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Abstract. In this paper we deal with a system of partial differential equations de-
scribing a steady motion of an incompressible magnetohydrodynamic fluid, where the
extra stress tensor is induced by a potential with p-structure (p = 2 corresponds to the
Newtonian case). By using a fixed point argument in an appropriate functional setting,
we proved the existence and uniqueness of strong solutions for the problem in a smooth
domain () C R" (n = 2,3) under the conditions that the external force is small in a
suitable norm.
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1 Introduction and main result

Magnetohydrodynamics (MHD) concerns the interaction of electrically conductive fluids and
electromagnetic fields. The system of partial differential equations in MHD are basically
obtained through the coupling of the dynamical equations of the fluids with the Maxwell’s
equations which is used to take into account the effect of the Lorentz force due to the mag-
netic field, it has spanned a very large range of applications [21,24,25]. By neglecting the
displacement current term, a commonly used simplified MHD system could be described by

ur+ (u-V)u—divt(Du) + Vp = :{(V xb)xb+f, in Qr,

b; + ;curl ((17 curlb) = curl(u x b), in Qr, (11)

divu =0, divb =0, in Qr,

where Qr = Q x (0, T), the unknown functions u = (uy(x,t), uz(x,t),...,u,(x,t)) denotes
the velocity of the fluid, b = (bi(x,t),ba(x,t),...,ba(x,t)) the magnetic field, p = p(x,t)
the pressure and f = (fi(x,t), fa(x,t),..., fu(x,t)) the external force applied to the fluid.
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Also, T = (t;) is the stress tensor depending on the strain rate tensor Du = (Vu + VuT),
u > 0 and ¢ > 0 denotes the permeability coefficient and the electric conductivity coefficient
respectively. For the sake of simplicity, in this work, we take y =1 and ¢ = 1.

Due to the conventional belief that the Navier-Stokes equations are an accurate model for
the motion of incompressible fluids in many practical situations, the majority of the known
work have assumed that the stress tensor 7(Du) is a linear function of the strain rate Du.
In this way we obtain the conventional system for MHD, and this classical model has been
extensively studied. For instance, Duvaut and Lions [7] established the local existence and
uniqueness of a solution in the Sobolev space H*(RN)(s > N). They also proved the global
existence of a solutions to this system with small initial data. Sermange and Temam [28]
proved the existence of a unique global solution in the two space dimensions. For the zero
magnetic diffusion case, Lin, Xu and Zhang [22] and Xu and Zhang [29] established the global
well-posedness in two and three dimensional space, respectively, under the assumption that
the initial data are sufficiently close to the equilibrium state. The global existence of smooth
solutions was proved by Lei [18] for the ideal MHD with axially symmetric initial datum in
HS(R3) with s > 2. For more details, one can also refer [3-5,8,9,11,13-16,23] and the reference
cited therein.

In recent years, the flow of non-Newtonian fluids (i.e. the stress tensor 7(Du) being a non-
linear function of Du ) has gained much importance in numerous technological applications.
Further, the motion of the non-Newtonian fluids in the presence of a magnetic field in differ-
ent contexts has been studied by several authors (see [2,6,26]). A typical form of the stress
tensor 7(Du) is of some p- structure with Du which were firstly proposed by Ladyzhenskaya
in [19,20]. For the MHD equations of non-Newtonian type (1.1), the known results are limited
and here we only recall two results closely related to ours. In case that T(Du) = |Du|P~2Du
for p > g, Samokhin proved in [27] the existence of weak solutions by using Galerkin method
and the monotone theory, which solve the equations in the sense of distributions and satisfy
the following energy inequality

Oil-tlgT(llu(t)Hﬁ +6()]3) +2/0T(HW(1‘)H5 +[Vh(B)[13)dt < ([luoll3 + [[boll3).

Later on, Gunzburger and his collaborators considered (1.1) with T(Du) = (1 + |Du|P~2)Du
for the case of bounded or periodic domains, and they showed the existence and uniqueness
of a weak solutions, see [12] for more details.

