General Mathematics Vol. 13, No. 3 (2005), 81-98

Integral Representations and its
Applications in Clifford Analysis

Zhang Zhongxiang

Dedicated to Professor Dumitru Acu on his 60th anniversary

Abstract

In this paper, we mainly study the integral representations for

functions f with values in a universal Clifford algebra C(V}, ), where

feAf,Q),

AL = {f\f € C°(Q, O(Vyp)) max | D f ()| =

z€eQ2
= O(M?)(j — +00), for some M,0 < M < +o0}.
The integral representations of T; f are also given. Some properties
of T; f and IIf are shown. As applications of the higher order Pom-

peiu formula, we get the solutions of the Dirichlet problem and the

inhomogeneous equations DFu = f.
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1 Introduction and Preliminaries

Integral representation formulas of Cauchy-Pompeiu type expressing com-
plex valued, quaternionic and Clifford algebra valued functions have been
well developed in [1-9, 12-19, 21, 24, 25 etc.]. These integral representa-
tion formulas serve to solve boundary value problems for partial differential
equations. In [2, 3], H. Begehr gave the different integral representation
formulas for functions with values in a Clifford algebra C(V}, (), the integral
operators provide particular weak solutions to the inhomogeneous equations
Ofw = f, AFw = g and 0AFw = h. In [5, 24], the higher order Cauchy-
Pompeiu formulas for functions with values in a universal Clifford algebra
C(Vy.n) are obtained. In [16], G.N. Hile gave the detailed properties of the
T-operator by following the techniques of Vekua. In [14, 15], K. Gurlebeck
gave many properties of the IT-operator. In [18], H. Malonek and B. Muller
gave some properties of the vectorial integral operator ﬁ In [7, 19, 21],
the integral representations related with the Helmholtz operator are given,
the weak solutions of the inhomogeneous equations L*u = f and LFu = f,
k > 1, are obtained, where Lu = Du+ uh and L,u = uD — hu, h = i h;e;,
D is the Dirac operator. In this paper, we shall continue to study thzg })rop—
erties of Cauchy-Pompeiu operator, higher order Cauchy-Pompeiu operator

and IT operator for f € A(f, ), where

ACLT) = {f|f € C*°(@, C(Vy) max | DV f ()] =

e

= O(M?)(j — 400), for some M,0 < M < +oo},

the integral representations of T; f are given, some properties of T} f and IIf

are shown. As applications, we get the solutions of the Dirichlet problem
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and the inhomogeneous equations D¥u = f which are not in weak sense as
in [2, 25].

Let V,,5(0 < s < n) be an n—dimensional (n > 1) real linear space with
basis {e1, €2, -+ ,e,}, C(V,s) be the 2"—dimensional real linear space with
basis

{eAaA:{hla"' 7hr}€PN71§hl<"'<hr§n}a

where N stands for the set {1,---,n} and PN denotes the family of all
order-preserving subsets of N in the above way. We denote ey as eg and e4

as ep,..p, for A ={hy,---,h,} € PN. The product on C(V,, ) is defined by

(1)
eaep = (—1)#ANBNS) (_1)P(AB)e, o if A, B € PN,

A= 3> > Aa/ipeses, if A=) Aaea, u= > ppes.
AcPN BePN AePN BePN

where S stands for the set {1,--- s}, #(A) is the cardinal number of the
set A, the number P(A, B) = Z P(A,j), P(A,j) =#{i,i € A,i > j}, the
symmetric difference set AABjiESBaISO order-preserving in the above way, and
Aa € R is the coefficient of the e ;,—~component of the Clifford number \. We
also denote A4 as [A]4, for abbreviaty, we denote Ap;y as [A],. It follows at
once from the multiplication rule (1) that e is the identity element written

now as 1 and in particular,

(

e? =1, if i=1,---,s,
e =—1, if j=s4+1,---,n,
(2)
eie; = —€;e;, if 1<i1<j<n,
\ €h1€hy """ Ch, = Ehihyhes if 1<h;<hg--- , < hr <n.
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Thus C'(V,,5) is a real linear, associative, but non-commutative algebra
and it is called the universal Clifford algebra over V, ;.

Frequent use will be made of the notation R, where z € R", which
means to remove z from R". In particular R = R" \ {0}.

Let €2 be an open non empty subset of R", since we shall only consider
the case of s = n in this paper, we shall only consider the operator D which

1s written as
- 0
_E ) (r—1)
D= 2 ek&rk : C (Q,C(Vnm)) — C (Q,C(Vnm)).

