23) enables us to reduce the problem of compactness of the
trajectories to the problem of the compactness of the bounded sets in /5(C). In this sense,
we review the following characterization of relatively compact sets in ¢5(C) (Weidmann
24, p. 135]):

A subset Y of ¢5(C) is relatively compact in ¢5(C) if and only if YV is bounded and for

every € > 0 there exists j, € N such that for all sequences (f;) in Y the following condition
is fulfilled:

(24) D i <e

Jj>Jjo

The following theorem establishes not only compactness of individual trajectories I'(ug)
of solutions of the NLS Cauchy problem (1) in L?(2), but also for some bundles of tra-
jectories. If a trajectory generated by wg is positively global, defined for ¢ € (¢, 0),
then by I'(ug) we denote its part corresponding to ¢t > 0. We do analogously for negatively
global trajectories.

For a given nonempty base set of initial functions A C L*(Q2) we can define the corre-
sponding bundle of trajectories by

P(A) = [ J I(v).

The following theorem provides some sufficient conditions on A that ensure compactness
of I'(A). To simplify, we assume that ap = 0 and 7; > 0 in (1).

Theorem 6. (a) For any ug € L*(Q) the corresponding trajectory T'(ug) of (1) starting
with ty = 0 is relatively compact in L*(§2).
(b) Let ug € L*(2) be given and define

Aug) = {vo € L*() = [{vo, )| < [(uo, @)1, Vii}-

Then we have A(ug) = T'(A(ug)), and this set is compact in L*().

(c) If ug,vo € L*() are given, then the bundle T'([ug, vo]) generated by the line segment
[ug, vo] = {(1 — Nug + Avg : 0 < X < 1} is relatively compact in L*()). More generally, if
A is a finite set in L*(2) and conv A its convex hull, then T'(conv A) is relatively compact.
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Proof. (a) Let uy # 0 be a fixed initial function (for uy = 0 the claim is trivial, since
I'(0) = {0}). The trajectory I'(ug) is identified with the corresponding trajectory in f5(C),
that is
u(t) =Y z()p; = (%(t); € £2(C).
J
where u(t) is generated by wug and

—iAjt

zj(t) = p(t){do, ¥j)e

Now, we show that the set {(z;(¢)); : ¢ > 0)} is relatively compact in l5(C). Using (18)
and (17), for all £ > 0 we have that

1
(02 = Pt r-t2 S ,
LIl = F03 ) ngt}:\ g, )
S E ‘U(],QOJ

J=jo
that is, condition (24) is fulfilled provided jy is large enough. The case of ag # 0 is treated
similarly.
(b) Let us first prove that A(ug) = I'(A(up)). The inclusion C is clear. To prove the

converse inclusion, let v(t) € I'(A(uo)), where v(t) is a trajectory generated by vy € A(uy).
Then

0(t) o)) = \P(t)@o’@ﬁ\:ﬁKUo,%H

< [(vo, 93)| < w0, ),

where we used the monotonicity of p(t) for v; > 0, so that for ¢ > 0 we have p(t) < p(0) =
||uo| 2. Hence v(t) € A(ug).

The compactness of A(ug) is proved using a slight change in the proof of (a). Denoting
by A’(ug) the set in £5(C) corresponding to A(ug) in L*(2), then

(2) A(u) = [T B, ).

where 7; = [(uo, ;)| and B,,(0) is the open disk of radius r; in C = R* imbedded into
the j-th component of £,(C). To prove (25), it suffices to note that if v =3, z;;, then
z = (z;); € Auo) if and only if z; € B, (0) for all j.

(c) Let rj = [(uo, ;)| and s; = [(vo, ¢;)|. Defining w = . max{r;, s;}¢; it is clear that
w € L?(Q) since

> max{ry, s} < Y07+ 57) = lluollia + [Juollze < oo
‘ i
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Let us show that [ug, vo] C A(w). Indeed, taking v € [ug, vy, for any j we have
(v, @) = (1 = Nuo + Avo, 95)| < (1= M)rj + Asj < max{r, s;} = [(w, ;)|

Since T'([ug, vo]) € T'(A(w)) and due to the result given by (b), one concludes that the
bundle T'([ug, vo]) is compact in L?(Q). O

Remark 7. Similar results like those presented in Theorem 6 valid if vy € H(Q) or
ug € Hy(2) N H?(Q). More precisely, in then the trajectory I'(ug) is relatively compact in
H{(Q) and H(Q2) N H?(2), respectively.

Indeed, the subspace H(}(2) of L?(2) is isometrically isomorphic to the subspace 5 of
l5(C), consisting of all sequences z = (z;) such that HzH?,2 =20, Ajlz[* < oo, Tt is easy to
see that the analogous characterization of compact sets as for ¢ in (a) holds also in ¢ with
respect to the new norm. Similarly for the subspace ¢4 corresponding to HJ(2) N H?(2),
with the norm ||z||§,2, = > Mzl

3.2. Rectifiability. Assuming that t,,..(uo) = oo and ||u(t)||2 — 0 as t — oo, we define
the length of trajectory I'(ug) over the interval [0,t) by

l(u, 1) = / 14(5) ey ds,

where z(t) = (z;(t)); € (2(C) is isometrically assigned to u(t) € L*(Q2), generated by
ug € L*(9), see (1), (2) and (3). We consider rectifiability and nonrecitifiability of T'(ug)
only for t € [0, 00) or t € (—o0,0].