In this paper, in a smooth bounded domain (3 C R" (n = 2 or 3), we consider a steady
incompressible MHD equations of non-Newtonian fluids described by

— div [2y(1 + |Du|2)”%2Du} FVp=f—diviuou)+(Vxb)xb, xcQ,
—Ab = (b-V)u— (u-V)b, xeq, (12
divu =0, divb =0, x €Q),
supplemented by the boundary conditions
upa =0, b-nljn=0,  (Vxb)xnlyn=0, (1.3)
where p > 1, n is the unit outward normal vector of d().

Remark 1.1. Since u and b are divergence free (i.e. divu = 0, divb = 0), an elementary
computations leads to the formulas

curlcurl b = —Ab, curl(u xb) = (b-V)u— (u-V)b. (1.4)
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The aim of this paper is to prove the existence and uniqueness of strong solutions to
system (1.2)—(1.3) under the assumption that the L7-norm of the external force field f is small
in a suitable sense. Our approach is based on regularity results for the Stokes problem and
magnetic equation, and a fixed-point argument.

Throughout the paper, for m € N, the standard Lebesgue spaces are denoted by L7(()) and
their norms by || - ||;, the standard Sobolev spaces are denoted by W™7(Q)) and their norms by
| + lm,q- We also denote by W;"?(Q2) the closure in W™1(Q) of C(Q)). W~11(Q) denotes the
dual of Wé’q(ﬂ) and their norms by | - ||_1,5;0. For x,y € R we denote (x,y)" = max{x,y},
x" = max{x,0}. We introduce the constants

e ) M UM _ [(p3)r -2

e _ + —
Spi=p =227 = 2 © T (pa) —eA (1.5)

We also introduce the space

V:={uecCyQ), divu =0};
V,={uc W(l)’p(Q) :divu = 0};
Vip:i={ve W(l)’p(Q) NAW™P(Q)) :dive =0 };
W:={becW"(Q):divb =0 ,b-n|yq = 0}.
Also, for g > r > n and 6 > 0, let us denote by B; the convex set defined by

By := {(g, 1) € Vo, x (WY (Q) W) : Cr||VE|l, <5, Czl| Vi, < 5}, (1.6)

where Cg is the norm of the embedding of W1(Q) into L®(Q)) and Cj is the norm of the
embedding of W'(Q) into L®(Q)), also C, denotes the Poincaré constant corresponding to
the general Poincaré inequality || - [|s < Cp||V(-)|/s. We consider the space V,, x W>'(Q)
endowed with the norm

1 1) lg,r 7= max{[[VEllrg [IVal[1}-

Now, we formulate the main theorem of this paper.

Theorem 1.2. Assume that q > r > n, p > 1, u > 0, and let f € L1(Q)). There exist positive
constant C = C(Co, Cp, Cg, Cz, C_1, ¢2) such that if

4(p—21)+’ (17)

= 1, ClIfl Clifllg\2v ¢y Cllfllgy P47
Cl+)= L+ 5p( . 1) (1+y") ]<

then, problem (1.2)~(1.3) has a unique strong solution (u,b) € V4, x W2 (QQ).

Remark 1.3. As usual, the pressure 7t has disappeared from the notion of solution. Actually,
the pressure may be recovered by de Rham Theorem at least in L?(Q)), such that the triple
(u, 7, b) satisfies equations (1.2)-(1.3) almost everywhere (see [11]).

The rest of our paper is organized as follows: in Section 2, we review some known results
and Section 3 is devoted to proving the main theorem to problem (1.2)—(1.3).
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2 Preliminary lemmas

In this section, we recall some basic facts which will be used later.

