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Abstract. In this paper we study the asymptotic behavior of solutions to difference
equations of various types. We present sufficient conditions for the existence of so-
lutions with prescribed asymptotic behavior, and establish some results concerning
approximations of solutions, extending some of our previous results. Our approach
allows us to control the degree of approximation. As a measure of approximation we
use o(u,) where u is an arbitrary fixed positive nonincreasing sequence.
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1 Introduction

Let IN, R denote the set of positive integers and real numbers respectively. The space of all
sequences x : N — IR we denote by RN. Assume m, k € N, a,b : N — R. In this paper we will
examine the asymptotic properties of the solutions of various specific cases of the following
equations

A"x, = a,F(x)(n) +b,, F:RN RN, (E)

A(rpAxy) = ayF(x)(n) +b,, F:RN RN, 7:IN — (0,00). (QE)
In particular, we will examine the properties of solutions to equations of the form
A"y = anf (1, Xoy(nys- -1 X)) +bn, fiNXRFT SR, 0,00 N =N,

A"y = anf(n,x,, Axy, A*x,, ..., M%) + by, f N x RF2Z SR,

and discrete Volterra equations of the form

n
A"xy =by+ Y K k)f(kx), K:NxN-=R, f:NxR-R
k=1
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By a solution of (E) we mean a sequence x : N — R satisfying (E) for all large n. Analogously
we define a solution of (QE).

The study of asymptotic properties of solutions of differential and difference equations is
of great importance. Hence many papers are devoted to this subject. For differential equations
see, for example, [2,6,11,13,24,25,28,29]. Asymptotic properties of solutions of ordinary
difference equations were investigated in [12,30,32-34,39]. Several related results for discrete
Volterra equations can be found in [3-5,8,10,10,14,19-22] and for quasi-difference equations
in [1,7,26,27,31,38].

In recent years the author presented a new theory of the study of asymptotic properties
of the solutions to difference equations. This theory is based mainly on the examination of
the behavior of the iterated remainder operator and on the application of asymptotic differ-
ence pairs. This approach allows us to control the degree of approximation. The properties
of the iterated remainder operator are presented in [15]. Asymptotic difference pairs were
introduced and used in [17]. They were also used in [18] and [21].

In this paper, in Lemma 2.1, we present a new type of asymptotic difference pair. Using
Lemma 2.1 and some earlier results, we get a number of theorems about the asymptotic
properties of the solutions. Let u be a positive and nonincreasing sequence. Lemma 2.1 allows
us to use o(u,,) as a measure of approximation of solutions. Asymptotic pair technique does
not work in the case of equations of type (QE). In this case, instead of Lemma 2.1, we use
Lemma 2.3.

The paper is organized as follows. In Section 2, we introduce some notation and terminol-
ogy. Moreover, in Lemma 2.1 and Lemma 2.3 we present the basic tools that will be used in
the main part of the paper. In Section 3, we present our main results concerning the existence
of solutions with prescribed asymptotic behavior. We essentially use here a fixed point the-
ory which is frequently used in literature, see for example [1-7,11-31,35-37]. This section is
divided into four parts devoted to various types of equations. In Section 4, we establish some
results concerning approximations of solutions.

2 Preliminaries

If x,y : N — R, then xy and |x| denote the sequences defined by xy(n) = x,y, and |x|(n) =
|x,| respectively. Moreover

|x|| = sup |x,|, co={z:N —=R: limz, =0}.
nelN n—»00

Assume k € IN. We say that a function f : N x R¥ — R is locally equibounded if for any
t € R¥ there exists a neighborhood U of ¢ in RF such that f is bounded on N x U.

We say that a subset B of RN is bounded if there exists a constant M such that ||a — b|| < M
for any a,b € B. We regard any bounded subset of RN as a metric space with metric d defined
by d(a,b) = |la—b||. Assume Y C X C RN and Y is bounded. We say that an operator
F: X - RN is mezocontinuous on Y if for any fixed index n the function ¢, : Y — R defined
by ¢.(y) = F(y)(n) is uniformly continuous.

