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1 Introduction

In this paper, we discuss the existence of multiple solutions for the quasilinear elliptic problem

(1.1)

—Aou = AMu|" 2u+ f(x,u), x€Q,
u=020, x € 0Q),

where QO ¢ RV (N > 2) is a bounded domain with smooth boundary 0Q), A is a positive
parameter, [* = %(1 < | < N) is the critical Sobolev exponent and Agu denotes the ®-
Laplacian operator, which is defined by Apu = div(¢(|Vu|)Vu). With respect to the function
¢ : (0,00) — (0,00), we assume that it is C! and satisfies:
(¢1) ()t — 0ast — 0, p(t)t — oo as t — oo;
(¢2) ¢(t)t is strictly increasing in (0, 00);
. Ht)' Ht)'

(¢3) 0 <1 —1:=1inf;~ 7(4’4)((2)) < sup;. 7((/’4)((2)) =m—-1<N-1.

Throughout this paper we define
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which is extended as even function, ®(t) = ®(—t), for all t < 0. In fact, under the assumptions
(¢1)-(¢3), the equations like (1.1) may be allowed to possess complicated nonhomogeneous
d-Laplacian operator. The examples are the following;:

(i) p-Laplacian:¢(t) = ptP=2,for1 < p < N;
(ii) (p,q)-Laplacian:¢(t) = ptP=2+qt772,for1 < p < g < N and g € (p, p*) with p* = I\’;—ffp;
(iii) plasticity: ¢(t) = ptP=2(log(1+1))7 +qtP~1(1+t)L(log(1 +1¢))7 1, forp > 1, g > 0;

(iv) p(x)-Laplacian: ¢(t) = p(x)t’®)=2, for p : RN — R is Lipschitz continuous and 1 <
p~ = infgn p(x) < supge p(x) =: p* < N.
In our discussion, we assume that the nonlinear term f(x,t) € C(Q x R) satisfies:
(f1) limyy e f;‘(,% = 0, uniformly x € Q);

(f2) there exist constants 6 € (m,1*), o € [0,1) and Cy, C; > 0, such that
F(x,t) — %f(x,t)t < Gl +Cy,
for x € Qand t € R, where F(x,t) = fotf(x,s)ds;
(f3) there exist constants T € (m,1*) and Cy, C3 > 0 such that
P(X, t) < C2|t|T +Cs
forxeQandt € R;

(fa) there exists an open set Qg C Q) with |Qg| > 0 such that

lim inf Fx, 1)

|00 [t|™

= +OO/

uniformly x € Q;
(fs) f(x,0) =0and f(x,—t) = —f(x,t), forx € Qand t > 0.
Remark 1.1. It is easily seen that the following function satisfies hypotheses (f1)—(f1):
fx,t) = |t|"2t, fort>0andrc (m,I%).

The equation (1.1), for ®(t) = t7, is well known as the p-Laplacian equation involving critical

growth p* = %' The boundary value problem

—Ayu = pr-2 @)
{ pll = pful u+f(x,u), xeQ, 1.2)

u=20, x € Q)

has been studied by B. Silva and Xavier [11]. The multiplicity of solutions for (1.2) is obtained
by the variational method and the minimax critical point theorems. D. Silva improved the
variational method and the concentration compactness principle to deal with the problem
(cf. [12])

{—div(\Vu\V(")_ZVu) = AMu|7™=2y 4 f(x,u), x€Q, (1.3)

u=20, x € 00},
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where 0 < p(x) < g(x) < p*(x) = Z\’;Exip)(li), x € Q. Further, one of the main motivations for the

study of problem (1.1) is the following problem
—div(¢(|Vu|)Vu) = b(Ju))u + Af(x,u), x€ RV, (1.4)

where N > 2, A > 0 and b(|u|)u possesses critical growth. Fukagai, Ito and Narukawa [5]
proved that problem (1.4) has a positive solution.

As is mentioned in [13], the problem (1.1) has many physical applications, for instance, in
nonlinear elasticity, plasticity, generalized Newtonian fluids, etc. We refer the readers to the
following related papers (cf. [2,4-6,9]) and references therein.

In this work we will propose a variant symmetric mountain pass theorem for solving the
multiplicity of solutions for problem (1.1). This requires the functional associated with the
problem (1.1) satisfies the (PS). condition below a fixed level. Hence, it will allow us to use
a more efficient concentration-compactness type principle than the problem (1.4), which just
showed the weak limit u is positive in Fukagai, Ito and Narukawa [5].

