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From Finsler Geometry to Noncommutative
Geometry

Laurian Pigcoran

Abstract

One link between Finsler geometry and noncommutative geome-
try is given by a differential operator, which is called the Dirac op-
erator. In this paper, we construct such an operator and we analyze
some of its properties. Also, in this paper is presented an elocvent
example. After that we continued the construction of this operator
for the case of Randers spaces, which are some particular example of

Finsler spaces.
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1 Preliminaries

Definition A Finsler space is a real differential manifold endowed with a

norm bundle with some properties, so for any p € M, we have a norm over
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T M :
[|...||lp : T,M — R
§p — prHp

Next, we will note with &, the elements of T,M and with «;, or &; the
elements of the cotangent space.

We construct the map
Gp:T,M xT,M — R

(& 1) = Gp(&p, )
with:
1 2 2
Go(&prp) = 7 (11& + o]l = 11& = mp15)
This is a nondegenerate application in a Finsler space, in the sense that
this application define a Finsler duality:

r,:T,M — T;M

defined by: I',(&,) = G,(§.mp), & — Tp(&p)-

In this way, we define a norm in the cotangent space:
[« oM — R

& — 116115

where: [|E5][% = [|€]], , s0 we have: [|&5][5=[IT, ()]l
All of this, can be extended for maps, vector fields and forms, C*>(M),
X(M), QY (M):
[ lp s x(M) — C™(M)
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X — x(X)
where || X||,(p) = ||X,||p- We also have
G x(M) x x(M) — C*(M)

(X,Y) - G(X,Y)

where G(X,Y)(p) = G,(X},,Y],)-

Also,we have Finsler duality:
[:x(M)— QY(M)

X — I'(X)

where: I'(X)(Y) = G(X,Y), so, we have: I'(X), (n,) = G,(X|,,7n,). Finaly,

we have:
-1l - (M) — C=(M)
a— |laf|"
where [|o]["(p) = [lay, |[; and ||a|* = [T (a)]].

Next, we will remember some well known notions about differentials
operators:

Let be given two bundles (F, M) and (F, M) over the same manifold
M | and we consider thecoresponding section of this bundles I'(M, E') and
L(M,F).

Next, we consider:

Homg(D(M, E),T(M, F)) = Lx(E, F)
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and
Hom COO(M)(F(Ma E)7F(M7 F)) =L COO(M)<E7F)

Let f € C*°(M) and we define:

f 1 I(M,E) - T(M,F)

u— uf

and we consider: ad(f)(D) = f D — Df, so we have:

ad(f)(D) :T(M,E) — T'(M, F)

u—(fD—=Df )(u)

and also:
ad(f)(D): Lg(E,F) — Lg(E, F)
D — ad(f)(D)
and
ad(f)(D)), : £y — F,
up — [(Du) f]), — [D(uf)]},
Properties:

1) ad(fy)ead(f2)=ad(f2)oad(f1)

2) for f,g € C*(M) with df = dg we have: ad(f) = ad(g)
3) for fi,...,fr, g1, -, gx € C(M) with df; = dg;, we have:
ad(f1)o...oad(fx) = ad(g1) o ... o ad(gx)
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Let consider now the set: d( C®(M)) C QY (M) of exact forms and
P e Dif f*(E, F) . We define:

or(P) : d( C*(M)) — Lr(E, F)

K
af — L k}!) C(df ... df)

In particular we start with: D € Dif f*(E,F) C Lg(E,F), where D:
['(M,E) — T(M,F),u — Duandif D € Dif f*(E, F), we have ;(P) # 0,

we say that the operator D has order k.

If P e Dif f¥)(E,F)and Q € Dif f*)(F,G), we have PoQ € Dif f**(E, Q)
and also op1. (Q o P) = 04(Q) o 0%.(P).

Definition We say that the operator P € Dif f?)(E, F) is a generalized
Laplacian, if oo(P)(f) = (||df||*)? - Irau,p)

2 Dirac Finsler Operator

Let consider now some notions about C*-algebras

Definition: A right module over a C*-algebra is a set endowed with
two aplications: the sum and an external operation over F , the right
multiplication with scalars, such that:

1) (E,+) is an Abelian group

2) (z+y) A=Aty x(A+p) = aA+zp, (p)A = z2(p) with z,y € E

Definition: Let A be a C*-algebra and A, be the positive elements
of the algebra. An A—Finsler module, is an module E, endowed with an
aplication p : F — A, with the following properties:

1) ||.||g,z — p(z), is a Banach norm over F
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2) p*(ax) = ap*(z)a*, where a € A, z € E

We have: ||az(|5 = [|p*(az)l|E = lap?(z)a* | < lallEll=(1%

Let (E, M, m) be an Banach module over an A—Finsler module E.

