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Abstract. In this paper, we study the existence of multiple homoclinic solutions for the
following second order Hamiltonian systems

ii(t) — L(t)u(t) + VW(t,u(t)) =0,

where L(t) satisfies a boundedness assumption which is different from the coercive
condition and W is a combination of subquadratic and superquadratic terms.
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1 Introduction and main results

In this paper, we consider the following second-order Hamiltonian systems
ii(t) — L(t)u(t) + VW(t,u(t)) =0, (1.1)

where W : R x RN — Risa Cl-map and L : R — RN’ is a matrix valued function. We say that
a solution u(t) of problem (1.1) is nontrivial homoclinic (to 0) if u # 0, u(t) — 0 as t — Foo.

The dynamical system is a class of classical mathematical model to describe the evolution
of natural status, which have been studied by many mathematicians (see [1-41]). It was
shown by Poincaré that the homoclinic orbits are very important in study of the behavior of
dynamical systems. In the last decades, variational methods and the critical point theorem
have been used successfully in studying the existence and multiplicity of homoclinic solutions
for differential equations by many mathematicians (see [1,3-5,8-17,19-21,23,24,27-29,32-41]
and the references therein).
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In [20], Rabinowitz made use of the periodicity of L(¢) and W(t, x) to obtain the existence
of nontrivial homoclinic solution for problem (1.1) as the limit of a sequence of periodic
solutions. While L(t) and W(t, x) are neither independent of ¢ nor periodic in ¢, the problem
is quite different from the periodic one since the lack of compactness. In order to get the
compactness back, Rabinowitz and Tanaka [21] introduced the following coercive condition
on L(t).

(Lo) L € C(R,RN?) is a symmetric and positively definite matrix for all f € R and there exists
a continuous function / : R — R such that I(t) > 0 for all t € R and

(L(t)x,x) > I(t)|x]> with [(£) — oo as |t| — co.

With condition (L), Omana and Willem [16] obtained a new compact embedding theorem
and got the existence and multiplicity of homoclinic solutions for problem (1.1). It is obvious
that there are many functions which do not satisfy condition (Ly). For instance, let L(t) =
(4 + arctant) Id,, where Id, is the n x n identity matrix.

If there is no periodic or coercive assumption, it is difficult to obtain the compactness of
the embedding theorem. Therefore, there are only few papers concerning about this kind of
situation. In the present paper, we consider the following condition on L(t).

(L) L € C(R,RN") is a symmetric and positively definite matrix for all t € R and there exist
constants 0 < » < 7y such that

7|x|> > (L(t)x,x) > m|x[* forall (t,x) € R x RV,

Condition (L) was introduced by Zhang, Xiang and Yuan in [41]. With condition (L), the
authors obtained a new compact embedding theorem. In this paper, W is assumed to be of
the following form

W(t,x) = AF(t,x) + K(t, x). (1.2)

The existence and multiplicity of homoclinic for problem (1.1) with mixed nonlinearities
have been considered in some previous works. In 2011, Yang, Chen and Sun [33] showed the
existence of infinitely many homoclinic solutions for problem (1.1). In a recent paper [32], Wu,
Tang and Wu obtained the existence and nonuniqueness of homoclinic solutions for problem
(1.1) with some nonlinear terms which are more general than those in [33]. However, condition
(Lo) is needed in both of above papers. In this paper, we take advantage of condition (L) to
study problem (1.1) with concave-convex nonlinearities. Now we state our main results.

Theorem 1.1. Suppose that (L), (1.2) and the following conditions hold
Wy) K(t,x) = ay(t)|x|°, where s > 2 and a; € L*(R, R);
W) there exists an open interval A C R such that a1 (t) > 0 forall t € A;

(W1)
(Wa)
(W3) ai(t) — 0as |t| — +oo;
(Wa) F(t,0) = 0and F(t,x) € C'(R x RN, R);
(Ws)

Ws) there exist f € R, rg € (1,2) and by > 0 such that F(£,x) > bo|x|" for all x € RN;
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(We) for any (t,x) € R x RN, there exist r1, rp € (1,2) such that
[VE(t2)] < ba(8)]x" 7" + ba(£)|x]> 7, (1.3)
where by (t) € LF1(R,R*) and by(t) € LP2(R, R") for some 1 € (1, 72-] and By € (1, 72-].

