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Abstract

In this paper we obtain new results concerning the Tricomi,s

quadrature formula.

2000 Mathematical Subject Classification: 65D32

In [10] F. Tricomi introduced a interesting quadrature rule, analogous

to famous Richardson,s method [5].

The paper [8], [9], [1] complete with new results the Tricomi,s paper.

In this article we present some new results concerning the generalization

of the Tricomi,s quadrature formula, given in [1].

1. Let f be a function from ACn−1[a, b] - the class of functions f whose

(n− 1)-th derivative f (n−1) is absolutely continuous in [a, b].
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We consider the elementary quadrature formula

b∫

a

f(x)dx =
n−1∑

k=0

m∑
i=1

Akif
(k)
(xi)

+ R(f),(1)

with the algebraical degree of exactness n−1 and with the remainder given

by

R(f) = f
(n)
(ξ)

b∫

a

φ(x)dx, ξ ∈ (a, b),(2)

where φ is the influence function ([7]).

We divide the interval [a, b] into a certain number p partial intervals

[uj−1, uj], j = 1, p, defined by the points

a = u0 < u1 < ... < up−1 < up = b(3)

and we put dj = uj − uj−1, j = 1, p.

We evaluate the integral

I =

b∫

a

f(x)dx,

using the generalized quadrature formula generated to the elementary for-

mula (1) (see [7]). We obtain

I = Sp + Rp(4)

with

Sp =

p∑
j=1

n−1∑

k=0

m∑
i=1

(
dj

b− a

)k+1

Akif
(k)

(
uj−1 + dj

xj − a

b− a

)
(5)

and the remainder

Rp = T

[
p∑

j=1

(
dj

b− a

)n+1
]

f
(n)
(ξ1), ξ1 ∈ [a, b),(6)
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where

T =

b∫

a

φ(x)dx.(7)

Now we divide the interval [a, b] into a certain number q, q > p, partial

intervals [vj−1, vj], j = 1, q, defined by the points

a = v0 < v1 < ... < vq−1 < vq = b,(8)

with cj = vj − vj−1, j = 1, q.

We evaluate the integral I using the generalized quadrature formula ge-

nerated to the elementary formula (1) and the partition (8). We find:

I = Sq + Rq,(9)

with

Sq =

q∑
j=1

n−1∑

k=0

m∑
i=1

(
cj

b− a

)k+1

Akif
(k)

(
vj−1 + cj

xi − a

b− a

)
(10)

and the remainder

Rq = T

[
q∑

j=1

(
cj

b− a

)n+1
]

f (n)(ξ2), ξ2 ∈ (a, b).(11)

If the function f is a polynomial of degree ≤ n, then f (n)(ξ1) = f (n)(ξ2).

In this situation, if we put




D =
p∑

j=1

(
dj

b− a

)n+1

and

C =
p∑

j=1

(
cj

b− a

)n+1

,

(12)

then from (4), (6), (9), (11) it results

Tf (n)(ξ1) = Tf (n)(ξ2) =
Sq − Sp

D − C
.(13)
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Using (9), (11) şi (13), we get

I = Sq +
tn

1− tn
(Sq − Sp),(14)

where t = n
√

C/D.

Now, for an arbitrary function f ∈ ACn−1[a, b], we consider the quadar-

ture formula

I = Sq +
tn

1− tn
(Sq − Sp) + Rp,q,(15)

where Sq, Sp and t are the above.

From (15), (4) and (9), we have

Rp,q =
1

1− tn
(Rq − tnRp),

whence, using (6) and (11), we find the following forms for the remainder

of the formula (15):

Rp,q =
TC

1− tn
[f

(n)
(ξ2) − f

(n)
(ξ1)],(16)

Rp,q =
TDtn

1− tn
[f

(n)
(ξ2) − f

(n)
(ξ1)],(17)

Rp,q =
TCD

D − C
[f

(n)
(ξ2) − f

(n)
(ξ1)],(18)

ξ1, ξ2 ∈ (a, b)

In view of (16), (17) and (18), it results

|Rp,q| ≤ |T |C
1− tn

Ω(n),(19)

|Rp,q| ≤ |T |Dtn

1− tn
Ω(n),(20)
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|Rp,q| ≤ |T |CD

D − C
Ωn,(21)

where Ω(n) is the oscillation of the function f (n) on [a, b].

