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Abstract
In the paper the formulas for derivatives of the Cauchy type inte-
gral K[f] of smooth functions f on the distinguished boundary of a
polydisc are given. These formulas express the derivatives of order m
from K|[f] through the derivatives of lower order (Theorem 1). We
use them for the estimates of smoothness of derivatives of Cauchy
type integral in terms of the Holder’s ordinary scale (Theorem 2) and

in terms of anisotropic Holder’s classes (Theorem 5).
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1 Introduction

1.1. The well-known theorem of Privalov [1] states that if a function satis-

fies Holder’s a-condition on the boundary of some domain, then its Cauchy
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type integral satisfies the same condition. This theorem is extended to the
multidimensional case by B. Joricke [2]. Namely, in [2] it is proved that
the modulus of continuity of the Cauchy or of the Weyl type integral of a
function f(z) is bounded from above by const - 6%(log )"~ * provided f(z)
satisfies Holder’s a-condition on the distinguished boundary of a polydisc
or on the regular Weyl polyhedron of the space C". Besides, [2] contains a
relevant example which proves that this result cannot be improved.

In the paper [4] the anisotropic Holder’s spaces _/N\(ﬁ) have been intro-
duced. It is proved that for these spaces Privalov’s theorem is extended
perfectly, i.e. no logarithmic multiplier arises.

The present paper is devoted to a natural problem related to the deriva-
tives of the Cauchy type integral of functions f(z). A formula representing
derivatives of any order by derivatives of lower orders is established in The-
orem 1 below. Using this formula and an induction, the above mentioned
results are extended to the case of derivatives in Theorem 2 and Theorem

5 below.

1.2. We assume that

Ur={z=(z1,...,2,) € C": |z| <1, k =1,...,n} is the unit polydisc
of C" and T" = {z € C": |z| =1, k = 1,...,n} is the distinguished
boundary of U™.

For a function f(z) given on T", K[f] denotes the n-multiple Cauchy type
integral of f(z)

kE— %k

RS (5
KU1C) = / C—

Here ( = (C1,-+ ,Cn) €T, 2= (21,...,2,) €U, d(=d{ N...NdG,.



About the Derivatives of Cauchy Type Integrals in the Polydisc 5

Further we assume that:

C™(T™) is the space of all functions which are m times continuously differ-

entiable on 1"

C™(T™) is the subset of those functions of C™(7™), the m-th order deriva-

tives of which belong to the Holder’s a-class.

1.3. Below we apply the partial differential operators @i@ and a—zk to
functions which are in C™ on the distinguished boundary 7™ of the unit
polydisc. Due to the Whitney theorem (see for example, [3]) any function
of such type can be extended to the neighbourhood of T™ with the same
smoothness. Everywhere we deal with any continuation of a function g of

C™(T™), for which we shall use the same denotation g.

2 The formula for derivatives

We start with a preliminary lemma

Lemma 1. Let g € CY(T"), 1<k <n. Then

K |9 -k |G 3;;?} )+ oK o] 2).

Proof. For a fixed z € U", consider the following differential form

b CUTQ e

T1(¢— =) 7"

Jj=1
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It is evident that

_ Y B i(9
R S T

j=1

- 0 (=1)*9(¢)

+ a0 n
= I 9G TG - 2)
j=1

4Gy A (4, d6).

The first equality in (1) follows from Stokes’ formula. Further, for ¢ € T
we have dezj = —Zjdfj, since Cij =1 (j=1,...,n). Therefore

_Gde, ifj=k
) <1>“dsz(ide<i){ s IR

By (2) and (1)

0, if j 4 k.

og(¢)  d¢ 9(¢)d¢ _

-/ 09(0) Tl _,
O ﬁ(Ci_Zi>
=1
As
19 1
(Ce—21)% Oz Co — 21

from (3) we have

/ag<<> i / 09(0) Gd¢ 0 / 9(Q)d¢_
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It remains to see that this formula coincides with (1) due to our notation.
The following theorem gives the formula, which expresses the derivatives

of the order m from K|f]| through the derivatives of lower order.

Theorem 1. Let f € C™(T™) and the multiindex r = (11, ...,7,) satisfyes

the condition r1 + ---+1r, =m. Then

orittrn
(4) WKW(Z) =

no" oritetri—kj ) akj+7”j+1+---+7"nf C
= Z Z 1 Tj—1 T'j—kj K [<] v k]'—l Tj+1 ( ) r (Z)_
=1 k1 Oz ... 027 0z 0¢;0¢7 9¢YT ... O¢n

o £(0)
-k [ o aC } (=)

In (4) it is assumed that if the order 7y +---+17; —k; of differentiation

is zero, then the differentiation is the identical operator.

Proof. For simplicity we consider the case n = 2. Putting g(z) =
ot (o)
02 102y
3”*“f(§)] {—2 (S ] 9 {3””’”7(()}
K\ =g | (B) =K |Gz | (2) + =K — e o | (2):
e | =% Ratagoe]| O+ o | s | @

Note that the order of derivatives by (;, contained in the integrand of the

and £ =1 in Lemma 1, we get

second summand on the right-hand side, is less by 1 than the order of the
derivatives at the left-hand side. Thus, the obtained formula is of recurrent
character. Successively applying this formula r; times, we get

8T1+7’2f(<>:| B {_2 am-l—mf(c) :|

0 & St ) O~ [Sxzagio

9 ﬂw} 9 {w} }

* {K {Clazlaql”ac? O+ 5k e |

1 arl—kl 9 8k1+r2f(o } o |:87‘2f(g):|
> ik (St O o ] ©

ki=1
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One can see that the last summand of the right-hand side now does not
contain derivative with respect to (; under the integral K. For deleting of
the remaining derivatives, it suffices to apply formula (1) to the variable (,.

