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Abstract

We give estimation for the weighted L?-norm of the k-th deriva-
tive of polynomial provided |p,—_1(x)| is bounded at a set of n points,

which are related in a certain way with the weight.
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1 Introduction

The following problem was raised by P.Turdn ( Varna,1970).
Let ¢ (xz) >0 for =1 < x <1 and consider the class P, , of all polyno-

mials of degree n such that
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lpn(z)| < @ (x) for =1 <o < 1. How large can max|_1

P ()| be if
pn 15 arbitrary in P, , ¢

The aim of this paper is to consider the solution in the weighted L? norm
for the majorant
@(x):ﬁ%,oéﬁéa-

Let as denote by
sin [(2n 4 1) 6/2]

sin(6/2) 7

2
(1) T; = COoS an T the zeros of W, (z) =
x = cos 0, the Chebyshev polynomial of the fourth kind,

xl(-k) the zeros of W, (x) and

V2

(2) Gro1 (@)= mnt1)

[(2na+8) W, @ —(2n+1) BW,_, @)]

Let Zg’ﬁ‘p be the class of polynomials p,_1, of degree < n — 1 such that

o — fu; .
(3) |Pn—1(x;)] < (=) m,z =1,2,..

where the z/s are given by (1) and 0 < § < a..

7n7

Remark 1.1. From |G, (z;) | = % it follows:

W
hd n_]-:(p C Za,ﬁ

° G €2)F

e Ifp,_1 € me andi=1,2,...,n,

(4) [Pn1 ()| < |Gy () |
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2 Main results

Theorem 2.1. Ifp,_; € ZOIZ/’; then we have

(5) / /1 ;i ooy ()] di < 21n 2 (o + ﬁg (;—naf)lgn +1) — 357

1

(6) J R Nl )

“1
27 (n® —n)
= 15(2n+1)
with equality for p,_1 = Gp_1.

[2(20% + af + 28*)n + 8a® + 4aff — T3]

Two cases are of special interest:

I. Caseazﬁzl,cp(x):ﬁ,

G = (Wi (2) = Wi, ()] = 2T (&) = v2Up 4 (2),

Up—1(x) = sinnf/sinf,x = cosf, the Chebyshev polynomial of the
second kind.

Note that P,_1, C Z{1%, V2U,—1 & Py 1,

\/§Un_1 € ZKVI’('D

Corollary 2.1. If p,_; € ZK/{“” then we have

@ / Vet s @ e < 2

[ VI s 0 e < )

3

with equality for pn_1 = V2U,_1.
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II. Case a =1, ﬂzo,cp(x):m’
G = 55 W, ()
Note that P, C Z%ﬂ %Wﬁ () € Py, T\/ElWT/L (z) € sto'

Corollary 2.2. If p,_; € ZK%“" then we have

/ /1 —=z 9 dn (n + 1)
(8) _/ 1tx [Pn—1 (2)]" dx < m

/ 5 2 8t (n® —n)(n+2)
_/(l—x) V1—a?[pl,_ ()] dx < 5@+ 1)

with equality for p,_1 = 2;/51 W, (x).

In this second case we have a more general result:

Theorem 2.2. Ifp,_; € ZK@“" and 0 < |b| < a then we have

@b (=2 () [, @) do <

-1

21 (n+k + 1)! (2ak + 2a — b)
T (n=k-D!'2n+1)(2k+1)(2k + 3)

k=1,..,n— 2 with equality for p,_1 = 27‘1/_%1 W (z).

Setting a =1, b € {—1,0, 1} one obtains the following

Corollary 2.3. If p,_ € Z%’“’ then we have
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(9) / (1= 22 (1422 o), ()] de
7 < 2r (n+k+1)!
Sh—k—DlCnt 1) 2kt 1)

(10) Ja-af @2 o, @] do

- dr(n+k+1)1(k+1)
T (n—k-=1'2n+1)(2k+1)(2k+3)

2
(11) /(1 ) [pff_)l (x)] da
1
< 2m (n+k+1)!
“m—k—-1!'2n+1)(2k+3)
k=1,..,n— 2 with equality for p,_, = 2n+1W/ (x).

3 Auxiliary results
Here we state some lemmas which help us in proving the above theorems.

Lemma 3.1. (Duffin-Schaeffer) If ¢(x) =c¢ H (x — x;) is a polynomial of
degree m with n distinct real zeros and if p € P such that

()| < g (=1,2,m),

then for k=1,2,...,n

[p*D(z)| < [¢*+1 (2)| whenever ¢*)(z) = 0.



46 loan Popa

Lemma 3.2. Let p, 1 be such that |p,_1(z;)| < a Zﬁfm

i=1,2,...,n, where the zs are given by (1).Then we have

(12)

Parlal)| < |G @) = 1em -1,

Proof. By the Lagrange interpolation formula based on the zeros of W,
(=)"™'(2n+1)

(1—z:)\/2(14z;)

we can represent any algebraic polynomial p,_; by

Prn—1 (33) = 2n+1 Z Wn(x ( )Hl ( - xl) V14 zipn_1 (331) .