If we take into account that for T usually have a relation by form

|T | = |
b∫

a

φ(x)dx| = |α||b− a|n+1,

where α is a constant, then from (9) - (21), we have

|Rp,q| ≤
|α|

(
p∑

j=1

Cn+1
j

)
Ω(n)

1− tn
,(22)

|Rp,q| ≤
|α|

(
p∑

j=1

dn+1
j

)
Ω(n)

1− tn
,(23)

|Rp,q| ≤
|α|

(
p∑

j=1

dn+1
j

)(
q∑

j=1

Cn+1
j

)

p∑
j=1

dn+1
j −

n∑
j=1

cn+1
j

· Ω(n).(24)

2. Particular cases.

2.1 If we consider




d1 = d2 = ... = db = b− a
p = ωp

and

c1 = c2 = ... = cq = b− a
q = ωq,

(25)

then t = p/q.
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In this case, the formula (15) presents a generalization of the results

from [8] for the quadrature formulas which they contain the values of the

derivative the function f on the nodes.

For the remainder, from (23) we found

|Rp,q| ≤ |α|pωn+1
p

tn

1− tn
Ω(n).(26)

For q = 2p we obtain a generalization of the Tricomi,s results.

2.2 If (25) are satisfied and the elementary quadrature formula (1)

contains only the values of the function f on the nodes, then (15) and (22)

- (24) give the results by [8]. For q = 2p we obtain the Tricomi,s results

([10]).

Examples. In this section we present some examples of quadrature

formula by Tricomi,s type obtained by the particularizing of the elementary

rule (1).

3.1. Assume that (1) is the rectangular formula ([7]). We find the

following Tricomi,s quadrature formula:

I = Sq +
t2

1− t2
(Sq − Sp) + Rp,q

with

Sp =

p∑
j=1

dj(a + d1 + d2 + ... + dj−1 +
dj

2
),

Sq =

q∑
j=1

cj(a + c1 + c2 + ... + cj−1 +
cj

2
),

t =

√√√√
(

q∑
j=1

c3
j

)
/

(
q∑

j=1

d3
j

)
,
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|Rp,q| ≤ 1

24

(
p∑

j=1

d3
j

)
· t2

1− t2
Ω(2),

where Ω(2) is the oscillation of the function f ′′ on [a, b].

From here, for d1 = ... = dp = b− a
b

= ωp, c1 = c2 = ... = cq = b− a
q = ωq

we find the results by [8].

3.2 We consider (1) the Simpson,s formula.

It results the following Tricomi,s quadrature formula

I = Sq +
t4

1− t4
(Sq − Sp) + Rp,q,

with

Sp =
dj

2
f(a) +

p−1∑
j=1

dj + dj+1

6
(a + d1 + ... + dj)+

+

p∑
j=1

2dj

3
f

(
a + d1 + ... + dj−1 +

dj

3

)
+

dp

6
f(b),

Sq =
c1

6
f(a) +

q−1∑
j=1

cj + cj+1

6
f (a + c1 + ... + cj) +

+

q∑
j=1

2cj

3
f

(
a + c1 + ... + cj+1 +

cj

3

)
+

Cq

6
f(b),

t = 4

√√√√
(

q∑
j=1

c5
j

)
/

(
p∑

j=1

d5
j

)
,

|Rp,q| ≤ 1

2880

(
p∑

j=1

d5
j

)
t4

1− t4
Ω(4),

where Ω(4) is the oscillation of the function f (4) on [a, b].

From here, for d1 = d2 = ... = dp = 2b− a
2p = 2ω2p and c1 = c2 = ... =

cq =
2(b− a)

2q , we obtain the results by [8]. If q = 2p then we find the case

studied by Tricomi,s ([10]).
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3.3. Finally, we assume that (1) is Newton,s quadrature formula ([2],

[3]).

We obtain the following Tricomi,s quadrature formula:

I = Sq +
t4

1− t4
(Sq − Sp) + Rp,q

with

Sp =
di

8
f(a) +

p−1∑
j=1

dj + dj+1

8
f(a + d1 + ... + dj)+

+
dp

8
f(b) +

p∑
j=1

3dj

8
f

(
a + d1 + ... + dj−1 +

dj

3

)
+

+

p∑
j=1

3dj

8
f

(
a + d1 + ... + dj−1 +

2dj

3

)
,

Sq =
ci

8
f(a) +

q−1∑
j=1

cj + cj+1

8
f(a + c1 + ... + cj)+

+
cq

8
f(b) +

q∑
j=1

3cj

8
f

(
a + c1 + ... + cj−1 +

cj

3

)
+

+

q∑
j=1

3cj

8
f

(
a + c1 + ... + cj−1 +

2cj

3

)
,

t = 4

√√√√
(

q∑
j=1

c5
j

)
/

(
p∑

j=1

d5
j

)
,

|Rp,q| ≤ 1

6480

(
p∑

j=1

d5
j

)
t4

1− t4
Ω(4),

where Ω(4) is the oscillation of the function f (4) on the [a, b].
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