Then there exists Ay > 0 such that for all A € (0,Aq), problem (1.1) possesses at least two
homoclinic solutions.

Remark 1.2. In [9,33,36], the authors also considered the concave-convex nonlinearities, but
in [9,33], L(t) was required to satisfy the coercive condition (Lj), which is different from
condition (L). In [36], only a class of specific nonlinearities was considered and the concave
term was assumed to be positive.

Theorem 1.3. Suppose that (L), (1.2), (W1)—(Wy), (We) and the following condition hold
(W7) F(t,—x) = F(t,x) forall (t,x) € R x RN,
Then problem (1.1) possesses infinitely many homoclinic solutions.

Remark 1.4. Note that F(t,x) = 0 satisfies the conditions of Theorem 1.3. Moreover, F(f,x)
and W(t, x) can change signs, which is different from the results in [9, 33, 36].

In the following theorems, we consider the case when the convex term is positive.
Theorem 1.5. Suppose that (L), (1.2), (Ws)—(Ws) and the following conditions hold

Ws) K(t,x) = ap(t)G(x), where ap(t) € L®(R, R);

(
(

Wo) ax(t) > 0forall t € Rand ax(t) — 0ast — oo;

(Wi

)
)
(Wio) G € CY(RN,R), G(0) = 0and VG(x) = o(|x[) as x — 0;
) G(x)/[x[*> = +ooas |x] = oo;

)

(Wip) there exist v > 2 and dy, peo > 0 such that

(VG(x),x) —vG(x) > —d1|x|2 for all |x| > peo.
If G(x) > 0, there exists Ay > 0 such that for all A € (0,Ay), problem (1.1) possesses at least two

homoclinic solutions.

Remark 1.6. In Theorem 1.5, (Wyo)—(Wi2) are all local conditions. There are functions satisfy-
ing the conditions (Wjg)—(Wiz). For example, let

—[xf* + |2 for |x| < 5,

G(x) = 1445\ ea—4at (1.4)
(-25")

f > 4
5 or |x| > :

Obviously, with function (1.4), K(t, x) does not satisfy the following global condition
(VK(t,x),x) —2K(t,x) > 0 forall (t,x) € R x RV,

which is needed in many papers [1,8,10-12,16,17,20,21,27,29,33-37,41].
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With a symmetric condition, we can obtain infinitely many homoclinic solutions for prob-
lem (1.1).

Theorem 1.7. Suppose that (L), (1.2), (Wy), (We)—(Wha) and the following condition hold
(Wi3) G(—x) = G(x) >0 forall (t,x) € R x RN.
Then problem (1.1) possesses infinitely many homoclinic solutions.
In our proofs, the following critical point theorems are needed.

Lemma 1.8 (Lu [13]). Let X be a real reflexive Banach space and () C X a closed bounded convex
subset of X. Suppose that ¢ : X — R is a weakly lower semi-continuous (w.l.s.c. for short) functional.
If there exists a point xo € Q \ 9Q) such that

¢(x) > ¢(x0), YV x € o)

then there is a x* € Q) \ 9Q) such that

o(x") = inf ¢(x).

Lemma 1.9 (Chang [7]). Suppose that E is a Hilbert space, I € C*(E, R) is even with 1(0) = 0, and
that

(Z1) there are constants o, « > 0 and a finite dimensional linear subspace X such that I|x. NoB, =
a, where By = {u € E : ||lu]| < o},

(Zy) there is a sequence of linear subspaces X,,, dim X,,, = m, and there exists 1, > 0 such that

I(u) <0 onX,\B,,, m=12,...

If, further, I satisfies the (PS)* condition with respect to {X,, | m = 1,2,...}, then I possesses
infinitely many distinct critical points corresponding to positive critical values.

We recall that a functional I is said to satisfy the (PS)* condition with respect to {X,, |
m=1,2,...},if any sequence {xy | x, € Xy}, satisfying

[I(xn)] <o and I'lg (xm) =0,

has a convergent subsequence.

