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Abstract. For a nonautonomous differential equation, we consider the almost re-
ducibility property that corresponds to the reduction of the original equation to an
autonomous equation via a coordinate change preserving the Lyapunov exponents. In
particular, we characterize the class of equations to which a given equation is almost
reducible. The proof is based on a characterization of the almost reducibility to an au-
tonomous equation with a diagonal coefficient matrix. We also characterize the notion
of almost reducibility for an equation x’ = A(t,0)x depending continuously on a real
parameter 6. In particular, we show that the almost reducibility set is always an F,s-set
and for any F,;-set containing zero we construct a differential equation with that set as
its almost reducibility set.
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1 Introduction

We first describe the reducibility property and the type of problems considered in the paper.
Let A(t) and B(t) be g x g matrices varying continuously with f > 0 and consider the linear
equations

x'=A(t)x and y' = B(t)y. (1.1)

Let T(t,s) and S(t,s) be the corresponding evolution families such that
T(t,s)x(s) = x(t) and S(ts)y(s) =y(t)

for any solutions x and y of the equations in (1.1) and for any t,s > 0. We say that the
equations are equivalent via a coordinate change U (t) given by invertible g X q matrices if

U(t)"'T(t,s)U(s) = S(t,s) forallt,s>0. (1.2)
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More generally, one can also consider piecewise continuous functions A(t) and B(t) (see
Section 2), in which case the evolution families T(t,s) and S(¢,s) are still continuous in (¢,s).

In this paper we consider the class of equations that are equivalent to an autonomous
equation. Namely, we say that the equation x’ = A(t)x is reducible via a coordinate change U (t)
if it is equivalent to some autonomous equation y’ = By. Moreover, we say that the equation
x" = A(t)x is almost reducible if it is equivalent to some autonomous equation via a Lyapunov
coordinate change U(t), that is, a coordinate change satisfying

.1 o1 -1
lim  log||U(#)]| = lim _ log|[U() | =0. (13)

The Lyapunov coordinate changes are the only coordinate changes that preserve simulta-
neously the Lyapunov exponents of all sequences of invertible matrices with a finite Lyapunov
exponent. More precisely, for each v € R7 let

Aa(v) = lim —log||T(t,0)o]

be the Lyapunov exponent associated with the equation ¥’ = A(t)x, with the convention that
log0 = —oo. The Lyapunov exponent Ag(v) for the equation y' = B(t)y is defined similarly.
The former statement on the preservation of the Lyapunov exponents means that a coordinate
change U(t) is a Lyapunov coordinate change if and only if the evolution families of any two
equivalent equations as in (1.1) that satisfy (1.2) also satisfy

Aa(U(0)v) = Ag(v) forall v € R7.

This causes that the almost reducibility property occurs naturally whenever we want to reduce
the original dynamics to a simpler one without changing the asymptotic behavior given by
the Lyapunov exponents.

A first notion of reducibility is due to Lyapunov [5] (see [7] for an English translation).
He considered instead bounded coordinate changes with bounded inverses, that is, transfor-
mations satisfying

sup||U(t)|| < +o0 and sup||U(t) | < +oo. (1.4)
t>0 20
We refer the reader to [4,6,8,9] and the references therein for some early results as well as to
the book [3] for a global panorama of the area in 1980. While the coordinate changes satis-
fying (1.4) are appropriate to study uniform Lyapunov stability (because bounded coordinate
changes preserve this type of stability), in order to study nonuniform Lyapunov stability it is
crucial to consider Lyapunov coordinate changes as in (1.3).

We first give a characterization of the almost reducibility of an equation to an autonomous

equation with a diagonal coefficient matrix (see Theorem 2.1).

Theorem 1.1. For an equation x' = A(t)x on R such that the Lyapunov exponent A, is finite on
R7\ {0}, we have

t q
lim © [ tr As)ds = inf ) Aa(oy)
=1

t—o0 0 j

with the infimum taken over all bases vy, ...,v, for R7 if and only if the equation is almost reducible
to an equation y' = By with B diagonal.

