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Positive solutions for three-point nonlinear
fractional boundary value problems*

Abdelkader Saadi, Maamar Benbachir

Abstract

In this paper, we give sufficient conditions for the existence or the
nonexistence of positive solutions of the nonlinear fractional boundary
value problem

Diiu+a(t)f(u(t)=0,0<t<1,2<a<3,
u(0) = u'(0) =0, /(1) — p(n) = X,
where Dy, is the standard Riemann-Liouville fractional differential oper-
ator of order o, p € (0,1), pu € {O, 770‘—172) are two arbitrary constants and

A € [0,00) is a parameter. The proof uses the Guo-Krasnosel’skii fixed
point theorem and Schauder’s fixed point theorem.

1 Introduction

In this paper, we are interested in the existence or non-existence of positive
solutions for the nonlinear fractional boundary value problem (BVP for short)

D u+alt)fut) =0,2<a<3,0<t<l, (1.1)

u(0) =/ (0) = 0, w'(1) — pu/(n) = A, (1.2)
where « is a real number, Df, is the standard Riemann-Liouville differentiation

1
of order o, p € (0,1), € [0, —
ne-

5 | are arbitrary constants and A € [0,00) is a

parameter. A positive solution is a function u(t) which is positive on (0, 1) and
satisfies (1.1)-(1.2).

We show, under suitable conditions on the nonlinear term f, that the frac-
tional boundary value problem (1.1)-(1.2) has at least one or has non positive
solutions. By employing the fixed point theorems for operators acting on cones
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in a Banach space (see, for example [7, 8, 13, 14, 15]). The use of cone techniques
in order to study boundary value problems has a rich and diverse history. That
is, some authors have used fixed point theorems to show the existence of pos-
itive solutions to boundary value problems for ordinary differential equations,
difference equations, and dynamic equations on time scales, (see for example
[1, 2, 3]). Moreover, Delbosco and Rodino [7] considered the existence of a so-
lution for the nonlinear fractional differential equation Df,u = f(t,u), where
O0<a<land f:[0,a] x R—>R, 0 < a< +o0 is a given function, continuous
in (0,a) x R. They obtained results for solutions by using the Schauder fixed
point theorem and the Banach contraction principle. Bai and Lii [5] studied the
existence and multiplicity of positive solutions of nonlinear fractional differential
equation boundary value problem:

D§yu+ f(t,u(t) =0, 1<a<2,0<t<1,
u(0) = u(1) =0,

where D, is the standard Riemann-Liouville differential operator of order «.
Recently Bai and Qiu [4]. considered the existence of positive solutions to
boundary value problems of the nonlinear fractional differential equation

DEu+t f(tu(t) =0, 2<a<2,0<t<1,
u(0) = /(1) = u”(0) = 0,

where D¢, is the Caputo’s fractional differentiation, and f : (0,1] x
[0,400) — [0,+00), with lim;__o+ f(¢,.) = 400 . They obtained results for
solutions by using the Krasnoselskii’s fixed point theorem and the nonlinear
alternative of Leray-Schauder type in a cone.

Lii Zhang [18] considered the existence of solutions of nonlinear fractional
boundary value problem involving Caputo’s derivative

{Dg‘quf(t, (t)=0,1<a<2,0<t<1,
w(0)=v#£0, u(l)=p#£0.

In another paper, by using fixed point theory on cones, Zhang [19] stud-
ied the existence and multiplicity of positive solution of nonlinear fractional
boundary value problem

Dgu+ f(tu(t)=0,1<a<2,0<t <1,
u(0) + ' (0) =0, u(1) + /(1) =0,

where Dy is the Caputo’s fractional derivative. By using the Krasnoselskii
fixed point theory on cones, Benchohra, Henderson, Ntoyuas and Ouahab [6]
used the Banach fixed point and the nonlinear alternative of Leray-Schauder to
investigate the existence of solutions for fractional order functional and neutral
functional differential equations with infinite delay

{ Dey(t) = f(t,y;), foreachte J=1[0,b],0< <1,
y(t) = ¢(t), t e (—o0,0],
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where D is the standard Riemman-Liouville fractional derivative, f : J x B —
R is a given function satisfying some suitable assumptions, ¢ € B, ¢(0) = 0
and B is called a phase space. By using the Krasnoselskii fixed point theory on
cones, El-Shahed [8] Studied the existence and nonexistence of positive solutions
to nonlinear fractional boundary value problem

{ Dgu+da(t)f(u(t) =0,2<a<3,0<t<1,
u(0) = u'(0) = u/(1) = 0,

where D, is the standard Riemann-Liouville differential operator of order «.
Some existence results were given for the problem (1.1)-(1.2) with @ = 3 by Sun
[17].The BVP (1.1)-(1.2) arises in many different areas of applied mathematics
and physics, and only its positive solution is significant in some practice.