The main difficulty in dealing with this class of problems is that the associated functional
involves the critical growth term so that the embedding of W&"D(Q) into L' (Q) is no longer
compact. And another difficulty comes from the fact that ®-Laplacian operator is nonhomoge-
neous, which requires some additional efforts to overcome the estimate. It is worthwhile men-
tioning that we exploit the compactness of the embedding W&’q)(Q) — Ly(Q), <Y < D,
and the existence of a Schauder basis for W»®(Q) to establish a lower bound for the minimax
levels.

Our main result can be stated as follows.

Theorem 1.2. Assume that (¢1)—(¢3) and (f1)—(fs) hold. Then for any given i € N, there exists
Ai € (0,00) such that for all A € (0,A;), problem (1.1) possesses at least i pairs of nontrivial weak
solutions.

The organization of this paper is as follows. In Section 2, we set up the framework of
Orlicz-Sobolev spaces and give some essential results of ®-Laplacian. In Section 3, we present
the functional associated with the problem (1.1) satisfies the Palais-Smale condition below a
given level. Finally, in Section 4, we give some useful lemmas for our main result and the
complete proof of the existence of multiple solutions for the problem (1.1).

2 Preliminaries
Due to the nature of the operator Ap we shall work in the framework of Orlicz-Sobolev spaces

WL®(Q)). For the sake of completeness, we recall some definitions and properties as follows.
The Orlicz space

Lo(Q) := {u : ) — R : u is measurable and/ D(|u(x)|)dx < oo}
Q
is a Banach space under the usual norm (Luxemburg norm)

||u|\<p:irk1f{k>o ‘ /Qcp('”(kx)') dxgl}.

The Orlicz-Sobolev space W' ®(Q)) is defined as the set of all weakly differentiable u &
Lo (Q)) such that D7u € Le(Q)) for all multi-indices v = {71, 72,...,yn} with |y] < 1. The
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Orlicz-Sobolev norm of W»®(Q) is defined as
[ullve = [[ulle + [V

We denote by Wg’q)(ﬂ) the closure of C§°(Q)) with respect to the Orlicz-Sobolev norm of
WL (Q).
If

N+1 N+1
S N

/1q)1()ds<+oo and /+OOCD ()d = +oo, (2.1)
0

then the Sobolev conjugate N-function function ®. of ® is given in [1] by
tp-1
€ (0,00) r—>/ q)T(ls)ds.
0 s N

Notice that ® is N-function and (¢3) guarantees (2.1) holds.
The dual (Lo (Q))* is Lg(Q) (cf. [6]), where @ is called the complement of ®, given by

®(t) = max{ts — P(s)}, fort>0. (2.2)

s>0

By using of the assumptions (¢1) and (¢3), it turns out that ®, @, and ® are N-functions
satisfying A\j-condition (cf. [10]), namely there is a constant C4 > 0 such that

d(2t) < C4d(t), Vt > 0.
Meanwhile, the assumptions (¢3) implies that

@ 1<lf¥%&f¥%ﬂﬁiim<M

which ensures that Le(Q)) and W&’q)(()) are separable and reflexive Banach spaces (cf. [10]).

Lemma 2.1. Assume that (¢1)—(¢3) hold. Then for t > 0, we have
D(p(t)t) = P(1)F — D(t) < D(21). 2.3)
Proof. The convexity of ®(t) implies that
D)+ D' (t)(s—t) < D(s),
fors, t > 0. By (¢2) and ®'(t) = ¢(t)t, we have
p(1)ts — D(s) < P(HF — (1),
for s, t > 0. Thus by (2.2), we obtain

P(p()t) = max{p(t)ts — @(s)}

< ¢(t)? — (1)
< ()t

< /tZt(p(z)zdz
< ®(2),

for t > 0. Hence, this shows (2.3). O



Multiplicity of solutions for quasilinear elliptic problems

Remark 2.2. It is easy to see that (¢3)’ implies that

(9)" p()P
’ 0

<m, t>0

is verified.

It follows from the Poincaré inequality for ®-Laplacian operator (cf. [7]) that there exists a

constant S; > 0 such that
[ullo < S1l|Vullo,

for all u € Wy ®(Q). As a consequence of this, the norm | - ||, is equivalent to the norm
[ull = [IVullo
on W&’(D(Q). In this paper, we will use || - || as the norm of W&"b(Q).

