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1 Introduction

In this paper we treat the question of the existence and multiplicity of positive solutions for
the following class of singular systems of nonlinear elliptic equation

—div(a; (|VulP)|Vu|P—2Vu) = hy(x)u™" + F,(x,u,0) in Q,
—div(ay(|Vo|P?)|Vo|P272V0) = hy(x)v™ 72 + Fy(x,u,v) in Q,
u,v > 0in Q,

u=7v=0o0nodQ),

where QO € RY is a bounded domain with smooth boundary, N > 3 and 2 < py,p2» < N. For
i =1,2, 7 > 0is a fixed constant, a; : Rt — RT is a C!-function and k; > 0 is a nontrivial
measurable function. More precisely, we suppose that the functions h; and a; satisfy the
following assumptions:

(H) There exists 0 < ¢ € C}(Q) such that h;¢, " € L®(Q).
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(A1) There exist constants ky, ka, k3, ks > 0 and 2 < p; < g; < N such that

kitPi 4+ kot¥ < a;(tP) Vi < katPi 4+ kyt?, forall t > 0.

(Az) The functions
f— gi(tf’i)tpf_z are increasing.

(A3) The functions
t—— A;(tF) are strictly convex,

where A;(t) = fot a;(s)ds.
(A4) There exist constants j;, q% < < q% and % <0 < ql—z such that
1

;ai(t)t < Ai(t), forallt >0,
1
with T < gy < giand 2 < pp < g

Notice that the functions a; satisfy suitable monotonicity conditions which allow to con-
sider a larger class of p&q type problems. In order to illustrate the degree of generality of
the kind of problems studied here, in the following we present some examples of functions a;
which are interesting from the mathematical point of view and have a wide range of applica-
tions in physics and related sciences.

Example 1.1. If a; = 1, for each i = 1,2, our operator is the p-Laplacian and so problem (1.1)
becomes
—Apu = hi(x)u™" + F,(x,u,v) in O,

—Ap,v = ha(x)v™" + Fy(x,u,0) in ),
u=v=0o0nod),
with qi = Pi, ki+ky=1and ks + ks = 1.

9i—Pi

Example 1.2. If a;(t) =1+t z , for each i = 1,2, we obtain

—Apu—Agu=h(x)u™" + F,(x,u,0) in Q,
—Ap, 0 — Ay, = hp(x)v™ " + Fy(x,u,0) in O,
u=1v=20o0nd),

with ki =kp = ks = kg = 1.

Example 1.3. Taking a;(f) = 1+ %, for each i = 1,2, we get
(1+t) P

|VulPr=2Vu
)
(14 |Vulpr)
|Vo|P2~2V0

P22
(1+|Valr)

—div (Vu’“zVu + ) =h(x)u~" + F,(x,u,v)in Q,

—div (Vzﬂ’zZVU + ) = hy(x)v"" 4+ F,(x,u,v) in Q,

u=1ov=0o0ndQ,
with q; = pi, k1 + ko = 1 and k3 + ks = 2.
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q9i—pi

Example 1.4. If we consider a;(t) =1+t " + %, for each i = 1,2, we obtain
(14t) Pi
p1—2
—Apu— Agu —div [Vl V;t_z =h(x)u"" + F,(x,u,0) in Q,
(14 |Vulpr)
p2—2
—Ap,v — Agyv — div (( ‘VT‘ | ;fz ) = hy(x)v™"? 4+ F,(x,u,v) in O,
1+ |Vol|p) 2

u=19v=0o0nd0),
where k1 =k, = kg =1 and k3 = 2.
Remark 1.5. Note that by hypothesis (H) we have h; € L*(Q)) because
(il = Ihigo " ¢0'| < lhigo " lleotpy -
Here F is a function on Q) x R? of class C! satisfying
(F1) There exists 0 < § < % such that
—h1(x) < Fs(x,s,t) <0 ae. inQ, forall0 <s <4

and
—hy(x) < F(x,s,t) <0 ae. inQ, forall0 <t <4.

It is worthwhile to point out that, since p; < g; and by the boundedness of (), Wg’pi Q)N
Wg’qi(()) = Wg’qi(Q). Thus, in order to show the existence and multiplicity of solutions to
system (1.1), we define the Sobolev space X = Wg'ql (Q) x Wg’qz(ﬂ) endowed with the norm

[, 0)[| = [[uellg, + N[0l

1

qi

HMHL% = (/ vuqldX) .
O

Moreover, we say that a pair (4,v) € X is a positive weak solution of system (1.1) if
u,v > 0in Q) and it verifies

where

/a1(|Vu|”1)|Vu|’”1_2Vchp dx = /hl(x)u_“qb dx+/1—"u(x,u,v)q> dx
0 0 0

and
/az(\VU|p2)|Vv]”2’2Vqu) dx = /hz(x)v’”qo dx + /Fv(x, u,v)e dx,
0 0 0

for all (¢, @) € X.

In our first theorem we apply the sub-supersolution method to establish the existence of a
weak solution for system (1.1).

Theorem 1.6. Suppose that (H), (F1) and (A1)—(As3) are satisfied. Then system (1.1) has a positive
weak solution if ||h;||e is sufficiently small, for i = 1,2.
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Furthermore, we assume the conditions below to prove the existence of two solutions for
problem (1.1).