Lemma 2.1 ([10, Theorem 6.1, pp. 225]). Let m > —1 be an integer and let () be a bounded domain
in R" (n = 2,3) with boundary 9Q) of class C* with k = (m +2,2)*. Then for any p € W™ (Q),
the following system

A+ Vr=v¢, xec(,

divu =0, x €,

ulan =0,

admits a unique solution [u, 7] € W"+2P(Q)) x WML (Q)). Moreover, the following estimate holds

IVullmire + [7lmsrom < Cull$llmp,
where Cyy = Cyy(n,p, Q) is a positive constant.
Lemma 2.2 ([1]). Let rp, v, are given by (1.5) and let G : RT — R be defined by
G(8) = A6> — 5 + E6H() + D,

where A, E, D are positive constants and H(x) = x¥» (14 x)P=". Thus, if the following assertion
holds
AD + ED*'(1+D)P " < 4,

then G possesses at least one root &y. Moreover, 6y > D and for every p € [1,2] the following estimate
holds

_ _ 2 1— _ A\t

p p p

Lemma 2.3 ([17]). Let X and Y be Banach spaces such that X is reflexive and X — Y. Let B be a
non-empty, closed, convex and bounded subset of X and let T : B — B be a mapping such that

2rp+2

EdoH(80) + 8,7 (14 8p) P < D.

IT(u) — T(v)|ly < Klu—o|y, YuveB (0<K<1),

then T has a unique fixed point in B.

3 Proof of Theorem 1.2

Our proof relies on a Banach fixed point theorem. Toward this aim, we first reformulate the
problem as follows

—uhu+Vp = f—diviu®@u) + (V x b) x b+ div2uc(|Du|?)Du], x € Q,

—Ab=(b-V)u— (u-V)b, xeq, )
divu =0, divb=0, x€Q, '
u]aQ:O, b~1’l‘aQ:0, (be) Xi’l’aQ:O,

where o(x) = (1 + x)pr2 -1
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Given (&,17) € Vo, x W27 (Q)), we consider the following problem
—uAu+Vp = f—div(® &) + (V x 1) x g+ div[2uc(|DE*)DE], x € Q,

—Ab=(n-V)§—(¢-V)n, x €0, (3.2)
divu =0, divb =0, xeQ, '
u’aQIO, b‘n‘aQIO, (VXb) Xn’aQIO.

From Lemma 2.1 and Proposition 2.30 in [11], there exists a unique solution (u,b) € V,, X
W27 (Q) to (3.2). We define the mapping

T:(&n) — (u,b).

Our purpose now is to prove that TBéo is a contraction from B, to itself for some 6y > 0.
Here B;, is the closed ball defined in (1.6).

Proposition 3.1. Let g >r >mn, p > 1, u > 0, and let f € L1(Q)). There exists a positive constant
M; = M;(Co, Cp, Cg, Cg) such that if

M2 M 2rp M (P*4)+
1}|{\2qu S, <1!¢f“q> <1+1!lf”q> < (3.3)

then T(Bs,) C B, for some &y > 0.
Proof. Let (&,#) € B;. From Lemma 2.1, u € V3, and it satisfies

C
V]l < f(“f“q + 18- Velly + 11(V x 1) x lly + || div[2po (| DE*) DE] [l). (3:4)

Notice that

1V x ) xqllqg < 0l VHlly < Cellglle Vel
<O(Cp+ DIVl <6(Cp + 1)1Vl
(Cp+1)

<P /s -
ST C 5%, (3.5)
reasoning as in [1], we could obtain
: 2 Cp o 415y
16 - V&g + I div[2uo(|DG[7) D] ||y < ot 6H(6). (36)

Combining (3.4), (3.5) and (3.6), we get
M
[Vaul|1,5 < j(Hqu + 6% + uSpoH(9)),
where M; = Comax{1, g—z + (C”C;fl), CiE )
On the other hand, by Proposition 2.30 in [11], there exists a constant ¢; > 0 such that

Vb1, <cillly-VEr+ 18- V]

< c1 [Cellnll I VEllLg + CellE gl V]