We shall use this result to characterize the autonomous equations to which a given equa-
tion is almost reducible (see Theorem 2.2).
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Theorem 1.2. x’ = A(t)x is almost reducible to y' = By and y' = Cy if and only if the eigenvalues
of B and C, counted with multiplicities and eventually up to a permutation, have the same real parts.

We also characterize completely the notion of almost reducibility for continuous 1-para-
meter families of linear differential equations. Namely, we consider equations x’ = A(t,0)x
depending continuously on a real parameter 6. The almost reducibility set of this equation is
the set of all 6 € R for which the equation is almost reducible. We have the following result
(see Theorem 3.1).

Theorem 1.3. The almost reducibility set of x' = A(t,0)x is an F,s-set.

Finally, we establish a partial converse of Theorem 1.3. Namely, we construct a differential
equation with given F,;-set containing zero as its almost reducibility set (see Theorem 4.1).

Theorem 1.4. Given an integer q > 2 and an F,s-set M containing zero, there exists an equation x' =
A(t,0)x whose almost reducibility set is equal to M. Moreover, given an unbounded nondecreasing
function p(t) > 0, we may require that

|A(t,0)]| <p(t)(1+10]) forallt > 0and 6 € R.

The proof of Theorem 1.4 is partly inspired by arguments in [1].

2 The notion of almost reducibility

We introduce the notion of almost reducibility for the class of nonautonomous linear equations

and we establish some of its basic properties. In particular, we characterize completely the

class of autonomous equations to which a given nonautonomous equation is almost reducible.

Let M, be the set of all g X g matrices with real entries and let GL; C M, be the subset of

all invertible matrices. Consider a piecewise continuous function A: Rj — M,. We say that
the equation

x' = A(t)x (2.1)

is almost reducible to an equation x’ = Bx for some matrix B € M, if there exist matrices
U(t) € GL, for t > 0 satisfying

1 1 L
lim —log|[U(t)|| = lim - log|[U(t)™"[| =0 (2.2)
such that
U(H) T T(t,s)U(s) = P9 fort,s >0, (2.3)

where T(t,s) is the evolution family associated with equation (2.1). This means that we have
T(t,s)x(s) = x(t) for any solution x = x(t) of the equation x’ = A(t)x and all t,s > 0. Then
we also say that equation (2.1) is almost reducible. The family (U(t));>o is called a Lyapunov
coordinate change.

We start by describing when a nonautonomous equation is almost reducible to an au-
tonomous equation with a diagonal coefficient matrix. The Lyapunov exponent A: R1 —
[—00, +00] associated with equation (2.1) is defined by

M) = lim - log||T(t,0)oll,
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with the convention that log0 = —oco. We shall always assume that A takes only finite values
on R7\ {0}. It follows from the theory of Lyapunov exponents that these finite values are say
A1 < -+ < Ay for some positive integer p < q and that the sets

E; = {UERqZ/\(U) S/\l}

are linear subspaces fori = 1,...,p. A basis vy,...,v, for RY is said to be normal (with respect
to equation (2.1)) if for each i = 1,..., p some elements of {vy,...,v,} form a basis for E;.

Theorem 2.1. Let x' = A(t)x be an equation on R7 whose Lyapunov A takes only finite values on
R7\ {0}. Then

lim trA ZA v;) (2.4)

t—oo 0

for some normal basis vy, ...,v, for R7 if and only if the equation x' = A(t)x is almost reducible
to an autonomous equation with a diagonal coefficient matrix, whose entries on the diagonal are then
necessarily A(vy),...,A(vg), up to a permutation.

Proof. Assume first that (2.4) holds for some normal basis vy, ...,v,; for R7. Let U(0) be the
matrix with columns vy, ...,v, and for each t > 0, let

U(t) = T(t,0)U(0) diag (e !, ..., e Mot

Then
U(t) 71T (t,s)U(s) = diag(e@)t=s), .. Moalt=s)),

that is, property (2.3) holds taking

B = diag(A(v1),...,A(vy))-

In order to show that (U(t));>0 is a Lyapunov coordinate change, notice that the columns
of U(t) are the vectors
T(t,0)vre M@ T(t, 0)vge™ Moot

Since .
lim —log (|| T(t,0)v[le~*®)) =0, (2.5)
—00

0 1 < .