(F,) Fori=1,2,thereexists 1 <r < g} = % (qf = o0 if g; > N) such that

Fs(x,s,t) < hy(x)(1+ s14 tr’l) a.e.in (), foralls >0

and
Fi(x,s,t) < hy(x)(1+ sl ae inQ, forall t > 0.

(F3) There exist sg, tp > 0 such that
0 < F(x,s,t) < 6ssFs(x,s,t) + 0:tF(x,s,t) ae.in Q, forall s > spand t > t,
where 6; and 6; appeared in (Ays).

Theorem 1.7. Suppose that (H), (F;)—(F3) and (A1)—(A4) are satisfied. Then system (1.1) has two
positive weak solutions if ||h;||« is sufficiently small, for i = 1,2.

Singular problems has been much studied in last years. We are going to cite some authors
in last ten years. System (1.1) with Laplacian operator in both equations was studied in
[9], where it was investigated the questions of existence, non-existence and uniqueness for
solutions. The results in [9] were complemented in [16]. The general operator as we consider
in this paper was studied in [5] using continuous unbounded of solutions. The cases with
Laplacian operator involving weights were studied in [7] and [11].

In this paper we complement the results that can be found in [5], [7], [9], [11] and [16]
because we consider a general problem with singularity without restrictions in the exponents.
Moreover, we are considering the sub-supersolution method for a system that involves a non-
linear and nonhomegeneous operator. The reader can see the generality of the operator in [5].

We would like to highlight that our theorems can be applied for the model nonlinearity

F(x,s,t) = hi(x) (Srr - sérl) + hp(x) <t; - t(5r1> :

This paper is organized in the following way. Section 2 is devoted to some preliminary
results in order to prove the main results. The first theorem is proved in the Section 3 and the
second theorem in the Section 4.

2 Preliminary results

The next lemma provides the uniqueness of solution to the linear problem. The proof can be
found in [5, Lemma 1]. However, for the convenience of the reader, we also prove it here.

Lemma 2.1. Assume that the conditions (A1) and (Az) hold. Then, there exists an unique solution
u € Wé’qi(ﬂ) of the linear problem

— div(a;(|Vu ") | Vu; P2 Vuy) = hi(x) in O,
u; = 0 on 0Q),

where h; € (Wé’qi(ﬂ))’,for alli=1,2and2 < p; < g; < N.
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Proof. Consider the operator T; : Wg’qi Q) — (W&’qi(ﬂ))/ given by

(T, ) = [ ai(IVil") (V290,99 dx.
Q

In virtue of hypothesis (A1), we can show that the operator T; is well defined and it is con-
tinuous. Furthermore, by considering the hypothesis (A;), we argument as [8, Lemma 2.4] to
obtain the following inequality

Cilui — 0il P < (il ) [uil P21 — ai([03]P7) 0| 205, u; — 03),
for some C; > 0 and for all i = 1,2. Therefore,
(Tiu; — Tiv;, u; — v;) > 0, for all u;,v; € Wg’qi(ﬂ) with u; # v;,
which implies that T; is monotone. Moreover, using (A;) again we get
a2 el

and hence T
lim 7< it i) = 400,
il g, 00 |24 ]1,4;

which shows that T; is coercive. Thus, applying the Minty-Browder Theorem [2, Theo-
rem 5.15] there exists an unique u; € W&’qi(ﬂ) such that Tju; = h;(x). O

Our approach in the study of system (1.1) rests heavily on the following Weak Comparison
Principle for the p&g-Laplacian operator. The proof of the result below for the scalar case can
be found in [6, Lemma 2.1].

Lemma 2.2. Let () a bounded domain and consider u;,v; € Wg’qi (Q)) satisfying
—div(ai(]VuJPf)]Vui\l’f‘ZVui) < —div(ai(\VviV’f)|Vvi|Pf‘2Vvi) in ),
u; < v; on 0Q),

then u; < vjae. inQ), foralli =1,2and 2 < p; < g; < N.

Proof. Using the test function ¢; = (u; — v;) " := max{u; — v;,0} € Wg’q" (Q)), we get

(a;(|Vui| P Vs |P 2V u; — a; (| Vi |P) | Vo | P2 Vo, Vu; — Vo;)dx < 0.
an{u;>v;}
From Lemma 2.1, ||(#; — v;)"|| < 0, which implies that u; < v; a.e. in Q. O

Now, using Lemma 2.2, it is possible to repeat the same arguments of [13, Hopf’s Lemma]
to obtain the next result

Lemma 2.3. Let QO C RN be a bounded domain with smooth boundary and i = 1,2. If u; €
CHOQ) NW,"(Q), with 2 < p; < g; < N, and

—div(a;(|Vu;|P) [V |Pi=2Vu;) > 0in Q,

u; >0in Q),

u; = 0 on Q).

Then, %—L:; < 0 on 0Q), where 1 is the outwards normal to 0C).
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We enunciate an iteration lemma due to Stampacchia that we will use to prove the L*-
regularity of the solutions for this class of p&g type problems.