2 Preliminaries

Set
E= {u € H'(R,RN) : /R li(8)]? + (L(Hu(t), u(t))dt < +oo},

with the inner product

(w,0) := [ (1) + (L (D), (1)) at
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and the norm ||u|| = (u, “)}5/ 2. Note that the embedding E < L?(R, RN) is continuous for all
p € [2,+00], then there exists C, > 0 such that

ull, < Cpllul| forallu € E. (2.1)

Furthermore, the corresponding functional of (1.1) is defined by

I(u) = ;HuHZ—/RW(t,u(t))dt. 2.2)

Let Lé(R, RN) be the weighted space of measurable functions u : R — RN under the norm

iy = (f oucrar) @3

where ¢(t) € C(R,R™).
With condition (L), Lv and Tang obtained the following compact embedding theorem.

Lemma 2.1 (Lv and Tang [14]). Suppose that assumption (L) holds. Then the imbedding of E in
LF(R,RN) is compact, where p € (1,2), v € (1, ﬁ] and w € LY(R,R™).

The following lemma is a complement to Lemma 2.1 with the case p = 2.

Lemma 2.2 (Yuan and Zhang [37]). Under condition (L), the embedding E — L2(R,RN) is con-
tinuous and compact for any h(t) € C(R,R™) with h(t) — 0 as |t| — oo.

Then we can prove the following lemma.

Lemma 2.3. Suppose that the conditions (Ws), (Wg), (W), (Who) hold, then we have VW (t, uy) —
VW(t,u)in L*(R,RN) ifup — uin E.

Proof. Assume that uy — u in E. By the Banach-Steinhaus theorem and (2.1), there exists
D > 0 such that

sup |lukl|lo <D and |u]eo < D. (2.4)
keN

We can deduce from (Wyg) and (2.4) that there exists d, > 0 such that
IVG(ug)| < da|ug(t)| forallt e R. (2.5)
It follows from (1.2), (Ws) and (2.5) that

[VW(t u(t)) = VW(t u(t))]?

< 8AbE (1) (Jue (D)1 72 + [u()[172) + 8AbZ (1) (| (1) 2272 + [u(£)[272)
+ a3 (1) (Ju(£)* + |u(t) )

< 8ABE (1) (| (t) — () P72 4 2[u()[P172) + 8AbZ (1) (Jue(£) — u(8) 272 + 2[u(£) 2 72)
+4daa3 () (|ui (1) * + [u(8) )

< 8AbE () ((2D) " u(t) — u(t) 17277 + 2D fu(t) P 727M)
+8A3 (1) ((2D) " ug(t) — u(t) 27271 + 2D" |u(t)[>2727"")
+4d2a3 (1) (|ux(t) — u(t) >+ 2|u(t)]?),
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wheren; =1 —2+ /3:11 (i =1,2). By Lemma 2.1, uy(t) — u(t) in LL,(R, RN), forany p € (1,2),
ve (1, ﬁ] and w € L7(R, R™"). Passing to a subsequence if necessary, it can be assumed that

Z e — ullpp < oo,
k=1
which implies that u;(t) — u(t) for a.e. t € R. Set
Y= lu(t) —u(t)l.
k=1

Then we can get that ¢ € LZ(R, RN), for any i = 1,2. By (W) and the definition of 7;, we
have

/bg(t)'”k(t)—”(f)lzr"’zf’?fdté/b?(t)l/ﬁ”*z*mdt
R R

) 2—1;+1; 2(ri=1)—1;
+11; r; Ti
< (fmorma) ([ mwlya)
R R
Ziri,ﬂﬁ 2(711—14)—:11-
(fmwiea) * ([ mwlya)
R R

< o0
for any i = 1,2. Similarly, we can obtain
/R B2(4) | () |22 dt < oo,
Furthermore, (Wy) and Lemma 2.2 show that
/Rag(t)\uk(t) —u(t)Pdt < o and /Ra%(t)|u(t)|2dt < co.
Using Lebesgue’s dominated convergence theorem, the lemma is proved. O

Remark 2.4. Obviously, the result of Lemma 2.3 still holds under the conditions (W;), (W3),
(We).