<1 [CE(Cp + DIVHAIVEllg + Ce(Co + DIIVE4 VAl
1) 1)

<1 |Ce(Cp+ DIValliy = + Ce(Cp + 1)||VE| 197 (3.7)
CE CE

(Cp—i—l) 0y (Cp—i—l) y
<c 6+ )
<a | -

< 2M252/
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where My = ¢1 max{ C”H), (C”H } In order to ensure that T(Bs) C By, it is enough to show

that

M; 2
Vul1, < — + 0%+ uS,0H(6)) <9,
| Hl,q 1 (Hf”q Hop ( )) (3.8)

Vb1, <2My5? < 6.

Using Lemma 2.2 with A = %, E = M;Sy,and D = %, there exists 6; > % such
that

M
f(”f“q +0f + uS,01H(61)) < 61,
provided that
AD+ED¥ (14 D)"9" <,
which holds from the hypothesis (3.3). Also, it holds (8 = 2 in Lemma 2.2) that

_ 2Mi|flly
H

On the other hand, we reformulate the inequality (3.8), as
2My8% — 6 < 0. (3.9)

Due to
A=1>0,

we deduce that for some J, the inequality (3.9) is valid.
Take the constant D to satisfy 6~ < D < 2D < 6T, where

g 1o, g 1£4My

4M, 4 M,

Moreover, given that for every § € [67,67], the inequality (3.9) is valid, we can choose &, €
(6~, D) such that
2My63 < 6.

In conclusion, we obtain

M 2M
5, 2 Millfly _ 5 2Millflly

Thus, taking éyp = 1 we obtain that T(Bs,) C Bs,. O

Proposition 3.2. There is a positive constant m = m(C_q, Cp,c2,Cg, Cg ) such that if

2rp M (p—4)*
m <1+1>Ml“fc”fi+gp<M1”f”q> <1+1”f”q>
H H H M

then T : Bs, — By, is a contraction in Wé’q(Q) x W (Q).

1

T (3.10)

<
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Proof. Let (& 1), (&) € Bs, and let (u,b), (#,b) be their respective images under T. Then,
from (3.2) we obtain

—uA(u—a)+V(p—p)=F, xeQ,
—A(b—b) =G, x€Q,
diviu—a)=0, div(b—b)=0, x€Q,

0
(u— )30 =0, (b—1b) nlsa =0, (V x (b—b)) x nlyn =0,

Fi=div(§®&—¢®&) + (V xn) x5 — (V x#) xfj+2udiv[e(|DE*) DE — o(|DE[*) D],
= +(&-V)i—(&-V)n.

Applying Lemma 2.1 with ¢ = F we obtain

IV (=), < Cyl(l\ div(§ @&~ @ 8)ll-1g + 1(V x 1) x 51 = (V x 7)) X |14
+2u| div[e(|Dg*) D — o(|DE[*) Dg] || -1,9)-

(3.11)

Notice that

[(V x) x = (V xf) xf]-14
<V x ) x5 —(V xq) <1l
= [(Vxn) xy—(Vxa)xq+(Vxdq)xqg—(Vxq{)xiql
<[V =Dl lnlle + I Villllg — Al
< Cgllnll AV =l + IVl Celly — Al (3.12)
< CE(Cp + DIVl IV =)l + 60(Cp + DIV (g — )|
< Ce(Cp + DIVl IV (= #)[|r + 60(Cp + )|V (7 — ) |
<60(Cp + DIV = d)lr +60(Cp + DIV (5 = D)1,
=25(Cp + DIV (g — D)1,

reasoning as in [1], we obtain

A

Idiv(E@é—-E@8)|-1, < Cll¢wé-228)l,

| A (3.13)
< CCp(Ch+1)760][V(E =8Iy,
2u|| div[e(|Dg*)Dg — o(|DE*)DE] || 1,4 < Cpll [o(|IDEI*) D — o(IDEI*) D] |l (3.14)
< CuS,H(260)||V(E é)Hq