For existence theorems of fractional differential equation and application,
the definitions of fractional integral and derivative and related proprieties we
refer the reader to [7, 11, 12, 16].

The rest of this paper is organized as follows: In section 2, we present some
preliminaries and lemmas. Section 3 is devoted to prove the existence and
nonexistence of positive solutions for BVP (1.1)-(1.2).

2 Elementary Background and Preliminary
lemmas

In this section, we will give the necessary notations, definitions and basic lemmas
that will be used in the proofs of our main results. We also present a fixed point
theorem due to Guo and Krasnosel’skii.

Definition 1 [10, 11, 15]. The fractional (arbitrary) order integral of the func-
tion h € L*([a,b] ,R) of order o € Ry is defined by

1 t
ISh(t) = —— [ (t—s)* "h(s)d
o) = gy [ (6= 9" ke,
where T' is the gamma function. When a = 0, we write I*h(t) = (h* ) (f),
a—1
where pq(t) = o) fort >0, and o (t) = 0 fort <0, and @, — 6(t) as
«

a — 0, where 0 is the delta function.

Definition 2 [10, 11, 15]. For a function h given on the interval [a,b], the ath
Riemann-Liouuville fractional-order derivative of h, is defined by

o 1 da\" ! f(s
(Da+h) (t) = m (&) /0 (t_sgia)_n_"_ldes, n = [Oé] + 1.

Lemma 3 [}/ Leta > 0. Ifu € C (0,1)NL (0, 1), then the fractional differential
equation
D u(t) =0 (2.2)
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has solution u(t) = c1t® ' + ot 2 + ..+t ", ¢ € R, i = 1,2,...n
n=l[a]+ 1.

Lemma 4 [}] Assume that v € C(0,1)NL(0,1) with a fractional derivative of
order o > 0. Then

DS u(t) = ult) + et 4 ot 4 et (2.3)
for some c; eR,i=1,2,...,n, n=[a] + 1.

Lemma 5 Let y € CT[0,1] = {y € C[0,1], y(t) >0, t € [0,1] }, then the
(BVP)
Dfu(t)+yt) =0, 2<a<3,0<t<], (2.4)

U(O) = ul(o) =0, ul(l) - HUI(U) = A (25)

has a unique solution

/ G(t,s)y(s)ds + 7~ un“ 2)/ G1(n,s)y(s)ds + 52 2(1 un) (2.6)

where ot - ot

G(t,s) = ﬁ{ t ta,(}@f)s)a;,(t_s) ’ f;’f (2.7)
and - o2 o2

Gins) = { g e L YT ey

Proof. By applying Lemmas 3 and 4 , the equation (2.4) is equivalent to the
following integral equation

1

u(t) = —ct® "t — a7 — et — m/o (t — 8)* y(s)ds. (2.9)

for some arbitrary constants ci, s, c3 € R. Boundary conditions (2.5), permit
us to deduce there exacts values

62103:0

1 n
¢ = gy {ﬁ UO (1= )" "?y(s)ds — u/o (n — S)a_2y(5)ds} + _<ak1>}

then, the unique solution of (2.4)-(2.5) is given by the formula
t - 1
u(t) = %a)/o (t - S)a ! ( )ds + W/ (1 — S)a72y(s)ds
n
tet a—2 Aol
- (1—;5]“*2)1—‘(04_)/0 (n—8)*"y(s)ds + m

1

:7ﬁ/0 (tfs)a 1 ()d8+ F(a)/o (175)0‘—2y(5)d8
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1 n

a—24a-1 a2 a1 o

al =TT 2>r<a>/0 (1=5)"y(s)ds — m/o (1= 5)*2y(s)ds
)\ta 1

T @D ==

t Lt -
— 7ﬁ (t—s)*" 1 y(s)ds + ’;(a) (1—s9) 2y(s)ds
0 0

a1a2

e n
+ tr(a)/ (1—5)"2y(s)ds + (T%W/ (1—s)*?y(s)ds

talaQ

1
+ _(1,u#na nZ)F_(a)/n (1 - S)a_Qy(S)dS

—1 a—1_ a—2 n a—1
ut n _ At
T (lfun“”)l“(a)/o (1= 5)*y(s)ds + i

1 1
a—1
= iy [ Gl s + = [ Gl sy +

where,
1 o1 —s)2 2 — (t—s)*7t, s<t
G(ta S) - F(a) { tafl(l _ S)a72, t S S
I B ) e () R
Gl(na S) - F(O() { na—Q(l _ S)a—2 , n <s

This ends the proof. In order to check the existence of positive solutions, we
give some properties of the functions G(t, s) and G1(¢,s). m

Lemma 6 For all (t,s) € [0,1] x [0,1], we have

(P1) aGg;s) — (a—1)Gi(t,s).