Now we consider the matrices
U(t)~! = diag(eM@Vt, ..., M@ (T(t,0)U(0)) 1.

We have
(T(t,0)U(0))"" = C(t)/ det(T(t,0)U(0))

for some matrices C(t) with (i,j) entry given by (—1)"*/AJi(t), where AJi(t) is the determinant
of the matrix obtained from T(t,0)U(0) erasing its jth line and ith column. Then

exp E;’Zl o))t
det(T(t,0)U(0))’

ut)=t=D(t (2.6)
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where

D(t) = diag (e Z# M)t . em T )=y c (),

By Liouville’s theorem we have
t
detT(t,0) = exp/ tr A(s) ds (2.7)
0

and so it follows from (2.4) that

11m110gdetTt0 Z/\ v]

Therefore,

lim — log =P Z] 1 A"
t—oo f |det(T(t,0)U(0))]
The (i, ) entry of D(t) is given by (—1)*iAJi(t), where A/'(t) is the determinant of the matrix
obtained from T(t,0)U(0) dividing each kth column by ¢*(?)! and then erasing the jth line
and the ith column. It follows from (2.5) that

=0. (2.8)

lim flog|A]’( )] <0 andso thim %logHD(t)H <0.
—> 00

t—oo |

Therefore, by (2.6) and (2.8), we obtain
.1 11 1 -1
lim ~log(|U(t)™"||7") = — Lim —log||U(t)""| >0,
t—o00 t t—o0 t

which shows that (U(t));>0 is a Lyapunov coordinate change.
Now assume that the equation x’ = A(t)x is almost reducible to an autonomous equation
with a diagonal coefficient matrix, that is,

U(t) "' T(t,s)U(s) = diag(en™), ..., e(7)) (2.9)

for some matrices U(t) € GL,,, for t > 0, satisfying (2.2) and some numbers ay, ...,a, € R. Let
v1, ..., 7, be the columns of U(0). Then

U= T(t, 0)vi]| = e

By (2.2), this implies that the basis vy, ..., v, is normal with Av;)) =a; fori=1,...,9. More-
over, again by (2.9), we have

det(U(H)Y) det T(t,0) det U(0) = emm1 M)", (2.10)

Since det U(t) is a sum of products of the entries of U(t), by (2.2) we have

lim flog]det u)|=0

t—oo |

and so it follows from (2.7) and (2.10), that identity (2.4) holds. O

We use Theorem 2.1 to characterize the class of autonomous equations to which an equa-
tion x’ = A(t)x is almost reducible.
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Theorem 2.2. Let x' = A(t)x be an equation on R7 that is almost reducible to an equation x' = Bx.
Then the equation x' = A(t)x is almost reducible to an equation x' = Cx if and only if the eigenvalues
Ai(B) and A;(C), respectively, of B and C counted with multiplicities, satisfy

ReA(B) = ReA(C) fori=1,...,q,
eventually up to a permutation.

Proof. First assume that the equation x’ = A(f)x is almost reducible to both x’ = Bx and
x" = Cx. Consider Lyapunov coordinate changes (U(t))¢>o and (V(t));>0 such that

Ll(t)_lT(t,s)LI(s) — ¢B(=)  and V(t)_lT(t,s)V(S) — Clt=s)

for t,s > 0. Then
W(t)fleB(tfs)W(S) — eC(tfs)

for t,s > 0, where the matrices W(t) = U(t) "'V (t) form again a Lyapunov coordinate change.
It follows readily from the identity

W(t) LeB'W(0) =

that the Lyapunov exponents A® and A® associated, respectively, with the equations x’ = Bx
and x’ = Cx satisfy
AB(W(0)v) = AS(v) forall v € RY. (2.11)

The values of A® and A are, respectively, Re A;(B) and Re A;(C) fori = 1,...,q, counted with
their multiplicities and so it follows readily from (2.11) that

ReA;(B) =ReA;(C) fori=1,...,q, (2.12)

eventually up to a permutation.

