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Abstract

In this article, we establish necessary and sufficient conditions for the oscilla-
tion of both bounded and unbounded solutions of the differential equation

A (n) A
[:L"(t) + / p(t, 0)2( (L, 0)) dv} + / ot ) (o (b)) dv = () for £ > o,
0 0

where n € N, tg, A € RT, p € C([tg, ) x [0, A\],R), ¢ € C([tp,00) x [0, \],RT), 7 €
C([to,00) x [0, A],R) with lim; e infyeor) 7(¢,v) = 0o and sup,ep y 7(t,v) < ¢
for all t > ¢, 0 € C([tg,00) x [0, A],R) with lim; . inf,c(o \ 0 (t,v) = oo, and
v € C([tg,0),R). We also give illustrating examples to show the applicability of
these results.

1 Introduction

In the past two decades, there have been important developments in the theory of
oscillation for neutral differential equations in which the higher-order derivative of the
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unknown involves both its present and its past states. This type of equations appear
in the mathematical modeling of real life problems; for example in economics, where
the demand depends on current price and the supply depends on the price at an earlier
time, and in the study of lossless communication channels systems.

In this article, we study the asymptotic behaviour of differential equations of the
form

A (n) A

20+ [ soetreona] + [t oot d = ez, 0
0 0

where n € N, tg, A € R, p € C([tg,0) x [0, A, R), ¢ € C([tg,00) x [0, A\],R"), T €

C([tg, 00) x [0, A],R) with lim; . 7(¢,v) = oo and 7(t,v) < ¢ for all t > ty and all

v € [0,]], o € C([tg,0) x [0, A], R) with limy_, o(t,v) = oo for all v € [0, \]. We will

use the following assumptions:

(A1) liminf, o [o(t,v)/t] > 0 for each v € [0, A];
(A2) ftzo u™" 1f0 u, v) dvdu = o0;
(A3) ftzo U 2f0 u,v) dvdu = oo;

(A4) there exists a function ® € C™([ty, 00), R) such that ®™ = ¢ on ty, o0) and
lim; o ®(t) = 0;

(A5) there exists a bounded function ® € C"([ty, 00),R) such that ®™ = ¢ on t4, 00);

(C1) limsup,_, fo (t,v)dv+limsup,_, fo (t,v)dv < 1, where p™ (¢, v) := max{0, p(¢t,v)}
and p~(t,v) := max{0, —p(t,v)} for t > t; and v € [0, >\]. Note that p = p* —p~,
Ipl =p" +p~, and —p~ <p <p".

When 7(t,v) or o(t,v) are independent of v, Equation ([l) includes the following
two cases

[2(t) + p(®)a(r ()] " + q(D)z(o(t) = p(t) for t > t, 2)

and
[x(t)+p(t)x(7(t))}(")+/o q(t,v)z(o(t,v)) dv = p(t) fort > to; (3)

that have been studied by many authors; see for example [2, [T, T2, I3, 5] and their
references. However, in all the mentioned papers above except for [2], the authors study
@) only when p is eventually of fixed sign. The reference [2] is one of the rare studies
that allow p to oscillate. Therein it is assumed that lim;_,, p(¢) = 0 (this indicates that
every bounded nonoscillatory solution of (&) has a finite limit at infinity) and results
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only cover bounded solutions. Our objective is to generalize and to improve the results
of these references. In particular, we allow p to alternate in sign infinitely many times
without assuming that lim; .., p(t) = 0. Note that if lim, .., p(t) = 0, then p satisfies
therefore our results also include those in [2].

Set t_1 := infiefry,00) { Infoepn{7(t,v),0(t,v)}}. By a solution to (), we mean a
function = € C([t_1,00),R) such that = + fo/\p(-,v):B(T(-,v)) dv € C™([ty,0),R), and
() is satisfied on [tg, 00). A solution to () is called oscillatory if it has arbitrary large
zeros, otherwise it is called nonoscillatory.

Throughout this paper, we shall restrict our attention to those solutions of ([l) which
do not vanish on any sub half-line of [ty, 00). In the proofs, we consider only eventually
positive solutions as non-oscillatory solutions; because if x is an eventually negative
solution of ([l), then —x is eventually positive and satisfies () with —¢ instead of (.
It is clear that if ¢ satisfies or , then so does —p.

This paper is organized as follows: in § Pl we state two important theorems, which
will be needed in the sequel; in § Bl our main results on the asymptotic behaviour
of bounded and unbounded solutions to ([l) are given together with some corollaries,
remarks and simple examples. Finally, in § B we compare our results with the existing
results in the literature, and give a short account on how to extend them to nonlinear
equations.