Lemma 2.4 (See [14]). Assume that ¢ : [0,00) — [0, 00) is a nonincreasing function such that if h >

af
k > ko, for some w >0, > 1, p(h) < C((h"’_(?)lﬁ Then, ¢(ko +d) = 0, where d* = CZW(])(ko)ﬁ_l
and C is positive constant.

Lemma 2.5. Let u; € WS"”(Q) be solution to problem

—_di . .| pi |pi—2 N — £ 4
{ div(a;(| Vi |P) | V|2V ;) = f; in O, o

u; = 0 on 0Q),

such that f; € L'i(Q) with r; > -
is small, forall i =1,2and 2 < p; < gq; < N.

qﬁf*qi. Then, u; € L. In particular, if || f;||. is small, then also ||u;| e

Proof. Since u; is the weak solution to (2.1) we can write

/ai(|vui‘pi>‘V“i’piizv“iv‘i)i dx = /ﬁ¢i dx, V¢ € Wé'qi(ﬂ)-
0 0

For k > 0, we define the test function

u—=k, ifu >k,
v; = sign(u;)(|ui| —k) =10, ifu =k,
u+k, if u <k.

Then, u; = v; + k sign(u;) and g—;’; = g—z;_ in the set A(k) = {x € O;|u(x)| > k}, v; = 0

in QO — A(k) and v; € W&’qi(Q). By considering the test function v; and using the Holder
inequality, we get

1 1
1

q.‘ T
[ (vl (vorax= [ foav< | [ piax| | [ 1
O A(k)

A(k) A(k)

A ()

where |A(k)| denotes the Lebesgue measure of A(k). Moreover, applying (A1) and Sobolev
inequality we obtain

9;—1

7

qlﬂ-‘ i
k»S / oldx | < / fildx | |A®K)] (4 +) 2.2)
A(k) A(k)
where S is the best constant in the Sobolev inclusion.
Note that if 0 < k < h, then A(h) C A(k) and
L L L
7 9; 7
1 . . .
IA(K)| (h—k) = /(h—k)‘?idx < / oilfidx | < / wildx | . (23)

A(h) A(h) A(k)
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It follows from (2.2) and (2.3) that

1 (14l
14001 < L U A -Gl
(sz)
Since r; > * we have B := z1 [1- (q% + %)] > 1. Therefore, if we define
. 9 11
h): A(h), x=4q;, =1 |:1 (*+>:|, k():O,
¢(h) = [A(h)] T P 7t

we obtain that ¢ is a nonincreasing function and

p(h) < M, forallh >k > 0.

By Lemma 2.4, we conclude that ¢(d) = 0 for d = C—-— Il \Q\ " and hence,

(kzs) ql
9;-1
| b1
il < UL o2,
sz) ;i —1
where B,a, S and C are constants that do not depend on f; and u;. ]

Regarding the regularity of the solution of (2.1) the next result hold and the proof can be
done repeating the same arguments of [10, Theorem 1].

Lemma 2.6. Fix h; € L*(Q), for all i = 1,2, and consider u; € Wg’qi(Q) NL2(Q), with 2 < p; <
gi < N, satisfying the problem

- div(ai(\Vui]Pi)\Vui]f’f‘2Vui) =h;in (),
u; = 0 on 0Q),
Then, u; € CY*(Q), for some a € (0,1).

The following result can be found in [12, Lemma 2.6]. The proof is presented for the
completeness of the paper.

Lemma 2.7. Let ¢, w > 0 be any functions on C}(Q). If > 0 in 0Q), where v is the inwards
normal to dQ), then there exists C > 0 such that

Zi((fc))zc>0, forall x € Q).

Proof. For 6 > 0 sufficiently small, we consider the following set
= {x € (); dist(x,0Q) < }.

Since ¢, w > 0in O and O\ Q5 is compact, there exists m > 0 such that

i((’;)) >m, forall x € Q\Qy. (2.4)
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It follows from g—f > (0 in d() that g—‘P < 0, where 7 is the outwards normal to 0Q). Further-
more, since (3 C R" is bounded domain, then d0Q2 is a compact set and consequently, there
exists C; < 0 satisfying

o) _
o

Since w € C(l) (Q), there exists C; > 0 such that

for all x € Q.

dw(x)
on

< Cp, forall x € Q.

Consider Ky = infg %—‘;; < 0 and define the function H(x) = aw(x) — ¢(x), for all x € Qs
and « € R to be chosen later. Since 0 < a < I% we obtain
dH(x) dw(x)

a(p(x) —
3 = o o xKy—C; >0, forall xe Q)

Now, fix x € Qs and consider the function
f(x) =H(x+sy), foralls e R.

For every x € )5, we choose an unique ¥ € Qs so that there exists § > 0 such that x + 5y =
X € 9Q). Hence, since H(9()) = 0 we have

f(5) =H(x+5sy) =H(x) =0.
Applying the Mean Value Theorem, there exists ¢ € (0,5) such that

f(5) = f(0) = f(§) (5 -0),
which implies that

—H(x) = %;I(x—kén)§> 0 in Q.