1 —2
(P2) 0= Gi(a5) < g2 (1= 9", [ Gatn s = s
(P3) vG(1,s) < G(t,s) < G(1,s), (t )€ [r,1]x[0,1].
_ 2

Where G(1, s) W’S(l —5)*72 v =792 and 7T satisfies
1
/ s(1 —8)*2a(s)ds > 0. (2.10)
Proof. (P1) and (P2) are obvious. We prove that (P3) holds.
For all (¢,s) € [0,1] x [0,1], (P1) and (P2) imply that, 0 < G(t, s) < G(1, s).
If0<s<t<1, we have
Gt,s) _t* 11 —s)*?—(t—s)*"
G(1,s) s(1 —s)>—2
S tt—ts)* 2 — (t—ts)* 1 t(t —ts)* 2 — (t —ts)(t — ts)* 2
- s(1— )2 B s(1—s)a—2
ts(t —ts)*2 pa-1
s(1—s)a2
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If0<t<s<1, we have

G(t,s) B to= (1 —s)22 S to= (1 — s)22

G(l,s) - 3(1 _ 8)0‘72 = (1 — 8)0‘*2 — o1

Thus,
t*71G(1,5) < G(t,8) < G(1,s), (t,s) €[0,1] x [0,1].

Therefore,
7 1G(1,8) < G(t,s) < G(1,s), (t,s) € [r,1] x [0,1].
This completes the proof. m

Lemma 7 Ify € C*[0,1], then the unique solution u(t) of the BVP (2.4)-(2.5)
is nonnegative and satisfies

min u(t) > v |lul|.
te[r,1]

Proof. Let y € C1]0,1]; it is obvious that w(t) is nonnegative. For any
t € [0,1], by (2.6) and Lemma 6, it follows that

u@:/G<><m+ULTj/awm<Mﬁm;ﬁgﬁa

/013 8)ds + [T 2>/ G1(n: 8)y(s)ds + Gry =y

and thus

HU||</G18 d8+(1 o 2)/ G1 T], ) (S)dS—FWi#na,g)
More that, (2.6) and Lemma 6 imply that, for any ¢ € [r,1],

tal

/GtS d8+(1 “naz)/Glna)()ds—’—W

1
>7/ G(1,8)y(s )dHW/ G1.(1, 8)y(8)ds + =G

Hence

min u(t) > v |lul|.
te[r,1]

This completes the proof. m

Definition 8 Let £ be a real Banach space. A monempty closed convex set
IC C & is called cone of € if it satisfies the following conditions
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(A1) z € K, 0 > 0 implies oz € K;
(A2) z € K, —z € K implies z = 0.

Definition 9 An operator is called completely continuous if it continuous and
maps bounded sets into precompact sets

To establish the existence or nonexistence of positive solutions of BVP (1.1)-
(1.2), we will employ the following Guo-Krasnosel’skii fixed point theorem:

Theorem 10 [12] Let & be a Banach space and let I C & be a cone in E.
Assume that 0y and Sy are open subsets of &€ with 0 € Q1 and Q1 C Qy . Let
T:KnN (Qg\Ql) — IC be completely continuous operator. In addition, suppose
either

(H1) |[Tu] < |ull, Vu € KNOQ; and || Tu|| > ||ul|, Yu € KNIy or
(H2) [|Tul| < [lull, Vu € KN OQ and ||Tu]| > ||ul[, Yu € KN O,
holds. Then T has a fixed point in N (QQ\Ql).

3 Existence of solutions

In this section, we will apply Krasnosel’skii’s fixed point theorem to the problem
(1.1)-(1.2). We note that u(t) is a solution of (1.1)-(1.2) if and only if

u(t) = [y G(t,s)a(s) f(u(s))ds + L= [ G1(n, 5)a(s) f(u(s))ds
+% (3.1)
Let us consider the Banach space of the form
E=CT[0,1]={ueC0,1],u(t) >0,te[0,1] },
equipped with standard norm

|lull,, = max{|u(t)|: t € [0,1]}.