Let m € IN. We will use the following notations

A(m) = {a eRN: Y n" Ha,| < oo},

n=1



Qualitative approximation of solutions to difference equations 3

S(m) = {a € RN : the series Y. ) -+ ) a, is convergent } .

i1=11iy=iy Iy =lpy_1
For any a € S(m) we define the sequence " (a) by
Maym) =Y Y - Y a4, (2.1)
i1=nip=1 im=im—1
Then S(m) is a linear subspace of ¢g, " (a) € ¢ for any a € S(m) and
™ S(m) — co

is a linear operator which we call the remainder operator of order m. If a € A(m), then a € S(m)

and . L o L1
@ =3 (" T = (M 22)

m

for any n € IN. Moreover
A" (r"(a))(n) = (—=1)"ay 23)

for any a € A(m) and any n € IN. For more information about the remainder operator see
[15].

We say that a pair (A, Z) of linear subspaces of RN is an asymptotic difference pair of
order m or, simply, m-pair if A C A"Z, w+z € Z for any eventually zero sequence w and any
z € Z, and ba € A for any bounded sequence b and any a € A. We say that an m-pair (A, Z)
is evanescent if Z C cy.

Lemma 2.1. Assume m € IN, a positive sequence u is nonincreasing,
[o¢]

-1
A:{aelRN: an’a”‘<oo}, Z:{ZEIRN: ano(un)}.

n=1 Un
Then (A, Z) is an evanescent m-pair.

Proof. 1t is clear that ba € A for any bounded sequence b and any a € A. Obviously w+z € Z
for any eventually zero sequence w and any z € Z. Let a € A. Since u is nonincreasing, we
have a € A(m). Define sequences w,a*t,a” by

wo="20 gf —max(0,a,), a7 = min(0,a,).
n

Then 0 < a™ < |a|. Hence a* € A(m) and using (2.2) we get

) = (" e (e

k=0 k=0
> m+k—1) > (m—i—k—l) m
= Z UppkWyyk < UnWy ik = Unt™ (W) (1).
=0 < m—1 e i\ m—1 '
Therefore N
m

Un
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By (2.1), ¥ (w)(n) = o(1). Hence " (a™)(n) = o(uy). Analogously, #"(a~)(n) = o(u,). Thus
r"(a)(n) =r"(a” —a")(n) =r"(a")(n) = r"(a")(n) = o(uy).
Hence r" A C Z. Now, using (2.3), we obtain
A= (—1)"A=A""AC A"Z. 0

Lemma 2.2. Assumem € N,a e RN, y: N — (0,00), Au <0, and

o m—1
n7|an| < 0.
n=1 Un
Then a € A(m) and r™(a)(n) = o(uy).
Proof. The assertion is a consequence of the proof of Lemma 2.1. O

Lemma 2.3. Assume a,r,u:IN — R, r >0, u >0, Au <0, and

(o) 1 (o]

Then
oo 1 oo
) o)) = olun)
—n Tk i
k=n "% j=k
Proof. Define sequences z, w by
Zy = Z*Zlﬂ;!f Wy = Z*Zal
k=n UKkTk Tk k=n "k ik

By assumption, z, = o(1). Moreover
wy wn| < uyt Y - Y lajl =} T Y lajl.
k=n "k j=k k=n "'k j—k
Since Au, ! > 0, we get
[e0] 1 [e0]
w, wa| <Y —— Y |aj| =z, = o(1).
k=n “KkTk Tk

Hence |w,| = u,0(1) = o(uy). Therefore w, = o(uy). O

3 Solutions with prescribed asymptotic behavior

Assume b,u € RN and u is positive and nonincreasing. In this section we present sufficient
conditions for the existence of solution x with the asymptotic behavior

Xp =Yn+ O(Mn)

where v is a given solution of the equation A™y,, = b, or the equation A(r,Ay,) = by,.
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3.1 Abstract equations
Theorem 3.1. Assume m € N, a,b,u : IN - R, ¢ € (0,00), F : RN — RN, y is a solution of the
equation A™y, = by,

u>0 Au<0g, i

n=1

nm—1|an’ -

o, U={xeRN:|x—y|<c},
Un

and F is bounded and mezocontinuous on U. Then there exists a solution x of the equation
A"x, = a,F(x)(n) + by,
such that x, = yn + o(uy).