Therefore, H(x) < 0 for all x € Qs and hence,
aw(x) —¢(x) <0, forall x € Qy,

which result in
aw(x) < ¢(x), forall x € Q.
Thus,

9(x) >a >0, forallx e Qy. (2.5)
w(x)

By virtue of (2.4) and (2.5), we conclude that there exists C > 0 so that

(x) > C, forall x € Q. O
w(x)
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3 Proof of Theorem 1.6

In the proof of Theorem 1.6, we combine the sub-supersolution method with minimization
arguments. Before this, we need of the following definition.

We say that (u,v),(%,7) € X form a pair of sub and supersolution for system (1.1) if
u,u,v,0 € L®(Q) with

(a) u<u,v<vinQandu=0<u0=0<7o0n0d,

(b) Given (¢, @) € X, with ¢, ¢ > 0, we have

a1 (|Vu|P)|VulPr2VuVe dx < /hl(x)g_“cp dx + /Fu(x,g,w)cp dx, forallw € [v,7],
0 0

0
/ﬂ2(|VQ’p2)‘VQ‘p272VQV(p dx < /hZ(x)Q’”’Z(p dx —|—/Fv(x, w,v)p dx, forallw € [u,u]
0 0 o

and

/al(yvmm)yvmpﬂva Ve dx > /hl(x)a*mp dx + /Fu(x,ﬁ,w)<p dx, for all w € [v,7]
o 0 0
/a2(|V5\p2)|V5|p2_2V5 Vedx > /hz(x)ﬁ_”(p, dx—i—/Pv(x, w,0)¢ dx, forall w € [u,ul.
0 0 o

The next result is essential to provide the existence of a subsolution and a supersolution
for system (1.1) whenever we fix the value of ||};||c with i =1,2.

Lemma 3.1. Suppose that (H), (Fy) and (Ay)—(Az) are satisfied. If || h;|| o is small, for i = 1,2, then
there exist u,u,v,7 € CV*(Q), for some € (0,1), such that

i) hu= ", v~ 12 € L®(Q), ||ullo < 6 and ||v]|ee < 8, where & is the constant that appeared in
the hypothesis (F;);

ii) ||U]|oo < & and ||0]|ee < &, where ¢ is the constant that appeared in the hypothesis (Fy);
iii) 0 <u(x) <u(x)ae in Qand 0 < v(x) <o(x) a.e. in
iv) (u,v) is a subsolution and (u,7) is a supersolution for system (1.1).

Proof. From Lemma 2.1 and maximum principle, there exists an unique positive solution 0 <
u e Wol’q1 (Q) satisfying the problem below

—div(ay (|VulP)|Vu|Pr2Vu) = hy(x) in Q, 3.1)
u = 0 on dQ). '
Similary, there exists an unique positive solution 0 < v € W&"h (Q)) satisfying
(3.2)

—div(az(]VQ]PZ)\Vy|p2_2VQ) = hy(x) in Q,
v = 0 on 0Q).



10 S. Arruda and R. Nascimento

Since hy, hy € L®(Q)), it follows from Lemma 2.5 that u, v € L*(Q)) and there exist C1,C, >
0 such that

_1
lulleo < Callafld™ and o]l < Czllhzll"2 C

where C; and C; are constants that does not depend on /;, u and v. Therefore, we may choose
||hi]| o sufficiently small, with i = 1,2, so that

1 1
lulle <6 <5 and [lofe <0< 3.

Moreover, from Lemma 2.6 we have u,v € C'*(Q), for some a € (0,1). Thus, by virtue of
Lemmas 2.3 and 2.7, there exist C3, C4 > 0 such that

u(x)™m <C:"™ and o(x)

o(x)™m = 73 Po(x) 72
Therefore, by (H) we get

< C;”, for all x € Q.

] < G gy oo and oo 2] < C; 7 [y e (33)

implying that hju="71, hyv~72 € L®(Q)), which ends the proof of condition ().
In order to prove (ii), we invoke Lemma 2.1 and maximum principle once again to claim
that there exists an unique positive solution 0 < u € W&’ql (Q)) satisfying

—div(ay (|Vu|P)|Vu|Pr—2Vu) = hy(x)u=" in Q, (3.4)

u =0 on 0Q), .
and there exists an unique positive solution 0 <7 € Wg’qz (Q)) satisfying

—div(ay(|V7|P?)|VD|P272V70) = hy(x)v ™72 in Q,

_ (3.5)

v = 0 on JQ).

Since hiu~",hyv~72 € L®(Q)), we use Lemma 2.5 to obtain #,7 € L*(Q)) and hence, from
Lemma 2.6 we obtain %,7 € Cl# (ﬁ), for some « € (0,1). Furthermore, note that using (3.3)
we have

_ L S =
Iwugcwmuﬁn <cmmn @HM%MﬁmJ
and
T -1 (7
3l < il 3" <1C2thH”21 e 1)H¢0Hm (),

So, choosing ||/;||« sufficiently small, with i = 1,2, we obtain

1
[Tl <6< 5 and oo <6< 3.