We define a cone K by

)

K= {u €& minu(t) >~y ||u||} ,
te(r,1]
and an integral operator T : £E—¢& by

Tu(t) = [} G(t, $)a(s) [ (u(s))ds + oz [1G1 (1, $)a(s)f (u(s))ds

A a—1
T =y (3-2)

It is not difficult see that, fixed points of T" are solutions of (1.1)-(1.2). Our aim
is to show that T : K—K is completely continuous, in order to use Theorem
10.
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Lemma 11 Let f:[0,00) — [0,00) continuous. Assume the following condi-
tion

(C0) a € C(]0,1],]0,00)).

Then operator T : K—K is completely continuous.

Proof. Since G(t,s), G1(n,s) > 0, then Tu(t) > 0 for all u € K. We first prove
that T'(K) C K. In fact,

Tu(t) = folG(t7 s)a(s)f(u(s))ds + (1%;72) {ufolGl(Ua s)a(s) f(u(s))ds + (a—)—\n}

< folG(l, s)a(s) f(u(s))ds + (17!‘7}7&,2) {,ufolGl(n, s)a(s)f(u(s))ds + ﬁ}
t €10,1]

ITull < J G, $)a(s)(u(3)ds+ sy {1 G, )as) Fu(s)ds + 25}

on the other hand, Lemma 6 imply that, for any ¢ € [, 1],

Tu(t) = folG(t, s)a(s) f(u(s))ds + #;:72) {ufolGl(Ua s)a(s)f(u(s))ds + (a—i‘l)}

a

> [ G0 s)ala)f(u(s)ds + {u | G )ats) ftutepyas + ﬁ}

_ 7/01(;(1, s)a(s)f(u(s))ds + ===y <“/0

and, for u € K

1

Gi(n, s)a(s)f(u(s))ds + ﬁ)

min Tu(t) > v ||[Tul .

telr,1]
Consequently, we have T'(K) C K. Next, we prove that T is continuous. In fact,
let

= %@ (fols(l —5)*2a(s)ds + fol(l - s)a72a(s)ds) ,

assume that u,, ug € K and u, — ug, then ||u,|| < ¢ < oo, for every n > 0.
Since f is continuous on [0, ¢], it is uniformly continuous. Therefore, for any ¢ >
0, there exists > 0 such that |u; — up| < ¢ implies that |f(u1) — f(u2)| < 55%-
Since u, — ug, there exists ng € N such that ||u, — uo|| < ¢ for n > ng. Thus
we have | f(un(t)) — f(uo(t))| < 55, for n > npand ¢ € [0, 1]. This implies that
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IN

IN

<

That

Jo,G(t:5)a(s) 1f (un(s) = f(uo(s))] ds
=y Jy G1 (1, 9)a(s) [£ (un(s)) = f(uo(s))] ds

% UOIG(l s)a(s)ds + (1—‘57&—2f0 Gi(n, s)a(s)ds}

€ 1 1 a— -2 a
W |:me 8(1 — S) 2a(s)ds + (—1&277&—2)1_‘ fO 1 — 2 ( )d8:|
9 1 1 a— a—
ﬁ {m (fO 8(1 — S) 2a(s)d8 + T;Q,Q)fo (1 — S) 2a(8)d8):|
€
— (2N) =
o ¢ c
is, T : K—K is continuous. Finally, let B C K be bounded, we claim

that T'(B) C K is uniformly bounded. Indeed, since B is bounded, there exists

some

then

m > 0 such that ||u|| < m, for all u € B. Let

C =max{|f(u(t))]:0 <u<m}

|ITu|| < C1N for all u € B.

such that C; = C + m At last, we prove T'(B) is equicontinuous.
Hence T'(B) is bounded, for all ¢ > 0, each u € B, t1,t2 € [0,1], t1 < t2, let

2T o a—2
5= min{ () (1opn® *)P(@)e (1 ”;& )8} , this allows us to show that,

6Clall 2 3Clall ’

|Tu(te) — Tu(t1)] < e when ty —t1 < 4.

One has

|Tu(t2) — Tu(ty)]
fo N (t2,8) = G(t1,5)) a(s) f (u(s))ds ’
+%{Mf001 (1 5)0(s)S(u(s)ds + 22y}
u(ts
(

SCH(IHOO <f0 tg, G(t1,8>)d8+WfOG1 n,s ) >

Atg ™ =0
T G-Da—me=?)