Similar to the proof of Lemma 2.3 in [9], we can see that I € C!(E, R) is w.l.s.c. and
(I'(u),0) = /R((ﬂ(f)/f?(t)H(L(f)u(f)rv(f)))dt—/R(VW(f/u(f))/u(f))df
= /R((ﬂ(t)ff?(t)) + (L(H)u(t),o(t)))dt
—A/R(VF(t,u(t)),v(t)))dt—/R(VK(t,u(t)),v(t)))dt
for any v € E, which implies that
(I'(u), 1) = Hu||2—A/];(VF(t,u(t)),u(t))dt—/R(VK(t,u(t)),u(t))dt. 2.6)

Remark 2.5. Similar to Lemma 3.1 in [41], under condition (L), all the critical points of I are
homoclinic solutions for problem (1.1).
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3 Proof of Theorem 1.1

The existence of homoclinic solution is obtained by the Mountain Pass Theorem with (C)
condition which is stated as follows.

Lemma 3.1 (See [2]). Let E be a real Banach space and I : R — RN be a C'-smooth functional and
satisfy the (C) condition that is, (u;) has a convergent subsequence in W?(R, RN) whenever {I(uj)}
is bounded and ||I'(u;)||(1 + ||lu;]|) — 0 as j — oo. If I satisfies the following conditions:

(i) 1(0) =0,
(ii) there exist constants o, & > 0 such that Ijap o) = &,
(iii) there exists e € E\ B,(0) such that I(e) <0,

where B,(0) is an open ball in E of radius ¢ centred at 0, then I possesses a critical value c > a given
by

= inf I ,
¢ = Inf max (8(s))

where
I'={g € C([0,1],E) : g(0) =0, g(1) =e}.

Lemma 3.2. Suppose the conditions of Theorem 1.1 hold, then there exist A1, 01, a1 > 0, such that
I|op, > a1 forall A € (0,A1), where By, = {u € E: [[u| < o1}.

Proof. By (W) and (W), we can deduce that
[(VE( x), )| < by (8)[x]™ + ba(£)[x] (3.1)
and
1 L1 .
[F(t, )] < —ba(8)|x[™ + —ba () |x[™ (32)
5} r2
for all (t,x) € R x RN. It follows from (2.2), (1.2), (Wy), (Ws), (3.2) and (2.1) that

I(u) = ;Hqu—/\/RF(t,u(t))dt—/Ral(t)]u(t)]sdt

> gl =2 (5 f @ [ ool - lalulg? [ )P

1 1 _
gl = (Een bl ) — Bl

1 1 A 1 A
(8 + (8 — C:;ﬁ1||b1||ﬁ1||u|l”) + (8 - CZ;s*Hbz!IﬁzI!u!I”)

1 _ _
. (8 3 ool 2)) Jul,

where % + % =1 (i = 1,2). Choose 01

v

bl ™ + - Cl,

Vv

1
_ 1 52 th
=N\ en we can set
(SC%Cao zHale) !

A1 = min n "2 .
8C, 5 Ibrllg,01 " 8C,2p 10215, 07

Hence for every A € (0,Aq) there exist 01 > 0 and a7 > 0 such that I |;;BQ1 > . O
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Lemma 3.3. Suppose the conditions of Theorem 1.1 hold, then there exists ey € E such that |le1|| > 01
and 1(e1) < 0, where 91 is defined in Lemma 3.2.

Proof. Choose @1 € C(A,RN)\ {0}, where A is the interval considered in (W,). Then by
(2.2), (Wy), (We) and (3.2), for any ¢ € R, we obtain

1@ = Slonl A [ Pt (0)at — & [ ar(olgn(0)
2
< Sl A (5 [nOEpora o [noEn@r) - [ oo

2 71
< Sl A (£ el gl + gcrz,g*||bz||ﬁz||¢1ufz) & [ a®lgiP,
which implies that
I[(Ep1) - —c0  as & — +oo.

