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About some properties of intermediate point
in certain mean-value formulas
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Abstract

In this paper we study a property of the intermediate point (see

[10]) from the quadrature formula of the trapeze, Simpson,s formula

and the mean-value formula of N. Ciorănescu.

2000 Mathematical Subject Classification: 25A24, 65D30

1. In the specialized literature there are a lot of mean-value formulas (the

mean-value theorem for derivates, the mean-value theorems for Riemann

integrals, the quadrature formulas, the cubature formulas, etc.). In general

they contain one or more intermediate points. This points have different

properties which result from the properties of the classes of functions, to

which the mean-value theorems refer to.
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In [10] B. Jacobson demonstrated that for the mean-value formula

b∫

a

f(t)dt = (b− a)f(c),

where f is a continuous function on the real closed interval [a, b], we have:

lim
b→a

c− a

b− a
=

1

2

In [13] E. C. Popa finds the following results:

1.1 Let f, g : [a, b] → R, two continuous functions with f derivable in a, g

non-negative and f ′(a)g(a) 6= 0. From the first mean-value theorem for

Riemann integral we have: for any x ∈ (a, b] there is cx ∈ [a, x] such that:

x∫

a

f(t)g(t)dt = f(cx) ·
x∫

a

g(t)dt

Then:

lim
x→a

cx − a

x− a
=

1

2
.

1.2 Let f, g : [a, b] → R, f continuous, g monotone and derivable with

f(a)g′(a) 6= 0. From the second mean-value for Riemann integral, we have:

for any x ∈ (a, b] there is cx ∈ [a, x] such that:

x∫

a

f(t)g(t)dt = g(a)

cx∫

a

f(t)dt + g(x)

x∫

cx

f(t)dt.

Then:

lim
x→a

cx − a

x− a
=

1

2
.

1.3 Let f, g : [a, b] → R, two continuous functions on [a, b], derivable on

(a, b), derivable two times in a and g′(x) 6= 0 for any x ∈ [a, b], f ′′(a)g′(a) 6=
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f ′(a)g′′(a). By using Cauchy,s theorem, for any x ∈ [a, b] we have

g(a) 6= g(x) and there is cx ∈ (a, x) so that:

f(x)− f(a)

g(x)− g(a)
=

f ′(cx)

g′(cx)
.

Then

lim
x→a

cx − a

x− a
=

1

2
.

In [5] S. Anita gives the following result: Let x0 ∈ I, I interval and

f : I → R a function derivable of (n + 2) times on I and f (n+2)(x0) 6= 0.

According to Taylor,s theorem we have:

f(x) = f(x0) +
x− x0

1!
f ′(x0) + ... +

(x− x0)
n

n!
f (n)(x0)+(1)

+
(x− x0)

n+1

(n + 1)!
f (n+1)(cx).

If for any x ∈ I {x0} we fix cx 6= x0 for which relation (1) holds, then:

lim
x→x0

cx − x0

x− x0

=
1

n + 2
.

V. Radu demonstrated in [14] that if f, g : I ⊆ R → R (n + 1) times

derivable on I and a, x ∈ I, then there is cx between a and x such that:

f(x)−
n∑

k=0

f (k)(a)(x− a)k

k!

g(x)−
n∑

k=0

g(k)(a)(x− a)k

k!

=
f (n+1)(cx)

g(n+1)(cx)
.(2)

In [4] D. Acu demonstrated that, for the intermediate point in formula

(2), we have:

lim
x→a

cx − a

x− a
=

1

n + 2
.
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In this paper we study the property shown above for the intermediate

point from the quadrature formula of the trapeze, the quadrature formula

of Simpson and the mean-value formula of N. Ciorănescu [6].

2. First, let us consider the quadrature formula of the trapeze. If

f : [a, b] → R, f ∈ C2[a, b], then for any x ∈ (a, b] there is cx ∈ (a, x)

such that:

x∫

a

f(t)dt =
1

2
(x− a) [f(a) + f(x)]− (x− a)3

12
f ′′(cx).(3)

(see [7], [9], [11], [12]).

In the above condition we have the following theorem:

Theorem 1. If f ∈ C3[a, b] and f ′′′(a) 6= 0, then for the intermediate point

cx that appears in formula (3), it follows:

lim
x→a

cx − a

x− a
=

1

2
.