We get

aﬁf@] . Z ot [_2 9" (<) }(Z)‘i‘ O K] (2).

6 K - 1. Y 14
R l%ﬁ D22 " 20C,0ck1 0z

From (5) and (6) we get

ko=1

gritra B r1 arl—kl o akl-‘r?“zf(g) :|
ey 0= 2 g | S og ]
2 oritr2—k2 —2 asz(g) :| . {8T1+T2f(<)}
T az?azgf’”K{CQaZzacSH &)= K | agage | )

This is the formula (4) for the case n = 2. For getting (4) for arbitrarily
n, it suffices to apply formula (1) successively to the variables (i ..., (,,

appropriately choosing k and the function g(z).
Remark 1.The multipliers Zj under the Cauchy integrals K [EJZ] of the
right-hand side of (4) are of purely technical character, and they are not

essential in applications.

3 The Holder’s estimates of derivatives

3.1. For some «,0 < a < 1, we assume that

A™(U™) is the space of all functions holomorphic in U™ which are m times

continuously differentiable on U ;

A™(U™) is the subset of those functions of A™(U™), the m-th order deriva-

tives of which belong to the Holder’s a-class on U
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A?fg (U™) is the subset of those functions from A™(U™), the modulus of
continuity of all m-th order derivatives of which are bounded above by
const - 6* (log %)n_l on U

We omit m in these notations if m = 0. Note that A%(U™) = A(U™) is

the usual polydisc-algebra.

3.2. The following theorem is the extension to the case of derivatives of

the result in [2].

Theorem 2. Let f € C™(T"), 0 < a < 1. Then K[f] € Ao (U™).

(log)

Proof. The proof is based on an induction argument. If m = 0, then our
statement is the theorem of Joricke [2].

The initial assumption of induction is that the desired statement is true
for all orders of smoothness, which are smaller than m, and we use the

identity (4) of Lemma 1. Under our requirements, the function

=2 QT Q)
Lac,0cy Tt aC L g

belongs to CT T F7i=kie(Tm) - According to our assumption,

. ak'+Tj+1+"'+Tnf<<’) 1tk
K| At g
g Tac,ocr Tt ac .. .ag;n] (2) € Ao ).

Therefore, the summand under the double sum belongs to Af,,) (U "), i.e.

(7)

Grittri—k; K [_2 QFitritttrn (L)

s re— C — - e A o Un .
6271“1 .. 'azji_llazj] k; aC ack 1a< A 3(};" ( ) (log) ( )

Further, one can see that

o £(Q)

— e CcvrTm),
a¢yt ..o (")
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and

grittra f£(¢) . .
(8) K [W (2) € Allog)(U™)
for the last summand in (4). From (7), (8) and (4) it follows that
it

WK[JC](Z) € Allog) (U™).

One can be convinced that this inclusion means that K[f] € Afs(U™).

This proves our theorem.

3.3. In the paper [4] for the functions on the distinguished boundary 7™

the anisotropic Holder’s spaces /NX(ﬁ) have been introduced as follows. Let

ﬁ = (617 ﬁn), 0< ﬁj < 1.

Definition 1.The function f({) is said to be in K(ﬁ) = K(ﬁl,..ﬂn), if
f€C(T") and for h = (hj,, ..., h;,) € RF

(9) |Ahjk~~~hj1f(<)| < Cjk~~-j1 |hj1 ’ﬁjl "'|hjk‘ﬂjk7
where 1<k<n, 1<753<n, 1<I[<n, and
Ap, f(¢) = fer, .. eimr eWitihi oiWivi oiny _ f(ir | eiin)

A =4y

dgPan

(Any, (D).

Ik

Definition 2. The function f(z) is said to be in Ay(B), if f € A(U™) and
it’s boundary value belongs to A(3), i.e. A(3) = A™(U™) NA(B).

Note that in the case k = n the classes A(f) and A,(/3) are introduced by
Nikolskii (see [5]). The classes A() have several interesting propertics. So,

for example, unlike ordinary Holder’s classes they form an algebra and also
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are invariant with respect to multiplication by monomials. Besides for them
the full analog of Privalov’s theorem is valid, namely, in [4] the following

theorem is proved
Theorem 3. If f € A(f3), then K[f] € Au(f).

In [4] an example is given, which shows that the analogue of this theorem

for the classes A(3) is not valid. More precisely, the following is proved.
Theorem 4. There erist a function f € A(B), such that K[f] ¢ N.(5).

Hence from the point of view of Privalov’s theorem the classes K(ﬁ) are
more natural not only in comparison with ordinary Holder’s, but also in
comparison with the A(f) classes.

Now we define the classes A™(3) and A™(8). Let m be a nonnegative

integer.
Definition 3.4 function f is said to be in /~\m(5) if f e C™(T™) and for

any multiindex k = (ky,..., k) such that ky + -+ + k, = m,
ak1++kn

(e ) e A
A ™) € AB)

1s valid.

Definition 4.The function f(z) is said to be in KT(ﬂ), if f e A™(U™) and
it’s boundary value belongs to A™(B), i.e. A™(3) = A™(U™) N A™(3). If
m = 0, we identify Kg with A,.

The following theorem is the extension of Theorem 3 to the case of any m.
Theorem 5. If f € A™(3), then K[f] € A™(3).

The performence of the proof uses an inductive reasoning analogous to the

one for Theorem 2.
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