Moreover, we are interested in the asymptotic behaviour of I(ug,t) as t — oo. For that
purpose, we introduce here some notation. We say that:

/()

of(t)wg(t)asteooiftliﬂrgoﬁzl.
.f(t)ZQ(t)aSt_)OOifthj?om<oo'

The following theorem states the dependence of the (non)-rectifiability of trajectories I'(ug)
near the origin of the NLS initial-boundary value problem (1) due to the value of the
bifurcation parameter ag.

Theorem 8. Let I'(ug) be the trajectory of the solution of the NLS initial-boundary value
problem (1) and let be v, > 0 and ug # 0. FEach trajectory T'(ug) of (1) near the origin
s nonrectifiable for ag = 0 and rectifiable for ag > 0. Moreover, for ap = 0 and uy €
H{ () N H?(Q) we have the following asymptotic result:

[uoll ryn

(26) l(ug, t) ~ (297 ')Y? ast — oo.

| uol| L2

In particular, l(ug,t) ~ t'? as t — oo.
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If ag < 0, then for ug € B(R) the trajectory is rectifiable for t € (—o0,0], and nonrec-
tifiable for t € [0,00). If ug ¢ B(R), the trajectories are nonrectifiable. In both of these
nonrectifiable cases we have l(ug,t) ~t ast — oo.

Proof. Assume that ay = 0 and ug € H}(Q) N H?(2). For the sake of simplicity we assume
that 7, = 0, so that 6; = —)\;, see (18) (the case of 75 # 0 can be treated with slight
modifications of the proof). Using z; = r; exp(if;), |%;|* = 77 + r]29]2, ant expressions (18)
and (13), we obtain the following estimate for [(ug,?):

2

l(ug,t) = /Ot (izﬂ)m ds:/ot (Zr +Z 292)1/ ds

/2
t HUOHH10H2 '
(27) = /(7%(27154‘/)02)3+(2715+/)02)1720 ds
0 Po
u 1 t
Z || 0||HOOH2 / (2"}/13 _'_ p072>71/2d87
Po 0

where po = ||uol| 220
On the other hand, using inequality (a® + b*)'/2 < |a| + |b], see (27), we obtain the
estimate from below for {(ug,t) which reads

' ol mpnmz (!
l(ug,t) < 71/ (271S+p52)_3/2d5+%/ (2715 + po?) " 2ds
0 0 0

[woll 2

t
< po+ 70/ (2m1s + pp°) 2 ds,
Po 0

The claim in (26) follows by direct computation. The case when ay # 0 is treated similarly,
using (21). O

Remark 9. If ug € L*(Q) \ (H3(Q) N H*(Q )) then [(ug,t) = oo for each ¢ > 0. Indeed,
in this case we have that [|uollyzng2 = >, Aj|(uo, ¢;)1> = 0o, and the claim follows from
(27).

Remark 10. Let A be a bounded subset of H}(Q) N H2(Q) such that 0 ¢ A, with closure
taken in this space. Let us consider the bundle of trajectories I'(A), and let us define lower
and upper length of bundle I'(A) in time interval [0,¢) by:

L(A,t) = inf{l(ug,t) : up € A}, 1(A,t) = sup{l(ug,t) : up € A}.

Assuming that ag = 0, 73 > 0, ug # 0, it can be shown by reconsidering the proof of
Theorem 8 that

LA t) ~ Y2 T(At) ~ 12 as t — oo.
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4. MINKOWSKI SEQUENCE ASSOCIATED TO A TRAJECTORY

In this section we consider NLS boundary-initial value problem (1) for ag = 0. Let I'(ug)
be a trajectory generated by uy # 0, corresponding to ¢ > 0 if the solution wu(t) is positively
global, and to ¢ < 0 if it is negatively global. Denote by I';(ug) the orthogonal projection of
['(ug) C L*(2) onto the p;-component, where p; are defined in section 1.2. Here, we recall
that the solution of (1) can be written in form u(t,z) = > 72, z;(¢)g;(z). Now, I'j(uo) can
be viewed as a curve in the complex plane defined by z;(t) = (u(t), ;) = 7;(t) exp(i6;(t)).

Figure 2 shows an example of I';(ug), j = 1,2, 3,4, where z;(t) = (¢t + 1)~ Y2¢;e~*N! with
¢; = (ug, ;). For some chosen eigenvalues \; and Fourier coefficients ¢; we plotted z;(¢)
on the time interval [0,00). The trajectory t — z(t) of the considered system in l5(C) is
equal to a sequence t — (z;(t))jen. In this way Figure 2 should indicate the projection of
the considered trajectory into C*.

)\l =1 )\2 =4
1 ‘ 1
c,=1+i[D5
0.5 1 0.5
0 0
-0.5¢ -0.5
-1 -1
-1 -0.5 0 0.5 1 1.5 -1 -0.5 0 0.5 1 1.5
)\3 =9 )\4 =16
1 1
0.5 0.5
c,=0+i0D /
0 o 1 Or
c,= -0.3+i[D
-0.5¢ -0.5
_1 L L L _1 L L L L
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 1.5

FIGURE 2. Projections I'j(ug) of I'(up), j = 1,2, 3,4.

The following result describes some properties of the sequence of d-dimensional Minkowski
contents of curves T';(ug) for d = 4/3, j € N. Recall that if a set A C R* is such that
d=dimp A > 0, then M?*(A) = oo for 0 < s < d and M*(A) =0 for s > d.
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Hence, since dimpI'j(ug) = 4/3 for all j, see Theorem 11(a) below, it has sense to
consider M4(T;(uy)) for d = 4/3 only.