1
2
Now, since ||u]|« and ||7||« are small it follows from (3.1), (3.2), (3.4) and (3.5) that

= div(ay (|Va[") |Vl =2 Vi) = hy(x)u™" > i (x)]|uf|e" > ha(x)
= —div(ay(|Vu")|Vu| "2 V)
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and

— div(ay(|V2]) V0|2 2VD) = ha(x)2™ " > ha(x) [[2]l<" > ha(x)
= —div(a(|Vo|™?)| Vo[22 V0).
Therefore, applying the Weak Comparison Principle for the p&g-Laplacian operator we con-

clude that
O<u(x)<u(x) ae.inQ and 0<oy(x)<?(x) ae in(,

which proves (iii).
Our final task is to check that the condition (iv) holds. Indeed, we invoke (F), (i), (3.1)
and (3.2) to obtain

—div(ar (| VulP)|VulPr2Vu) — hy (x)u™" — F,(x,1,0)
< 20 (x) = hi(x)u”" < hy(x)(2 = [Jufls") <0
and
— div(ay(|Vo|P?)|Vo|P272Vo) — hy(x)o™ " — Fy(x, u,0),
< 2hp(x) — ha(x)0™ 7 < ha(x)(2 — ||zf|e™) <0,

which implies that (1, v) is a subsolution for system (1.1). Finally, we use (F;), (ii), (iii), (3.4)
and (3.5) to get

—div(ay (|Vu|P)|[Vul|Pr Vi) — hy(x)u= " — Fp(x,1,0) > hy(x)(w " —u 1) >0
and

—div(ay(|VD|P?)|VT|P22V0 — hy(x)7 72 — F5(x,1,7) > ha(x) (v~ 72 — 5 72) >0,
which shows that (i, 7) is a supersolution for system (1.1). O

Following the same idea in [4] (see also [3]), we introduce the truncation operators T :
Wy ™ (Q) = L®(Q) and S : Wy (Q) — L¥(Q) given by

u(x), ifu(x)>u

Tu(x) = qu(x), ifu(x) <u(x) <u(x) (3.6)
u(x), ifu(x)<u

and
o(x), ifo(x)>7v(x)

Sv(x) = o(x), ifov(x) <o(x) <9(x) (3.7)
v(x), ifov(x) <o(x).

It is well that the truncation operators T and S are continuous and bounded. Now, we consider
the following functions

Gu(x,u,v) = hy(x)(Tu)~" + F,(x, Tu, Sv) (3.8)

and
Go(x,u,v) = hy(x)(Sv) ™7 + Fy(x, Tu, Sv) (3.9)
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and the auxiliary problem

—div(ay (|VulP)|VulP1=2Vu) = G,(x,u,v) in Q,
—div(ay(|Vo|P?)|Vo|P272V0) = G,(x,u,v) in Q,
u,v > 01in Q,

u=v=0ond.

(3.10)

Define the energy functional ® : X — R associated with problem (3.10) by

®(u,v) = 1 A1(|Vu|Ph)dx + 1 Ax(|VolP?)dx — | G(x,u,v)dx, V(u,v) € X,
p1 p2
0 0 0

where G(x,5,t) = [5 Ge(x, & t)dE + [ Gz (x,s, &)dE.
It follows from Lemma 3.1 (i)—(iii), (3.8), (3.9) and (F;) that

|Gy(x,u,v)| < Ki a.e. in(), for some Ky >0, V(u,v) € X. (3.11)

Similarly,
|Go(x,u,v)| <K, a.e.in Q, for some K > 0, V(u,v) € X. (3.12)

Consequently, we use (A7) to show that the functional ® is well defined and it is of class C!
on Sobolev space X with

@ (u,0) (9, 9) = / (a1 (| V")) | V|2V uV + ay(|Vo]2) | Vo |2 2VoV g dx
@]

_ /Gu(x, u,v)p dx—/Gv(x,u,v)(p dx,¥(u,v), (¢, ¢) € X.
Q o)

Next, consider
M={(uv)eX;u<u<uae inQandv <v<7ae in Q}.

We claim that @ is bounded from below in M. Indeed, for all (u,v) € X, we use (A1),
(3.11), (3.12) and continuous embedding Wg’qi(ﬂ) — LY(Q)), for i = 1,2, to obtain that ® is
coercive in M. Moreover, since (A3) holds and G,, G, € L*(Q)) we have that ® is weak lower
semi-continuous on M. Thus, as M is closed and convex in X, we use [15, Theorem 1.2] to
conclude that @ is bounded from below in M and attains it is infimum at a point (1,v) € M.

Using the same arguments as in the proof of [15, Theorem 2.4], we see that this minimum
point (u,v) is a weak solution of problem (3.10). Indeed, for all ¢, ¢ € C5°(Q)) and &€ > 0, let
the functions u,, v. € M be given by

;

u(x), u(x) +ep(x) > u(x)
ue(x) = q u(x) +ep(x), u(x) < ulx)+ep(x) < u(x)
u(x), u(x) +ep(x) < u(x)
and
o(x), v(x) +ep(x) > o(x)
0:(x) = § 0(x) +ep(x), v(x) < 0(x) +eg(x) < ()
o(x), v(x) +eg(x) <o(x)
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The functions u, and v, can be written as

e = (u+ep) = (9. —¢,) €M and ve=(v+e9)— (9. —9,) €M,

—£
where ¢, = max{0,u +ep —u} >0, ¢ = —min{0,u +ep —u} > 0, ¢, = max{0,v +e¢ —
6}20andf€:—min{0,v+eq)—g}20.