Therefore, there exists 1 > 0 such that I(1¢1) < 0 and [|&1¢1]| > 01. Let e = &1¢1, we can
see I(e1) < 0, which proves this lemma. O

Lemma 3.4. Suppose the conditions of Theorem 1.1 hold, then I satisfies condition (C).

Proof. Assume that {u, },en C E is a sequence such that {I(u,)} is bounded and ||I'(u,)]|(1 +
|lun||) — 0 as n — oo. Then there exists a constant M; > 0 such that

()] < My, [ (ua) [T+ [Jual]) < M. (3.3)

Subsequently, we show that {u,} is bounded in E. Arguing in an indirect way, we assume
that ||u,|| — oo as n — oo. It follows from (3.3), (2.2), (2.6), (3.1), (3.2) and (2.1) that there exist
M,, M3 > 0 such that

R

sI(un) + III’(un)zll(l + [[unll)
- |14

sI(un) — (I'(uy), uy)
- [[14]|?
B (E ) A JgsE(tun(t)) = (VE(tun(t)), un(t))dt
S\2 [0 [|2

s AMy [ ba () [un(£)|" + ba(t) [un(t)|"2dt

> (5-1)- = . THE :
> (5 =1) = AMs (a2 + [lua72)

©n

— (5—1) as n — oo,

which is a contradiction. Hence {u,} is bounded in E. Consequently, there exists a subse-
quence, still denoted by {u,}, such that u, — u in E. Therefore

(I'(uy) — I'(u),up —u) -0 asn — +oo.

By Remark 2.4, we have

/(VW(t, uy) — VW(t,u),u, —u)dt -0 asn — 4oo.
R
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It follows from (2.6) that
(I'(uy) — T'(u), upy — u) = |juy — uHZ - / (VW(t,uy) — VW(t,u), u, — u)dt,
R

which implies that ||u, — u|| — 0 as n — +o0. Hence [ satisfies condition (C).
By Lemma 3.1, I possesses a critical value ¢ > a1 > 0 given by

= inf max I ,
¢ = Inf max (g(s))

where
I'={g € C([0,1],E) : g(0) =0, g(1) =ex }.

Hence, there exists 1y € E such that
I(u()) =c>0, I/(Mo) =0.

Then the function ug is a desired homoclinic solution of problem (1.1). Subsequently, we
search for the second critical point of I corresponding to negative critical value. ]

Lemma 3.5. Suppose that the conditions of Theorem 1.1 hold, then there exists a critical point of 1
corresponding to a negative critical value.

Proof. By (W4) and (Ws), there exists ¢ > 0 such that
1
F(f,x) > §b0|x] 0 (34)

forallt € (f—o,f+0) and x € RN. Choose ¢, € C3((F—0,f+ ), RN) \ {0}, then it follows
from (2.2), (W1), (34) and 1 < rp < 2 < s that

2
092) = Sl = A [ Fwoga(t)de —0° [ a(0lgao)ias

02 , O o f+o
< SloalP =S Ak [ lga(t)nat+6° [ laa()llga(t)Fat
2 2 t—o t—o

<0

for 6 > 0 small enough. By Lemma 3.2 and Lemma 1.8, this lemma is proved. O

By Lemma 3.2-Lemma 3.5, we can see that I possesses at least two distinct nontrivial
critical points. By Remark 2.5, problem (1.1) possesses at least two homoclinic solutions.

4 Proof of Theorem 1.3

In this section, we will use Lemma 1.9 to prove the existence of infinitely many homoclinic
solutions for problem (1.1).

Lemma 4.1. Suppose the conditions of Theorem 1.3 hold, then 1 satisfies (Z1).
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Proof. Let {x;}?; be a complete orthonormal basis of E and X = 69;-‘:1 Z;, where Z; =
span{x;}. For any g € [2, +o0], we set

hi(q) = sup  [Jully. (41)

ueX, |lul|=1

It is easy to see that hi(g) — 0 as k — oo for any g € [2,+o0]. Let 9, = 1, we can deduce from
(2.2), (3.2), (We) and (4.1) that for any u € X;- 9B,