The embedding results below (cf. [1,3]) are used in this paper. First, we have

Wy (Q) —— Ly(Q),

(2.4)

if ® <Y < &, where ¥ < P, means that the function ¥ essentially grows more slowly than

®,.. Furthermore,
Wy ?(Q) = Lo, (Q).

Define a constant S, > 0, such that for any u € W&’q)(ﬂ),

[ullo, < Saflull.

Besides this, it is worth mentioning that if (¢1)—(¢2) and (¢3)” are satisfied, we have

Lo(Q) — LY(Q),
Lo, (Q) = L' (O).

Define a constant S3 > 0, such that for any u € W&"b(ﬂ),

[l (o) < Sslutlle,-

Since
Wy ®(Q) = L' (),

we can define a constant S4 > 0, such that for any u € W&@(Q),
@ < Sallull
Lemma 2.3 ([5]). Assume that (¢1)—(¢3) hold. For t > 0, set
n1(t) = min{t, "}, n2(t) = max{t,t"}.

Then @ satisfies

S

m () P(p) < P(pt) < na(t)P(p), foranyp, t >0,

m(llulle) < [ @(u)dx < na(llulle), foru € Lo(Q).

Q

(2.5)

(2.6)

(2.10)
(2.11)
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Let @, be the complement of &, we have
Lemma 2.4 ([5]). Assume that (¢1)—(¢3) hold. For t > 0, set
p3(t) = min{t" 7}, pa(t) = max{t’, "'},

where I* = llfl and m* = _i—. Then ®, satisfies

it < LAOL <T*, fort>0,
D.(t)
73() D (0) < Di(ot) < ma(t)Du(p), foranyp, t >0, (212)
mlluls) < [ ®wdx <millullg), foru € Ly, (). 13)

Next, we recall the variational framework for problem (1.1). The functional I): W&"D Q) —
R associated with our problem is given by

I(u) = /Q <<D(|Vu]) - %|u|’* - P(x,u)> dx, u € Wy *(Q).

It is easy to verify that I, is well-defined and of class C! on W&’Q(Q). Hence finding weak
solutions for the problem (1.1) is equivalent to find the critical points for the functional I, and
the Gateaux derivative for I, has the following form:

(I (u), ¢) = /()((P(IVMI)VMV%D = Aul"Puy — f(x, u)p)dx,

for any u, i € Wy (Q).

Definition 2.5. For given E a real Banach space and I € C!(E,R), we say that I satisfies the
Palais-Smale condition on the level ¢ € R, denoted by (PS). condition, if every sequence
{u,} C E such that I(u,) — c and I'(u,) — 0 as n — oo, possesses a convergent subsequence
in E.

In this article we will apply the following version of the symmetric mountain pass theorem
(cf. [11]).

Lemma 2.6. Let E = X ® Y, where E is a real Banach space and X is finite dimensional. Suppose
I € CY(E,R) is an even functional, satisfying 1(0) = 0 and

(L) there exists a constant p > O such that I|3p,ny > 0;

(L) there exist a subspace W of E with dim X < dim W < coand M > 0 such that max,cw (1) <
M;

(I3) considering M > 0 given by (1), I satisfies (PS). condition, for 0 < ¢ < M.

Then I possesses at least (dim W — dim X) pairs of nontrivial critical points.



Multiplicity of solutions for quasilinear elliptic problems 7

3 The Palais—Smale condition

In this section, we will verify that the functional I, satisfies the (PS). condition below a given
level when A > 0 is sufficiently small. In order to do this, we need some preliminary results.
First, we will show the Palais-Smale sequence {u,} C W,"®(Q) is bounded.

Lemma 3.1. Assume that (¢1)—(¢3) and (f1)—(f2) hold. Then the (PS). sequence {u,} C Wy'®(Q)
of 1) is bounded.