From (3.11)—(3.14) we obtain

IV (s =)}y < Ms [230 +5 H(ZCSO)] max{[|V (& = &)llg, IV (1 = )}, (3.15)

where M3 = C_1 max{CC,(C] + 1)%,2(Cp +1),C}.
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On the other hand, again by Proposition 2.30 in [11], there exists a constant c; > 0 such

that

IV =b): < V(b —b)ll,
| @ V)El + 1€ V)= (& V)l

<allm-v)E-
= & l7- V)& = (7 V)& + (7 V)E = (7- V)Es
+ 11V = Vin+ @ V-Vl

< [lly = Al VEN + 1]V — &)1l
+ 1V G = 1)+ 11E = eIV
< &2 [Celln = Al VE - + CellllAV & = &)l
+ CelléllalIV (3 = mll- + CellE = Ellagll Voll | 616
IV 01 =D V2l + Ce(Cp + DIVALNV(E = &)l
Ml + Ce(Cp+ IV (E = )laI V1l |
+ 1)Vl IV E - 8,

< 2| Cx(Cy +1)
+Ce(Cp + DIVl IV (7 -

< 2| Ca(Cy + DIIVE 141V (1 = )]s + C5(C,

)

+C(Cp + DIVElgllV (@ = m)llr + Ce(Cp + D)Vl [V (§ — §)Hq}

Cs(C,+1 N
< o[ HE L9l - )l + (€, + )l v E - )l

&+ 108V — )l + E T v - o)l

Cr
< 4MySo max{ || V(& = &)ll4 IV (r = A},

where My = czmax{ci”ﬂ) (Cp+1), M}
Combining (3.15) and (3.16), we deduce that

max{||V (u — )|, [V (b — b))}

< <2N:¢350 + 4AM,50 + M3s,,'H(250)> -max{[[V(§ = )llg, IV (g = d)l:}-

From here, and taking into account that 5 < ZMlyw, H is nondecreasing, H (4y) < 47=21"H(y)

and defining m = max{2M3,4M,}, we get

max{ |V (u — @)lq, |V (b — b))}, }
Smﬁ?+5o+5p7{(250) max{[| V(& — &)ll,, [V (1

-1
o[PS 2L g g (L1

-max{[|V (& = &)llg V(i — @)}

I}
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=m

2z (p=4)"
(1+3) 2Milfll | yip-2nrg, <M1Hf||q) 1+ Mlufnq)
H H H H

~max{[[V(§ = )llg, IV iy —#)l:}
1\ Millfly o (MFI N (L Ml fl
(H;t) " +S”< ) <1+ )

S 4(p_211)+m

I IS
-max{ [ V(&= E)llq, IV (= )I:3- (3.17)

Considering the space Y := Wé’q(Q) x WI(Q), with norm max{||V - ||, |V - |;}, the
inequality (3.17) implies that

IT(&4) =T @) lly <4¥2D"m [(1 4 ;) Mly”q

s () () e - e

From which and hypothesis (3.10), we obtain T : B;, — By, is a contraction in Wé’q(Q) X
W (Q). O

Proof of Theorem 1.2. Notice that for p < 3, 7, = 1/4 = 1/4¥P=2Y" and for p > 3, 7, >
1/4(P=21)" " Thus, by taking C = (My,m)" and because of (1.7) implies (3.3) and (3.10),
Propositions 3.1 and Propositions 3.2 yield that the mapping T : Bs, — B, is a contraction in
W,7(Q) x W (Q).

Applying Lemma 2.3 with X = V,, x W>'(QQ), ¥ = W(l]’q(Q) x W(Q) and B = By,
we could obtain that T has a unique fixed point in B;, and this implies the original problem
(1.2)~(1.3) has a unique strong solution (u,b) € Vo, x W>"(QQ).

The proof of Theorem 1.2 is finished. O
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