Note that ¢, ¢_€ Wé’ql (Q)NL*(Q), 9., ¢, € Wé’qz(()) N L*(Q)) and P is differentiable in
direction (u, — u, v. — v). Since (u,v) € M minimizes the functional ® in M, then

0 < ®'(u,0)(ue — 1,v: = 0) = e@'(,0) (¢, 9) — ¥ (u,0) (¢, P.) + P'(,0) (¢, ,)-

Thus,
¥ (,0)(0,9) = 1 [@(0,0)F.7) — @ (0,0)(0,9,)]. 6.13)

Now, since (#,7) is a supersolution to system (1.1), we obtain

CD/(”/ U) (5&’6&‘) = (I)’(ﬁ, 6) (as' 68) + [(I),(u, U) - q)/(ﬂ’ 5)] (ae' a“?)
> [CD/(M,’U) - CI)’(H,?)] (58’@5)
- / (a1 (|Vu]?) | VP 2V 0 — ay (|VE|P) | V| 2Va] V(i + ep — 7)dx
Qe

+ / [a2(|V0]72) | V0|2~ 2V0 — ay(|V]2) V|2 2V5] V(0 + eg — D)dx
Q;

— / [Gu(x,u,v) — Gy(x,u,0)] (u+ep —u)dx

Qe
- / [Go(x, 1, 9) — Go(x,%,7)] (v + e — T)dx
Qe
> s/ (a1 (|Vu|P)|Vu|P 2V u — ar (|Vul|P) | V| 2Vu] Vedx
Qe

+g/ [a2(|V02) V0|22V — ay(|V5]2) V5[ 2V3] Vedx

Qe
— 8/ |Gu(x,u,v) — Fp(x,1,0)| |p|dx — e/ |Go(x,u,v) — Go(x,%,0)| |p|dx,
Q; Q.

where Q, = {x € Q; u(x) +ep(x) > u(x) > u(x) and v(x) +e@(x) > v(x) > v(x)}. Note that
|Q¢| — 0as & — 0. Then, ®'(u,v)(¢p,, ¢.) > o(¢), where @ — 0 as ¢ — 0. Similarly, we obtain
D' (u, v)(g,ﬁ) < o(¢) and consequently, by (3.13) we conclude that @' (u,v)(¢, ¢) > 0, for all
¢, ¢ € C5(Q). Repeating the above arguments for (—¢, —¢) we have ®'(u,v)(¢, ¢) < 0, for all
¢, ¢ € C3(Q) and hence, @' (u,v) (¢, ¢) = 0. Therefore, since CP(Q) is dense in W', Vi = 1,2,
we prove that ®'(u,v) = 0, which implies that (1, v) weakly solves (3.10).

Since (u,v) € M it follows from G,(x,u,v) = hy(x)u~" + F,(x,u,v) and Gy(x,u,v) =
ha(x)v=72 + Fy(x,u,v), for (u,v) € [u,u] x [v,7], that (1,v) € X is precisely a positive weak
solution for system (1.1).
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4 Proof of Theorem 1.7

Let (u,v) € L®(Q) x L®(Q) be the subsolution of system (1.1). Consider T : Wé’ql(ﬂ) —
L*(Q) and S: W&’qz(ﬂ) — L*(Q)) the truncation operators given by

~ if
Fu(x) = u(x), ifu(x) > u(x) 1)
u(x), ifu(x) <u(x),
~ if
Su(x) = v(x), ifo(x) > o(x) 42)
v(x), ifov(x) <o(x).
and the following functions
Gu(x,1,0) = hy(x)(Tu)™" + F,(x, Tu, Sv) (4.3)
and
Go(x,1,0) = hy(x)(50) ™2 4 F,(x, Tu, Sv) (4.4)
Next, consider the auxiliary problem
—div(ay (|VulP)|Vu|P2Vu) = G, (x,u,v) in Q,
—div(ay(|Vo|P2)|Vo|P22Vv) = Gy(x,u,v) in O, (4.5)

u,v>0in Q,
u=1ov=0ond.
and define the functional @ : X — R associated with problem (4.5) by

~

D(u,v) = 1/A1(|Vu|p1)dx+1/A2(|Vv|p2)dx—/é(x,u,v)dx,
Pla P24 o

where G(x,s,t) = I Ge(x, & 1)dE + fot Ge(x,s,¢)d¢.
Note that, applying (4.3), (4.4), (F1) and (F,) we obtain

Gulx,1,0) < hy(x)u™ + hy(x)(1+ Jul~" +]S0/""")  ae. in Q, Vu,0 >0 (4.6)
Similarly,
Gol(x,1,0) < hy(x)0™ " + hy(x) (14 |Tul "' + |oI™") ae. in Q, Yu,v > 0. (4.7)

Again, using (A;) its possible to prove that the functional ® € C!(X,R) with the following
Fréchet derivative

CTJI(u,v)(cp, Q) = /[ul(]VuV’l)]Vu]pl*ZVchp—|—u2(]Vv\p2)\Vv]”2’2Vqu)} dx
o)

—/@u(x,u,v)qb dx—/@v(x,u,v)(p dx,
o) Q

for all (1,0), (¢, p) € X. Furthermore, any critical point of ® is a weak solution for auxiliary
system (4.5).