2 Auxiliary Lemmas

Below, we state the well-known Kiguradze’s lemma, which is one of the most useful
tools in the study of asymptotic behaviour of solutions.

Kiguradze’s lemma ([9, Lemma 2|). Let f € C"([ty,o0),R) be a function of fized
sign such that £ is of fized sign and not identically zero on any sub half-line of
[to, 00). Then, there ezists m € Z and t; € [ty,00) such that 0 < m < n —1, and

(—1) () () >
f(t)f(j)(t)>0 forj=0,1,...,m—1 when m > 1

and
(=)™ ) fD) >0 forj=m,m+1,....n—1whenm<n—1

for allt € [t;,00).

Now, we state the well-known Krasnoselskii’s fixed point theorem, which will be
employed in proving the existence of a nonoscillatory solution.
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Krasnoselskii’s fixed point theorem ([7, Theorem 1.4.5]). Let A be a bounded,
convex and closed subset of the Banach space B. Suppose further that there exist two
operators I', ¥ : A — B such that

(i) Tz + Wy € A holds for all z,y € A,
(i1) T is a contraction mapping,

(11i) W is completely continuous.

Then, I' + U has a fized point in A; i.e., there exists v € A such that (I' + ¥)x = z.

3 Main Results

We start this section with a result on bounded solutions of ().

Theorem 3.1. Under the assumptions [(A2), [(A4) and [(CT), every bounded solution
of M) oscillates or tends to zero asymptotically.

Proof. Let x be an eventually positive solution of (). To prove this theorem, we show
that x tends to zero at infinity. We pick ¢; > ¢y such that x(t), z(7(¢,v)), z(o(t,v)) > 0
for all t > t; and all v € [0, A]. Set

y(t) == x(t) +/0 p(t,v)z(r(t,v))dv and 2(t) :=y(t) — O(t) (4)

for ¢t > t;. Then
A
() = —/ q(t,v)z(o(t,v))dv <0 fort > ). (5)
0

This ensures the existence of t5 > t; such that z(® is monotonic on [ty, 00) for i =
1,2,...,n — 1. Note that the property that the solution z is bounded, [[CI)| and [[A4)]
imply that the functions y and z are bounded. Therefore, 2z is monotonic and bounded
which implies the existence of lim;_., z(¢) as finite constant, and that lim; ., z® () = 0
fori=1,2,...,n—1. ;From @) and[[A4)] we see that lim; .o y(t) exists and is a finite
constant. Integrating (H) from ¢ to oo repeatedly for a total of (n — 1) times, we obtain

2(t) = E;l_);, /t =y /0 g(u, 0)z(o (u, v)) dvdu

for t > t5. Then integrating the resulting equation from 5 to oo, yields

2 [ [ atwetotu o dua
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0o > z(ty) — tlim z(t) =



which indicates that
liminf z(¢) = 0.

t—oo

Using the property that the solution z is bounded, define ¢ := limsup, . z(t). We
pick two increasing divergent sequences {& }ren, {Ckren C [t2, 00) such that z(&) —
0 and z(¢x) — ¢ as k — oo. Clearly, we have limsup,_ . z(7(&,v)) < £ and
lim supy,_, o ©(7(Cg, v)) < £ for any v € [0, A]. Thus, for any k € N, we obtain

A A
W6 =6 =o(6) + [ a6 Da(r(en) do = (o6 + [ 06 )a(r(Gv))do)

<a(&) + / P (€ 0)a(r (€ ) do — 2(G) + / P (Ger0)2(r (G, v)) do.

Letting k tend to infinity, we have

A A
0 §(lim sup/ p (&, v) dv + lim sup/ p~ (&, v)dv — 1)€
0 0

k—o0 k—oo

A A
< ( lim sup/ pT(t,v)dv + lim sup/ p (t,v)dv — 1)6.
0 0

t—oo t—o0

By [(C1)|the expression in parentheses is negative, so £ must be zero, and lim,_, . z(t)
0. The proof is complete.

Ol

Now, we have the following examples.

Example 3.1. Consider the sixth-order equation

T sin(t — v) ©) T ]

x(t) + Tz(t —v)dv| + Zx(t —(v+3m)/2)dv=0 fort>0. (6)
0 0

We see that A = 27, n = 6, p(t,v) = sin(t —v)/6, 7(t,v) =t — v, q(t,v) = 1/4,

o(t,v)=t—(v+3m)/2 and ¢(t) =0 for t > 0 and v € [0,7]. Let ®&(¢t) =0 for t > 0.