Proof. Let F, G : [a, b] → R defined as follows:

F (x) =

x∫

a

f(t)dt− 1

2
(x−a)[f(a)+f(x)]+

(x− a)3

12
f ′′(a), G(x) = (x−a)4.

Since F and G are two times derivable on [a, b] and G′(x) 6= 0, G′′(x) 6= 0

for any x ∈ (a, b], we have:

F ′(x) =
1

2
f ′(x)− 1

2
f(a)− 1

2
(x− a)f ′(x) +

1

4
(x− a)2f ′′(a)

F ′′(x) = −1

2
(x− a)f ′′(x) +

1

2
(x− a)f ′′(a) = −1

2
(x− a)[f ′′(x)− f ′′(a)].

G′(x) = 4(x− a)3, G′′(x) = 12(x− a)2.
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By using succesive l,Hospital rule, we obtain:

lim
x→a

F ′′(x)

G′′(x)
= lim

x→a

−1

2
(x− a)[f ′′(x)− f ′′(a)]

12(x− a)2 = − 1

24
f ′′′(a)

Hence:

lim
x→a

F (x)

G(x)
= − 1

24
f ′′′(a).(4)

On the other hand:

F (x)

G(x)
=
−(x− a)3

12
f ′′(cx) +

(x− a)3

12
f ′′(a)

(x− a)4 = − 1

12

f ′′(cx)− f ′′(a)

x− a
=

= −1

2

f ′′(cx)− f ′′(a)

cx − a
· cx − a

x− a
.

Hence:

lim
x→a

F (x)

G(x)
= − 1

12
f ′′′(a) · lim

x→a

cx − a

x− a
(5)

because cx → a when x → a. From relations (4) and (5) we obtain:

lim
x→a

cx − a

x− a
=

1

2

which is in fact the conclusion of Theorem 1.

3. Now we will consider Simpson,s formula.

If f : [a, b] → R, f ∈ C4[a, b], then any x ∈ (a, b], there is cx ∈ (a, b)

such that:

x∫

a

f(t)dt =
1

6
(x−a)

[
f(a) + 4f

(
a + x

2

)
+ f(x)

]
− (x− a)5

2880
f (IV )(cx).(6)

(see [7], [9], [11], [12]).

Our main result is contained in the following:
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Theorem 2. If f ∈ C5[a, b] and f (5)(a) 6= 0, then for the intermediate point

cx which appears in formula (6) we have:

lim
x→a

cx − a

x− a
=

1

2

Proof. Let us consider F, G : [a, b] → R defined by:

F (x) =

x∫

a

f(t)dt−1

6
(x−a)

[
f(a) + 4f

(
a + x

2

)
+ f(x)

]
+

(x− a)5

2880
f (IV )(a),

G(x) = (x− a)6.

Since F and G are fifth times derivable on [a, b], G(k)(x) 6= 0 for k = 1, 5,

∀x ∈ (a, b] we have:

F (5)(x) =
1

6
f (IV )(x)− 5

24
f (IV )

(
a + x

2

)
+

1

24
f (IV )(a)−

−1

6
(x− a)

[
1

8
f (5)

(
a + x

2

)
+ f (5)(x)

]
,

G(5)(x) = 6!(x− a).

We have:

lim
x→a

F (5)(x)

G(5)(x)
= lim

x→a





1

6

[
f (IV )(x)− f (IV )(a)

]

6!(x− a)
−

5

24

[
f (IV )

(
a + x

2

)
− f (IV )(a)

]

a + x

2
− a

·

·
a + x

2
− a

6!(x− a)
− 1

6 · 6!

[
1

8
f (5)

(
a + x

2

)
+ f (5)(x)

]




=

=
1

6!

(
1

6
− 5

48
− 3

16

)
f (5)(a) = − 1

5! · 48
f (5)(a).
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Hence:

lim
x→a

F (x)

G(x)
= − 1

5! · 48
f (5)(a).(7)

On the other hand:

F (x)

G(x)
=
−(x− a)5

2880
f (IV )(cx) +

(x− a)5

2880
f (IV )(a)

(x− a)6 =

= − 1

2880

f (IV )(cx)− f (IV )(a)

cx − a
· cx − a

x− a
.