In our next result we prove that the functional ® satisfies the two geometries of the Moun-
tain Pass Theorem [1].
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Lemma 4.1. Suppose that (H), (F;)—(F3) and (A1)—(Ay4) are satisfied. Then, for ||h;| e small, Vi =
1,2, ® satisfies

(@1) There exist R, a, B with R > || (1, v)|| and a < B such that

P <a<B< inf .
(u,0) B< ot

(®y) There exists e € X \ Br(0) such that ®(e) < B.

Proof. Since (u,v) is a subsolution of (1.1) it follows from Lemma 3.1(7), (F;), (4.3) and (4.4)
that
G(x,u,0) > [ (x)u™ — hy(x)] u+ [ha(x)v™"2 —hp(x)] v ae.in Q

and hence, in view of Lemma 3.1(i) again we obtain 0 < a € R such that

Swo) < o [ A(|Vu) dx+ - [ Ax(|Vel?) dr = (48)
p1 4 PZQ

Now, without loss of generality, we can consider g1 < g». So, using (H), (A1), (4.6), (4.7),
Lemma 3.1 and Sobolev embedding there exist positive constants such that

D(u,0) > 2| (,0) | = il o[ (1, 0) | = 2l o 11 (1, )]

> o
= aaf| M fleo | (u, 0) " = thl\oo/ISAv\r’l!u\dx—C4thy’”!|oo!|(u,v)!|
QO

= o5 haleo [ (1, 0) || = cs[|Balco | (11, 0) " = thHoo/ | Tul"oldx, (4.9)
Q

where K = min { %, %} Note that, invoking Young’s inequality and Sobolev embedding we
get

e / So Muldx = nlles [ loluldx + Il [ oI fuldx

v<v >0

< crllmafleoll2llis 11 (u, )11+ esllBalleo | (e, 2) " + coll ool (1, 2) |

and

Iz / Tul " foldx = 2l [ lul " folds + 2l [ [ oldx

u<u u>u

< crollhalleolellec™ 1 (i, 0)1] + exa Il (1, 2) 7 + c12 |2l eo | (12, 0) |-

Thus, taking ||(u#,v)|] = R with R > max{1,|(xv)||} and |/}||~ sufficiently small, for
i = 1,2, there exists 0 < B € R, with B > «, such that ®(u,v) > B, for all (u,v) € dBgr(0).
Hence, the choices of &, B, R and ||};||cc combined with inequalities (4.8) and (4.9) result in

C/I\D(%Q) <a<pB< inf @,
(u,0)€0BR(0)

which shows the condition <T>1.



16 S. Arruda and R. Nascimento

Now, by definition (4.3) we have

~

Gsu(x,su,0) > Fy(x,5u,0), foralls >1,a.e. in Q)

and invoking (A;) we obtain

~ ks
2P

—squu /F x,su,0)d

The hypothesis (F;) provides di,d, > 0 such that F(x,s,0) > dlsé —dy, for all s >
max{1,so}, where sy is the constant that appeared in (F3). Then, by Sobolev embedding
there exist positive constants d3,ds > 0 such that

1 1
— d3s® ||ul|| 8% + dy.

~ ks ky
p P1 =
D(su,0) < 7]915 Hlully, + fhs i Lg

Since 2 < p; < g1 < 9% < gj, we conclude that &D(sg, 0) - —co0 as s — +oco. So, we may

find s* > 0 with e = s*(4,0) € X such that |le]| > R and ®(e) < B, which satisfies the
condition ®,. O

Lemma 4.2. The functional ® satisfies the Palais—Smale condition for all ¢ € R.
Proof. Consider (u,,v,) C X a Palais-Smale sequence, i.e.,
O (uy,vp) ¢ and D (u,,v,) — 0. (4.10)
Thus, for all n € IN sufficiently large, there exists C > 0 such that
(1, 01) — | Bu,®' (10, 00) (1, 0) + 80, % (4, 0) (0,00) | < €1+ | (1, 00)]):
On the other hand, we use (A1) and (A4) to obtain

(i, 0n) — [eun@(un,vn)(un,m + 05, ® (11, 04) (0, vn)}

1 1
> (o =0 ) Fallualfy, + (5 — 6, ) Rllenl

+ / [Qu” Gu, (%, ttn, 0 )ity + 05, Go, (%, 1, )0 — G(x, un,vn)} :

Therefore, since 0, < ——, 0,, < —— and g1 < g2, without loss of generality, we have

Hlpl Ilzlﬂz
C+(1+ H(umvn)ll)

> 26]1 H(un,vn |7t +/ 9unGun(x Up, U ) Uy —|—90nGvn(x Up, Un)Un @(x,un,vn)} , (4.11)

where K = min {kz(p m —9un),7~€2(ﬁ —0,,) }
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Considering sy and ty given in (Fz), it follows from (4.3), (4.4) and (F3) that there exists
C > 0 such that

/ [Gun G, (X, 11, 0y )ity + 04, Go, (X, U, )0y — @(x,un,vn)}
(@]

0

= [Gunhﬂx)(?un)—%un 400, 12(0)(S5,) " on— [ () (B) 7 - | ”"h.z(x)(sz,,)—%] -C
Q

= [ [l Dm0, - D a7

{un<u}Ufv, <o}

+ [(9 - _1%) ()l + (e)vn - 1_172> o (x)ul™ W] _¢ @)