< Clall, { i (Gltass) — Gltr.s)) ds+ [ (Gltars) — Gltr,) ds
+Clal| ftz (ta,s) — G(t1,8))ds

iz~ C lal A )

T =) I'(« Oofo 101, )ds + (a=1)(A—pn~=2)
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Cllallo 1 oag

< T(a) (11+I2+I3)+((1H72))(0Ha” :ufoGl m, )d5+( A ))
Cllallo 15t

= () (14 +I5+16)+((1#72)(0Ha|| ,ufOGl n,8)ds + (a)‘l))
Cllalls ey

= S U+ I 2o + G (Clall w6 s + )
Cla 0o *1_,5 -

= % (Iio + 111 + I12) + W&Q)) (CHGH /Lfo G1(n, s)ds + as 1))
Clall p(ty ==t ") (1—n)n—2 NG

= F(a) Il3+ (1 une— 2) CH H ( 1)F(Q) + (O( 1)(1 e 2)
Cllallo p(ts =0 7") Cllallo n* At =t

= I'a s+ A=p*72)  Tla) a-—1 T e-ha—pr=1)

(a) (a)
where \

B Ji [0 ) = (= 9) ) — (0 - 9] ds

IQ = tf [(1 — )2ty — ) — (tp — s)a_l] ds
— ftl 1— S)a—Q(tafl _ t?il)ds

I4—(ta 17to¢ 1) tl(li

5)*"2ds — fotl (ty — )~ Lds

Iy = (157 — 197 0“(1 — 5)*"2ds — [} (to — 5)* " 'ds

Ig = —ff (ta — s)* " ds + (1571 — 1571 [1 (1 — 5)°2ds

I; = pro 1(ta L ta 1) [1 — (1 — tl)ail} + é [(tz — tl)a — t2a] + étla
Is = — (157 =07 [(1—t)* ! — (1= t1)*7]

Ig=—2(t; —t1)*+ L5 (t57 =10 (A — ) !

IlO _ _1 (ta 1 t?_l) _ ﬁ(ta 1 ta—l)(l —t ) —

Iy = fi(tz — 1) — 1o 4 Iy

R e (R

112 — 1 (ta—l t?—l)(litl)a—lia(b ) Jrﬁ(toz 1 toz 1)(1 tg)a71
Iy = (5™ =177 — 2(15 — 7).
In order to estimate to® — ;% and £, ! — 171, we can apply a method

used in [4, 18]; by means value theorem of differentiation, we have

2 — 1
tga_l

Thus, we obtain

< Oé(tg — tl) <ad < 3(5,
— 1 < (a—1)(ta — 1)

<(a—1)0 <26.

Clalls , | w7 =157 Cllally 7~ (s~ =1571)
|Tu(t2) - Tu(t1)| < (Oé) I + (1 une«— 2) F(Oé) o — 1 + (0471)(17;1.77“72)
Cllalloe [la=1)8  ad)  ua-ns Cllalle 1*™* . ra-ns
I'a) (a—1) a =) " T(a) (a—1) @D

- 2CllalloojL 1 Cllall
I'(a) (I—pn>=2) I'(a)

N sS85
+(1—I“7“72) <§+§+§—€,
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where 1 )
= — to‘*lfto‘*l e N A
> Rl A R
By means of the Arzela-Ascoli theorem, T : K—K is completely continuous.
The proof is achieved. m
In all what follow, we assume that the next conditions are satisfied.
(C1) f:]0,00) — [0, 00) is continuous;

1
(C2) a:(0,1) — [0, 00) is continuous, 0 < / s(1 —s)*"2a(s)ds < oo
0
1
and 0 < / (1 —s)*"2a(s)ds < co.( that is a is singular at t =0, ¢t = 1)
0

Lemma 12 [15] Suppose that € is a Banach space, T,, : € — € (n=1,2,3,...)
are completely continuous operators, T : E—E, and

lim max IThwu —Tul| =0  forall r>0.

n—00 [lull<
Then T is completely continuous.

For any natural number n (n > 2), we set

inf, <1 a(s), 0<t<i
an(t) =< al(t), L<e<1-1, (3.3)
inf17%<s<ta(s), 1—% <t<1.

Then ay, : [0,1] — [0, +00) is continuous and a,(t) < a(t), t € (0,1). Let

1 a-1
Thu(t) = fo G(t, s)an(s)f(u(s))ds + %Jﬁo G1(n,8)an(s)f(u(s))ds
)\tOL 1
t D
Lemma 13 If (C1), (C2) hold. Then T : K—K is completely continuous.