By applying the limit x → a, we have cx → a and we obtain:

lim
x→a

F (x)

G(x)
= − 1

2880
f (5)(a) lim

x→a

cx − a

x− a
.(8)

From the relations (7) and (8), it follow

lim
x→a

cx − a

x− a
=

1

2

what is exactly the assertion of Theorem 2.

4. The last part of the paper is dedicated to the study of the intermediate,s

point property from the mean-value formula of N. Ciorănescu [6].

Being given: a function f : [a, b] → R, f ∈ Cm[a, b], a sequence of

orthogonal polynomials (pn)n≥0 (degree of pn is equal n) on [a, b], in respect

to a weight function w : [a, b] → (0,∞), N. Ciorănescu demonstrated that

the following formula is valid:

b∫

a

f(x)pm(x)w(x)dx =
f (m)(cb)

m!

b∫

a

xmpm(x)w(x)dx.(9)

Theorem 3. If f ∈ C(m+1)[a, b] and f (m+1)(a) 6= 0, then the intermediate

point of the mean-value formula (9) satisfies the relation:

lim
b→a

cb − a

b− a
=

1

m + 2
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Proof. To obtain this result we use the so-called “method of parameters”

introduced by D. D. Stancu 46 years ago in [15] and [16], in order to con-

struct quadrature formulae of high degree of exactness and by using the

Hildebrand,s V - method we will obtain the result from the theorem.

For more informations about the use of this effective method it can be

consulted [1], [2], [3], [16].

First we have two results.

Lemma 1. In orthogonality conditions of the (pm)(x) on [a, b] ⊆ R asso-

ciated with the non-negative weight function w on [a, b] we construct the

polynoms (Vk)k=0,m with Hildebrand,s V - method (see [1], [2], [3], [8]) as

follows

V0(x) = w(x)pm(x),

Vj(x) =

x∫

a

Vj−1(t)dt, j = 1,m.

Then: Vj(a) = 0, Vj(b) = 0, for any j = 1, m.

Proof. We have Vj(a) = 0, for any j = 1, m.

V1(b) =

b∫

a

V0(t)dt =

b∫

a

w(t)pm(t)dt = 0

(from the orthogonality of the polynoms (pm)m≥0). Using the integration

by parts, we obtain:

V2(b) =

b∫

a

V1(t)dt = tV1(t)|ba−
b∫

a

tV ′
1(t)dt =

b∫

a

tV0(t)dt = −
b∫

a

tpm(t)w(t)dt = 0.
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In the same way, it follows

V3(b) =

b∫

a

V2(t)dt = tV2(t)|ba −
b∫

a

tV1(t)dt =

= tV2(t)|ba −
t2

2
V1(t)|ba +

1

2

b∫

a

t2V0(t)dt = 0.

...

Vm(b) =

b∫

a

Vm−1(t)dt = tVm−1(t)|ba −
b∫

a

tVm−2(t)dt =

= −t2

2
Vm−2(t)|ba +

1

6

b∫

a

t3Vm−3(t)dt = ... =
(−1)m−1

(m− 1)!

b∫

a

tm−1V0(t)dt = 0.

Hence Vj(b) = 0, for any j = 1, m.

Lemma 2. We have the following equalities:

i)
b∫

a

f(x)pm(x)w(x)dx = (−1)m
b∫

a

f (m)(x)Vm(x)dx.

ii)
b∫

a

xmV
(m)
m (x)dx = (−1)mm!

b∫
a

Vm(x)dx.

Proof. Using the integration by parts and taking into account Lemma 1,

we have:

i)
b∫

a

f(x)pm(x)w(x)dx =
b∫

a

f(x)V0(x)dx =
b∫

a

f(x)V ′
1(x)dx = f(x)V1(x)|ba−

−
b∫

a

f ′(x)V1(x)dx =

b∫

a

f ′′(x)V2(x)dx = ... = (−1)m

b∫

a

f (m)(x)Vm(x)dx.
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ii)
b∫

a

xmV
(m)
m (x)dx =

b∫
a

xm(V
(m−1)
m )′(x)dx = xmV

(m−1)
m (x)|ba−

−m

b∫

a

xm−1V (m−1)
m (x)dx = ... = (−1)mm!

b∫

a

Vm(x)dx.