It is easy to see that [(A2)| and [(A4) hold. On the other hand,

lim sup /% [M}_dv = lim sup [_ COS(t)}_ _ 1
0

t—oo 6 t—oo 3 3 ’

and

2T .
, sin(t — v)1+ 1
1 [7] dv = =
llﬁi};lp/o 6 °73

Therefore, [(C1){holds. Theorem Blensures that every bounded solution of () oscillates
or tends to zero at infinity. It can be easily shown that z(t) = cos(t) for ¢ > 0 is an
oscillating bounded solution of (@).
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Example 3.2. Consider the third-order equation:

boot? ) Lo 1
[x(t) +/0 mx(t(v +1)/2) dv] —i—/o t—gx(t(v +1)/2)dv = s fort > 1. (7)
We see that A = 1, n = 3, p(t,v) = vt?/(2t* + 1), 7(t,v) = t(v+1)/2, q(t,v) = v/t3,
o(t,v) = t(v+1)/2 and p(t) = 1/t5 for t > 1 and v € [0,1]. All the conditions of
Theorem B hold, and thus every bounded solution of () oscillates or tends to zero at
infinity.

The following corollary drops the assumption that the solutions in Theorem Bl are
bounded, when n = 1.

Corollary 3.1. Assume [(A2), [(A4), [(CT) and n = 1. Then, every solution of (M)

oscillates or tends to zero at infinity.

Proof. 1t suffices to show that every eventually positive solution of ([II) is bounded.
Suppose that x is an eventually positive unbounded solution. Then for some t; > t,
we have z(t), z(7(t,v)), x(c(t,v)) > 0 for all ¢ > ¢, and all v € [0, A]. Set y, z as in (H),
then we have (H) on [t;,00). Since n = 1, 2’(t) < 0 and z is non-increasing on [t;, 00).
Since x is unbounded, there exists an increasing divergent sequence {<x }ren C [t1,00)
such that {z(¢;)}ken is unbounded and x(sx) = max{xz(t) : t € [t1,<]} for all &k € N.
From () and using that 7(c, v) < ¢, we obtain

o) =) + / plsi )2 (64, v)) dv — B(sy)

(- [ Cpa) B )ote) - 0(c)

In view of |[(A4) and [(C1), we obtain that lim; .., 2(t) = oco. This contradicts the
nonincreasing nature of z; thus every eventually positive solution of () (with n = 1)
is bounded. Hence, the proof is complete. O

Remark 3.1. The claim of Corollary Bl can be stated for unbounded solutions by

removing and replacing with [[A5)} i.e., every unbounded solution of () with
n = 1 oscillates provided that [[A5)] and [(CT)] hold.

The following example illustrates the result in the above remark.

Example 3.3. Consider the first-order equation

{x(t) + /Oﬂ w:ﬂ(iﬁ — ) dv]/ + /Oﬂ %x(t —v)dv -

= —2sin(t) — %Sin(%) — gcos(t) for t > 0.
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We see that A = m, n = 6, p(t,v) = cos(t —v)/6, T(t,v) =t — v, q(t,v) = 1/2,
o(t,v) =t —wv and ¢(t) = —2sin(t) — wsin(2t)/3 — wcos(t)/2 for t > 0 and v € [0, 7).
Then, we may let ®(t) = 2cos(t) + mcos(2t)/12 — wsin(t)/2 for t > 0. It is clear that
[[A5)] and [[C1)| hold. Due to Remark B, every unbounded solution of (8) oscillates,
and z(t) = tsin(t) for ¢ > 0 is an oscillating unbounded solution of (&).

For even-order homogeneous equations, we can give the following oscillation result.

Corollary 3.2. Assume [(A2), [(A4), [[CI}, n is even, ¢ = 0, and p is eventually
nonnegative. Then, every bounded solution of () oscillates.

Proof. Let x be an eventually positive solution of ([Il). Set y, z as in (#), so that y = z
which are positive functions. Since n is even, it follows from Kiguradze’s lemma that
the eventually positive function y is increasing, which indicates lim; ., y(t) > 0. Using
the result of Theorem Bl we see that lim; ., y(t) = 0 because of limy;_., z(t) = 0 and
This contradiction completes the proof. O

Next, we state an important oscillation result on unbounded solutions of ([I).