Proof. The assertion is a consequence of Lemma 2.1 and [18, Corollary 4.3]. O

3.2 Functional equations
Theorem 3.2. Assume m,k € N, a,b,u:IN — R, ¢ € (0,00), f : N x R - R, y is a solution of
the equation A™y, = by,

u>0 Au<Jg, i

n=1

nm—l’an| -

- o, Y= Jlyn—cyn+c]

nelN
o1,...,0: N — NN, ]}ijgoai(n) =o0 for i=1,...,k
and f is continuous and bounded on N x Y. Then there exists a solution x of the equation
A"x, = a,f(n, Xy (n)s - - .,xak(n)) +b,
such that x, = y, + o(uy).

Proof. Define an operator F : RN — RN and a subset U of RN by
F(x)(n) = f(n,xal(n),...,xgk(n)), U={xe RN : |x —y| <c}.

Then F is bounded on U. By [18, Example 3.4] F is mezocontinuous on U. Using Theorem 3.1
we obtain the result. O

Corollary 3.3. Assume m,k € N, a,b,u:IN —- R, f : N x RF - R,

[ee]

7’lm71|€ln|
u>0, Au<0, ZT<°°’
n

n=1

01,...,0¢: IN — N, li_r>n(7i(n):oo for i=1,...,k
n [ee]

and f is continuous and locally equibounded. Then for any bounded solution y of the equation A"y, =
by, there exists a solution x of the equation

A"xy = anf(n, Xoy(n)r+ - ’xUk(")) + by

such that x, = yn + o(uy).
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Proof. Assume y is a bounded solution of the equation A™y,, = b,, ¢ > 0, and

Y = U [Vn — ¢, yn +c].
nelN

Then Y* is a bounded subset of IR¥. For any t € Y* there exist a neighborhood U; of t and a
positive constant M; such that |f(n,u)| < M; for any (n,u) € N x U;. Choose t1,...,t, € Y*
such that

YU, VU, U--- UL,

If M = max(My,,...,M;,), then |f(n,u)| < M for any (n,u) € N X Y*. Now, using Theo-
rem 3.2 we obtain the result. O

Corollary 3.4. Assume m,k € N, a,b,u:IN —- R, f : IN X R 5 R,

=) nmf”aﬁ
u>0, Au<o0, ) — <o,

n=1 Un

o,...,00:IN— N, lgnai(n):w for i=1,...,k,
n—oo

and f is continuous and bounded. Then for any solution y of the equation A™y, = by, there exists a
solution x of the equation
N"xn = anf (1, Xg,(n)s -+ s Xg(n)) + b

such that x, = y, + o(uy).

Proof. The assertion is an immediate consequence of Theorem 3.2. O

Theorem 3.5. Assume m,k € N, a,b,u:IN — R, c € (0,00), f : IN x R1 5 R, y is a solution
of the equation A"y, = by,

o m—1
u>0, Au<o, YAl o

n=1 Un

and f is continuous and bounded on the set

Y = U {n} X [yn—c,yn+c] X [Ayy —c,Ayy +c¢] x -+ X [Akyn—c,Akyn—i—c].
nelN

Then there exists a solution x of the equation
A"x, = a,f(n, X, Axp, A*Xy, . .. ,Akxn) + b,
such that x, = y, + o(uy).
Proof. Define an operator F : RN — RN and a subset U of RN by
F(x)(n) = f(n,xn,Axn,A2xn,...,Akxn), U={xe RN . lx—y| < Z’kc}.
Assume x € U,n € N,and j € {1,...,k}. Then
|AX) — AYu| < [Xng1 — Yus] + |00 —va] < @7F+27F)c <,
|A2xn — Azyn| <22 ke < ..., ]ijn — Ajyn| <22 ke < ¢

Hence (n, X, Nxy, A2y, . . .,Akxn) € Y. Therefore F is bounded on U. By [18, Example 3.5] F
is mezocontinuous on U. Using Theorem 3.1 we obtain the result. O
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Corollary 3.6. Assume m,k € N, a,b,u: N — R, f: N x R - R,

u>0 Au<o0, i

n=1

nm—l |an| -
Un

0]

7

and f is continuous and locally equibounded. Then for any bounded solution y of the equation A™y, =
by, there exists a solution x of the equation

A"x, = a,f(n, Xy, Ax, N*x, . . .,Akxn) + b,
such that x, = yn, + o(uy).