From G, (x;) = (—1)hLl ﬁﬂ we have

G- 1( )_ 2n+1ZWn(I [a_ﬁxl]'

D1fferent1at1ng Wlth respect to z we obtain

pn—l ("L‘) = 2n+1 Z Walo)o= wl) Wi )

(—1)“rl (1 —2;) V14 xipn_1 (x;).
On the roots of W) (x ) and using (3) we find
Ph1 (5’3('1)> = 2n+1 Z ( <1( >‘ la — Bx;]

)’
_ 2n—$—1 ) é ( I;lfz)? - ‘G;z—l <x§1)> )

and using W) (z;) =

Lemma 3.3. Let p,_1 be such that |p,_1(z;)| < = Iz)m

i =1,2,...,n,where the x}s are given by (1). Then we have

(k) k+1) 2
13 ‘ ‘W ,
(13) P (50)] < gy %)
whenever W,E’“)(xj )=0,k=0,1,....,n— 1.
_ _ _ V2 /
Proof. Fora=1,=0,G,1 = 2n+1W
and (12) give |p),_, (a{")] < 525 |Wi(a()]




Duffin-Schaeffer type inequalities 47

Now the proof is concluded by applying Duffin-Schaeffer Lemma.

We need the following quadrature formulae:

Lemma 3.4. For any givenn and k, 0 < k <n —1, let xz(kﬂ),

1=1,....,n—k—1, be the zeros of W Then the quadrature formula

1

(14) /(1—:52)’“ LT ) de = Af (—1) + Bf (1) +

1+=z
21

n—k—1
+ Z sif <x§k+1)>,
=1

2% 2n+ 1T (k+1/2)T (k+3/2) (n — k — 1)!
B (n+k+1)

2P0 (k4 3/2) T (k +5/2) (n — k — 1)!

B (2n+1)(n+k+1)! ’

s; > 0 have algebric degree of precision 2n — 2k — 1.

A

Y

B

Proof. The quadrature formula (14) is the Bouzitat formula of the second
3441

kind [3, formula (4.8.1)], for the zeros of Wi = cPﬁZﬁ’lkJrQ). Setting

a=k+1/2,=k—-1/2, m=n—k—11n [3, formula (4.8.5)] we find A,

B and s; > 0 (cf. [3, formula (4.8.4)]).

4 Proof of the Theorems

11
Because W, (z) = %PqSQ 7 (x) we recall the formulae:
d 1.
(19 P () = SIS plonon
dx 2
Péf“ﬁ) (1) = C'(m+a+1) 7
F'(a+1)I'(m+1)
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(D" T(m+p+1)
S r(B+1)C(m+1)
Setting « = k+1/2, =k —1/2, m =n —k in [3, formula (4.8.5)] on

k+1 k-1
obtains the Gauss formula for the zeros of W) = cPngkr2 )

: n—k
(16) /(1_x2)k :__zf(x) dr = ZHi(k)f (xz(k)> ,

with algebric degree of precision 2n — 2k — 1 and
(17) Hi(k) >0 (cf.[3, formula(4.8.4)]).

Proof of Theorem 2.1
For k =0 in (16) we obtain
f af (x)de = zn: Hi(o)f (z;) of degree 2n—1.
Accordlng to this (flladrature formula and using (4) and (17) we have

—f1 }zpnl dx—ZH (Pn-1 (z ))2

SZHZ (nlmz _f\/}£ nl
=1 —1

Using the followmg formula ( £ =0in (1 4))

— _ 7w(2n+1) 3
f = (2 2n(n+1)f(_1) + mf(l)
n—1
=1

we find fll \/% [Gr-1 (x)]z = 2enfe(e? +§2nafl))(n+l) 362]
Settmg k=1in (16) we get

f(l ) V1—22f (v )dm—ZH <i1>ofdegree2n—3.
_Alccording to this formula and using (12) and (17) we have

o0 s 0 5 0 o ()

-1
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1

g:L;IHZ.(U(Gnl( )) fl ) VI=22 [G_, (2)]” da.

From (14) with k£ = 1 we find
1

J =) VI—22 [Gl_ (1)) dx

= %[2(2(1 +af +20%)n + 8a? + 4a3 — 7642].

Proof of Theorem 2.2

If we replace f (z) with (a + bz) f (z), 0 < |b] < a in (16) we get
1

[ (a+bx) (122" [E2f (2) da

-1

n—=k
=> (a + bxl(k)) Hi(k)f (xl(k)) of degree 2n — 2k — 2
i=1

According to this formula and using (13) and (17) we have
1

Ja ) (1=a 52 [ )] e
- 5 o) i ()]

k
) |:p£L)1

o2 ”"“( b (k)) 7® [Wum)( (k))}z
= (2n+1)? = a Li @ n Li

1 2

ki k1

— —(znil)Q [ (a+bzx)(1—2?) ’/}ﬂ [Wé + )(x)} dx

21

If we replace f (z) with (a + bz) f (z), 0 < |b] < a in (14) we get
1

[ (a+bx) (1-2?)" /22 f (2)dv = A(a—b) f (—1) + B (a+b) f (1)

-1

n—k—1

+ X (a + bxgk)> sif (xgkﬂ)) of degree 2n — 2k — 2.

In Zj)lrder to complete the proof we apply this formula to
f= (2n+1 [Wnk+1)( )] :

Having in mind Wy ( (k+1)> = 0 and the following relations deduced
from (15)

W£k+1) (—1) = (=) (ntk+1)! ’ <W£k+1) (1)>2 _ @nt1)? (WTgqul) (1)>2’

(n—k—1)!(2k+1)1!
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we find
1

2
J (a+ba) (1=2)" 72 (1) 2 [Wék“) (x)} dz
-1

2 2
= S2mA(a-b) [Wé’“*” (—1)} + B(a+b) [Wé’““) (1)]
2m(n+k+1)!(2ak+2a—b)

= (n—k—D)!(2n+1)(2k+1)(2k+3) "

_2
(2n+1)*
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