Proof. According to (f2), (¢3)" and Holder’s inequality, it follows that

MOM)—;<U(WJMM>=.A)6bﬂvuﬁ)—1¢ﬂvudHVVnF)dx

< a > / " dx _/ < (x, un) — ;f(X,un)un> dx

11 1 1 : 3.1
(m_9>/¢(]Vun|)|Vun!2dx+/\(9—l*> Jualleoy Y
= Collunl|fe(qy = C11Q]

1 1
>0 (5= ) Il o) — Gol0aF

Moreover, by Young'’s inequality, we have

v

unHL,* — C1]QY.

lunllf

Ll* < 5””71 HLI* + C(Sr (32)

1_1 " o

where § = (Q f?% and C; = ll:" (%)1*70
0

On the other hand, since {u,} is a (PS), sequence, we have

1

1
Iy (un) — §<I§L(un)r“n> < In(un) + §||I§\(”n)||wé,€>(0)||”n|’
< Cs + Co|lunll,

with some constants Cs, Cq > 0.
Therefore, from (3.1), (3.2) and (3.3)), there exist constants C7, Cg > 0 such that

||unngl*(Q) < C7 + Cglun||- (3.4)
Now, by (f1), for given € > 0, there exists a constant Ce > 0 such that
|f(x,t)] < Ce+elt|" 1, forxecQandteR (3.5)

and .
|F(x,t)| < Ce+l—*|t|l*, forxe Qandt € R. (3.6)

Consequently, by (3.4) and (3.6), we have

I () = /()@(]Vun\)dx—l)\* [ FGx i
A+e

2 m([[unll) = =~ Hunly* —CelO
A+e A+e
> 1 ([Junll) —

—— Celluall - C7 — Ce|Q)f
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and

A+e€
M (llunll) = =5 Csllun]| + C(e). (3.7)
This implies that {u, } is bounded. O
By (2.6), (2.7), (2.11) and Lemma 3.1, we obtain

Corollary 3.2. If {u,} C Wy®(Q) is a (PS). sequence of I, then the sequences { [, ®(|Vu,|)dx}
and { [, [un|"" dx} are bounded.

Next, we use the concentration-compactness type principle which is analogous to
Lemma 4.2 of Fukagai, Ito and Narukawa [5]. This will be the keystone that enables us to
verify that I, satisfies the (PS). condition. First, we will recall a measure theory result as
follows.

Let {u,} € Wy®(Q) be the (PS) sequence. Lemma 3.1 and Corollary 3.2 show that
{un}, { [ @(|Vun|)dx} and { [, |un|" dx} are bounded. Otherwise, we know that L ((2) and
L (Q) are reflexive Banach spaces. Then there exist two nonnegative measures u, v € M(Q),
the space of Radon measures and a subsequence of {u,}, still denoted by {u,}, such that

O(|Vuu|) = p, in M(Q), (3-8)
lu )" — v, in M(Q). (3.9)

Lemma 3.3. Assume that (¢1)—(¢3) hold. Let {u,} of I be a Palais—Smale sequence such that
Uy — uin W&’q)(ﬂ) and ®(|Vu,|) — u, |ua|" — vin M(Q), where u, v are two nonnegative
measures on ). Then there exist an at most countable set | and a family {x;};c; of distinct points in
Q) such that

(i) v=lul" +Y v,

j€]

where {v;}jej is a family of positive constants and Sy, is the Dirac measure of mass 1 concentrated at
x..
]I

(i) = O(|Vul) + 3 by,
i€l
l*
where {y;} ey is a family of positive constants, satisfying v; < max {sk y] , S ‘uf } forall j e J.

Proof. The proof of Lemma 3.3 is similar to Lemma 4.2 in Fukagai, Ito and Narukawa [5], we
omit the details here. O

Lemma 3.4. Assume that (¢1)—(¢3) and (f1)—(f2) hold. For a given 0 < A < oo, let {u,} C
W&"b(ﬂ) be a Palais—Smale sequence of 1,. Considering | given by Lemma 3.3, then for each j € |, we

have either vi=0or
7 o
- F—m
v > min L , L .
)\Si AS)

Proof. Let us first define ¢ € C°(RY) such that ¢(x) = 1 in B(0, 1), supp(y) C B(0,1) and
0<9(x) <1,Vx € RN. Foreach j € ] and € > 0, let us define

x—x]-

gbe(x):gb< ), Vx € RN.

€
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Then {u,e(x)} € Wy®(Q) is bounded in W,"®(Q). From the fact that I} (u,,) — 0, it follows
that

<I§L(“n)r“n¢’e> = 0,4(1),

ie.,

/Q ¢(|Viun|) Vi, V (npe) = A /Q \un\’*wedxf/g £(x, 1) untpedx + 04 (1). (3.10)

By (¢3)”, we obtain

[ @V V¥ wipeddx = [ @(1Vu)|VitsPed+ [ (1)) (Vitr T Juad

(3.11)
2Z/QQD(|Vun|)lpedx+/O<p(|Vun|)(VunV¢€)undx.