Proof. Assume y is a bounded solution of the equation A™y,, = b,, ¢ > 0, and

Y = U [n —C,yn+c] X [Ayn — ¢, Ayp +¢] X -+ X [Akyn—c,Akyn-l—c].
nelN

As in the proof of Corollary 3.3 one can show that f is bounded on IN X Y;. Now, using
Theorem 3.5 we obtain the result. O

Corollary 3.7. Assume m,k € N, a,b,u:IN — R, f: N x R - R,

u>0 Au<o0, i

n=1

nm—1|an| -
Up

(0]

7

and f is continuous and bounded. Then for any solution y of the equation Ay, = by, there exists a
solution x of the equation

A"x, = a,f(n, X, Axy, N*Xy, . . .,Akxn) + b,
such that x, = yn, + o(uy).

Proof. The assertion is an immediate consequence of Theorem 3.5. O

3.3 Discrete Volterra equations
Theorem 3.8. Assumem € N, a,b,u:IN - R, K:NXxIN = R, f:INxR = R,

-1

o0 m
u>0, Au<0, ¢:N—-N, limo(n)=co, z”u
n=1

n—o0

2 |K(n,k)| < oo,
k=1

n

y is a solution of the equation A™y, = by, and there exists a uniform neighborhood U of the set y(IN)
such that the restriction f|IN x U is continuous and bounded. Then there exists a solution x of the
equation

n
A"xy = by + 2 K(?l, k)f(k/ xa(k))
k=1

such that x, = y, + o(uy).

Proof. The assertion is a consequence of Lemma 2.1 and [21, Theorem 3.1]. O
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3.4 Quasi-difference equations

Asymptotic pair technique does not work in the case of equations of type (QE). Therefore, in
this subsection we will use Lemma 2.3. Moreover, we will need the following two lemmas.

Lemma 3.9 ([23, Lemma 5]). If Y ;24 % Yooy lui| < oo, then

0 k
Yo luel Y
k=1

1
i1 7

© 1 ® ) k 1
< oo and Z*Z’Mi‘gzwk’zf

k=n Tk i=k k=n  i=17i
forany n € IN.
Lemma 3.10 ([16, Lemma 4.7] ). Assume y,p : N — R, and li_{n pn = 0. In the set X = {x €

n—oo
RN : |x —y| < |p|} we define a metric by the formula
d(x,z) = ||x —z||. (3.1)

Then any continuous map H : X — X has a fixed point.

Theorem 3.11. Assume a,b,r,u :IN = R, r > 0, u > 0, Au < 0, y is a solution of the equation
A(ryAyy) = by,

[ee]

iii\uﬂ <o, geN, ac(0,00), U= Jyn—ay.+al,
k=1 YKk =k n=q
and f : R — R is continuous and bounded on U. Then there exists a solution x of the equation
A(raBxn) = anf(Xo(n)) + bn
such that x, = y, + o(uy).

Proof. In the proof we use the methods analogous to the methods from previous papers [22]
and [23]. For n € N and x € RN let

F(x>(”) = anf(xa(n)>' (3.2)
There exists L > 0, such that
If(H)I <L (3.3)
for any ¢t € U. Since Au < 0, we have
[ee] 1 (o]
Y. =Y |aj] < oo (3.4)
k=1 Tk =k

k

Let
(o] 1 (o]
Y={xcRN:|x—y|<a}, peRN, pn:LZr—ZM]-\.
k=n "k j=k

If x € Y, then x,, € U for large n. Hence the sequence (f(x,)) is bounded for any x € Y. By
Lemma 2.3, p, = o(u,). Hence there exists an index p such that p, < a and o(n) > g for
n > p. Let

X={xeRN:|x-y| <pand x, =y, for n < p},
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n f
H:Y - RN, H(x)(n):{y R | orn<p
Yn+ Yin 5, Lick F(x)(j)  forn = p.