Let f be a function with value in C(V,,,,) defined in €2, the operator D acts
on the function f from the left and from the right being governed by the

rule

CIED 3) ST CRRTIES 3) pive 8

k=1 A k=1 A
An involution is defined by

e1 = (—1)PWH#ANS) e, if A € PN,

X: Z )\Aa, if A= Z )\AGA,
AePN AePN

where o(A) = #(A)(#(A) +1)/2. From (1) and (3), we have
€ = e, if7=0,1,--- s,

(4) € =—e¢j, ifj=s+1,---,n,
M= TN, for any A, u € C(V,,,).

The C (V,,.n)—-valued (n — 1)—differential form

n

do = (=) epdzy

k=1
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is exact, where

dzy =da' A~ AdaF TP AdeP T A A da”,

2 Integral Representations

In this section, we shall give the integral representations for f and T;f,

i >1, f € A(f,Q), where

ACLT) = {f\f € C™(Q, C(V,.,)), max| D f(x)] =

z€N

= O(M?)(j — 400), for some M,0 < M < +oo}.

In [5], [24] the kernel functions

(5)

(A xXI
& X n is odd;
wy, ()
A, xi
e R 1 <7 <n, niseven;
mw = 2
(¢ A
’ log( ), j=mn, nis even,;
2wy,
A — C;
L0 ox [ log(x?) — 2 10 j=mn+1,1>0, niseven;
. 2 " =0 Czﬂ

1
n n 2
are constructed for any j > 1, where x = ) xpeg, p(z) = (Z xi) , W
k=1 k=1
denotes the area of the unit sphere in R", and

1
(6) A;= 7 ,1 < j<n(niseven),j € N*(nis odd),
2
25N T (2r = n)

r=1

<
|
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L J =0,
1
(7) Cjo = = , jeN"=N\{0}.
e 2
I TT (n + 2p)
\ u=0

Lemma 1.(Higher order Cauchy-Pompeiu formula) (see [24])Suppose
that M is an n—dimensional differentiable compact oriented manifold con-

tained in some open non empty subset Q@ C R", f € C(Q,C (V,.,)),

r >k, moreover OM is given the induced orientation, for each j =1,--- |k,
H(x) is as above. Then, for z €M

(8)

e / il = ). DI (@) + (-1F [Hi(o— 2)DFfa)”

JZO M

H

In the following, €2 is supposed to be an open non empty subset of R"

with a Liapunov boundary ). Denote
) 1.4 = (1)) [Hi(o = )f(a)da
Q

where H/(z) is denoted as in (5), i € N*, f € LP(Q,C(V,n)), p > 1. The
operator T} is the Pompeiu operator T'. Especially, we denote f as Ty f.

In [25], it is shown that, if f € LP(Q,C(V,n)),p > 1, then Tf €
CQ,C(Vun)),a = p—n Ty f provides a particular weak solution to the
inhomogeneous equatiozil D*w = f(weak) in €. In this section, we shall
show that, if f € A(f,Q), then T;f € C®(Q,C(V,,,)), i € N* and Ty f
provides a particular solution to the inhomogeneous equation D*w = f in

Q.
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Theorem 1.Let ) be an open non empty bounded subset of R"™ with a Li-
apunov boundary &), f € A(f,Q). Then, for z €

(10)  Tif(z) = 1) / * (= 2)do, DI f(x), i € N.

Proof. Step 1. For f € A(f,Q), we shall firstly prove

=0
(11) J o0
()i / Hi o (2 — 2) DM f ()™,
Q

where i,k € N, z € Q. It is obvious that (11) is the direct result of Lemma
1 for ¢ =0.
For i > 1, in view of the properties of the kernel functions of H}(z — z)
(12)
D[Hy (x—2)] = [Hj (x—2)] D =Hj(x —2), 2 € RY, for any j > 1.

