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Monosplines and inequalities for the
remainder term of quadrature formulas '
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Abstract

In this paper we studied some quadrature formulas witch are ob-
tained using connection between the monosplines and the quadrature
formulas. For the remainder term we give some inequalities.
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1 Introduction

We denote
W'la,b] := {f € C" a,b], f™Y absolutely continuous , Hf(”)Hp < oo}
with
b v
I, { [ 1 o} o1 < p < o
[l oo := supvrai,epqy | f(2)] -

Definition 1.The function s(x) is called a spline function of degree n with
knots {x Y7V ifa =20 <y < v+ < Tppoy < T = b and

=1

i) for each i =0,...,m —1, s(x) coincides on (x;,x;11) with a polyno-
mial of degree not greater then n;
i) s(x), s (x),...,s"V(x) are continuous functions on [a, b].
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Definition 2.Functions of the form

n

M,(t) = ] + Sp-1(t),

where s,_1(t) is a spline of degree n — 1 are called monosplines.

Let
(b_t>n n—1 (b_tnkl m—1n-1 _tnkl
1) M, = — A A
(1) Mu(t) n! Z B =k —1)! ZZ ]” (n—k—1)!
k=0 i=1 k=0
be the monospline of degree n and let
b m n—1
2) F(tydt =% Araf P (w) + RIf],
a i=0 k=0

be the quadrature formula. Between the monospline (1) and the quadrature

formula (2) there is a connection, namely, the coefficients {Ay; Z;é o of

the quadrature formula are the same with the coefficients of monospline
(1), Ago = (=1)"* 1M (4), k=0,n— 1 and the remainder term of
quadrature formula have the representation :

b
z/MNWWWLfHWMM
Definition 3.Functions of the form
M, (t) = v(t) + sp_1(t),

where s,_1(t) is a spline of degree n — 1 and v is the n'* integral of weight
function w : [a,b] — R, are called generalized monosplines.

If we choose the weight functions w(t) = (b —t)(t — a), then we obtain the
generalized monosplines

_ (=) (=)™ ey, (=
()M = =) e gy Y ;A’“mm

m—1n—1 ( - t)nikil

- — z;
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Between the monospline (3) and the quadrature formula

n—1

b m
() [ wor@d =33 A fOw) + I,

there is a connection, namely, the coefficients {Ay;},_ ! o iy of the quadra-

ture formula are the same with the coefficients of monosphne (3), Ago =

(—1)k+1M,(ln_k_1)(a) , k= 0,n—1 and the remainder term of quadrature
formula has the representation :

/M tydt, feWpla,b.

In the paper [1], [2], [3], [4] and [5] are considered generalization of the
trapezoid, mid-point and Simpson’ s quadrature rule. For example, in [3] is
studied a generalization of the mid-point quadrature rule:

[ =3 [ 1) gt () ey [t o

where . . )
e [e ]
Eal) =9 (¢ oy (a+b
, te , b
n! 2

We observe that for n = 1 we get the mid-point rule

/f b—a)f(a+b) /K1 Ft)dt .

We will study the case of the quadrature formula with the weight function
w(t) = (b—1t)(t —a).

2 Main results

Lemma 1. If f € W] [a,b], then

b ol —a)H3 a
@) [ wron= 3 01 g g () R
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(6) (=" / M (¢)
and

(t —a)™t! (t —a)"t? a+b
0 M) = e P s R R >

' (0 —p U= U =B {G—er b]

(n+1)! (n+2)!"° 2

Proof. We denoting
B (t —a)"t! (t —a)™t?
Falt) = (b—a) n+1)! 7 (n+2)! and

L=yt (t— b2
Qn(t) = (a—b)<(n+)1)! B <(n+)2)!

we observe that successive integration by parts yields the relation

(—1)"/aan(t)f(">(t)dt:(—1)”/;b P,( t)dt+(— / Qn(t) f™(t

n—1

= (1) 3 (= 1)k PR ) p00 ) +/2 PO (1) f()dt

k=0
—i—(—l)”Z(—l)”*l*k Q%nfl k " +/ Q
_ S k1 (t — a)k+? (t—a)" 3] =n
_kZ:O(—) [(b—a) o) —2 (k+3)-]f()(t)a
+ kzo(—l)m [(a—b) (Ek_f)Q; _2(@;]%;! } £ %Jr /a (b—t)(t—a) f ()it
_ S k (b—a)k*3 o (a+b b
- = [(_1> + 1] ) 2k+2<k.+ 1)'<k+3)f( ) ( 2 ) +/C; w(t)f(t)dt,
namel

" n—1 _ak+3 a
[wosma = 3 [t 1) Wfiﬂi (k+3)f(k)( ;b)

k=0
o i
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Remark 1.70 observe that the quadrature formula (5) it is the open type.