Note that X C Y. If x € X, then for n > p we have

oo 1 oo

¥ LRG| < £ EF<on
Therefore HX C X. Let x € X, and € > 0. Using (3.4) and Lemma 3.9 we get

0o k 1
Z || Z; < oo,
i=1"1

k=1

N‘,_\

|H(x)(n) —yu| =

Choose an index m > p and a positive constant - such that

) k m k
1 1
LY [%) —<e and 7)) |al) = <e (3.5)
k=m =1 k=1 =1l
Let
m
C= U [Vn — &, yn + .
n=1

Since C is a compact subset of R, f is uniformly continuous on C. Choose a positive ¢ such
that if t1,t, € C and |t — t1] < 4, then

f(t2) — f(t)] < (3.6)

Choose z € X such that ||x — z|| < 6. Then

[[Hx — Hzl| = sup Z Z F(z)(j))
nzp |k
(o] 1 (o] ) (] 1 00
< Z Z!F F(z)(j)| S;;Z}:{!ﬂj\’f(xa(j))—f(Za(j))\-
—p Tk =
Using Lemma 3.9, (3.6), (3.3), and (3.5) we obtain
00 k 1
[Hx — Hzl| < kZ |l f (X)) = £ (Zoe))] Z% -
=p i=1"1

m k 1 0 k 1
Sy lad )~ +20 Y el ) - <3
k=1 i1l k=m i1

Hence the map H : X — X is continuous with respect to the metric defined by (3.1). By
Lemma 3.10 there exists a point x € X such that x = Hx. Then for n > p we have

Xn =Yn+ i:ip(x)(])
k=n "k j=k

o))

— by (i F<x><f>> — F(x)(n) + by = a0 f3s0) + b
j=n

Hence, for n > p we get

A(rpAxy) = A(rnAyy) + A < (i

k=n

1
Tk

Mg

j

for large n. Since x € X and p,, = o(uy,), we get x,, = Y + 0(uy). O
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Corollary 3.12. Assume a,b,r,u : IN — R, r > 0, u > 0, Au < 0, y is a solution of the equation
A(ruAyy) =0,

[ee) l o0 o0
Z—Z(]aj\+\bj\)<oo, geN, ac€(0,0), U= U[yn—zx,yn—l—zx],
k=1 UkTk Tk n=

and f : IR — R is continuous and bounded on U. Then there exists a solution x of the equation
A(raDxy) = anf(Xs(ny) + bn
such that x, = y, + o(uy).

Proof. Define sequences w,y’ by
3 l 3 = Yn + Wy.
: r :

Choose a number &’ € (0,a) and let = o —a’. By Lemma 2.3, w, = o(u,). Hence there
exists an index g’ > ¢ such that |w,| < p for any n > ¢'. Let

u'= Uy, —oy, +o].
n=q’
If t € U and n > ¢/, then
lt—=yul =1t =y + Y0 —Yul <=yl + vy —yul <o’ +|wy] <o’ + B =

Hence U’ C U. Therefore f is continuous and bounded on U’. Moreover it is easy to see that
A(ryAwy) = b,. Thus
A(rpByy,) = A(rnAyn) + A(rpAwy) = by.

By Theorem 3.11 there exists a solution x of the equation
A(raBxn) = anf (Xo(m)) + bn
such that x, =y}, + o(u,). Then
Xn = Yn + Wy +0(tn) = Yu + 0(uy). O

Remark 3.13. It is easy to see that if r : N — (0, 00), then a sequence y is a solution of the
equation A(ry, Ay,) = 0if and only if there exist real constants cy, c; such that

n—1 1
Yn=01), —+0
e .
j=1"]
for any n.

Corollary 3.14. Assume a,b,r,u:IN - R, r >0, u >0, Au <0,

2 Z\a]|<oo

ukrk

and f : R — R is continuous. Then for any bounded solution y of the equation A(r,Ay,) = by there
exists a solution x of the equation

A(VHAXH) = a”f(xa(n)) + by
such that x, = y, + o(uy).

Proof. The assertion is an easy consequence of Theorem 3.11. O
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4 Asymptotic behavior of solutions

In this section we establish some results concerning approximations of solutions. The results
relating to equations of type (E) are based on Lemma 4.1. In the case of equations of type
(QE), we use Lemma 4.5.