It is obvious that

z/ﬂcp(|wn|)¢edx+/Qq)(|wn|)(wnw€)undx

(3.12)
§/\/Q\un\l*lpedx—i—/Qf(x,un)unlpedx—i—on(l).

On the one hand, by Lemma 3.1, we know that the Palais-Smale sequence {u,} C Wy®(Q)
of I) is bounded. Taking a subsequence of {u,} if necessary, we may suppose that

uy —u  in Wy®(Q), (3.13)
u, — 1 in Lo (QY), (3.14)
U, — u a.e. in Q. (3.15)

Moreover, from (2.3), (2.10) and (2.11) it is easy to see that

| 8@V Vun)dx < [ 0@IVu)dx < 12(2) [ @ Tual)dx < pa(2manal)

Clearly, the sequence {¢(|Vu,|)Vu,} is bounded in Lg(Q2). Thus, there exists a subsequence
{u,} such that for some @y € Lg(Q,RV)

¢(|Vun|) Vi, — @1 in Lg(Q,RY). (3.16)

Therefore, since supp(Vpe) C B(xj, €), (3.14) and (3.16), we have

n—o00

lim /0 S| Vitn]) (Vity Vipe ) ttndx = /Q (@1 Ve )udx. (3.17)

On the other hand, we will prove

lim /Qf(x,un)untpedx:/Qf(x,u)ulpedx. (3.18)

n— o0

First, we show the following claim.

Claim 1: {f(x,uy)} is bounded in Lg (Q2).
In fact, from (2.12), (3.5), Corollary 3.2, Ar-condition and the convexity of ®,, there exist
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constants Cy, C1g > 0 such that

[ @) < Co [ @l + Cuo [ Bo(Coldx
@) @) Q
< cgci*(l)/ \unw*—l)ﬂdﬁcg/ &, (1)dx
{xey|u,|>1} {xey;|u,|<1}

+C10/QCT)*(C€)dX

< cgci*(l)/ |un|l*dx+c9/ cﬁ*(1)dx+cw/ &, (C.)dx
O Q Q
< 00,

Therefore, the claim is proved.
By (3.5), (3.13)—(3.15) and Claim 1, we are now in a position to obtain (3.18).
Now, according to (3.8), (3.9), (3.17), (3.18) and letting n — oo in (3.12), it follows that

l/()lpgdy+/()(c?1v¢e)udx < A/leedv%—/Qf(x,u)ulpedx. (3.19)

Next, we will prove that the second term of the left-hand side converges 0 as € — 0.
By I} (1) — 0, we have for any v € Wy ®(Q)

(I (uy),0) = /Q(<P(|Vun|)Vuan — Mun|" "2uyv — f(x,un)0)dx = 0,(1). (3.20)
Moreover, from Claim 1, there is a subsequence {u, } such that
Mu|" 7+ f(x,up) = @2 inLg (Q), (3.21)

for some wy € Lg (Q)). Hence, by (3.16), (3.20) and (3.21), we conclude
/ (w1Vo — wyv)dx =0,
o)
for any v € Wé’q)(Q). Substituting v = ui., we have

/Q (@1 (upe) — @aupe)dx = 0,

ie.,

/Q@lVlPe)udx = — /Q(CTJlVM - CTJzu)llJedx.

Noting @;Vu — @yu € L1(Q), we see that the right-hand side tends to 0 as € — 0. Evidently,

lim | (w1Vipe)udx = 0. (3.22)

e—0.J0O

Furthermore, by (3.5) and Lemma 3.1, we have

/]f(x,u)u]dnge/ |u|dx+€/ lu
O Q Q

This implies that

l*dx < CGHuHLl(Q) +€S4||u||l* < 00,

lim /Q F(x, u)ugpedx = 0. (3.23)

e—0
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Consequently, by (3.22) and (3.23), letting € — 0 in (3.19), we obtain for each j € |
By Lemma 3.3, we get

l*
Y L R b I A I
min{S," 'v;, S, "'} < pj < (l> Vi,

ie,v;j=0or

*

l F—I l %
Vj 2 min (7\%) , (w) . ]

Lemma 3.5. Assume that (¢1)—(¢3) and (f1)—(f2) hold. Let {u,} C W(}’@(Q) be a (PS). sequence
of Ir. Then, given M > 0, there exists A* > 0 such that I, satisfies (PS). condition for all 0 < ¢ < M,
provided 0 < A < A*.