Proof. By a similar as in the proof of Lemma 11 it is obvious that T}, : £ — &
is completely continuous.

Since
0< fo (s)ds + (T%fo G1(n, s)a(s)ds
< fo (s)ds + mW‘Lﬁfo G1(n, s)a(s)ds
a— 1 o—
< [fo (1= )7 2a(s)ds + 252 f (1= )~ a(s)ds|
< +oo,

and by the absolute continuity of the integral, we have

tal

lim [fe(n)s(l —5)*2a(s )ds + =y fomy (1 a(s)ds} =0,

n——oo
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where e(n) = [0, 2] U [1 - £, 1].

Let + > 0 and v € B, = {uef&:||u)|<r} and M, =
max { f(u(t) : (t,u) € [0,1] x [0,7]} < +o0, by (3.3), Lemma 6(P3), and the
absolute continuity of the integral, we have

lim || T,u— Tul

o i e Jo,G(t,5) (an(s) = a(s)) f(u(s)ds

T n——o0 0<t<1 +Wf0 G1(n,s) (an(s) —a(s)) f(u(s))ds

_ [ s =922 (a(s) — an(s)) ds

= T(a) n—o |+ fy (1-5)77 (a(s) — an(s)) ds
fe(n)s(l —38)272 (a(s) — an(s)) ds

I'(a) n—oo i +(1—7WQL,2)L(") (1— )" (a(s) — an(s)) ds

Jy 51 = )22 (als) — an(s)) ds
+(1—;57a—2)f0_ (1= 5)"7" (a(s) — an(s)) ds
I'a) n—o0 +f1 1 s(1—5)*"2 (a(s) — an(s))ds
|+t i € 1fs>“ (a(s) — an(s)) ds
M, .
= Tla) et = )" Zals)ds + G [y (L= )" als)ds| = 0.

Then by Lemma 12, T : K—K is completely continuous. ®
Throughout this section, we shall use the following notations:

IN

-1
Jo- 1
Ay ( fo s(1 — 5)*2a(s)ds + #77“*2)[0 G1(n, s)a(s)ds) )

o= (s (1 = 97 a0 + =ty [ a5

()
It is obvious that Ay > A; > 0. Also we define
7‘—»0+ r—oo T

Theorem 14 Suppose that f is superlmear, i.e.
fo = O, foo = Q.

Then BVP (1.1)-(1.2) has at least one positive solution for X\ small enough and
has no positive solution for A large enough.

Proof. We divide the proof into two steps.

Step 1. We prove that BVP (1.1)-(1.2) has at least one positive solution
for sufficiently small A > 0O.since fy = 0, for A; > 0, there exists R; > 0 such
that @ <ALy €[0,Ry]. Therefore,

f(r) < 7’_/2\1, for r € [0, Ry]. (3.4)
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Let 3 = {u e C[0,1] : ||u|| < R1} and let A satisfies

(@—1) (L—pn*?) Ry

<
0< AL 7

(3.5)

Then, for any u € KN Oy, it follows from Lemma 6, (3.2), (3.4) and (3.5) that

Tu(t) = folG(t, s)a(s) f(u(s))ds + #;:72) (ufolGl(Ua s)a(s) f(u(s))ds + ﬁ)

< ﬁfgs (1- S)a72 a(s)f(u(s))ds + m%ﬂfolc;l(nv s)a(s) f(u(s))ds
A

:3%(ﬁ%ﬁSO—ﬁk%@W@“+Hﬁ%ﬁﬁGNMM@M@%)

(a=1)(1=pn*~>) Ra

T 2D a-um?)
Ay 1 a— 1
S ? (mfo S (1 — S) 2 a(S)dS + u—_uhfo Gl(?’], s)a(s)ds) ||’LLH + %
=I5t 5t = -
And thus

ITu(t)]] < |ul|, forwue K Noy. (3.6)

On the other hand, since fo, = 0o , for Ay > 0, there exists Ry > R; such that
@ > Ao, 1 € [YR2,0) . Thus we have

f(r) > rAs, for r € [yRg, o<]. (3.7)

Set Qo ={u e C[0,1]: ||u|| < Rz}. For any u € KN 9IN2, by Lemma 6 one has
minge(r 1ju(s) > 7 ||ul| = yR2. Thus , from (3.6) we can conclude that