Theorem 3.2. Assume n > 2, [(AT), [(A3), [[A5) and [[CT)}. Then every unbounded
solution of ([l) oscillates.

Proof. Assume on the contrary that x is an unbounded solution which is eventually
positive. There exists t; > to such that x(t), z(7(t,v)), x(o(t,v)) > 0 for all t > #;
and all v € [0,\]. Set y,z as in (@), thus we have ([H) on [t;,00). Now, we prove that
lim; ., 2(t) = co. Clearly, since x is unbounded, we can find an increasing divergent
sequence {¢}ren C [t1,00) such that {z(c)}ren is unbounded and x(gx) = max{z(t) :
t € [t1,s]} for all £ € N. By a reasoning as in the proof of Corollary Bl we see that
2(¢,) — oo as k — oo since x is unbounded, [[A5)] and [[CT)] Hence, lim;_ 2(t) = oo,

and from (@) and [[A5) we get

Cylt)
tlgglo % =L 9)

Since z is increasing, from |(C1), we have

Apt(t,v)z(r(t,v)) ' > (£ v)2(7(t, v))
/0 () dv + II?LSOEP/O 1) dv < 1. (10)

We now prove that ¢ := limsup,_ ., [z(t)/z(t)] is a finite constant. Otherwise, there
exists an increasing divergent sequence {¢x }ren C [t1,00) such that {x(sx)/2(sk) bren is

lim sup

t—o00
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unbounded and x(<x)/2(sx) = max{xz(t)/z(t) : t € [t1,<|} for all & € N. It follows from
@), @) and (Id) that

y(s) Zx(gk) - /OAP_(Gk,v)ix(T(%U))dv
)

(k)
_/Ap_(%v 2(7 (s, ))I(T(%U))
z(sk)  Jo z(sk) (

z T(Gk,v))

>(1 - /A (s, 0)2(7 (s, ) o )I(%)

- 0 z(k) (k)

In the limit as & — oo, the left-hand side approaches 1 while the right-hand side
approaches +o00. This contradiction implies that ¢ is a finite constant.

Recalling that z is eventually positive and increasing, and applying Kiguradze’s
lemma, we see that there exists m > 1 such that

I

A0 >0 forj=0,1,...,m—1 (11)

and
(—1)™H:9(1) >0 forj=m,m+1,....,n—1, whenm <n — 1 (12)

for some to > t; and all ¢t > t,. Therefore, 2™ is positive and decreasing on [ta, 00)
by ([Z). This implies that lim, .., 2™ (¢) exists and is finite and lim,_, 2 (¢) = 0 for
i=m+1,m+2,...,n—1. Integrating (B) from ¢ to oo for a total of (n —m —2) times
and then integrating the resulting from t, to co, we obtain

00 > 2™ (ty) — lim 2™ (t) = L_m_' /too(u_t2)"_m‘1/0 q(u,v)x(o(u,v)) dvdu.

t—o00 (n—m—1)!
Since n > 2, by the above inequality implies

z(a(t,v))

lim inf
tm—l

t—o00

=0 forany v € [0, )]

For v € [0, A], we have

z(o(t,v))

0 =lim inf
tm—l

t—o00

~tmt (s (05 )
> (it ) (e %)
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From |(A1)| and |(A3)} the inequality above gives

1)

On the other hand, from Taylor’s formula and ([1]), we have

L0 :

z t2) ; ]_ 1 ( )
t) = t—ty)' + —— t—u)™ m d
A0 =3 -0 ey [
Z(m_l)(tg)
t t m—1
= (m—1)! (1= t)
for all t > t5, which implies
(m—1)
limint 20— 2" ) (14)

t—oo tm=l  (m —1)!
Using ([3) and (Id]), we learn that
x(t)

lll{gglf% = 0.

Following similar steps to those in the proof of Theorem Bl (by replacing x with z/z),
we deduce limsup,_, . [z(t)/z(t)] = 0. Using this, we see that

_y(t) - z(t) A p(t,v)2(T(t, u) z(7(t, u)) o) —
tlggoz(t)_tLOO<Z(t)+/o 2(t) z(f(t,u))d) ;

which is in a contradiction with (). Thus the proof is complete. O

From Theorem Bl and Theorem B2 the following remark can be inferred.

Remark 3.2. The property that the solutions Theorem Bl are bounded can be re-
moved by replacing with the stronger assumption . Recall that implies
[(A2)] and [[A4)] implies [[A5)] Therefore, if a solution of () is bounded, then we know
that it oscillates or tends to zero by Theorem B, and if it is unbounded, by Theo-
rem B2 then it oscillates.