The sequence (M?(T;(ug))); will be called the Minkowski sequence associated to the
trajectory I'(ug). More generally, for any trajectory I'(ug) in L*(§2) the corresponding
Minkowski sequence is (M%(T;(ug)));, where d; = dimp I';(ug), provided the box dimen-
sion exists for each j. The following result deals with properties of the Minkowski sequence
associated to the trajectory of the NLS initial-boundary value problem (1) at the point
of the bifurcation. As the cruical step in the proof of Theorem 11 we use the result of
Zubrini¢ and Zupanovié¢ [26, Theorem 6]. The simpler equivalent formulation can be found
in [17, Theorem 3]. Because of the completeness, we briefly recall that result here.

Let I" be a planar spiral defined in polar coordinates by r = f(6), where f(6) is decreasing
to zero as § — oo, such that f'(0)/(0~*) — pasf — oo, a € (0,1), p > 0, and
|f"(0)] < CH~*. Then dimpg ' = d, where we defined d = 2/(1 + «), and

1+«

(28) ML) = plr(ma) 2o/ 04 ==

The asymptotic behaviour of the Minkowski sequence (M%(T;(ug))); for j — oo we
obtain using the following well known asymptotic result for the eigenvalues of —A, due to
H. Weyl. More precisely,

(29) A~ PN, G — o0,

that is, there exist positive constants a and b such that for all j, a < \;/ GAUN

Mikhailov [19, Section IV.1.5] or Davies [9, Theorem 6.3.1].

< b, see e.g.

Theorem 11. Assume that ag =0 in (1), and v, # 0.
(a) For any ug € L*(Q) and j such that (ug,¢;) # 0 we have dimpT;(ug) = 4/3.
Moreover,

s A2\ 23
(3()) M4/3(Fj<u0>) — 371/3 ( j|<u07§0j2>| ) .
71l ol 72
In particular,
T\ 2/3
(31) M o)) 3777 (22
1

and equality is achieved if and only if ug € span{p;}, ug # 0. Furthermore, we have the
following asymptotic behaviour

(32) Jmax . MY (ug)) = 4OV as j— oo
EJQTDE, 2010 No. 60, p. 18



b) For any ug € HL(Q), ug # 0, we have the following identity
0

= V2Tr (uollm \?
3T (ug)) P2 = o
o St = L (gt

J=1

In particular,

(34) iW‘*/ *(Tj(uo))]? = |i—7|ﬁ

J=1

)\17

and equality is achieved if and only if uy € span {p1}, ug # 0.
(c) For ug € H}(Q) N H?(Q), ug # 0, besides (33) we have the following identity:

S VITr (ol \
35 M M3 (up)) ]2 = < 0 ) ,
(> D P Gy i
and
(36) MU () = o(™#) as j — oo,

In particular,

(37) S MY ()2 > V2T

|71|

2
)\17

and equality is achieved if and only if uy € span {p1}, ug # 0.

Proof. (a) We consider the case y; > 0 (for 7, < 0 the proof is analogous). After eliminating
variable ¢ from the system (18) one obtains

\%wﬂ(aMW%%% 4)”
=TI (2 +
(38) Tj /)0 ’71 )\j pO

= m(—Gj + 90)71/2,

Po
to represent the spiral I';(uy) C C in polar coordinates (r;, ;) in a form r; = f(6;), where
£(0;) = m(6—0;)"/2. Now, the expression (30) follows directly from the result of Zubrini¢
and Zupanovié¢ [26, Theorem 6], which we briefly recalled at the beginning of this Section.
We use the mentioned result in our situation by taking o = 1/2. Direct calculation gives

/ 0

€j~>oo 9'71/2
J

NEBY
where 0; — —o0, m = M 2—], and 6 is a constant. The expression (38) enables
7

)

and the expression (30) follows directly from (28). Furthermore, inequality (31) follows

from (30) since [(uo, ¢;j)| < ||uol| L2
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The last claim follows from (31) and the Weyl asymptotic result (29) for the eigenvalues
of —A subject to zero boundary data.

(b) Note that if (ug, ;) = 0 then T'; = {0}, hence M*3(T;(up)) = 0. (From this and
using (30), we obtain

(39) STIMYE(D (uo))P? =

J

V2Tm _,

" Lo

> Al {uo, @)
j

Due to (13) this proves (33). Inequality (34) follows from the Poincaré inequality A;|[ug||. <
|uo||,:, and it is optimal since the constant A; is optimal.
0

(¢) To prove (36), note that by (35) we have \;[M*/3(T;(ug))]*/? — 0 as j — oo. Hence,
MAB(T4(up)) = 0()\;2/3) = 0o(j7BN)) where we exploited again the Weyl asymptotic
result (29).

The last claim follows from inequality [[uo||ginmz > Ai|uollzz, which is an immediate
consequence of (13). O

Remark 12. ;From (30) we see that M*3(I';(up)) — oo as v, — 0 in (1), provided
(ug, ;) # 0. Another interesting consequence is that for any a # 0,

MY(Tj(aug)) = MY (T (wo)).

Hence, the mapping vy — M*3(T';(ug)) is constant along rays through the origin in L?(12).
Since I'j(—ug) = —I'j(up) for each j, this mapping can be viewed as an even function defined
on the unit sphere S* in L?(2).