Now assume that property (2.12) holds, eventually up to a permutation. Again, the values
of the Lyapunov exponents A® and A€ are, respectively, Re A;(B) and Re A;(C) fori=1,...,q,
counted with their multiplicities. Therefore, condition (2.4) holds for the differential equations
x’ = Bx and x’ = Cx. By Theorem 2.1, there exist Lyapunov coordinate changes (U(t)):>o and
(V(t))s>0 such that

S

0 (t)~1eP==)(s) = diag(Re A1(B), ..., Re Ay(B))'~

and
S

V(1) eCU=)V(s) = diag(Re A1(C), ..., Re A, (C))'~
for t > 0. By (2.12), we obtain

() 1B (s) = 7 (£) 1St 7 (s)

for t > 0 and so
W) IT(t,s)W(s) = eC(9)

for t,s > 0, where
W(t) = U(t)U(H)v(t)~?

for each t > 0. Since (W(t));>0 is a Lyapunov coordinate change, we conclude that ' = A(#)x
is almost reducible to the equation x” = Cx. O
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3 Characterization of almost reducibility sets

In this section we give a characterization of the almost reducibility sets of a differential equa-
tion x’ = A(t,0)x depending on a real parameter 6. Namely, we show that any such set is an
F,s-set. More precisely, let M be the set of all equations x’ = A(t,0)x such that the map

Ry xR > (£,0) — A(t,0) € M,

is piecewise continuous in f and continuous in 6. We denote by Ty(t,s) the corresponding
evolution family. The almost reducibility set of an equation x’ = A(t,0)x is the set of all € R
for which the equation is almost reducible.

Theorem 3.1. The almost reducibility set of any equation x' = A(t,0)x in M is an Fys-set.

Proof. Let M be the almost reducibility set of the equation. For each n € IN and ¢ > 0, we
define a function g,,¢: M; X GL; x R — [0,n] by

Sne(B,C,0) = supmin{n, h(B,C,0)},

t>0

where
fi(B,C,0) = max{ ||’ CTp(0,t)||e”, || Ty (t,0)C e B||e~*}.

The function g, is lower semicontinuous in (B, C, ) since the functions
eBICTy(0,t)|le " and | Ty(t,0)C e B|e

are continuous (in view of the continuous dependence of a solution on a parameter) and the
supremum of any number of continuous functions is lower semicontinuous. Therefore, the set

Dn,e = g;g(—oo, 7’1/2]

is closed for each n € IN and ¢ > 0.

Lemma 3.2. The equation x' = A(t,0)x is almost reducible to the equation x' = Bx if and only if
there exists C € GL, such that for each ¢ > 0 we have

Sne(B,C,0) <n/2 forsomen € N. (3.1)

Proof of the lemma. First assume that the equation x’ = A(t)x is almost reducible to the equa-
tion ¥’ = Bx. Then there exists a Lyapunov coordinate change (U(t)):>o satisfying (2.3).
By property (2.2), for each € > 0 we have

e <~ log|lU(t) ™ < T log|U(r)] <&
for any sulfficiently large ¢ and so there exists ¢ = c(¢) > 0 such that
e < um) T < U] < ce” (32)
for all t > 0. Now take C = U(0)~!. By (2.3) with s = 0 we have

U(t) = To(t,0)C T B and U(t)~! = eBICTy(0, t).
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Hence, it follows readily from (3.2) that

sup ([le™CTy(0, 1) e~ + || To(t,0)C e~ [|e™) < o0
t>0

and so property (3.1) holds.
Now assume that there exists C € GL; satistying (3.1) for each ¢ > 0. Then there exists
n € N such that

max{ [|e"CTy(0,t)[le™, || Ty(t,0)C e P |le™*} < n/2
for all t > 0 and so ,
tliim n logHeBtCTG(O,t)H <0 (3.3)
—00

and .
T+ ~1,-Bt|| <
tlg(r}o ; log|| Ty (t,0)C e 7| < 0. (34)
Finally, let
U(t) = Ty(t,0)C e Bt fort > 0.
Note that U(0) = C~!. Therefore,

B(t—s) B

— e test

e
= U(H) " To(1,0)I(0) (U(0) Ty 0, 5)Ui(s))
= U(t) I Ty(t,s)U(s).