Remark 2.If for the generalized monospline (3) we consider the particular

b
case m = 2, xog = a, T = a;_ , Ty = b, Ak,z = 0, Ak,l - [(—1)k+1]'

(b—a)k+3 k=0,n—1, we will have
k2 + DI(k+3)" ’

t—0b)"tt (=)t
S )

S enen(113) (597 (5

=0

M,(t) = (a — b)(

b
Ift € la, a—2k ), then

(L= (=t (-1

My(t) = (a =) +D)l - (m+2) | (nt2)
S e R L T R R TR
—(h—a (t—a)"t  _(t—a)"*?
=(b-a) (n+1)! (n+2)!

Ifte [“wa] then

t—b)tt o _(t—b)"t?
n+1)! " (n+2)!

My (t) = (a — b)}

Theorem 1. The generalized monospline of degree n, M, (t),n > 1, defined
in (7), verifies

(8) /b M,(t)dt = 0, ifnis odd,

b B (b—a)"*3
() /a [Ma(B)]dt = 2ntl(n + 1)l(n +3)’
(10) max | M, (t)| (b—a)

t€ab] - 2ntinl(n +2)°
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Proof. We have

/ M, ()t — / b e+ /;Qn(t)dt:

(t—a)" <t—a>ﬂ B

- {(b_@ i+l 2 (a3 || +[(“_b)

b

(t=b)"** (t—b)"+3]

(n+2)! (n+3)!
(b—a)™t3

272(n+ 1)l(n+3)

— 1+ (-1

If n is odd, then/ M, (t)dt =0.

+b

/|M ) dt = / |n<t>|dt+/;|@n<t)|dt=

[l ”]dﬁ o fo-o G ]

)n+3

2”“( +1)l(n+3)

maX|M()|:maX{ max |P,(t)|, max |Qn()|}

t€la,b] tefa, 25 te[ <t b]

a+b a+b (b —a)"*?
= I 7 | &n = o o
e (7)o (537} = 2t
Theorem 2. If f € W][a,b], n > 1 and there exist numbers ~,,',, such
that v, < f(t) <T,, t € [a,b], then

Fn — Y (b _ a)n+3

(11) IR[f]] < 7 I T 3) if nis odd
and
(12) (b= )™ Hf HOO . if n is even.

’RU”§2M%n+1)n+3
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Proof. Let n be odd. Using relations (6) and (8) we can written

ety
2

Rif) = (-1 [ w05 0= (-0 [ w0 [f<”><t> i

such that we have

(13) IR[f]| < max

t€la,b]

f7) -

Yo + 1T
2

b
/ M, (1)] dt.

We also have

R
2

- 2

14
(14) mmax

F )

From (9), (13) and (14) we have

Ly — 7 (b—a)"*3
RN < = (n+1)l(n+3)

Let n be even. Then we have

(b—a)"*3
(n+ 1)(n+3)

b
RUN< Il [ 001t = 5y 17,

Theorem 3. Let f € W'[a,b],n > 1 and let n be odd. If there exist a real
number 7y, such that v, < f(t), then

(b—a)"*3

(15) RUIN= (T =) st 2

where
FOIb) = fD(a)
b—a '

If there exist a real number I', such that f™(t) < T, then

1T, =

(b—a)"*3

(16) IR < (Tn = To) - i pl(n +2)
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Proof. Using relation (8) we can written

R[f]] = / () = ) Mn(t)dt‘.

From (10) we have
b
RUN < max [M(0)] - [ (£(0) =)
 (b—a)?
- 2nHpl(n+2)
In a similar way we can prove that (16) holds.

Now, we will study the case of the quadrature formula of close type,
with the weight function w(t) = (b —t)(t — a).