Remark 13. For ag # 0 all curves I'j(u) are rectifiable near the origin, so that dimp I';(ug) =
1. Moreover, M'(T';(up)) is equal to the length of the curve up to a multiplicative con-
stant independent of j and wg, see Federer [12, 3.2.39. Theorem], and its length depends
on the choice of ty = to; > tyin(ug). If d = dimpl';(ug) > 1 (like in Theorem 11), then
MUT;(ug)) does not depend on the choice t; due to excision property of d-dimensional
Minkowski content, see [25, Lemma 5.6(b)].

Remark 14. To see how the Minkowski sequence depends on the domain, let us denote by
Q. = Q) the domain obtained from ) by scaling using the factor e > 0. To any uy € L*()
we assign uge € L*(Q) with ug.(2) = ug(x/), and similarly for ¢;.. It is easy to see that
Aje = £72);, and from this using (30) we obtain:

MY (Tj(uge)) = e MY T (uo)).
5. BOX DIMENSION OF THE TRAJECTORY

For calculation of the box dimension of trajectories of NLS initial-boundary value prob-
lem (1) we use the well known fact that the box dimension is invariant with the respect to

the bilipshitz mappings. As the references for this important results we refer to Falconer
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[11, Corollary 2.4(b)] and Tricot [23, see p. 121]. The main result of this section is given by
theorem 17 and says that at the bifurcation value ay = 0 the box dimension of trajectories
of (1) viewed near the origin in L?(Q2) (or near the origin of ¢5(C) for (3)) has a jump.
More precisely, for ug # 0 the mapping ag — dimp 'y, (ug) is discontinuous at ag = 0,
where 'y, (ug) is the trajectory of (1) corresponding to ug and ay.

5.1. Multiple spirals. For a given trajectory I'(ug) in L*(2) we define its box dimension
via finite-dimensional approximations:

where I is the orthogonal projection of the Lebesgue space onto span{¢, ..., ¢k}, or

equivalently, from ¢,(C) onto C*, corresponding to the first & components of 5(C). The
above limit exists due to the monotonicity property of box dimension, see Falconer [11, p.
37).

By the multiple spiral (or n-spiral) Iy we mean a curve in CV = R?Y defined by

(41) Doy = {(t7™e™ . t7oneNty ¢ CN:t > 1y},

where ty > 0. The following result will be fundamental for the computation of box di-
mension of trajectories of problem (1). Its consequence is that box dimension of multiply
oscillating trajectories in CV is always less then 2. The claim extends the formula of box
dimension of planar spirals due to Tricot [23, p. 121] to oscillating curves in CV. Since the
result seems to be interesting for itself, we state it in a slightly more general form.

Theorem 15. Let oy, > 0 and A\, # 0 be given numbers, k = 1,..., N. Then the corre-
sponding multiple spiral I'sy has box dimension

2
42 dimp Doy = {1, 7}
(42) Hip o = A 1 + ming oy,
The curve oy is Minkowski nondegenerate if and only if ming ay, # 1. It is rectifiable if
and only if ming oy, > 1.

Proof. (a) We assume without loss of generality that a; is minimal among all «;. Let 'y be
the curve in C defined by t — t~*1e"*?. Let us introduce the mapping F : I'y — oy in the
following way. First, we view the curves I'; and 'y as subsets of R? and R?Y respectively,
and define (writing 2z, = x) + iyx):

(43) F(ﬁla?/l) = ($1791, f2($1,?/1)a92($1,yl)7 ceey fn(xlayl)agn($17y1))a
where
fr(x, 1) = ()\fl arctan ﬂ) o cos [Akkfl arctan ﬂ} ,
T €
ge(T1,11) = <)\1_1 arctan 2)7 *sin [)\k)\l_l arctan 2] :
T1

xXr
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for 2 < k < N. It is easy to check that F maps I'y bijectively onto I'sy. Let us estimate
the expression

a —ap—1
2 = () < arctan ﬂ) % cos [)\k)\fl arctan ﬂ]
31’1 e X -+ Y1 e
“on
+CY ( arctan ﬂ) sin [Akkfl arctan ﬂ} 5 h 5
1 rdr] + Yy
along I'y. Here C and Cy are real constants. It follows:
0
(44) ﬁ < C’(to‘l_e"r1 + 1T = Ot ),  t— oo.
8361
Since a1 < ap the function g—i’; is bounded by a constant along I';. Similarly for %, g—?:
and g—g’;. This proves that the mapping F' is Lipschitzian. It is easy to see that the inverse

F~1: T4 — Ty is the projection of I'y onto I'y, which is also Lipschitzian. Hence, F is a
bilipschitz function, so that we may use Falconer [11, Corollary 2.4(b)] with Tricot [23, see
p. 121] to obtain that:

dimB PQN = dlmB F(FQ) = dlmB PQ = Imax {1, L}
1+ (&5}

Minkowski nondegeneracy of I'sy for oy € (0, 1) follows from [27, Theorem 1], since I'y
is Minkowski nondegenerate, and moreover Minkowski measurable, see [26, Corollary 2],
and T'ay is lipeomorphic (i.e. bilipshitz equivalent) to I's. If a; > 1, then dimg oy =
dimpI'y = 1. For oy = 1 we have Ml(TgN) = 0o since nonrectifiability of I'y implies that
I'y,, is also not rectifiable. O

Remark 16. The condition on «; to be positive is essential. Indeed, if N = 2 and
a3 = ap = 0, then we obtain the curve on the 2-torus, and assuming that A\;/\, is rational
we obtain that the curve is periodic, hence its box dimension is 1. Therefore, formula (42)
does not hold in this case. A more general formulation of the first part of the theorem is
as follows: if o; > 0 for all j and the set J = {j : a; > 0, A; # 0} is nonempty, then

2
dimp Ty = {1, }
HHp Lo = A 1+ min{ay : k € J}

and analogously for the second part.