Moreover, since

U(t)™! = eB'CTy(0,1),
it follows readily from (3.3) and (3.4) that
0 < lim 7log(JU() | ) < Tim - log|U(5)]| <0

t—o0 t

and so condition (2.2) also holds. O

By Lemma 3.2, the equation x’ = A(t,60)x is almost reducible if and only if there exist
B € M; and C € GL, such that

(B,C,G) €D, := U Dy e
nelN
for each & > 0. Therefore, the almost reducibility set is
M = () (D),
e>0
where 71: My, X GL; x R — R is the projection onto the third component. For k € IN let

Ex={(B,C,0) € My x GLy x R: ||B|| <k, k! <|detC| <k, |0] <k}.
Then each set D, N Ey is compact and
D, = U Dn,s = U (Dn,smEk)~
nelN n,keN

Therefore,

M= 7(D:)= () U 7(Dusp NEx)

e>0 peN nkeIN

and since the map 7t is continuous, each set 7(D,, 1 /pN Ey) is compact. This shows that the
almost reducibility set M is an F,s-set. O
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4 Construction of families of equations

We also construct (as explicitly as possible) a differential equation in M with a given F,s-set
containing zero as its almost reducibility set.

Theorem 4.1. Given an integer q > 2 and an F,5-set M containing zero, there exists an equation
x' = A(t,0)x in M whose almost reducibility set is equal to M. Moreover, given an unbounded
nondecreasing function p(t) > 0, we may require that

|A(t,0)]| <p(t)(1+10]) forallt >0and 6 € R.

Proof. We start by describing some auxiliary notions that will be used in the proof. Given
a,b,c,0 € R, we consider the 2 x 2 matrices

B(w.6) = (—c(l —ai)) — b6 N _—9a)9+ be) ’ @1)
where u = (a,b,c) and
v=v(ub) = \/(a2 —(b—1¢)2)6%2 —2¢c(b—c)f — 2. (4.2)
Then B(u,0) has eigenvalues £v. Given r,s € R with rs > 0 and d € R™, we define
a=d(s—r), b=d(2rs—r—s), c=2drs. (4.3)
Then
a* — (b —c)*> = —4d*rs < 0
and one can show that 6 € [r, s] if and only if
P(u,0) := (a* — (b —c)*)6*> — 2c(b — )8 — c* > 0. (4.4)

Since M is an F,s-set containing zero, one can write

R\M = [ J HY, where H” = (| U}’
welN icN

for some nonempty open sets U” C R\ {0} satisfying U’ ; C U for each w,i € IN. Moreover,
U = Upen I, for some nonempty open finite intervals I, C R\ {0} with the property that
each 0 € U belongs to at most two intervals I (for each w,i € IN).

We still need an additional decomposition. For each interval I! = («, B), we consider the
sequence (¢;);cz defined recursively as follows. Take ¢o = (« + B) /2. For each I € N, let

2+ B _Copta
T AT Ty
and
I ) _ Copp2t+Cy
C—1 = 5 €241 = - 5

We define | = [c;, ¢;42] for | € Z and so

L= U i

leZ
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Note that each point 6 € U}’ belongs to at most three intervals Ji,; (for each w,i,m € IN).
Moreover, given 6 € I?, there exists | = [(f) € Z with 6 € ], such that 6 is at least at a

m’
distance |J%,|/6 from each endpoint of J* , (where |I| denotes the length of the interval I).
Now let 1: N — IN® x Z be a bijection. Writing J*, = [r,s] and n = 1 Y(w,i,m,I), we
consider the unique d = d(17) € R" such that
max P(u(n),0) = d*rs(r —s)* = 1 (4.5)
feR ’ w’
with u(n) = (a,b,c) given by (4.3). Then
5, > 5 s—r s—r
> 2 —e)= 2 s ,
P(u(n),0) > 9d rs(r—s) 5 for6 € |r+ ¢ S 3 (4.6)