{up>u}U{v,>v}

Now, using (A4), Lemma 3.1(i), (4.11) and (4.12) we consider the following cases below:
Case 1: If 1,72 > 1, then there exists M > 0 such that

M + C||(un, vn) Un, On) ||

> ol
Case 2: If 0 < 1,72 < 1, we apply Holder’s inequality in (4.12) to obtain

1 +(11-1) 1-
M-l—CH(un,vn)H-i-(l_% ) Hh qufh (- H“nHquﬁ

1 72+(12—1) =72 K q
+ (12 0 ) Il ol 2 s 0n) I,

Case3: If y1 >1and 0 < 7, < 1, we get

1 g2+ (712—1) 1-72 K q
M+l o)+ (1 =00 ) Il ™ on 5 2 0 7.

Case 4: If o > 1 and 0 < 91 < 1, then

U, vn) ||

1 aHn-1 . pl-m s
M+l o)+ (2 = 8 ) Wil 5 2

Case 5: Making 1,72 = 1 in (4.3) and (4.4) we have

K
M+ C[ (s, o) [ [[oo [t [ [ B2l oo |00 | = S 11 Gty 00 ) [

So, analyzing all cases above, we conclude that (u,,v,) is a bounded sequence in X. Thus,
up to subsequence, there exists (u,v) € X such that

(4, — up in W&’ql(ﬂ),

u, — upyin L°(Q), 1 <s < gf, (4.13)
Uy (x) — uz(x) a.e. in Q)

and
Uy — vy in W&"“(Q),

vy — v in LN(QY), 1 <t < g3, (4.14)
vn(x) = v2(x) a.e. in Q.
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Using (Az), Lemma 4.1(7), (4.10), (4.13) and (4.14) we can argue as in [5, Lemma 1] to
obtain

Cyyllun — quql—i—quan leqz

~

< / [@un(x, Up, Un) (tty — 1) + Gy, (%, Uy, vn) (0n — v)} dx. (4.15)
o)

Moreover, we invoke (4.6), (4.7), (4.13), (4.14) and Lebesgue’s Dominated Convergence Theo-
rem to get

~

/ [@un (x, tty, vn) (thy — u) + Gy, (X, Up, vy) (v — v)} dx — 0, asn — 4oo. (4.16)
0

Note that, without loss of generality, we can consider g1 > g,. It follows from (4.15) and
(4.16) that (1, v,) — (1,0) in X. O

Next, let (1,v) and (u,7) be the subsolution and the supersolution, respectively, of system
(1.1) given in Lemma 3.1 and (u1,v1) a weak solution of system (1.1) obtained in Theorem
1.6. Invoking Lemmas 4.1 and 4.4, it follows from Mountain Pass Theorem that there exists
(up,v2) € X such that

B < @(uz, m) =c,

where ¢ is the minimax value of ®. Furthermore, since Gu(x,u,v) = @u(x, u,v) and
Go(x,1,0) = Gy(x,u,v), for all (u,v) € [0,7] x [0,7], then ®(u,v) = ®(u,v), for all (u,v) €
[0,7] x [0,7). Thus, ®(uy,v;) = infy; P, where (u1,v1) € [, 1] x [0,7] and M is given in
the proof of Theorem 1.6. Thus, auxiliary system (4.5) has two positive weak solutions
(u1,01), (up,v2) € X such that

D(ur,01) < P(w,v) < a < p< D(uz, 02) =c.

Finally, let’s show that u < up and v < vp. Indeed, taking ((u — uz)™, (v — v2) ") as test
function and defining {(u2, v2) < (1,0)} := {x € Qua(x) < u(x) and v2(x) < v(x)}, we have

/al(|Vu2|p1)|Vu2|”1_2Vu2V(g —up)Tdx + /a2(|V02|7"2)\V02|P2_2V02V(Q —vy)Tdx
o

= / [M(X)E’% + Fuz(x,u,Ssz)} (u — up)tdx

{ua<u}

+ / [hz(x)g*“/z + F,(x, Tuz,g)} (v —v2) .

{v2<a}
Since (u,v) is subsolution for system (1.1), then

/al(yvmpl)yvmpﬁsz(g —up)Tdx — /a1(|Vu2|”1)|Vu2|p1’2Vu2V(g —up)Tdx <0
O O

and

/az(\VU|P2)|V7J!p2 2VoV (v — vy +dx—/a2 |V02|P2)|[V0a |22V 0,V (v — up) Tdx <0,
0 0



Existence and multiplicity of positive solutions for a singular system 19

which implies that (4 — uz)™ = 0 and (v — v2)" = 0. Therefore, we conclude that 0 < u <
up a.e. in Q and 0 < v < vp a.e. in (), as claimed. It follows from (4.3) and (4.4) that

@uz(x, up,v2) = h(x)uy, ™" + Fy, (x,u2,02)  in Q)

and
évz(x, up,02) = h(x)vy ™ + Fy, (x,u2,v2)  in QL

Then, (u11,v1) and (up, v2) are two positive weak solutions for system (1.1).
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