Now, using the result given by theorem 15 we are able to show that at the bifurcation
value ap = 0 the box dimension of trajectories of (1) viewed near the origin in L*(Q) (or
near the origin of ¢5(C) for (3)) has a jump.

Theorem 17. Assume that ug # 0 and v € R\ {0}. Let I'(ug) be the trajectory of (1)
viewed in a bounded neighbourhood of the origin. If ag = 0 then dimp'(ug) = 4/3. If
ag # 0 then dimp I'(ug) = 1.
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Proof. We consider the case of v = 71 + i3 with 79 = 0 and +; > 0 (for 73 < 0 the proof
is analogous). The case when 7 # 0 and v, # 0, see (18), can be treated with slight
modifications.

The projection of solution u(t) defined by (19), viewed in ¢5(C), onto its first n compo-
nents, defines the following curve in CV:

1
Thy ... t—un(t) = (cre

\/ 2t + lJuoll 2

, t > to with ty large enough. We assume for simplicity that c; # 0 for

—iAit —iANt
,...,CNE )

uo, i
where ¢; = {uo,¢;)
luoll 72

all j. It is natural to define the curve

Tav o b g (t) = £,

The mapping G : ',y — DI'on defined by G(un(t)) = vn(t) for all t > t; > 0, is clearly
bilipschitzian, hence dimg I',, = dimp I'9y. The claim follows from Theorem 15. The case
when ¢; # 0 for at least one j, is treated with minor modifications of the above proof.

If ay # 0, then all components z;(¢) are rectifiable, hence any finite-dimensional pro-
jection m(Tg) is rectifiable, where 7 : £(C) — C* it the natural projection onto the
first & components of ¢5(C). This implies that dimpg m,(I'g) = 1 for each k, and the claim
follows. OJ

As we saw before, assuming that ayp = 0 and v, # 0, the natural projection of any
trajectory I'(ug) into j-th component, that is, into the eigenspace spanned by ;, can be
viewed as a curve in the Gauss plane either of box dimension 4/3 if (ug, ¢;) # 0 (in this
case the projection is a spiral), or zero if (ug, ¢;) = 0 (in this case the projection is simply
a point).

6. APPLICATIONS

In this section we introduce the notion of spiral chirp. The aim is to study the box
dimension of spiral chirps and associated trajectories of NLS problems with different non-
linearities. To achieve this goal, we shall use the results on box dimensions of trajectories
obtained in previous sections. Finally, in Subsection 6.3 we show that a class of planar
polynomial dynamical systems can be interpreted in terms of a NLS problem of nonlocal

type.

6.1. Box dimension of spiral chirps. Results on box dimension of trajectories of NLS
initial-boundary value problem (1) obtained in the previous section can be used in order
to calculate the box dimension of some other curves, for example spiral chirps. More
precisely, in the preceding subsection we have studied box dimension of projections of I'y

into subspaces of the form span{p;,...,on}, that is, on R?. Now we would like to
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consider projections onto . The basic model in R? is the curve that we call spiral

chirp:

(45) = {(t*a cost,t “sint,t *cost) € R*: ¢ > to},

with a € (0,1). A more general model could be («, (3)-spiral chirp:

(46) Iy = {(t*a cos(t), £~ sin(Mt), t7 cos(Aat)) € R®: £ > to},

for fixed positive a, 3, to, and \; # 0, 7 = 1,2. Of course, box dimension of I'; will remain
the same if we replace the last component with ¢~ sin \ot.

Theorem 18. Let o and 3 be fixed positive numbers such that either
a<f, orf<a<l, orl<fp<a.

Furthermore, assume that A1, Ao are nonzero real numbers, and ty > 0. Then for the spiral
chirp I's defined by expression (46) we have:

. 2
(47) dimp I's = max {1, T+ min{a ﬁ}}

The curve I's is rectifiable if and only if min{a, 5} > 1.

Proof. Due to the simplicity we assume that Ay = Ay = 1.
Firstly, we consider the case a < f3.

Note that we have natural projections 73 : I'y — I's and w35 : ['s — Iy, where I'y C R?
is the spiral defined by ¢ +— 2z (t) = t~%", and Iy C R* is 2-spiral defined by ¢t —
(21(t), 22(t)), with 25(t) = tPe®. Hence, since the projections are Lipschitzian, using
known box dimensions of I'y (see Tricot [23, see p. 121]) and 'y (see Theorem 15), it
follows

dimB FQ = dlmB 7T32(F3) S dlmB Pg = dlmB 7T43(F4) S dlmB P4.
Now, the desired result follows directly since dimpgI'y = dimg 'y = d, where we used the
notation d = max{1,2/(1+ «)}.

Next, we consider the case when § < o < 1.

