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A remark on the Hadamard products of
n-starlike functions

Amelia Anca Holhog and Viorel Cosmin Holhog

Abstract

In this paper we study the Hadamard products of two functions
to the classes T), \(4, B, a, 3,7y) of univalent functions with negative

coefficients.
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1 Introduction

Let U denote the open unit disc: U ={z; 2 € C, |z] < 1}, let A denote
the class of functions

(1) f(z)=z+ Zajzj

which are analytic in U, and let S denote the class of functions of the form
(1) which are analytic and univalent in U.
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A function f (z) € A is said to be starlike of order o (0 < a < 1) in the
unit disk U if
2f'(2)

e

>«

for all z € U.
For f € S we define the differential operator D™ ( Salagean [2] )

D’f(z) = f()
D'f(z) = Df(z) =zf"(2)

and
D"f(z) =D(D" 'f(2)) ; neN'={1,23..}.

We note that if .
f(z) =2+ a2
j=2

then .
D"f(z)=z+ Zj"ajzj ; ze Ul
=2

Let T' denote the subclass of S which can be expressed in the form:
f(z):z—Zakzk : ap, >0, forallk>2
k=2

We say that a function f € 7T is in the class T, (A4, B,a, 3,7),
0<a<1l,0<p8<1,-1<A<B<1,0<B<1if

Z;’;LA((’?) 1
A% 6 , zeU
() 2FL(2) =
(B= 4k [ For() “} -5 { For() 1}
B
B—A<7§ (B—A)a a0

1 ;o a=10
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where
Fur(z) = (1= ND"f(z) 4+ AD™'f(z) s A20 ; feT.

For this class T;, » (A, B, «, 3, 7), in Holhos [1] is showed the following lemma:

Lemma 1. Let f €T, f(z)=2— Y ap2*; axr >0, for all k > 2. Then
k=2
f(z) is in the class T, (A, B, a, 3,7) if and only if

(2) D aek” L+ Ak =D {(k— 1)+ 5[(B~ Ak —a) = Bk~ 1)]} <

<By(B-A)(l-a)
and the result is sharp.

If we denote
Dn (k’A7B7a7/B’77A) -

=K' I+ AE-D{(E-1)+8[(B-A)y(k—-a)=-B(k-1)]}

then (2) can be rewritten

> arDy (k, A, B,a, 8,7,) < By(B = A)(1 — )

00
k=2

2 The Hadamard products

Let f,ge T,

(3) f(z)=2z— Zakzk; ap >0, for all k> 2
=2

and

(4) g(z) =z — Zbkzk; b, > 0, for all & > 2,

k=2
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then we define the Hadamard product of f and g by

(f*xg)(z)=2z— Zakbkzk.

Theorem 1. If the functions f and g defined by (3) and (4) belong to
the same class T, \(A, B,«a, 3,7), then the Hadamard product belongs to

Tn,)\(Aa Bvaaﬁ> 7)

Proof. Since f(z) € T,.\(A, B,«, 3,7) by using Lemma we have

k=2
and

pr(B—-A)(1 )

BEPAENL-AB T MB A

where we used that
D, (k,A,B,a, 3,7, \) < D, (k+1,A B,a,3,v,\) ; forall k>2
and
D, (2,A,B,a, 3,7, A) <D, (k,A,B,a, 3,v,\) ; forall k> 2.
If g(2) € T,.(A, B,«,3,7) then

> Dy (k, A, B,a, 8,7, 1) < 7(B — A)(1 - )
k=2

and

> akbiDy (k, A, B,a, 5,7, ) <
k=2

< 3*9*(B = A)*(1 — )
(1 + N[l = BB+ Bv(B - A)?2 - a)

<By(B-A)(1-a)
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because

F7%(B — A)(1 - a)?
2L+ N [1- BB+ (B - A2 a)

< By(B - A)(1-a)

is equivalent to

BB - A)(1-a){fy(B-A)(1-a)-

=2"(1+ N[l = BB+ py(B - A)(2—a)]} <0.

From here we have
By(B—A)(1—a) - 2(1+X) (1 - BB) — 2°(1+ NFy(B — A)(2 - a) <0
where

Br(B—A)(1—a)=2"(1+A)(1-06B)-

—2"(1+N)By(B—A) =2"(1+ Ay (B-A)(1—-a) <0
which is equivalent to
Br(B—A)(1—-a)[1-2"(1+A)] -

—2"(14+N)(1—=06B)=2"(1+N)pv(B—-A) <0.
Acording to Lemma we obtain f g € T, (4, B, a, 3, 7).
Theorem 2. Let m < B < 1. If the functions f and g defined by
(3) and (4) belong to the same class T, (A, B, a, 3,7), then the Hadamard

product belongs to T, (A, B, «, %,7).