~—

I(u) = % A/ (¢, u ))dt—/Ral()\u(t)\sdt
1
> 5= 2 [l rar -2 [ @ Jaloulz? [ )P
1 , A .
> - ( DI, + I (2Bl + I, H) el ), 62)

which implies that there exists a kg > 0 such that I(u) > % forall u € X,é) (10B,,. Hence there
exist 02, 2 > 0 such that I’X,% B, = %2 O

Lemma 4.2. Suppose the conditions of Theorem 1.3 hold, then for any m € N, there exist a linear
subspace Xy, and 1y, > 0 such that dim X,, = m and

I(u) <0 on Xy \ B,

Proof. By (W), there exist ap > 0 and A¢g C A such that a;(t) > ap for all t € Ay with
meas(Ag) > 0. Choose a complete orthonormal basis {e]-(if)}]f"’:1 of Wy?(Ag,RN). Subse-

quently, set E; = span{e;(t)} and X,, = @jL, Ej. Then there exists a constant 0;, > 0, such
that
[l = o] (4.3)

for all u € X,,. For any u, € X,u, We can see supp um C Ag. It follows from (2.2), (2.1), (3.2),
(W1), (We) and (4.3) that

Hwoz1waF—A/F@umer;@maw%awm
f||um||2 A/ F(t, it (¢ dt—/tt(’jal(t)mm(t)vdt

A
(1l o7+ 2 C

A
*Ilum||2+ Crlﬁ* [1b21[ g, 211> = ao |4

23

A A
Sillumll2 7, G 101l 1" =G b2l ltm ™ = oo

23

Since s > 2 > max{r, 72}, there exists r,;, > 0 such that I(u,,) < 0 for all u,, € X, \ B;,,, which
proves this lemma. O

Lemma 4.3. Suppose the conditions of Theorem 1.3 hold, then I satisfies the (PS)* condition.
Proof. The proof of this lemma is similar to Lemma 3.4. O

Proof of Theorem 1.3. By Lemmas 4.1-4.3 and Lemma 1.9, I possesses infinitely many distinct
critical points corresponding to positive critical values. The proof of Theorem 1.3 is finished.
O
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5 Proof of Theorem 1.5

Lemma 5.1. Suppose the conditions of Theorem 1.5 hold, then there exist Ay, 03, a3 > 0 such that
I, > a3 forall A € (0, A2).

Proof. It follows from (W) that there exists p; > 0 such that

|x]

VG(x)| < ——7—, Vx| < p1.
By G(0) = 0, we can deduce that
IG(x)| = |G (x) = G(0)]
1
~ | [ vetn, v

IN

-1
|| 19 G(@x) 1xlde

1 1
< / —|ox||x|d

|x|?

< (5.1)
4C3llaz o0

for all |x| < p;. By (2.2), (5.1), (3.2), (W5), (Wg) and (2.1), for any u € Bpl , we have

1) = 50l = [ Flt,u(e)a — [ aa(t)G(u(e))a

1
Z 2 7’1 7‘2 2
> 2l - ( J O+~ /@ \m) (gﬁmanm

1, 1 1 1,
> Sl = & (ot el + el ) =

(1 1 A . 1 " i )
— (5 + (3~ nCllenls ) + (55 - 7 Caplleallaalal2) ) Iul?. 62

Let 03 = g—;. From (5.2), we set

. r "2
Ay = min o 5 P "o (7
12675 11 llg, 05 12C72, [1b2l 6,05

which implies that I \ag% > a3 for some a3 > 0 and all A € (0,A;). Then we finish the proof of
this lemma. O

Lemma 5.2. Suppose the conditions of Theorem 1.5 hold, then there exists e; € E such that ||ez|| > 03
and I(ep) < 0, where g3 is defined in Lemma 5.1.

Proof. Choose ez € Ci°(—1,1) such that ||e3|| = 1. It follows from (Wy) that there exists @ > 0
such that ay(t) > 4 for all t € (—1,1). We can see that there exist ¢ > 0 and Y C (—1,1) such
that |e3(f)| > é for all + € Y with meas(Y) > 0. By (Wy;), for any A > 0 there exists Q > 0
such that

> A
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for all |x| > Q, which implies that

G(nes(t))
y Wdt > Ameas(Y),

for all # > Q/é. Then by the arbitrariness of A, we obtain

dt — oo as |y — oo. (5.3)

/ G(nes(t))
Y [nes(t)[?