Since the natural projection mu3 : I'y — I's is Lipschitzian, it follows that dimgI'y <
2/(14 ). To prove the opposite inequality, it suffices to construct a surjective Lipschitz
mapping F : 'y — I'y, where I'y is described by r = ¢ =?, since then

2
—— =dimg 'y =dimg F(['3) < dimpg ['s.
1+ 75 Bla pF(I'3) < Bl3
In this way let us construct an auxiliary spiral I, defined by
I, = {(t “cost’ t "sint’) € R*: t > t, > 0},
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with positive parameters a and b to be chosen later. It is easy to see that the mapping
F = (Fy, Fy) where

Fi(z,y) = (arctan ) (arctan )

Fy(x,y) = (arctan ) sm(arctan )

maps ['s onto I',. Now, it remains to to find a and b such that F' is Lipschitzian on I's.
First, since 2 (arctan(y/x)) O(t*), and similarly a%(arctan(y/x)) = O(t“), when t — o

it follows that OF
1 a—a—1 a—a+b—1
— =0t Ot
L= o) o),

and similarly for the remaining first order derivatives of F} and F5. Finally, in order to have
the boundness of | %§i| and |%§i |, it suffices to impose that a—a—1 < 0 and a—a+b—1 < 0.
The curve I'} is defined by r = =% and since a/b < 1, we have dimp I', = 2/(1+(a/b)),
see Tricot [23, p. 121]. In order to have dimg I, = 2/(1 4+ ) we choose a and b so that
B =a/b. To have b —a < 1 — « we impose even b —a = 1 — a.. jFrom a = (b we obtain
b—a=01-03)=1—a, hence b= (1—-a)/(1— ), and from this a = (1 — a)/(1 — ().
This choice for a and b satisfies all the requirements.
Finally, the proof for the case 1 < # < a goes similarly to the previous considerations.

At the end of the proof, let us consider the rectifiability in the case when min{«, 5} > 1.
The spiral I'y is rectifiable, as well as the graph of the chirp z;(t) = ¢’ cost™! for ¢ near
zero, corresponding to the third component of I';. In this case the curve I's is rectifiable
as well. Indeed, since z;(t) has local extrema for t; such that t;l/ﬁ = +7 + 2km, then
t, ~ k=% as k — oo, hence,

(48) I(T3) SUT2) +2>  |za(te)| <UT2) + > k7 < oo,

since § > 1. This implies that dimp '3 = 1. The first inequality in (48) can be justified
by isometrically transforming I's onto the chirp defined in rectangular coordinates, defined
on the interval of length of the spiral I's.

On the other side, if min{«, 5} < 1 then from (47) we see that dimp '3 > 1, hence, I';
is not rectifiable. In the case when min{«, 3} = 1, let us consider the following two cases:
(i) If @« = 1, the spiral I'y defined by z(t) = ¢~ 1 e’ is nonrectifiable. Since M'(T'3) >
M (Ty) = oo, the same holds for T's.

(ii) If B = 1, then the chirp I'} is not rectifiable. Using a suitable parametrization of I's
and the fact that F'(I's) = I'), with a Lipschitzian map F, since I}, is nonrectifiable then
also I's is nonrectifiable. [

Finally, using theorems 15 and 18 we can easily derive the following interesting conse-

quence about box dimension of multiple spiral chirps.
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Corollary 19. Let oy € R N > 1, be a multiple spiral defined by (41), with 0 < cy, < 1
and A\, 20,k =1,...,N. Letey, ..., ean be the canonical orthonormal base in R*N. Then
for the multiple spiral chirp U'on_1 obtained by projecting oy into (2N — 1)-dimensional
subspace of R?N spanned by any 2N — 1 vectors from the base, we have

2

dimB PQN_l = dlmB FQN = .
1 + minyg oy,

6.2. Hopf bifurcation for other types of nonlinearities. Up to now we studied the
initial-boundary value problem for Schrodinger equation

(49) uy = iAu — yuV (||ul|12q)).

where Q@ C RY and v = v + 72 € C. More precisely, we considered the nonlinearity
V(p) = p* + ap, where ay was a real bifurcation parameter. In this section we consider
some polynomial types of nonlinearity given by the expression

(50) Vip) = p* +ar1p?Y 4+ arp® + ao,

where a;, i = 0,...,0 — 1 are prescribed real parameters. The NLS equation (49) corre-
sponds to the standard generic generalized Hopf bifurcation, see Takens [22], also called the
standard Hopf-Takens bifurcation. The following result extends Theorem 17.

Theorem 20. Let I'(ug) be a part of trajectory of (49) near the origin with V(p) defined
by (50), such that ug # 0, 72 = 0 and v; # 0. Assume that k := min{j : a; # 0} > 1.
Then

: 4k
(51) dlmB F('LLO) = m
Proof. The proof uses the idea of the proof of Theorem 17, together with the proof of [26,

Theorem 9(b)]. Here o« = 1/(2k), so that the box dimension is obtained from Theorem 15.
0

Up to now we studied trajectories with spiral components z;(t) converging to zero with
equal rate a > 0, that is, |2;(t)| @ t™* as t — oo, for all j, see for example expressions (45)
or (46). Next, we are interested in dynamical systems yielding solutions in which spiral
components converge to zero with different rates.

A. As the simplest model we consider a polynomial system in in C?, defined by

(52) 'éj = —Z.>\ij - LZ’j(|2’1|2ml + |22|2m2 + a,o), j = 1, 2,

4m]’
where m; are fixed positive integers and qy is the real bifurcation parameter. It is easy to see
that for ag < 0 an attracting invariant set S(ag) is born, defined by |21 [*™ 4 |25|*"2 = —ay,
diffeomorphic to the unit 3-sphere in C?. Each trajectory starting in the point (219, 290) €
S(ag) is contained in the torus |z10|S* X |290]S? (provided that both components zjq are

nonzero). The invariant set S(ag) is clearly equal to the union of these trajectories.
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Assume that ap = 0 and let 2(0) = (201, 202) € C* be a given initial value, z(0) # 0. It
can be shown that the unique solution z(t) = (z;(t)) of system (52) is given by

2i(t) = |205](t + 1) 7Y™ exp(—i\jt +iarg z;), j=1,2.