Tu(l) = folG(l, s)a(s)f(u(s))ds + O——uﬁfolGl (n,s)a(s)f(u(s))ds
+ @D

> [5G, 8)als)f (u(s))ds + gty Jy G1(n, s)a(s) f (u(s))ds

> ﬁf:(l —5)*%sa(s) f(u(s))ds + ﬂ—fun“bfz)fflGl(n’ s)a(s) f(u(s))ds

> A, mfr (1- S)a—2sa(s)u(s)d5 + (1*#7}7;“*2%[7 G1(n, s)a(s)u(s)ds)

> A, (ﬁf:(l — 8)*?sa(s)ds + %]le(n, s)a(s)ds) [l
= |lull,

which implies that
|Tul| > ||u|l, forwue KN dNs. (3.8)
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Therefore, by (3.6), (3.8) and the first part of Theorem 10 we know that the
operator T has at least one fixed point u € K N (52\91), which is a positive
solution of BVP (1.1)-(1.2).

Step 2. We verify that BVP (1.1)-(1.2) has no positive solution for A large
enough. Otherwise, there exist 0 < A\; < Ao < ... < Ay < ..., with lim,,— o\, =
400, such that for any positive integer n, the BVP

{ D +a(t)f(u)=0,2<a<3,0<t <1,
w(0) = ' (0) = 0, o (1) — (1) = A,

has a positive solution uy,(t), by (3.1), we have
un(1) = JyG(1, 5)a(s)f (un(s))ds
oy (1 6 a0 (os + 25 )

+ - @
(1 — pn~—2 (a—1)
An

= (= 1) (1 — pn>=2)

— 400, (n— 00).
Thus
lul — 400, (n — o0).

Since foo = oo , for 4Ay > 0, there exists R > 0 such that f(:) >4A,, 1 €
{fyﬁ, oo), which implies that

f(r) > 2Aqr, forr e {'yﬁ, oo) )

Let n be large enough that |ju,|| > R, then
[[unll = un(1)
1 1
= LG $)a(s) f (un(5))ds + st [2G1 (1, 5)a(s) (o (5))ds
ATL
BT

> 2A (folG(l, s)a(s)un(s)ds + O_T‘MfolGl(n, s)a(s)un(s)ds)

> 2A (leG(l, s)a(s)un(s)ds + (17#7‘;@,2)[:6'1(77, s)a(s)un(s)ds)

1 _
> 2 (g P 9 sals)ds =ty G (. )a(5)ds )
=2 ]

which is contradiction. The proof is complete. m
Moreover, if the function f is nondecreasing, the following theorem holds.

Theorem 15 Suppose that f is superlinear. If f is nondecreasing, then there
exists a positive constant X* such that BVP (1.1)-(1.2) has at least one positive
solution for A € (0, \*) and has no positive solution for X € (A\*,00).
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Proof. Let ¥ = {A:BVP (1.1)-(1.2) has at least one positive solution} and
A* = sup X; it follows from Theorem 14 that 0 < A* < oo. From the definition
of \*, we know that for any A € (0, \*), there is a A\g > A such that BVP

{ Du+a(t)f(u(t) =0,2<a<3,0<t <1,
w(0) =/(0) =0, (1) — pu'(n) = Ao,

has a positive solution ug(t). Now we prove that for any A € (0,)y), BVP
(1.1)-(1.2) has a positive solution. In fact, let

K(ug) = {u € K :u(t) <wuo(t), t €10,1]}

For any A € (0, o), u € K(up), it follows from (3.2) and the monotonicity of f
that we have that

Tu(t) = folG(t, s)a(s) f(u(s))ds + (1%;72) (ufolGl(Ua s)a(s)f(u(s))ds + ﬁ)
< Jo Gt 5)a(s)f (uo(9))ds + r-toizy (1o Gr(n. 5)a(s)f (o (9))ds + 2p5)
= uo(t)

Thus, T (K(up)) € K(up). By Shaulder’s fixed point theorem we know that
there exists a fixed point u € K(ug), which is a positive solution of BVP (1.1)-
(1.2). The proof is complete. m

Now we consider the case f is sublinear.

Theorem 16 Suppose that f is sublinear, i.e.
fo =00, foo =0.
Then BVP (1.1)-(1.2) has at least one positive solution for any A € (0,00).