By (2.2), (5.3), (2.1), (3.2) and (W), we have

) 1y [ HAIS0), [ m0600(0),,
2 R R n?
< ;H(n o /b1 es(t )|”dt+—/ bo(t 1763(i)|r2dt) /11 GW;;“))dt
<5+ (5Cag el b2+ - Cag el ) = [ S0 (o) ot
< 3+ (GGl 72+ ol ) =2 [ S

— —oo as || — oo.

Therefore, there exists 73 > 0 such that I(#1e3) < 0 and ||771e3]| > 03. Let e, = 171€3, we can see
I(e) < 0, which proves this lemma. O

Lemma 5.3. Suppose the conditions of Theorem 1.5 hold, then I satisfies the (PS) condition.

Proof. Assume that {u, },en C E is a sequence such that
[I(uy)| < oo and [I'(u,) — 0.
Then there exists a constant M4 > 0 such that
[I(un)] < My, |1 (un)[[pe < Ms. (54)
Subsequently, we show that {u,} is bounded in E. Set
G(x) = (VG(x),x) — vG(x),

where v is defined in (Wy,). From (W), we can deduce that G(x) = o(|x|?) as |x| — 0, then
there exists p2 € (0, po) such that B

G(x)] < |x? (5.5)
for all |x| < pp. Arguing by contradiction, we assume that |u,|| — 400 as n — oo. Set
Zy = ”Z—Z”, then ||z, || = 1, which implies that there exists a subsequence of {z,}, still denoted

by {z,}, such that z, — zp in E and z, — 2o uniformly on R as n — oo. The following
discussion is divided into two cases.

Case 1: zg # 0. Let QO = {t € R | |zo(t)| > 0}. Then we can see that meas(Q)) > 0. It is easy to
see that there exists )y C Q) such that meas(Q)y) > 0 and Sup;cq, |t| < co. Otherwise, for any
n € N, we have meas (B, (N Q) = 0, where B, = {t € R | |t| < n}. Then we can deduce that
lim,,_, meas (B, N Q) = 0, which implies that meas(Q)) = 0, which is a contradiction. Since



Homoclinic orbits for Hamiltonian systems with concave—convex nonlinearities 13

|tn|| — +o0as n — oo and |u, ()| = |za(t)| - ||ttn]||, then we have |u,(t)| — +oco as n — oo for
a.e. t € (). On one hand, it follows from (2.2), (3.2) and (W) that

K(t, ) 1’ I(un) E(t, un) ‘
dt—~| = +A dt
/R a2 2 | [lunl? R Jun]]?
My 2C bl el + AC ool
= fuall? 142
—0 asn— oo, (5.6)
which implies that
. K(t, uy) 1
l1m/7dt:—. 5.7
n—oo JR Hun||2 2 ( )

On the other hand, by the property of (g and (Wj), there exists @ > 0 such that a,(t) > a for
all t € (). It follows from (Wg), (Wy), G(x) > 0 and Fatou’s lemma that

lim/ Kt un) 40 lim/ Kt un) 5,
n—o00o QO

R lunl? n—yco [[14n |2
- lim/ az(t)G(uz”)\zn(t)\zdt
TN O]
~ 1 G(un) 2
>a / £)|°dt
- nlﬂoo o} ]un(t)|2’ n( >‘
:+OO,

which contradicts (5.7).
Case 2: zy = 0. It follows from (5.4), (2.2), (2.6), (Wy), (5.5), (3.1), (3.2) and Lemma 2.2 that that

My + My||u, |
="
o VI(un) = (I'(un), tin)
- |42 ]|2
v /\(V+ 1) 1 el r 1 12 T
> (E — 1) — W <rlcylm||bl||ﬁ1 ||MnH '+ gCrzﬁ;HszﬁzHuﬂH 2
]_ ~
e f 2O ()t
> (K _ )+% (/ az(t)é(un(t))dt—i—/ az(t)é(un(t))dt)
2 lunll? \Jiter]ju <p2} {t€R|[un|>peo}