Here z;(t) is a spiral converging to zero with rate o; = 1/(2m;). Assume that both
zo1 and zgo are different from zero. According to Theorem 15 the box dimension of the
corresponding trajectory T'y = {(21(t), 22(t)) € C*: t > to > 0} is equal to

2

53 dimp 'y = .
(53) s 1 + 0.5 max{my, mo}~!

System (52) is a special case of the following Schrodinger equation:
(54) up = iAu — F(u),
with initial and boundary values as in (1), and

1

I, (u, j) pj(z),

2

Flu) = ([, @)™+ [{u. @2)P™ +a0) 3

j=1

with scalar products in L*(2). System (52) is obtained from (54) by considering solutions

of the form u(t, ) = 21 (t)p1(x) + 22(t)p2(z), where ¢y and ¢ are defined in the subsection

1.2.

B. Various extensions of (52) and (54) are possible, like for example a cyclic polynomial

system in R?*, which we view as a bifurcation problem in C*:

1
R _)\ - 2m1 2mao
Z1 1A121 —4m1 21(|21‘ -+ ‘22‘ + ao)
2 o _)\ - ]' 2ma 2ms
5 = 1A229 —4 22(|22‘ —+ ‘23‘ -+ ao)
(55) e
. . 1 2my, 2my
k= —iA\g2k — 4—zk(|zk| + |21]"™ + ag).
M
For ap < 0 an invariant set S(ag) is born in C¥ defined by |z [*™ + |2]?™2 = |2o|*™2 +
2373 = - - = 2™ 4|21 [*™ = —ag, which is a subset the surface defined by >~ |2;[*™ =

—%ay, diffeomorphic to the (2k — 1)-sphere in C*.
Here system (55) again has the form of the Schrédinger equation (54), but with

1

24— u,05) ([, @) P+ [{ws ) [P + a0) (),

7j=1
and the summation of indices in j + 1 is taken modulo k. Here we consider solutions of

the form u(t, x) = Zle z;(t)p;(z).
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For ag = 0 and any prescribed initial value z(0) = (20;) € C* it can be shown that the
unique solution is the curve Ty, = {(21(), ..., 2x(t)) € C* : ¢ > 0} of (55), defined by

(56) 2i(t) = |205] (¢t + 1) 7Y CMD exp(—idjt +iarg z;), j=1,..., k.
Using Theorem 15 with o; = 1/(2m;) we obtain the following result.

Corollary 21. Let m; be positive integers and ag = 0. For any trajectory Iy, of (55) such
that z(0) = (zo1,- . ., 201) # 0 we have

2
1+ 0.5 max{m; : zo; # 0}~

dimB FQk =

C. Now we would like to construct a NLS Cauchy problem possessing trajectories of box
dimension equal to two. Let us consider the Schrodinger equation of the form (54) such
that

1

(57) Z Uy 1) 7 4 [ (u, por) [P+ ag) Z —— (U, parj) s (@),
— = dmop

where m; is a prescribed sequence of positive integers. First, if v € L*(2) then also
F(u) € L*). Indeed, the expression in the round brackets is bounded by a constant

M = M(u,ap, my1, mg,...) independent of j, since (u, ;) converges to zero. Hence,
2 2
|F@)|)7: < M? Z Z w, o) | < = llullZe
1 j— m2k+] 12 16

It can be shown that if u(t) = >_; zj(t)g; is a solution of (54) with initial value u(0) =
ug € L*(Q), then z;(¢) is uniquely determined, and
2j(t) = [(uo, 93)| (¢ +1)7V ™) exp(idt + i arg(uo, ¢5)), j = 1.

Denote by I'(ug) the trajectory in L?(Q) corresponding to ¢ > 0. Using the definition of
dimp I'(ug) in (40) and Theorem 15 we obtain the following result.

Corollary 22. Let ag = 0. Let u(t) be the solution of (54) with F(u) defined by (57), and
ag = 0, satisfying initial condition u(0) = ug € L*(Q). Then

2
1+ 0.5sup{m; : (ug, ;) #0}~1

In particular, if m; — oo as j — oo, and (ug, ;) # 0 for infinitely many j’s, then
dimp I'(ug) = 2.

(58) dimp T'(ug) =
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6.3. Box dimension of trajectories of some nonintegrable Schrodinger problems.
Many dynamical systems important for applications, like for example Liénard systems,
weakly damped systems etc., are not explicitly solvable. However, in spite of their nonin-
tegrability it is possible to get the information about the box dimension of corresponding
trajectories, see [30] for some examples. Here, using the connection between the nonlinear
system of ODE’s and the Schrédinger equation pointed out already in Section 1.2, we would
like to study the box dimension of trajectories of some nonintegrable Schrodinger evolution
problems. For this purpose let us consider the following polynomial planar system:

y=g(z,y) = —Mz+q(z,y),

where we define p(z,y) = f(z,y) — My and q(z,y) = g(x,y) + \z. Here A; is the first
eigenvalue of the —A| minge corresponding to an open and bounded domain €2 C RY. An
initial point in the phase space is prescribed by z(0) = 210 and y(0) = y30. Naturally, we say
that the system (59) is equivalent to (54) if there is a bijection between the corresponding
solution sets. In this sense it is easy to see that the problem (59) is equivalent to Schrédinger
equation (54) with F': Cp; — Cyp; defined by

(60) [F(u)](f) = (p((Reu, 901>7 <Imu7 901>) + Zq(<Reu7 901>a <Imu7 §01>)>¢1(€)7 g € Q,

and with initial function u(0) = zp1¢1, where zo1 = x19 +iy10 € C. Note that the nonlinear
term F'(u) is of nonlocal type, i.e. F' it is not defined in pointwise manner, but via scalar
products, that is, by means of two integrals. The solution of (54) in this case has the form
u(t, z) = z(t)p1(x), where z(t) = x(t) + iy(t), and the components satisfy (59). Note that
(54) is of nonlocal type, and in general not explicitly solvable. Moreover, it is interesting
that the study of any system of ODE’s can be considered as the study of a Schrodinger
problem.