Consider the function o (t) = min{p(t),t} for t > 0. Moreover, consider a strictly increas-
ing sequence of positive integers ({;);cn such that /1 =1,

byj2 /2 1 a1 1
Tt i:1a(€3171) < i < 7 Caj1 = 2037 — U3 4.7)
and
o(lzj-1) > 2«|ju(f)|] (4.8)

for all j € IN, where k¥ > 0 is fixed constant such that
H (’g Z) H <«|(a,b,c,d)| foranya,b,cdecR.

Finally, let A; = [¢;,£;,1) for each j € IN and define

B(u(j),0) ift € Asjfor some j € N,
A(t,0) = ¢ —B(u(j),0) ift e Asj_q for some j € N,
Id if t € Azj_ for some j € IN.

By (4.1) together with (4.8), we obtain

At 0)[| < [[B(u(f),0)[ < xllu(j)|l
< o(lz-1)(1+16])
<o(t)(1+10]) <p(t)(1+]0]).

Lemma 4.2. x' = A(t,0)x is not almost irreducible for 6 € R\ M.

Proof of the lemma. Take w € IN such that & € U for all i € IN. For each i € IN there exists
m € IN such that 6 € I!. Moreover, let | = [(f) € Z be the integer introduced before (4.5)
and write :~!(w,i,m,1) = r;. For each j € Az, _1 U Ag,, the matrices +B(u(3r;),0) have real
eigenvalues. Denoting their (common) top eigenvalue by v;, it follows readily from (4.2)
and (4.4) together with (4.5) and (4.6) that

-

<v <

7~

2

B

Denoting by Ty(t,s) the evolution family associated with the equation x’ = A(t,0)x, we have

To(¢3r,-1,0) = Id and so

=

To(L3r,,0) = To(Lar,, £3r,—1)-
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Therefore,

1 To(L3r,, 0) | = [ To (Cr,, £ar,—1) |
— He(ésri—égrl.fl)B(u(Bn)ﬂ) H

> pVillar;=lar1)

> 637‘,’ - E3}’,’—1
=P\ "2

which in view of (4.7) gives

1 -
lim — log|| Ty (¢3,,,0)|| > lim
1—00

i—o0 £3p;

1 l3r, 1 1
1- = = . 4.
zm( O ) N (49)

Now we assume that the equation x” = A(t,6)x is almost reducible to an equation x’ = Bx.
Then there exist matrices U(t) satisfying (2.2) and (2.3). Since Ty(/3,,—1,0) = Id, we have

eBEgri—1 — u(£3ri71)71 U(O)

and
e Bl = U(0) U (fy,_1)

for all i € IN. Therefore, for each € > 0 there exists ¢y = co(€) > 0 such that
manc{ [}, ™5} < coe

for all i € IN. Since f3,,_1 — o0 when i — co and ¢ is arbitrary, all eigenvalues of B have real
part equal to 0 and so

|eB]| < c1(1+4|t]) for some ¢; > 0 and any ¢ > 0.
On the other hand, by (2.3) we have
To(t,0) = U()eP'U(0) !
and so
1o (€ar,, 0) || < ULO) | - (1L (£ar) I - 1P |
< e1(1+ [ ) IUO)7H] - 11U (G-

Finally, taking into account that U(t) satisfies (2.2) we obtain

fim L log||Ty(£3,0) | <0,

i—o0 £35;
which contradicts (4.9). This shows that the equation x’ = A(t, 6)x is not almost reducible. [
Lemma 4.3. x’ = A(t,0)x is almost reducible for 6 € M.