Proof. Since {u,} is a (PS). sequence of I, and 0 < ¢ < M, taking n — oo in (3.1), we obtain

. "
At /dv§c+c1\0\+c0\m1*r* /dv
0 I*) Ja Q

(3.24)
< M+ C1Q|+ G| F </Q dv)

T
E3

Therefore, if we choose

-l F—m
_1 _1 d = _l0*-0) d m—oc _ ml*—0o)
A mm{154 LIS, <M—|id2> S, 7 (M;d2> 5 "7 },

where dy = 1 (} — 1) and d; = ;O] + Co|Q)['~ F, then we have from (3.24)

PN
forall0 < A < A*.

As a consequence of this fact and Lemma 3.4, we conclude that for each j € ], vi=0 and

lim / lun|" dx = / lu|" dx.
n—oo JO Q
Thus, there exists u € W&'(D(Q) such that, up to subsequence,
u, —u in L' (Q). (3.26)

Next, from (I} (un), (un — u)) = 0,(1), we have

lim Q(4>(|Vun])VunV(un —u) — Auy

n—oo

Hence, we can derive from (3.13)-(3.15), (3.18), (3.26) and (3.27) that

P2y (uy — u) — f(x,u) (g —u))dx = 0. (3.27)

lim /qu(\VunDVunV(un —u)dx = 0.

n—00

Moreover, by (3.13) and Lemma 5 in [8], we conclude that
Uy, —u in W&’Q(Q). O
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4 Proof of Theorem 1.2

In order to verify Theorem 1.2, we need to prove that Lemma 2.6 is applicable in our situation,
namely the functional I, on W(}’qD(Q) satisfies the hypotheses (I;) and (I»).

First, since E = W&’(D(Q) is a separable and reflexive Banach space, then there exist a
Schauder basis {e;}ien C E and {¢] };en C E* such that

1, i=j,
ej,e;) =0 =
( ]) ij {O, i;ﬁ]‘,

and

E = span{e;|i € N}, E* = span{e]’.‘\j € N}.
Now, fixing a Schauder basis {e;}ien of W&’(D(Q), we set
k
Xy :=span{e, - - e}, Y = ﬂ Ker e]’-‘, 4.1)
j=1
in such way that E = W&'(D(Q) = X; @Yy, for k € IN.
Lemma 4.1. Assume that (¢1)—(¢3) hold. If & < ¥ <« D, setting
Sk,‘Y = Sup{”uHqu(Q) : ||u|| = 1/ uc Yk/ ke N}/
then limk_m Sk,l{f =0.

Proof. 1t is clear that 0 < Sgi19 < Sgy. Thus we have Sy y — Sy > 0, as k — co. And for
every k > 0, there exists uy € Y such that ||ux]| = 1 and

S
[kl Ly () > % (4.2)

By definition of Yy, uy — 0 in W&’(D(Q), as k — oo. By (2.4), we have uy — 0 in Ly(Q),
as k — co. Using (4.2), we obtain Sy y — 0, as k — co. Hence we have proved that Sy = 0. [

Lemma 4.2. Assume that (¢1)—(¢3) and (f1)—(f3) hold. Then there exist constants k, p, A>0
and o« > 0, such that for any u € Yy with ||ul| = pand 0 < A < A,

Ix|aB,ny, > @

Proof. From (f3), (2.9), (2.11) and Holder’s inequality, there exists a constant S4 > 0 such that

nw = [ (@) - Ll - Py ) dx

A .

>l = 585 Jull” = Cz [ Juldx =G5[0 43)
A— * * 71

> i (Jlull) = 7Skl = CalQPF[Jullfy ) — Gl
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By (2.7), Lemma 3.5 and Lemma 4.1, considering Sy ¢, to be chosen posteriorly, for all u € Y;
and ||u|| = p > 1, we have

/\ .