Combining Stokes formulas with (12), we have

(13
U [ He - @Y = S / ol — )0, DI ()
Q\B(z,) =0 O(Q\B(z,¢)
s(-ppeen Hi+k+1(x—z)Dk“ f(z)dz™.
O\B(z.¢)

For ¢ > 1 and j > 0, it is easy to check that,

(14) lim Hr\ i (z — 2)do, D f(z) = 0.

e—0
0B(z,¢)
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In view of the weak singularity of the kernel functions and (14), taking
limits as ¢ — 0 in (13), (11) holds.
Step 2. For f € A(f,Q), we shall show that

k—oo Zeﬁ

(15) lim max /H;‘Jrkﬂ(x — 2) DR f(z)da™| = 0.
Q

Since f € A(f, ), then there exist constants Cy, M, 0 < Cy, M < 400, and
N € N*, such that for any & > N
(16) max | D" f(z)| < CoM*.

el

Case 1. n is odd. For any k > N, we have
(17) / Hi i (x = 2)DFP f(2)daN | < 2" A1 CoV(Q) MFEH gk
Q

where § = sup p(z1 — z2), V() denotes the volume of Q. It is obvious

x1,22€8
that the series

(18) Z 2nAi+k+1C[)V<Q)Mk+l(5i+k+1_n
k=1

converges. Then
(19) ,}1_{20 2" A 11 CoV (Q) MEFLgHHRFL= —

thus (15) holds.

Case 2. n is even. In view of (5) and (7), it can be similarly proved that
(15) holds.

Combining (11) with (15), taking limits £ — oo in (11), (10) follows.

By Theorem 1, we have
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Corollary 1.Suppose that f is k-regular in a domain U in R", Q is an
open non empty bounded subset of U with a Liapunov boundary X). Then,
for z € Q

k—

20 T =Y (- ﬂ“/'ﬁwl 2)do, D/ f(z), i € N

=0

—_

<.

Remark 1.Fori =0, (20) is exactly the higher order Cauchy integral for-
mula which has been obtained in [5, 24]. Analogous higher order Cauchy
integral formula can be also found in [2, 3, 12].

Corollary 2.Let ) be an open non empty bounded subset of R" with a
Liapunov boundary &2, f € A(f, Q). Then, for z €

(21) D[Tif]=Tif, i € N.

Remark 2.Corollary 2 implies that Ty f provides a particular solution to
the inhomogeneous equation D*w = f in Q for f € A(f,Q). Especially,
suppose U is a domain in R", 1 is an open non empty bounded subset of U
with a Liapunov boundary &), f is reqular in U, then Ty f is (k + 1)-regular

in Q. This result gives an improved result in [2, 25] under the assumption

of f € A(f,Q).

Corollary 3.Let U be a domain in R", 2 be an open non empty bounded
subset of U with a Liapunov boundary &2, f be a solution of equation Lu = 0
in U, where Lu = Du + uh, h = > hje;;h; € R or h be a real (complex)

i=1
number. Then for z €0

(22)  Tf(s) = J“/JMJ 2o, D f(z), i € N,
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Proof. Obviously, if f is a solution of equation Lu = 0 in U, where Lu =

Du + uh, h = " hie; or h is a real (complex) number, then f € A(f,Q).
i=1
By Theorem 1, the result follows.

Example 1.Suppose u;(x) = > (ax]::'el) = evri€ = 1,---,n, where «
k=0 -
is a real number. Clearly, Du;(z) = au;(z). Thus for u,(z), z € Q, by

Corollary 3, (22) holds.

Example 2.Suppose h = Z hie;,h; € R. Denote R = |h| = /> hi.
i=1

Obuviously, ef*i satisfies Du — Ru = 0, thus ef*i s also a solution of
the Helmholtz equation Au — R*u = 0. Then ef*¢ (R — h) is a solution of
equation Du+uh = 0. For ef™i¢(R—h), 2 € Q, by Corollary 3, (22) holds.

Q) is supposed to be an open non empty subset of R™ with a Liapunov

boundary 2. Denote

/K(:E—Z)f(a:)de, z €,

(23) f(z) =
lim [K(z — &) f(z)da 2 € &,
fead,
where
1 ((2—n)er  nxex "
(24 K=o (i~ ) 7 <R

f € HYQ,C(Vun)), 0 < a <1, IIf is a singular integral to be taken in the
Cauchy principal sense. In [25], we have proved the existence and Holder
continuity of ITf in Q.

For u e H¥(K),C(Vyn)), 0 < a <1, denote

(25) (Foqu)(x /H —z)doyu(y), © € R™\ &L
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(26) (Smu)le) = [Hily - a)douly). =€ D
(Fu) (), x et
(27) (Fir) (1) =4

Eu(x) + (Sgqu) ()  x € &
Theorem 2.Let €2 be an open non empty bounded subset of R" with a Li-
apunov boundary &), f € CY(Q, C(Vyn)), ILf is defined as in (23). Then

2 — _
Reif(z), z €
n

(28) Mf(2) = (Fplaeiaf)) (2) + T (e D[f]) (2) —
where a(x) denotes the unit outer normal of X2.