Proof of the lemma. Since 8 ¢ H" for every w € IN, 0 belongs to at most finitely many sets U”,
i € N (because U, C U;" for each w,i € IN) and since each element of U belongs to at
most two intervals If}, with m € IN and to at most three closed intervals i, with | € Z, we
conclude that 6 belongs to finitely many closed intervals J;7 , with i,m € IN and [ € Z for each

w € IN. This implies that for each w € IN there exists N = N, € IN such that for y > N
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with (1) = (wy, iy, my,1;) we have 0 ¢ ]Zvj;;ﬂln and so also P(u(r),0) < 0 whenever w, < w.
In particular, for 7 > N with wy < w we have v = iv with 7 € R and so

B < 14 2||B(u(y),0)| - |¢]

(see for example [2, p. 65]). For the values of 7 > N with w;, > w, in view of (4.5) we have

1 1
<<
Pl = wy — w1
Take w € N. If 7 > N, then
I Ta(t, L3y 1) < [|eBNAE=tsy0))
< (14 20(8ay-1) (1 + 18])(t — £3,-1)) exp (15_53,1_1>
: '7 ! w+1 (4.10)

< (1+20(€3y-1)(1+10])t) exp (t_zf\/%_;)

for t € Az, 1 U Asy. Now take
te Ag,],1 U A3,7 U A3,7+1 with 7 € IN.
Since A(t,0) = Id for t € Az, > and

n—1
To(t, lan-1) = To(t, lay—1) [ | To(Cziz1, l3i-1),

using (4.10) we obtain

-1
[ To(t, ban—1) || < [|To(t, €3y—1)|| HHTe U341, 03i1) |

< (1+20(l3y—1)(1+ |0])t H (1420 (€3i-1) (1 + |0])l3i41)
=N

1 i
t— s, l3i1 — U3
XexP( o1 (( 31 1)‘*‘1_;\]( 3i+1 — {3 1)))

1
< (1+20(l3y—1)(1+0])t) h(l +20(03i-1)(1+160])€3i11)
i1

t —Llay—1+ lay—2 — l3n-1
e w+1

—_

”’ t
14+ 20(43,-1)(1+160]) (1+20(lsi-1)(1+ 16])¢ exp ————.
( (317 1 | | 11 3i— ( | |) 31+1) p\/m
Then

1 1
— +tll>r£10710g(1 + 20 (€3y—1) (1 + |6])t)
171- 1
+ lim ~ Zlog 1420 (L3i-1)(1+|6])C3i41)-

t—o0

— 1
tlgrolo n log||To(t, €an—1) | <
(4.11)
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Since
0(l3y-1) = min{p(l3y_1),l3y-1} < l3y-1 < t,
we obtain
fim D log(1+20(63,_1)(1 +10])¢) = 4.12)

Moreover, since log(1 + x) < x for all x > 0, it follows from (4.7) that

1= 2 1l
< Z (1420 (€3i-1)(1+10])L3141) < Y (0(lsi—1) (1 +16])l3i41)
ti= 6377*1 i=1
2(1 + ‘9|)£3,7,2 -1
S T ; 0'@31—1)
< 2(1+ \9|)
Ui
Therefore,
7] 1
hm Z lOg(l + 20—(631 (1 + ’9’)@3{_;,_1) =0 (413)

t—oo f
since 17 — oo when t — co. By (4.12) and (4.13), it follows from (4.11) that

1
w—+1

1
}Lrilo?log\\Te(t,ﬁgN_1)!! <
for any w € IN and so
— 1
T <
T L og) 17,1, <0

One can also show that .
w1 <
thmoo . log||Ty(0, )| <0

interchanging B(u,0) with —B(u,0) in the definition of A(t,6). This implies that
.1 .1 1
lim +log]| T (t,0)]| > Lim | log(|IT,(0, )]~
t—oc0 t—o0
— 1
= — lim - >
lim - log||Te(0, £)][ = 0

and so
lim flogH (t,0)*1| = 0.

t4>oo

For Uy(t) = Ty(t,0) we have
Ug(t) " 1Ty(t,0)Us(t) = Ty(0,)Ty(t,0) = Id.

So, identity (2.3) holds with B = 0. This shows that the differential equation x’ = A(t,0)x is
almost reducible. O

In order to construct an equation x’ = A(t,0)x on R7 with almost reducibility set M for
g > 2, it suffices to take
A(t,0) = diag(A(t,9),0).

This concludes the proof of the theorem. O
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