We have the following illustrating example.

Example 3.4. Consider the fourth-order equation:

{x(t)—/ol Ex(t_v>dv](4)+/ol t%x(t—v)dvzo for t > 1, (15)

tH
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where k is a positive constant. We see that A = 1, n =4, p(t,v) = —v/t", 7(t,v) = t—v,
q(t,v) = v/tF, o(t,v) =t —v and ¢(t) = 0 for t > 1 and v € [0,1]. One can easily
show that the assumptions of Theorem holds when s > 3, thus in this case every
unbounded solution of () oscillates. And, when > 4, we know that every bounded
solution of ([[H) oscillates or tends to zero asymptotically by Theorem Bl

The following theorem shows that |[(A2)|is a necessary condition for solutions of ()
to be oscillatory or convergent to zero at infinity.

Theorem 3.3. Assume[(A5) and|(C1) If every bounded solution of () oscillates or
tends to zero asymptotically, then [(A2) holds.

Proof. By the contrapositive statement, we assume that does not hold and show
that there exists a bounded solution of (), which does not oscillate and does not tend
to zero asymptotically.

From [(A5)] there exists t; >ty and M > 0 such that |®(¢)| < M for all ¢ > ¢; From
we have a, > 0 with a + 3 < 1 such that for some fixed t5 > t1, and all ¢ > s,
—a < fo’\p(t,v) dv < 3. Now, select b > a > 0 such that M = [—a + (1 — 8 — «)b]/4.
Since (H2) does not hold and ¢ > 0, there exists t3 > t5 such that for all ¢ > ¢,

/t Oo(u — )t /0 q(u,v) dvdu < @M. (16)

Let BC([t3,00),R) be the Banach space of real-valued, bounded and continuous func-
tions on [t3,00) endowed with the supremum norm ||z|| := sup{|z(t)| : ¢t € [t3,00)}.
Also let

Q:={z € BC([t3,00),R) :a < z(t) <b forallt € [t3,00)}. (17)

Then, €2 is a closed, bounded and convex subset of BC(]t3,00),R). Pick t4 > t5 such
that minyep ) 7(ts,v) > t3 and min,ep y o (ts,v) > t3. Let N := [a + (1 — a4 3)b]/2
and define two mappings I, ¥ : 2 — Q as follows:

TCx(ty), t € [ts,ta)
P =1y _ / ot 0)alr(t, ) do 4 B(0), 1€ [t2,00),
and
Vx(ty), tE[ts ta)
Ua(t) = ©(t—u)t N
/t W/ a(u,v)2(o(u,v)) dvdu, ¢ € [t4, 00).

We assert that 'z + Uz has a fixed point in €2, by means of the Krasnoselskii’s fixed
point theorem. Note that this fixed point is a solution of ().
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First, we show that 'z + Uy € Q for all z,y € Q. In fact, by ([I8), for all z,y €
and all t > t4, we have

A
Ca(t) + Yy(t) <N+/ p~(t,v)x(r(t,v))dv+ M

A
‘/ n—1 /0 q(u,v)y(o(u,v)) dvdu
<N +ab+2M=b

and

Fz(t) + Uy(t) >N — /0 pt(t,v)x(r(t,v))dv — M

&0 _ f\n—1 pA
/t %/0 q(u,v)y(o(u,v)) dvdu

>N — b —2M = a.
Hence, 'z + Uy € Q for any x,y € Q.

Next, we show that I is a contraction mapping on 2. In fact, for any =,y € Q2 and
for all t > t,, we obtain

A
[Ta(t) — Ty(t)] :‘/ p(t,v)[z(7(t,v)) — y(r(t,v))]dv

‘/ (t,0) [e(r(t,0)) — y(r(t,v))]dv

+ p () [2(r(t, ) — y(r(t v))]dv

0

from which we deduce ||[I'z — I'y|| < (8 + «)||z — yl|, thus we conclude that I" is a
contraction mapping on {2 since 4+ a < 1.

Next, we show that U is continuous on 2. Let {x;}32, be a sequence in € which
converges to x € €). Note that 2 is closed. For all ¢ > t, and k£ € N, we have

Wy (£) — ‘ / = 1 /0 Ap(u,v) [24(7(u, v)) — 2(r(u, v))] dvdul.

Since for t > t4, xk(t) converges uniformly to x(t) as k tends to infinity, we have
limy o0 || Yo, — Wz|| = 0. Therefore, ¥ is continuous on 2.