)
[unl? Jiter|oo<]un| <pes}

v 1 g .
> (2 ) [PHIE ( {teRHun‘sz}az( MNun(t)]| (reR |l o} 102 (1) |un ()]

az(t)é(un(t))dt +o(1)

_|_

max,, .|y G(x 2
_ 02<| ‘SZPOO ’ ( )| ) t) ’Mn(t)2| dt—|—0(1)
0 {teR|p2<|un|<pec} [[un |
v max,, < |x|<p., |G(¥)] / )
> - — —
> <2 1) <1+d1+ p RaQ(t)yzn(t)| dt+o(1)

v
— (5—1) as n — oo,
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which is a contradiction. The rest proof is similar to Lemma 3.4. Thus I satisfies the (PS)
condition. ]

Lemma 5.4. Suppose that the conditions of Theorem 1.5 hold, then there exists a critical point of 1
corresponding to negative critical value.

Proof. The proof is similar to Lemma 3.5. O
By Lemmas 5.1-5.4, we can deduce that I possesses at least two critical points. Conse-
quently, problem (1.1) possesses at least two homoclinic solutions.

6 Proof of Theorem 1.7

Lemma 6.1. Suppose the conditions of Theorem 1.7 hold, then I satisfies (Z,).

Proof. Let X; and hi(q) be as defined in Lemma 4.1. For any u € X" 9B, with g4 <
min{1, p—;}, it follows from (2.2), (3.2), (5.1), (Wg) and (4.1) that

1) = 364~ A / (tu(®)dt = [ aa(t)Gu(t))at
1 2 )2
> - /bl u(t |r1dt——/bz u(t VZdt—4C2/ (82t
> Lo —h’l b _ ih’Z )b e
> 20— S (DI, 05 — (a3 b g0 — (20
2 4C
]. )\ T * )\‘ T *
> 16— (rlhk%nﬁl)ubluﬁ] (2Bl + 5 1R2) ) 0

Therefore there exists k; > 0 such that I(u) > 103 forall u € inl N 0B,,. Hence there exist o4,
a4 > 0 such that I|y. naB, = &4 O
1

Lemma 6.2. Suppose the conditions of Theorem 1.7 hold, then I satisfies (Z3).

Proof. Set X, = @}”:1 Z;, where Z; is defined in Lemma 4.1. For any u € X \ {0} and ¢ > 0,
set
Ty(u) ={t € R: [u(t)| > O ul}.

Similar to [17], there exists &y > 0 such that
meas (I'y, (1)) > B (6.1)

for all u € X,, \ {0}. Then there exists x > 0 such that

—_

meas (ITy, (1)) > b, (6.2)

2

for all u € X, \ {0}, where ITg(u) = Ty(u) N{R : t < x}. Letting a = minj<,an(t) > 0, it
follows from (Wy;) that there exists ¢ > 0 such that

G(u(t)) =

> ol &

1
(OF = —lu
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forall u € X,, and t € Ty, (u) with [Ju]| > &. We can choose ¢, > ¢, then for any u € X, \ B,,,
it follows from (2.2), (2.1), (6.1) and (3.2) that

I(u) = ;Hqu—/\/RF(t,u(t))dt—/Raz(t)G(u(t))dt
< Slull2=A [ Ftuo)dt— [ ax()Gu()d

8y (1)

IN

1 A A 1
Sllull®+ ECZ,;; 1By [] gy flue]™ + gcfjﬁ;llbzllﬁzllully2 g, meas (I (1) ]|

A

1, 0, A A
< =l Gl el + - s 1Pl |l

Then there exists r,, > & such that I(u,,) < 0forallu € X,, \ B,,,, which proves this lemma. [

Lemma 6.3. Suppose the conditions of Theorem 1.7 hold, then I satisfies the (PS)* condition.

Proof. The proof is similar to Lemma 5.3. O

Proof of Theorem 1.7. By Lemmas 6.1-6.3 and Lemma 1.9, I possesses infinitely many distinct
critical points corresponding to positive critical values. The proof of Theorem 1.7 is finished.
O
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