Since f(z) € Tpa(A, B,a, 3,7) by using Lemma we have

o0

> akDy (k, A, B,a, 8,7,) < By(B— A)(1 - )
k=2

and

By(B —A)(1—a)

S N[ 0B+ (B A —a) A=
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If g(2) € T,.\(A, B,«,3,7) then
Zbk (k, A, B,a, 8,7, A) < Bv(B = A)(1 — a).
Since 0 < %2 < 8 < 1 we have

Zbk kAB@ﬂz 77 Zbk kABO{,67’Y, )
and then

Zakbk (k. A B, 7,7, ) Zakbk (k, A, B,a, 5,7,)) <

3 P22 (B — AP(1 — a)
~20(1+)\)[1— BB+ Bv(B — A)(2 — a))
where we used that

2y (B — AP(1 - a)?
214+ A)[1 = BB+ y(B — A)(2 — a)]

which is equivalent to
BB -A)1-a){y(B-A)(1-a)-

—2"(1+ N[l =8B+ py(B-A)2-a)} <0
Since B?r(B — A)(1 — a) > 0 we have:

T(B-A)(1-a)=2"1+X)(1-06B)-2"1+A)y(B-A)2—-a)<0

< f*y(B - A)(1-a)

< F*y(B-A)(1-a)

where
Y (B—A)(1—a) =21+ A) (1 - 6B) — 2"(1 + \)3y(B — A)-
~2"(14+ A)By(B — A)(1 —a) <0
which
Y(B-A) A=) -2"(1+N)F] = 2"(1+ ) (1 - (B) -
—2"(1+N)py(B—-A) <0.
Acording to Lemma we obtain f « g € T, (A, B, a, 52,7).
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Theorem 3. Let p > 0 and PRV EPQHP <a< 1—J1rp. If the functions f and
g defined by (3) and (4) belong to the same class T, (A, B, «, (3,7), then
the Hadamard product belongs to the class T, \(A, B,1 — pa, 3,7).

We have

1
Dn(k7A7Bal_pa75777A) SDn(kvAaBaaaﬁa%)\); when « € |:0 m‘|

because
'+ Ak =DH{(k=1)+B[(B—-A)v(k—1+pa)—B(k—1)]} <

<SE'AI+AR=-DH(E-1)+6(B-A)y(k—a)-Bk-1)]}
if and only if
B(B—A)y(k—14pa—Fk+a)<0,
if and only if

1
a(l+p)<lifanfonlyifa < ——
(1+p) < yifa<i—

and
Zakbk (k, A, B,1—pa, 3,7, A) < Y _arbe Dy (k, A, By, 8,7, A) <
k=2

_ (B — A)*(1 — a)?
21+ N[1-8B+By(B-A)(2—-a)]
< By(B—A)(1 - a)* < By(B - A)pa

because

(1—a)l<pasac

p+2—/pP+4p p+2+/p?+4dp
’ 2

2

2 5
We note that 22 2p tdp  _ ﬁ < p+2+v2p +4p
when p > 0.
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Corollary 1. Let 3 — \/_ <a<s and the functions f defined by (3) and g
defined by (4) be in the same class ToA(A, B,a, 3,7) . Then the Hadamard
product belongs to the class T, x(A, B,1 — «, 3,7).

Corollary 2. Let 2 — V3 < a < % and let the functions f and g defined
by (3) and (4) be in the same class T, \(A, B, «, 3,7). Then the Hadamard
product belongs to the class T, \(A, B,1 —2a, 3,7).

m cmd

- (11+ 3 < B < 1. If the functions f and g defined by (3) and (4) belong

to the same class T, (A, B, a, 3,7), then the Hadamard product belongs to
the class T, A(A, B, 1 — pa, 3%,7).

— /2
Theorem 4. Let p > 0, pt2 2p+4p < a < 1

Proof. By using

By(B—A)(1—a)
"= AT N[ - 5B + (B - A2 —a)]

; forall £ > 2

and

Zbk (k, A, B,a, 8,7, \) < 8y(B—A)(1—a)

we obtain

o0

Zakkan <k7A7B71 _pavﬁ27’y7 Za’kbk k A B 84 62 Y, ) =
k=2

Zakbk (k,A,B,a, 3,7, \) <
k=2

o BBy
SSATNI-BB+ B A2 —a)]
< (B - A)(1 - a)* < F*y(B - A)pa
which implies that f * g € T, A(4, B,1 — pa, 32,7).
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1 i
LY < B <1 and let the func

1

2
tions f and g defined by (3) and (4) be in the same class T, \(A, B, a, 3,7).
Then the Hadamard product belongs to the class T, (A, B,1 — a, 3%,7).

Corollary 3. Let % <a<

_ 1 1 _
Corollary 4. Let 2 V3<a< 30 T AN < B <1 and let the func

tions [ and g defined by (3) and (4) be in the same class T, (A, B, a, 3,7).
Then the Hadamard product belongs to the class T, (A, B,1 — 2a, 3%,7).
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