We define now amap ¢ : I'(M, E)®Q'(A) — I'(M, E) and also we define
a connection :

v :I(M,E) - T'(M,E)® Q' (A)
V(as) =ay s+ s®da

With this notations we can define the Dirac Finsler operator:
D:T'(M,E) - T'(M,E),

D=cov,

where I'(M, E) represent the section of the Banach bundle.

We say that D is a Dirac operator if D? is a generalized Laplacian.

If we consider now, two bundle (E, M), (F, M) over the Finsler manifold
M, we say that P € Dif f>(E, F) is a generalized laplacian, if oo( P)(df) =
(ef1I)? - Ireare)-

If we have a covariant derivative 3/ over the bundle (E, M), with
7 :T(M,E) = T(M,E) @ ¢ Q' (A)

and if we have a Clifford Finsler action, i.e. a map: v : ['(M, F) @ Q'(A) —
I'(M, E). Then, we can define Dirac Finsler operator D : I'(M,E) —
[(M,E) with D =~vov



From Finsler Geometry to Noncommutative Geometry 35

Example:

On R we define the following euclidian-Finsler norm:

€Ml = 1&] + sgn(z&)x€ = [€](1 + sgn(x)z) = [](1 + [z]) = [€[m(z),

where we make the notation m(z) =1+ |z|.

We consider now the following identifications: x(R) = C*(R), Q}(R) =
C>(R).

We have: G,(£,n7) = m%(z)én, ie. G(X,Y) = m?XY with X,Y €
C>(R)

The following Finsler duality holds

I x(R) — Q'(R),
X — I'(X)

and if we consider I'(X) as an element from C*°(R) one obtain: I'(g)(X) =
Gu(g(x), 1) = m*(z)g(x).
Also, we have:
I': C*R) — C®(R)
g—mg
Observe that: [lg[|* = [T~ (g)l| = |lm~?gl| = mlm~2g| = m~"|g], so

one obtain (||g||*)? = m~2g¢%.

We can define a cvasi-Clifford action by:
X(R) @ ey V' (R) =~ CP(R) — x(R) =~ C™(M)

with v : C®(M) — C*(M), g — m~'and it follows that: (yo7)(g) =

(m~'g)*> =m=2¢* =(lgl*)*.
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Let us consider the covariant derivative:

T: C®(R) — C®(R)

/

g—9-

In this way we obtain the Dirac Finsler operator D = v o 17 where:
D: C*(M)— C*(M)
g—m=g

and we have o1(D)(df) = m™ f'1 ceo(r), and after computation one obtain:

ao(D*)(df) = m™*(f")*1 ooy

Also we have: (||df||*)? = m™2(f’)? and after that we obtain: a4(D?)(df) =
(J|df]*)? which means that D is a generalized Laplacian.

Proposition. The Dirac Finsler operator defined above is an differen-
tial eliptic operator.

Proof. Using the definition given by Narasimhan ([1]), we can eas-
ily verify the following property:from D(f) = D(g) we obtain: v(7(f)) =
v(f) = v(g) = v(/(g)) and using the fact that D is a generalized Lapla-
cian, we obtain that D is an elliptic operator.

In the case of Randers spaces, with the norm: F(x,§) = +/¢;;&& +
b;(z)&;, where g;; are the coeficients of a Riemann metric g and b;(x) are the
coeficients of an 1-form, we can construct the Dirac Finsler operator in the
following way: first, we consider F(z,&) = &; ( gijg—; + bi) =& -m(z,§),

where m(z,€) =, /gijg—; + b;.
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Second, we have: G.(&,n) = m?(z)én, ie. G(X,Y) = m?XY with
X, Y € F(M).
Then :
[:x(R) — Q'(R)

with: T(g)(X) = Gu(g(x), 1) = m*(x)g(x).
Also, we obtain:
. C®(M)— C®(M)
g—mg
Then: ||| = [T~ (g)l| = [Im~2g|| = m|m~2g| = m~"|g|, so one obtain
(llgl]*)? = m=2g*.
We can define:
v CF(M) — CF(M)
g—m'g
and one obtain: (v07)(g) = (m~'g)* =m~?¢* =(|g/I")*.
Let us consider the covariant derivative:

v O®(M) — C®(M)

f= ()
We obtain the Dirac Finsler operator D = o/ and we say that he is a

Dirac type operator if it is a generalized Laplacian. For the case of Randers

spaces, in local coordinate we obtain:

1
==Y
Yij ¢, + b;
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