Proof. For z € Q, by Stokes formula, we have,

/() =tm [ K- 2)f()da

Q\B(z.¢)

= EL% / [Hi(z — 2)e;) Df (z)da™

(29) Q\B(z,¢)

—ty [ Hile - 2Dedof@) + T @D (2
AN\B(z¢))

— [H(@ - edonf(@) + T (@D(F) () - = ers(2)

x

For z € &2, taking limits in (29), (28) follows.

Corollary 4.Let ) be an open non empty bounded subset of R" with a
Liapunov boundary &), f € A(f,Q), ILf is defined as in (23). Then in

(30) D] = e D[f] + =2

D e f].
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Corollary 5.Suppose that f is reqular in a domain U in R", €2 is an open
non empty bounded subset of U with a Liapunov boundary X). 11f is defined
as in (23). Then in Q

(31) AILf] =0,

where /\ is the Laplace operator.

3 Some applications

In this section, we shall give some applications of the higher order Cauchy-
Pompeiu formula. The solutions of Dirichlet problems as well as the inho-
mogeneous equations D¥u = f are obtained. In the sequel, K,, denotes the

unit ball in R™ (n > 3), more clearly,

K, ={z|r = (x1, 29, -+ ,2,) € R", || < 1}.
Denote
(32)
1 1 _
G(Z/ux): n—2 - Y ,QJEKn,yGKn,.I‘#y.
iy — ) |y|”’2P"72(W -z
Y

Remark 3.G(y,x) has the following properties:
(1) AxG(y,J]) =0, z € K, \ {y}
(2) Gy,x) = G(z,y), v,y € Ky, x # y.
(3) G(y,z) =0,y € OK,, v € K,.

Theorem 3.Suppose f € C*(K,,,C(Vn.n)), then for x € K,

_i 1_—W ; T N
) S =5, K/ S WS, K/ Gy, ) A, 5y
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Proof. By Lemma 1, for z € K,,, we have

(34)
IR ek ST L
o) = wn ) Py — x)d v ) (2 - n)wnaK/ 2(y — $>d yDI(y)
1 1 N
* (2 —n)w, / 2y — ) Ay f(y)dy™.

n

By Stokes formula, for x € K,, and x # 0, we have

(35)
1 Y7 P 1 1

0 = — - do, f(y) — z—do, D|f](y)
WnaK/n iy W) Y (2 — n)wnaK/n P2y — W> Y

(36) o-— | - <y - %> dory f(y)—

[
e _1n>wn / | |n_2pn_§( — e DL+
o EE
1 1
(2—n)wnl |2 pn=2( _#)Ayf(y)dij
In view of
(37) el (y = 1) = Iyl — o), ke

combining (34), (36) with (37), (33) follows.
For x = 0, by Stokes formula and (34), (33) still holds. Thus the result

is proved.
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Remark 4.Suppose f € C?(K,,C(V,..)), moreover, f is harmonic in K,.
Then for x € K,
1 1—|x]?
38 fa::—/—fde.
) @)= [ S s,

n

(38) is exactly the Poisson expression of harmonic functions.

Theorem 4. The solution of the Dirichlet problem for the Poisson equation

i the unit ball K,
Au= fin K,, u = on 0K,,
for f € A(f, K,,) and v € C(0K,,,C(V,.,,)) is uniquely given by

11— aP 1 i N
(39) u@—w%[E@jamM%+@jma/ﬁm)ﬂWM-

Proof. It can be directly proved by Corollary 2, Theorem 3, Remark 3 and
Remark 4.

Lemma 2.(see [26]) If f is k-regular in an open neighborhood Q0 of the
origin, then in a suitable open ball é(O, R)CQ

(40) S =FO)+D > D CipixViey (@) Ch i,y

p=1 j=0 (I3, ,lp—j)

Cjp—j and Cll,~--,lp are constants which are suitably chosen.

—-J

By Lemma 2 and Corollary 2, we have

Theorem 5. The solutions of inhomogeneous equations in the unit ball K,

D*u = f in K,,
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for f € A(f, K,) are given in a suitable open ball é(O, R) C K, by

co k—1

1) u=Co+> > > Cip X Vi, (@)Cs,, + Tif.

p=1 J=0 (l1,,lp—j)

O(), ij_j and Cll,m,lp

_; are constants which are suitably chosen.
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