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On a class of multivalent functions defined
by Salagean operator
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Abstract

The present paper investigates new subclasses of multivalent
functions involving Salagean operator. Coeflicient inequalities and

other interesting properties of these classes are studied.
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1 Introduction and definitions

Let A denote the class of functions f(z) of the form
(1) f)=2+) a;
=2
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which are analytic in the open disc U = {2 : |z| < 1}.

For f(z) € A, Salagean [1] introduced the following operator:
D°f(z) = f(2)
D'f(z) = Df(2) = 2f'(2)
D"f(z) =D(D"'f(z)) (neN=1,23,..).

We note that,
D'f(z)=z+ ) j"a;2  (n€Ny=NU{0}).
j=2
Let A, denote the class of functions f(z) of the form

(2) fy=2"4 > a4z (p=1)

Jj=p+1
which are analytic and p-valent in the open disc U. We can write the

following equalities for the functions f(z) € A, :
D°f(z) = f(2)

DY) = D) = 2 =+ Y (2) o

D"f(z) = D(D" ' f(2)) = 2 + Z (%)najzj (n € Ny =NuU{0}).

Jj=p+1
Let NV, (m,n, «, 3) denote the subclass of A, consisting of functions f(z)
which satisfies the inequality
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forsome 0 <a<1,8>0 meN, neNyandall z € U.
Special cases of our classes are following:
()N (m,n, a, B) = Npn(a, 8) which was studied by Eker and Owa [5].
(i)MN1(1,0, o, B) = SD(«v, 3) which was studied by Shams at all [3].
(iii) M1(1,0,,0) = S*(«v) and N1(2,1, v, 0) = K(a) which was studied
by Silverman [2].
(iv) Ni(m,n, a,0) = K, () which was studied by Eker and Owa [4].

2  Coefficient inequalities for classes

Ny(m,n, a, 3)
Theorem 1. If f(2) € A, satisfies
3 S0y (m. g0, B) ay] < 201 )
where

0 wimnsen-[usn (3 - (| (00 (7 0))
) -y

for somea(0 < a <1),8>0,meNandn € Ny then f(z) € N(m,n,a, ().

Proof. Suppose that (3) is true for «(0 < o < 1), >0, m € N, n € Ny.
Using the fact that Rew > « if and only if |1 — a +w| > |1 + a — w|, it

suffices to show that
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(5) (1 —a)D"f(2) + D™ f(2) — Be” |D™ f(2) — D" f(2)]|

— (14 a)D"f(z) = D™ f(2) + Be” |D™ f(2) = D" f(2)]| > 0

Substituting for D" f(z) and D™ f(z) in (5) yields,
(1= a)D"f(2) + D™ f(2) — B [ D™ f () — D" f(2)]
— (1 +a)D"f(2) = D™ f(2) + B | D™ f(2) — D" f(2)]

|
oo o) () oA )
e - e £

o0

z<2ﬂ>wp—§ﬂ<1 (2) +(2) Yot 1zp-1e () (2) Jlaller
ali =3 (e (&) -() izt =511 () |t op
xrorE oo § Ho0 )1

Example 1.The function f(z) given by

_Zp+z 20+ 1+0)(1 — a)e; L

= (GJ+0)(J+1+6)V,(m,n,j,a,p)

belongs to the class N,(m,n,a, ) ford > —p—1,0<a<1,5>0,¢ € C

and |e;| = 1.
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3 Relation for /%(m,n,oz,ﬁ)

In view of Theorem 1, we now introduce the subclass /\7,,(m, n, «, ) which
consist of functions f(z) € A, whose Taylor-Maclaurin coefficients satisfy
the inequality (3). By the coefficient inequality for the class /iv/;j(m, n,a, 3)

we see,

Theorem 2. If f(z) € A,, then
K/’P(m7 n, o, ﬁQ) C Np(m7 n, o, ﬁl)
for some (1 and B2, 0 < f1 < [Pa.