Now, we show that W) is relatively compact. It suffices to show that the family
of functions ¥{2 is uniformly bounded and equicontinuous on [t4, 00). The property of
being uniformly bounded is obvious. For the equicontinuity, we only need to show that
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UQ has a uniformly bounded derivative on [ty,00) (see [8, § 1.7]). From (IH), we can
find a constant K > 0 such that

/t = 1y /0 o(u, v) dodu < O - 2!y (18)

holds for all ¢ > t4 and all v € [0, A]. From ((§), we have

—\Ifat ' ‘ / n_—2 /OAp(u,v):B(a(u,v))dvdugK

for all t > t4, which proves W() is relatively compact.

Therefore, ¥(2 is uniformly bounded and equicontinuous on [t4,0) and hence W)
is relatively compact. By Krasnoselskii’s fixed point theorem, there exists x € {2 such
that 'z + Wa = x, which is the desired bounded solution of ([{ll) bounded below by the
positive constant a. The proof is complete. O

Now, we have the final example that illustrates Theorem B3

Example 3.5. Consider the second-order equation:

1/2 t— 1 2 " 1/2
|::L,(t) +/0 COS( Wév + / ))aj(tv+1/2)d,uj| +/0 t%x(t”+l/2)dv ( )
19
_ sin(t) —cos(t) 1 for £ > 0
N T t3 -

for t > 1. We see that A = 1/2, n =2, p(t,v) = cos(t — 7(v + 1/2))/8, 7(t,v) = t*+/2,
q(t,v) = v/t3, o(t,v) = t*7/2 and @(t) = (sin(t) — cos(t))/m — 1/t3 for t > 1 and
v € [0,1/2]. Then, we may let ®(t) = (cos(t) — sin(t))/m — 1/(2t) for t > 1. It is clear
that [(A5)] and [[CT)] hold, but does not. Therefore, by Theorem B3, ([d) has a
bounded nonoscillatory solution which does not tend to zero at infinity, and for ¢ > 1,
x(t) = 8 is such a nonoscillating solution of ([I9).

4 Final Discussion and Extension of the Results

In this paper, we give oscillation and nonoscillation conditions for both bounded and
unbounded solutions of ([{l). From Theorem B, Corollary Bl and Theorem B3, we can
give the following necessary and sufficient condition on bounded solutions of ().

Corollary 4.1. Assume[(A])] and[(CI) If n > 2, then every bounded solution of ([)
oscillates or tends to zero zf and only if (AQ] holds. And, if n =1, then every solution
of (@) oscillates or tends to zero if and only if [[A2) holds.
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We would like to point out that the technique employed in this paper can be easily
adapted for solutions of the equation

mo (n) k A
|fE(t)+Z/O pi(t,v):v(n(t,v))dv} +Z/O qi(t,v)Fi(x(ai(t,v)))dv:go(t), (20)

where m,k > 1 are integers, p;, 7;, ¢;, 0; have similar properties to those of (), and
F; € C(R,R) satisfies the usual sign condition Fj(s)/s > 0 for all s # 0. In this case
the following assumptions are used:

(A6) Fj, is nondecreasing with liminf, .., [F;,(s)/s] > 0 for some iy € {1,2,...,m};
(A7) liminf,_o [0, (t,v)/t] > 0 for any v € [0, A], where i satisfies [[AG)}

(A8) [ ur! foA i, (u,v) dvdu = oo for some i € {1,2,...,m};

(A9) ftzo un? fOA o (u, v) dudu = oo, where iy satisfies [[AG)

(C2) limsup, o iy 0’\ pi (t,v)dv + limsup, . Y i, fOA p; (t,v)dv < 1.

For bounded solutions of (1), we need the assumptions [[A8)] and [[C2)] instead of
[[A2)] and [[CT)] respectively. On the other hand, for unbounded solutions, we need
together with [[A7) and [[A9) instead of [[AT)| and [[A3), respectively.

In the literature, there are very few papers that study () or ([Bl) with an oscillatory
coeflicient in the neutral part, and almost all of these results except for [T2, Theorem 2.4]
are focused on bounded solutions. However, in [I2], the authors proved results for
both bounded and unbounded solutions by assuming the coefficient p to be periodic.
In a recent paper Zhou [I5] studied bounded solutions of (@) (with a nonlinear term
and several coefficients), and improved the results in [2]. Considering the discussion
above, one can infer that the corresponding result of Corollary Bl for (20) includes [T5],
Theorem 2.1, Theorem 2.2].
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