Lemma 4.1 ([17, Lemma 3.7] ). Assume m € N, (A,Z) is an m-pair, a € A, b,x : IN — R, and
A"x, = O(ay) + by. Then there exist a solution y of the equation A"y, = b, and a sequence z € Z
such that x, = Yy + zy.

Using Lemma 2.1 and Lemma 4.1 we obtain the following three theorems.

Theorem 4.2. Assumem € N, a,b:IN - R, r,u:IN — (0,00), Au <0,

co _m—1
Zni‘an’<oo, F:RN—>]RN,
n=1 Un

and x is a solution of the equation
A"x, = a,F(x)(n) + by,
such that the sequence F(x) is bounded. Then there exists a solution y of the equation A™y,, = by, such
that x, = yn + o(uy).
Theorem 4.3. Assume m,k € N,a,b:IN - R, r,u:IN — (0,00), Au <0,

ZnWHl’an‘ . k+1 .
—— <o, f:INXxR*"" =R, o0,...,00: N—=N,

n=1 Un

and x is a solution of the equation

Amxn = anf(n, XU] (n)r--- ,.X'Uk(n)) + bn

such that the sequence f(1n,Xq, (4, - - -, Xg,(n)) is bounded. Then there exists a solution y of the equation

A"™y, = by, such that x, = y, + o(uy).

Theorem 4.4. Assumem € N, a,b:IN - R, r,u:IN — (0,00), Au <0,

e m—1 n
K:NxN-R, Y Y |Knk|<o, fiNxR—>R, o:N-N,
n=1 n k=1

and x is a solution of the equation

A"xy = by + ) K(n,k)f(k, xo(1))
=1

such that the sequence f(n, X,(y)) is bounded. Then there exists a solution y of the equation A™y, = by
such that x, = y, + o(uy).

Lemma 4.5. Assume b,x :IN — R, r,u : N — (0,00), Au <0,
(o] 1 [ee]
Y. — Y laj] <oo, and A(ryAx,) =O(an)+ by
k=1 YKk =g

Then there exists a solution y of the equation A(r,Ayy,) = by such that x, = y, + o(uy,).
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Proof. Define a sequence w by w, = A(r,Ax,) — b,. Then w, = O(a,). Hence

1 (o)
T L [wj] < eo.
1 UKk i=k

gk

o~
Il

Define a sequence z by
1
Tk

i

By Lemma 2.3, z, = o(uy). Let y = x — z. Then

A(ruAyn) = A(raAx,) — A (rn i L _oo wj)

Lo

k=n Tk j=k
= A(rnAxy) + A (Z w]-) = A(ryAxy) — wy = by. O
j=n

Using Lemma 4.5 we obtain the following three theorems.

Theorem 4.6. Assume a,b:IN — R, r,u :IN — (0,00), Au <0, F: RN — RN,
Z Z 11]| < 0,

and x is a solution of the equation A(r,Ax,) = a,F(x)(n) + b, such that the sequence F(x) is
bounded. Then there exists a solution y of the equation A(r,Ayy,) = by, such that x, = y, + 0(uy).

Theorem 4.7. Assumek € N,a,b:IN - R, r,u:IN — (0,00), Au <0,

o 0o
ZukrkZ’ﬂj\ <o, f:NXxR'™ SR, o,...,00:N—=N,
k= —x

and x is a solution of the equation
A(radxn) = anf (1, Xg, () -+ - Xy (n)) + bn

such that the sequence f(1n,Xq, (n), - - -, Xg,(n)) is bounded. Then there exists a solution y of the equation
A(rnAyy) = by such that x, = vy, + o(uy).

Theorem 4.8. Assumem € N, a,b: N - R, 7,u:IN — (0,00), Au <0,

[e] [e] ]
K:NxN — R, 2 ZZW@M<w f:NxR—=R,
k=1 j=ki=1

o :IN — IN, and x is a solution of the equation
n
A(rnAxy) = by + Z K(n,k)f(k, x¢)
k=1

such that the sequence f(n,xy) is bounded. Then there exists a solution y of the equation A™y, = by,
such that x, = y, + o(uy).

Remark 4.9. Theorems 4.2-4.8 do not guarantee the existence of the described solutions. In
many concrete cases the existence of such solutions can be obtained. Some of such cases are
presented in Section 3.
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