L) 2 m(lul) - & Sh |ull

/\ * *
Zp _TSI "ol Z"535kc1>P - GO

> p'(1— G| 7 S3S g 0" ) — C3|Qf — *S’*p’*~

— Co|Q' " F SElulf, () — Cal

Now, by Lemma 4.1 again and taking k sufficiently large, there exists sufficiently small Sy ¢,
such that CQ’Q|1_IL"S§SI€© pt <1, 30" = GO > 30" and p = p(Ske.) > 1.
Consequently, for every u € Yj with [[ul| = p > 1 and k sufficiently large, there exist

sufficiently small A > 0 and a constant a > 0 such that

1 A
for 0 < A < A. Hence, we complete the proof of Lemma 4.2. O

Lemma 4.3. Assume that (¢1)—(¢3) and (fa) hold. Then for given q € IN, there exist a subspace W of
W, ®(Q) and a constant My > 0, independent of A, such that diim W = q and max,ew [y (1) < M,.

Proof. First, from (fy), let xo € Qg and ry > 0 be such that B(xo, 7o) C Qo and 0 < |B(xo, )| <

‘%—(". We take u; € C5°(Q) with supp(ui) = B(xo,19). Considering Q; := Qg \ B(xo, o),

we have |()q] > ‘%—(" > 0. Next, let x; € 7 and r; > 0 be such that B(x3,r1) C O and
0 < |B(x1,11)| < @ We take up € C5°(Q) with supp(uz) = B(x1,71). After a finite number
of steps, we get uy, uy, ..., 1y such that supp(u;) Nsupp(u;) = @ and |supp(u;)| > 0, for all i,
je{1,2,...,q} and i #j.

Let W = span{uy, uy, ..., ug}. Forevery u € W\ {0}, we have fQo |u|™dx >0, u = t,o =tv
and v € dB(0,1) N W. By (2.10) and (2.11), we obtain

R 0 = e (ST~ el = o))

< B [ ®(|Vo|)dx — / F(x, tv)d

< max () [ @(VeDdx— [ Ferto)i)
t>0 (4‘4)

< t — | F(x,tv)d

< max - (on(omlol) = [ Fox o))
t>0

=  max ( (1) <1—1/ F(x tv)dx))

 0€aB(01)"W T2 n(t) Ja 7 ’
t>0

Next, in order to prove the lemma, it suffices to show that

lim 1m/ F(x,tv)dx > 1 (4.5)
|t\%oo|’ O

uniformly for v € 0B(0,1) N W.
In fact, by (fs), for some positive constant K, there is a constant Cx > 0 such that

F(x,s) > K|s|™ — Ck,
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for any x € ()g and every s € R. Evidently, for t > 0 and v € dB(0,1) N W with fQO |o|™dx > 0,
we have

/ F(x,tv)dx :/ F(x,tv)dx > Kt’”/ |o|"dx — Ck| Q.
(@) 0O (o7}

Moreover, since W is finite dimensional, there exist constants a;,a, > 0 such that for any
v €9dB(0,1)NW
a; < HUHLW(QO) < ay.

It is easy to see that
/ F(x, to)dx > K" — C|Qy| (4.6)
Q

and
lim 1/ F(x,tv)dx > Kal'.
0

[t]—sc0 [E]™

1
m e
o

This implies that the inequality (4.5) is obtained by taking K >
Furthermore, by (4.4) and (4.6), we have

I)(tv) < ¢ — [ F(xto)d
0B (01)W Mto) < peaB (0TI (’72( )n2([[o]]) /Q (x,tv) x>

t>0 t>0

< max(a(t) — Kl#|"al! + Cl Q).

Hence we obtain
lim I/\(tv) < CK’Q()’
[t|—0
uniformly for v € 9B(0,1) N W.
Therefore, for given g € IN, there exists a constant M, > 0, independent of A, such that
maxyew, ) () < My. O

Proof of Theorem 1.2. Firstly, we will apply Lemma 2.6. We recall that W, ®*(Q) = X; @ Y,
where X; and Y; are defined in (4.1). Invoking Lemma 4.2, there exist k € N and A > 0 such
that for all 0 < A < A, I, satisfies (I;). Secondly, by Lemma 4.3 we obtain Wik C WS’CD(Q)
with dimW;,x = i+k = i+ dimX,(i € IN) and such that for all 0 < A < A, I, satisfies
(L). Thirdly, by Lemma 3.5, denoting A; = min{?x,}\*}, we have that forall 0 < A < A;, I)
satisfies (I3). Consequently, by (f5), we have I, (0) = 0 and I, (u) is even. Hence, we can apply
Lemma 2.6 to conclude that I possesses at least i pairs of nontrivial solutions for A; > 0. [
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