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Sufficient conditions for n-starlikeness

Viorel Cosmin Holhog

Abstract

In this paper we obtain a sufficient condition for n-starlikeness of

the form:

Dn+2f (Z) Dn+1f (Z)

oG TV o Y

where h (z) is an univalent function in the unit disc U and D™ is the

Salagean differential operator.
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1 Introduction

Let A,, n € N* denote the class of functions of the form:
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which are analytic in the unit disc U = {2z ; 2 € C, |z| <1} and A; = A.

We note
2f'(2)
f(2)

the class of functions f € A which are starlike in the unit disc.

S*—{fEA:Re >0,26U}

We denote by K the class of functions f € A which are convex in the
unit disc U, that is

Kz{féA:Re(ZJ{iﬁ(z)Jrl) >0, 2 € U}.

For f € A, we define the Salagean differential operator D™ by

D°f(z) = f(2)
D'f(z) = Df(z)==2f(2)
and
D" f(z) =D (D"f(2)); mneN.
Let a € [0,1) and n € N. The class S,, (o) named the class of n—starlike

function of order « is defined by

D" f ()
Drf(z)

Theorem 1 (see [1]). Let q be a univalent function in U and let the

Sn(a):{fEA:Re >a,z€U}.

functions 6, ¢ be analytic in a domain D containing q(U), with ¢(w) # 0,

when w € q(U). Let Q(2) = zq¢'(2)¢ (q(2)) , h(z) = 0(q(2)) + Q(2) and
suppose that

(1) @ is starlike in U

) [0() | Q)
W) Re ey =R 5 T o

>0, zel
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If p is analytic in U, with p(0) = q(0) , p(U) C D, and

0 (p(2)) + 2p'(2)d (p(2)) < 0 (q(2)) + 24'(2)9 (q(2)) = h(z)

then p(z) < q(z) and q is the best dominant.

2 Main results

Theorem 2. Letn € N, let g be a convex function in U, with q (0) =1,

(1) Req(z)>a2_aﬁ,a>0,oz+ﬁ>0
and let f(z) € A, with @ %0, that satisfy

R A C N IR e A C R

o) T Dy S

where

h(z) = azq (2) + ag® (z) + (B — a) ¢ (2)
then

Dn+1

(2) szg)<q(z),z€U

Proof. Let ¢ be a convex function in U, with ¢ (0) = 1 and in Theorem 1

we choose

0(w) = aw?+ (8 —a)w
bw) = a#0
Q(z) = 24(2)9(q(2) = azd (2)

and we have

(i) Q(z) = azq'(z) is starlike in U, because ¢ is convex
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e G [0) | @)
(i) Re =n Lﬁ(CJ(Z))JF Q<z>}
e [2ae)+5-a Q)

=R [ PO TE ] =0

because (1).
The conditions of Theorem 1 are satisfied and for p(z) = 1 4+ p1z + ...

which satisfies:

ap? (2) + (B —a)p(2) +azp (2) < h(2)

we have p(2) < ¢(z) and ¢ is the best dominant.

If we let o
Dn+1f Py
PO =B
then
ap® (2)+ (B—a)p(2) +azp (z) = %Z:f{(j) (8- a) %:f];i))

< ag’(2) + (B —a)q(z) +azd (2)

which implies that
D™ f(z)

Dy (z)

Remark 3. Forn =0 we obtain the result given in [2].

q(z).

For n = 1 we have the following result:

Corollary 4. Let q be a convez function in U, with q (0) = 1,

(3) Req(z) > 042_0457 a>0, a+p4>0.
If
D7 (2) —« D*f(2) ag? (2 —a)q(2)+azd (2
an(z)+(6 )Df(z)< ¢ (2) + (B —a)q(z) +azd (2),
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then

D*f(z)
Df (2)

(4)

<q(2),z€U.

1
Ifweletazl,ﬁzlandq(z)zl—i_—zthen
-z

2z 1+2\° 142
(5) h(z):(l_z)2 <1—z) +(6—1)1_Z,26U
and from Theorem 2 we have:
Corollary 5. If f(z) € A, with @ # 0, satisfies
Dn+2f (Z) Dn—l—lf (Z)
. o A —1)————~<h
pify T gy M
where h is given by (5), then
(6) D) 14z ey

<
Drf(z) 1—2
The relation (6) is equivalent to

D" f(2)
Drf(z)

that is f is n-starlike function. In this case for n = 0 we obtain the following

Re >0

starlikeness condition:

f(Z)

Corollary 6. If f(z) € A, with ——= # 0, satisfies
2

D*f (z)
Df(z)

where h is given by (5), then

D'f (2)
Df (z)

2f'(2)
f(z)

(7) Re >0, zeU.
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For n=1 we obtain the following convexity condition:

Corollary 7. If f(z) € A, with @ £ 0, satisfies
D*f (2) D*f (2)
o T D S
where h is given by (5), then
(1) o
(8) R (1+ o0y ) >0 el
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