(59)

Proposition 23. Any Cauchy problem for the system & = f(x), where x € R" and
f: R" — R™ us a Lipschitz function, can be naturally interpreted as a Schrodinger problem
of the form (54), with F(u) written explicitly, see (62) below.

Proof. We can assume without loss of generality that n is even, n = 2k (if n = 2k — 1, we
can add a new trivial equation &9, = 0, 22,(0) = 0). Now the system can be written in the
form
(61) K fy(.9) j=1,..k
yi = gi(z,y)

where z,y € R¥. Defining z; = x; + iy, and p;(z,y) = f;(z,y) — Njy;, ¢;(x,y) = g;j(x,y) +
Ajxj, 7 =1,... k, where \; are the first k eigenvalues of —A (counting the multiplicity)
with zero boundary data on a given bounded open domain  in RY, then we have z; =
—i);z; + (pj + ig;). Multiplying with eigenfunctions ¢; = ¢,(£) normalized in L?(2), and
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defining u(t, &) = >_; 2;(t)p;(§) we easily obtain (54), where the operator F': X — X,
Xy = spanc{py, ..., op} C L*(Q), is defined by

F (Z 2j<pj>] (€)= Z(pj(fc,y)+iqj(fc,y))90j(£), £ e,

with z; = Rez; = (Rew,g;), y; = Imz; = (Imu, ;). If we prescribe the initial value
(z,9)(0) = (wo,y0) € R?* for the system (61), then the corresponding initial function
u(0) = Z?Zl(xoj +iyo;)p; € Xj of the Schrédinger problem (54) generates the trajectory

(62) [F(w)](€) =

in X;. It can be identified with the trajectory in R?* corresponding to (61) using the
natural isomorphism between X and R?*. O]

Remark 24. Note that the operator F': X, — X}, in the proof of Proposition 23 is nonlocal,
since (62) contains integral terms z; = (Rew, ¢;) = [,(Reu)(£)¢;(&) d€ on the right-hand
side, j = 1,...,k, and similarly for y;. The operator F' can be naturally extended to

F: L*(Q) — L*(Q) by defining F(u) = F <Z‘;‘;1 zjgoj) = Zle (pj(x, y) + ig;(z, y))cpj,
where u = Z;’;l z;j is the Fourier expansion of u € L*() with respect to the orthonormal
basis (¢;) of eigenfunctons of —A|y1qp2. The claim in the proposition holds (with the same

proof) for nonautonomous systems of ODE’s as well. In this case the nonlinearity in (54)
takes the form F'(t,u).

Remark 25. Proposition 23 enables us to reformulate the second part of the 16th Hilbert
problem in terms of the Schrodinger equation (54) as follows. Let F'(u) be defined by (60),
where p(z,y) and ¢(x,y) are polynomials in 2 real variables, such that the maximum of
their degrees d is at least 2. Assuming that the value of d > 2 is fixed, find an upper bound
for the number of limit cycles in the class of Schrodinger equations (54) in terms of d. For
d = 2 (that is, for the class of quadratical planar systems of ODE’s) it is even not known
if the bound can be finite.

As an example, consider the following nonlocal Schrodinger evolution problem on a given
bounded domain 2 in RV:

m 25+1
(63) uy = 1Au + Z ag;j (/(Reu )1 d:zc) + Z agj+1 (/ Reu)yy dx) ,
j=k

where 1 < k < m.

Theorem 26. Let T'(ug) be the trajectory in L*(2) of the Schrodinger evolution problem
(63) viewed near the zero function in L*(Q2), and generated by initial condition u(0) = 21,
with zg = xo+iyy # 0, and k is a positive integer. Assume that the coefficients as, ay . .., asp,

and Gopy1, A2k 13, - - -, Aamy1 are Teal. Assume that asg 1 # 0, i.e. asg,yq1 1S the first nonzero
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coefficient corresponding to an odd exponent of the integral term in (63). Then

2
2k+1
Proof. Here we have p(r,y) = 7", ag;z*F T 4 >k agj 1z and ¢(z,y) = 0. Let

us write u(t,&) = (x(t) + iy(t))p1(§). Then (63) with the indicated initial condition is
equivalent to the following Liénard system in the plane, see Proposition 23:

(64) dimpg ['(ug) = 2

&= f(z,y) = Ay+ Z ag;z?* T + Z agjir
(65) =1 o

y=9(ry) =Mz
The claim follows immediately from [28, Theorem 6]. O

Remark 27. Note that under the condition of ag 1 # 0 the Liénard problem (65) is not
explicitly solvable for (xq,yo) # (0,0). Therefore, the corresponding Schrédinger evolution
problem (63) is also not explicitly solvable for u(0) # 0.
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