Proof. Since fy = oo, there exists Ry > 0 such that f(r) > Agr, for any
r € [0, Ry]. So for any u € K with ||u]| = Ry and any A > 0, we have

Tu(1) = [} G s)als) f(u(s))ds + =ty (o Gl 5)als) f(u(s))ds + 257 )
1

> mfol(l — 5)*2sa(s) f(u(s))ds + %]&Gl(n’ s)a(s) f(u(s))ds
> ﬁf:(l — 5)*?sa(s) f(u(s))ds + mﬁ&(n, s)a(s) f(u(s))ds

I a—2 1y 1
> Ay ( mj; (1 —8)*"?sa(s)ds + m]; Gi(n, s)a(s)ds) (]|

= [lull,
and consequently, ||[Tu|| > |jul|. So, if we set Q1 = {u € K : ||u| < R}, then

(|Tul| > |Jul|, for ue KNoQ. (3.9)
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Next we construct the set €25. We consider two cases: f is bounded or f is
unbounded.

Case (1): Suppose that f is bounded, say f(r) < M for all r € [0,00). In
this case we choose

2M 2
Ry 2 maX{QRh y W}

and then for u € K with |lu]| = Rz, we have
Tu(t) = JGlt,s)als) ulo)ds + sty (13 G n,s)als)f(w()ds + ;)
<M (ﬁfol(l —8)* ?sa(s)ds + #na,g)folGl(n, s)a(s)ds)

A
T G-

So,
[Tull < [|ull.

Case (2): When f is unbounded. Now, since fo, = 0, there exists Ry > 0
such that A
fr) < 717«, for r € [Ry, 0) , (3.10)

Let

Ry > maX{QRl,RO, W} )

and be such that
f(r) < f(R2), for r € [0, Ra].
For uw € K with |Ju|| = Rz, from (3.2) and (3.10), we have

1

Tu(t) = [, G(t,s)a(s)f(u(s))ds + (1%;;72) (Mfolgl(n, s)a(s) f(u(s))ds + ﬁ)

1
< Jo G(t, s)als) f(Ro)ds + sy (ufo Gr(n, s)a(s) f(Rz)ds + ﬁ)
< A Lfl(l — 5)* ?sa(s)ds + #JJG (n,8)a(s)ds | Ry + eiz]
=2 ()0 T=pn==2)Jo T1UD 27T
— R2 R2 — —
=5 T3 = Ry = |[u]|
Thus,
[Tull < flull -
Therefore, in either case we may put Q2 = {u € K : ||u|| < Rz}, then
(ITul| > [Jul|, for ue KN oNs. (3.11)

So, it follows from (3.9), (3.11) and the second part of Theorem 10 that 7" has a
fixed point u* € KN (Q2\21), Then u* is a positive solution of BVP (1.1)-(1.2).
The proof is achieved. m
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4 Application
In this section we give an example to illustrate the usefulness of our main results.

Example 17 Let us consider the following fractional BVP

DE ut )Jrﬁu%(t) —0,0<t<1, (4.1)
w(0) = w(0) = 0, w'(1)— ——w(ly=» (4.2)
’ 2\/5 2 ) .

We can easily show that f(u(t)) = u? (t) satisfy:
L fw) fw)
=1 — =1 t) =0, foo= lim
fo= lim === lim Vu(t) =0, feo= lim === lim u(t) = +oo,

obviously, for a.e. t € [0, 1], we have

1 1
VI—s d
/(1—5 Vs L _1.7627.
0

/0(1_5a2 /\/%:/0

So conditions (C1), (C2) holds, then we can choose Ry > Ry > 0, and for A
satisfies 0 < A < %Rl < Ry, then we can choose

% _ds = 0.53284.
1+s

O ={vek:|ul| <R}, Q={uek:|ul <R}

and by Theorem 14, we can show that the BVP (4.1)-(4.2) has at least one
positive solution u(t) € K N (Q2\Q;) for A small enough and has no positive
solution for A\ large enough.

Example 18 Let us consider the following fractional BVP

1
D2 u(t) + ————=exp(—u(t)) =0, 0< t < 1, 4.3
() + s ex(ult) (43)
w(0) = ' (0) = 0, /(1) = ——u'(2) = (4.4)
2 2ﬁ 2 ) *
We can easily show that f(u(t)) = exp(—u(t)) satisfy:
fom tim L iy — L o — LY L
u—s0t U u—0+ U exp(u) u—oo 1 u—o0 y exp(u)
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obviously, for a.e. t € [0, 1], we have

! a—2 _ ! dS o
/0<1s> a(s)ds/o -

1 1
/ s(1 — 5)*2a(s)ds = / \/ °_ds = 0.53284.
0 0 1+s

So conditions (C1), (C2) holds, and by Theorem 16, we can show that the

BVP (4.3)-(4.4) has at least one positive solutions wu(t), for any A € (0, c0).
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