Lemma 2. If f € W]"[a,b], then

(b—a)™

0= 1) =00 = s B

’ —(b—a\*"*" 1 3kt10
/aw(t)f(t)dt = ;(T) H(k+2)(k+3)f()(“)
n—1 i b—a k+3 L . ath
Y ! ;[(_U H]( 4 ) (kil)!gkj:;lf()(%>
! ;(—U’“ (bjTa) %(k’ jz;lji 3/ ) +RI
where w(t) = (b—t)(t — a)
(18) R[f]:(—l)”/ M, (8) £ (1)t
and
(19)
(3 a 2 Wb\ b Jtd ntl 9 Yth 12
n! 4>(t 4)|Zn+1)!é4> (7%2)[6f 4)1),
teh, CLT)
M, (t) = )

3 oa\'( at3b\" ab [at3b\" 2 [ at3b
n! \ 4 4 ) 2Ant1) 4 (n+2)! 4 ’
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Proof. We denoting

3 2/ 9\ b\ 9 ETANCE:
Pt = 2 a\"(, +b ey +b f +b 7
n! \ 4 4 An+1) 4 (n+2)! 4
0. = 2 (= (Lat3b\" ab (a3b\™ 2 at3b\"
Tl \ 4 4 ) "Ant+l) 4 (n+2)! 4 ’
we observe that successive 1ntegrat10n by parts yields the relation

/M ()™ ()t = (— / f ) ()t (= /Qn () "(t)

n—1

= (1) 3 (= 1)tk Pt ) 00 ) -+/2.ﬂ"uf@ﬁ
) S (1R QU 1) £ 1)
— - (_1)k+1

@+a QU (0)f (1)t

+b
3 (b—a)2<t_3a+b>k“
s (k+1)I\ 4 4
k+2 k+3
n b—a t_3a—|—b B 2 t_3a—|—b £09(1)
2(k +2)! 4 (k+3)! 4
y 3 b—a\2 a3\ a—b a+3b\ F+2
+37(=1) ) (=) & t—
s (k1) \ 4 4 2(k+2)! 1

a k+3 b b
‘@%ﬁ(*"%ﬁ) 100+ [0 0ie- a0 -

arb

b—a\"?1 3k+10
_Z( ) k_(k:+2)(k+3)fk<a)
— 1 3k+11 4 (a+b
_,; ( ) (k+1)! k+3 fk( 2 )

_"1 b—a\"P 1 Bk+10 b
kzo ( ) D (b)+/aw(t)f(t)dt.

a+b

2

k+1

Theorem 4. The generalized monospline of degree n, M, (t),n > 1, defined
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in (19), verifies

b
(20) / M,(t)dt = 0, ifnis odd,

/b|M (t)] dt b—a\"™" 4 (3n2 + 15n + 16)
n = n n >
a 4 (n+3)!

(22) maxyM()| = (b;“)n (n_il_2)!(3n2+11n—|—8).

tela,b]

Proof. We have

/aan(t)dt:/aagb pn(t)dt+/:b Qn(t)dt =

== (b;a)m o

If n is odd, then/ M, (t)dt =0.

(3n? + 15n + 16) .

a+b

[ onta= [ o [ oo

bh— n+3 4
:( “) (n+3)‘(3n2+15n+16).

4

t€(a,b] tefa,252] te[ 252 0]

a+b a+b b—a\"? 1
:max{Pn<T),Qn( ; )’}:( I ) (n+2)!(3n2+11n—|—8).

Theorem 5. If f € W[a,b], n > 1 and there exist numbers vy, I, such
that 7, < fM(t) <T,, t € [a,b], then

Ly — Y (b—a

max | M, ()] —max{ max |P,(t)|, max |Qn(t)|}

(23) RIf]] < —

n+3
4
4 > (n+3)!(3”2+15"+16), if n is odd

and

b—a n+3 4 ) ) ' .
(24) |R[f]] < ( 1 ) (n+3)!(3n +5n+16) || f™]|. . if nis even.
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Proof. If n is odd, then we can written

Iy — v b =y, (b—a ey
RN < = /G|Mn(t)|dt: 5 <T> m(3n2—|—15n+16).

Let n be even. Then we have

n+3 4

b —a
RS < Hf(”)Hoo-/ | M (8)] dt = <b4 ) oy (B H6) [ 7]

Theorem 6. Let f € W'[a,b],n > 1 and let n be odd. If there exist a real
number , such that v, < f™(t), then

~(3n® + 11n +8)

N s R

where

fo0®) = f*V(a)

T, =
b—a

If there exist a real number T',, such that f™(t) <T,, then

- (3n* + 11n +8).

e mul<m-n) (P70

Proof. We have

RU) < max [M,(0) - [ (£0(0) ~ )

t€la,b]

- (b i a) (n i 2)! (3n® + 11n +8) [f" D (b) = "D (a) = yu(b—a)]

-(3n% + 11n +8).

= (Tn =) (bjTa)M' (niQ)!

In a similar way we can prove that (26) holds.
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