Proof. For 0 < 3; < (3, we obtain

Z l:[113(77177%].7Oz?/gl)|aj| S Z ‘llp(m7n7j7a7/62) |a]|
j=p+1 Jj=p+1

Therefore, if f(z) € K/p(m,n, a, 32), then f(z) € K/p(m,n,a,ﬁl). Hence we

get the required result.

4 Extreme points

The determination of the extreme points of a family F' of univalent functions

enables us to solve many extremal problems for F.

Theorem 3. Let f,(z) = 2P and

2(1 — OZ)EJ'
\Ilp<m7 n7j7 «, ﬁ)

fi(z) = 22 + Zd o (=p+Lp+2,..; lgl=1).
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Then f € va(m, n,a, 3) if and only if it can be expressed in the form

f(z) = Xpfp(2) Z)‘f]

=p+1

where Aj > 0 and A, =1 — Z Aj

Jj=p+1

Proof. Suppose that

P =Ml + 3 N = Y A

Jj=p+1 Jj=p+1
Then
i \I/p(m,n,jva,ﬁ)‘\p 2(1_q)6j Aj| = i 2(1—a) ),
i p(m,n, j, a, 3) Pl
=2(1—-a) f: Aj
Jj=p+1

Thus, f(z) € ./\N/;,(m, n, , 3) from the definition of the class ofﬁ/p(m, n,a, ).
Conversely, suppose that f(z) € /Vp(m,n, a, 3). Since

2(1 —«) :
1< G g )
we may set
W, (m,n,j,a,B)
/\‘: P ) Ioy Sy &Y ) ) :1
J 2(1 _ O{)EJ a’] (|€J| )
and

Jj=p+1
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Then,
f(z) =N fp(2) + Z A fi(2).
Jj=p+1

This completes the proof of theorem.

Corollary 1. The extreme points ofﬁ/;,(m, n,a, 3) are the functions
fp(2) = 2P and

2(1 — a)e;

, 7o (J=p+Llp+2,...; le|=1).
\ij(m,n,j,OQﬂ) ( ’ Jl )

6)  fi(z) = 2"+

5 Integral means inequalities

Definition 1. (Subordination Principle) For two functions f and g,
analytic in U, we say that the function f(z) is subordinate to g(z) in U,

and write
f(z) <g(z) (2€U),

if there exists a Schwarz function w(z), analytic in U with
w(0) =0 and |w(z)| <1,

such that
f(z) = g(w(2)) (2 € U).

In particular, if the function ¢ is univalent in U, the above subordination is

equivalent to

f(0) =g(0) and f(U) C g(U).
In 1925, Littlewood [6] proved the following subordination theorem. (See
also Duren [7])
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Theorem 4. (Littlewood [6]) If f and g are analytic in U with f < g,

then for u >0 and z =re?(0 <r <1)
2T 2T
[ seras [Cuero.
0 0
We will make use of Theorem 5 to prove

Theorem 5. Let f(z) € Np(m,n,a,ﬁ) and supposed thatf;(z) is defined by

(6). If there exists an analytic function w(z) given by

iep m,n,j,a, 3 ip
(u(ap 7 = PRI 5 oy,

then for z =re? and 0 <r < 1,

27 27
/ | f(re®)|" do < / | fi(re®)|"do (> 0).
0 0
Proof We must show that

27 oo 27
/ 1+ Z a;z7 7P d&g/
0 0

Jj=p+1
By applying Littlewood’s subordination theorem, it would suffice to show

m

2(1 - O,é>€j 2P Md9.
\Ilp(manajuaaﬁ>

1+

that
- ; 2(1 — a)e; ;
1+ Z ajz’ P <1+ LI P,
j=p+1 qu(manajua?ﬁ)
By setting
e}
o 2(1 — e i
1+Zajsz:1+ {w(z)}™"
P U, (m,n,j,a,0)
we find that

(wlap 7 = et 0 ) S a0

1 — a
j=p+1
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which readily yields w(0) = 0.

Furthermore, using (3), we obtain

ey = [t 8] 5 i

2(1 € J=p+1
U, (m,n, j,a, 3)
< — ’ g ="~
2(1 = o) ¢ j;l !
<|z| < L.

This completes the proof of the theorem.
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