We now come back to the proof of the Theorem 3. Using the Lemma 2

results in relations (9) we obtain successively

b∫

a

f(x)pm(x)w(x)dx = (−1)m

b∫

a

f (m)(x)Vm(x)dx =

=
f (m)(cb)

m!

b∫

a

xmpm(x)w(x)dx =
f (m)(cb)

m!

b∫

a

xmV (m)
m (x)dx =

=
f (m)(cb)

m!
(−1)mm!

b∫

a

Vm(x)dx.

Therefore:

b∫

a

f (m)(x)Vm(x)dx = f (m)(cb)

b∫

a

Vm(x)dx.(10)

Now, we consider the functions F, G : [a, b] → R defined by:

F (b) =

b∫

a

f (m)(x)Vm(x)dx− f (m)(a)

b∫

a

Vm(x)dx, G(b) = (b− a)m+2.

We have:

F (a) = 0, F ′(b) = f (m)(b)Vm(b)− f (m)(a)Vm(b) = 0,

F ′′(b) = f (m+1)(b)Vm(b) + f (m)(b)V ′
m(b)− f (m)(a)V ′

m(b) =
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= f (m+1)(b)Vm(b) + f (m)(b)Vm−1(b)− f (m)(a)Vm−1(b) = 0.

...

F (k)(b) = f (m+k−1)(b)Vm(b) + C1
k−1f

(m+k−2)(b)Vm−1(b) + ...+

+f (m)(b)Vm−k+1(b)− f (m)(a)Vm−k+1(b) = 0.

...

F (m)(b) = f (2m−1)(b)Vm(b) + C1
m−1f

(2m−2)(b)Vm−1(b) + ...+

+f (m)(b)V1(b)− f (m)(a)V1(b) = 0.

F (m+1)(b) = f (2m)(b)Vm(b) + C1
mf (2m−1)(b)Vm−1(b) + ... + Cm

mf (m)(b)V0(b)−

−f (m)(a)V0(b) = [f (m)(b)− f (m)(a)]V0(b).

Analog: G′(b) = (m + 2)(b− a)m+1, ..., G(m+1)(b) = (m + 2)!(b− a).

Therefore, using the l,Hospital rule, we obtain

lim
b→a

F (m+1)(b)

G(m+1)(b)
= lim

b→a

[f (m)(b)− f (m)(a)]

(m + 2)!(b− a)
V0(b) =

f (m+1)(a)

(m + 2)!
V0(a).

According to the l,Hospital rules it follows

lim
b→a

F (x)

G(x)
=

f (m+1)(a)

(m + 2)!
V0(a)(11)

It is obvious that we have:

F (b)

G(b)
=

b∫

a

f (m)(x)Vm(x)dx− f (m)(a)

b∫

a

Vm(x)dx

(b− a)m+2 =

=

f (m)(cb)

b∫

a

Vm(x)dx− f (m)(a)

b∫

a

Vm(x)dx

(b− a)m+2
=
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=

b∫

a

Vm(x)dx

(b− a)m+1 ·
f (m)(cb)− f (m)(a)

cb − a
· cb − a

b− a
.

By passing to limit with b → a, we have cb → a, we will obtain:

lim
b→a

F (b)

G(b)
=

V0(a)

(m + 1)!
f (m+1)(a) · lim

b→a

cb − a

b− a
,(12)

because:

lim
b→a

f (m)(cb)− f (m)(a)

b− a
= f (m+1)(a),

and:

lim
b→a

b∫

a

Vm(x)dx

(b− a)m+1 = lim
b→a

Vm(b)

(m + 1)(b− a)m = lim
b→a

Vm−1(b)

m(m + 1)(b− a)m−1 = ... =

= lim
b→a

V1(b)

(m + 1)!(b− a)
= lim

b→a

V0(b)

(m + 1)!
=

V0(a)

(m + 1)!
.

From relations (11) and (12) we have:

lim
b→a

cb − a

b− a
=

1

m + 2

what is exactly the assertion of Theorem 3.

Remark 1. For w(x) = 1 and m = 0 form Theorem 3 we obtain B.

Jacobson,s result.
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[11] A. Lupaş, C. Manole, Numerical analysis chapters, Publishing House

of the “Lucian Blaga” University of Sibiu, Sibiu, 1994 (in Romanian).



64 Dumitru Acu, Petrică Dicu
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